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2-WEIGHTS FOR UNITARY GROUPS

JIANBEI AN

ABSTRACT. This paper gives a description of the local structures of 2-radical
subgroups in a finite unitary group and proves Alperin’s weight conjecture for
finite unitary groups when the characteristic of modular representation is even.

INTRODUCTION

Let G be a finite group and r a prime. Denote O,(G) the largest normal
r-subgroup of G. Following [3], we shall call an r-subgroup R of G a radical
subgroup if R = O,(N(R)), and a pair (R, ¢) of an r-subgroup R and an
irreducible character ¢ of N(R) a weight of G if ¢ is trivial on R and in
an r-block of defect 0 of N(R)/R, where N(R) is the normalizer of R in G.
Moreover, a weight (R, ¢) is a B-weight for an r-block B of G if ¢ is con-
tained in an r-block b of N(R) such that B = b%, that is, B corresponds to
b by the Brauer homomorphism. Alperin in [2] conjectured that the number of
weights of G should equal the number of modular irreducible representations.
Moreover, this equality should hold block by block. Here a weight (R, ¢) is
identified with its conjugates in G . This conjecture has been proved by Alperin
and Fong [3] for symmetric groups and for finite general linear groups when
the characteristic r of modular representation is odd, and by the author [4] for
finite general linear groups when r is even. In [5] the conjecture is proved for
finite unitary groups when r is odd and in this paper the conjecture is proved
for finite unitary groups when r is even. The defining characteristic of group
may be assumed to be odd since the result is known when it is even.

If (R, ¢) is a weight of G, then R is necessarily a radical subgroup of
G . Thus the first step to describe a weight in [3, 5, and 4] is to determine the
structures of radical subgroups in the given group. If ¢ is a power of an odd
prime, then these structures in a general linear group GL(n, q) are divided
into two different parts in [4] according as 4 divides ¢ — 1 or g+ 1. Following
[11], in the former case, we shall say that 2 is /inear and in the latter case, 2 is
unitary. It turns out that the structures of radical subgroups of a unitary group
U(n, q) can be obtained by switching the two cases in the general linear group
GL(n, q). Namely, the structures of radical subgroups in U(n, g) when 2 is
linear are the same as those in GL(n, q) when 2 is unitary; those in U(n, q)
when 2 is unitary is the same as those in GL(n, g) when 2 is linear. These are
proved in §§1 and 2. In §3 we count the number of weights in a block and the
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conjecture is proved in (3E). Although the outlines of our proofs are similar to
those in the case of the general linear group, the proofs in §§1 and 2 are both
longer and more technical. The proofs in §3 can be obtained by modifying those
in [4, §3] since both general linear groups and unitary groups have the similar
local structures of radical subgroups.

I wish to thank Professor Paul Fong, my Ph.D. advisor, for many corrections
and suggestions. I also wish to thank Professor Bhama Srinivasan for a lot of
useful help.

1. THE 2-GROUPS OF SYMPLECTIC TYPE

Throughout the paper we shall follow the notations of [4, 5, 6, and 11]. In
particular, 23,"*1 denotes the extraspecial group of order 2%’*! with type 7,
where n =+ or —. If E ~ 2:,",7+l with center Z(E) = (z), then it is gener-

ated by X1, X2, ..., X2y—1, X2y such that [x_1, x2] = x3;1 | x5;' Xpi-1%2i = 2,
[xX2i, X2ix1]=1for i=1,...,7, [xi,xj]=1 for |i—j| > 2, |x)|] =2 for
i >3,and |x;| = |x2] =2 or |x;| = |x2] = 4 according as 7 = + or —, in

the latter case x? = x2 = z. Let Sz, Dy, and Qg be respectively semidihe-
dral, dihedral, and generalized quaternion groups of order 28 . A 2-group R is
called of symplectic type if R is a central product EP of an extraspecial group
E and either a cyclic 2-group P or P =Sp, Dg, Qp with g > 4. Here the
center of E is identified with Q;(Z(P)). Now we consider the embedding of
R into a unitary group.

Again we denote AutG the automorphism group of a finite group G, InnG
the group of inner automorphisms, and Aut’ G the subgroup of AutG acting
trivially on Z(G).

Suppose R = EZ has symplectic type with Z cyclic. If R > E, then R
can be rewritten as the central product of Z and an extraspecial group E with
plus type, so that Q,(R) is a central product of a cyclic group of order 4 and
E.If R=E,then Q(R) = R. In both cases, Aut’ R = Aut® Q,(R). By [18,
Theorem 1] and [16, §4; 15, pp. 406-407],

Sp(2y,2) ifR>E,

0 ~
Aut” Qp(R)/Inn Q(R) =~ { 0"(2y,2) if R=E.

Let F, be the field of g elements with odd characteristic, and 24*! the exact
power of 2 dividing g% — 1, so that a > 2. We shall say that 2 is linear or
unitary according as 2 divides g —1 or g+ 1.

Let A(T) = T"+a,,_1 T™ '+ --+a,T+ap be a monic irreducible polynomial
in F:[T]. Denote ds the degree of polynomial A and define

AT) = (ag)IT™(T™™ +a%_ [ T™™' +... +alT~! +4af).

In pal:ticular, w is a root of A(T) if and only if w7 is a root of A(T). Thus
A = A if and only if A has odd degree d, and the roots of A have order
dividing g% + 1 (see [11, p. 111]). Let

Fi={A:A€Fp[T], Ais monic irreducible, A# T, A=A},
F ={AA:A€Fp[T], Ais monic irreducible, A# T, A#A},
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and & = # US. Thus any elementary divisor, in the sense of [11], of a
unitary matrix lies in ¥ . We also define a sign ¢r for I' in ¥ by

, _{—1 ifT e,
1 of T e %.

Let V' be a unitary space over F,. with a form f(u,v),and G =U(V).
An element of G is said to be primary if it has a unique elementary divisor.

(1A) Let g be a primary 2-element of G with a unique elementary divisor
T e F of multiplicity m. Then either g € Z(G) or Cg(g) ~ GL(m, q%). In
particular, if 2 is linear and |g| > 4, then Cg(g) ~ GL(m, g%).

Proof. If T € &, then dr is odd, Cg(g) ~ U(m, q%), and g € Z(Cg(g)).
But Z(G) < Z(Cs(g)) and |Gy(Z(G))| = |0:(Z(Cg(g)))l by dr odd, so
0,(Z(G)) = O:(Z(Cg(g))) and g € Z(G). If T € %, then

Cg(g) = GL(m, ¢%).

Suppose 2 is linear and |g| > 4. Then O,(Z(G)) has order 2, sothat g ¢ Z(G)
and then I' € % . This completes the proof.

Let R be a 2-subgroup of G = U(V). Then R acts on the underlying
space V' of G. We shall say that an R-submodule W of V is nondegenerate
or totally isotropic if W is respectively a nondegenerate or totally isotropic
subspace of V.

(1B) Let R be a 2-subgroup of G. Then V has an R-module decomposition
(L.1) V=WiVl. - LV, L(Uye U)L - LU e,

where the V; are nondegenerate simple R-submodules, the U; and UJ’. are totally
isotropic simple R-submodules such that U; & U} is nondegenerate and has no
proper nondegenerate R-submodule. Moreover, if Z(R) is cyclic and is not a
subgroup of Z(G), then s =0.

Proof. Let W be asimple R-submodule of V' of minimal dimension. Since the
radical {v € W: f(v, W) =0} of W isan R-submodule of W , it follows that
W is either nondegenerate or totally isotropic. If W is nondegenerate, then
V=WLiW<L, where Wt ={veV: f(v, W)=0}. The decomposition (1.1)
then holds by induction, since W+ is a nondegenerate R-submodule. If W is
totally isotropic, then W+ is an R-submodule of ¥V and V = WL @ W’ for
some R-submodule W’ of the same dimension as W , since V is a semisimple
R-module. Moreover, W & W’ is nondegenerate. Thus W’ is either a nonde-
generate or a totally isotropic simple R-module. If W’ is nondegenerate, we
can replace W by W' and appeal to the earlier case. Suppose W' is totally
isotropic and W & W' has a proper nondegenerate R-submodule Y . Then Y
is simple, so that we can replace W by Y and appeal to the earlier case again.
Thus we may suppose W & W' has no proper nondegenerate R-submodule, so
that W @ W' is of the required form U; @ U, and we can apply induction to
its orthogonal complement.

Suppose Z(R) iscyclicand Z(R) £ Z(G). If V has a nondegenerate simple
R-submodule Vi, then the representation F of R in U(}]) is irreducible, so
that the generator g of F(Z(R)) is primary with a unique elementary divisor
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I' € % of multiplicity m by (1A). Thus Cyy,)(g) ~ GL(m, q%) and F(R) <
Cur;)(8) . So V) has a hyperbolic decomposition V; = W @ W such that W,
and W/ are R-submodules of V;. This is impossible. Thus the second half of
(1B) follows.

We consider the groups GL(n, ¢q), where ¢ = +£1. Here we are following
the useful convention used by [6] in denoting U(n, gq) as GL(n, —q). In
the rest of this paper such terms as orthogonal, orthonormal, nondegenerate,
totally isotropic, and isometric will have meaning only in contexts involving
GL(n, —q) and unitary spaces, but no meaning in contexts involving GL(n, q)
and linear spaces. The following four propositions are known results for general
linear groups (cf. [4, 12, 13, and 14]) and we shall give a proof for both general
linear and unitary groups.

(1C) Let E be a quaternion group and G = GL(2,¢eq). Then G contains
a unique conjugacy class of subgroups isomorphic to E . In addition, let E be
embedded as a subgroup of G, N = Ng(E), and C = Cg(E). If 4 divides
q+e, then
C=Z(G), N/EZ(G)~07(2,2).

Proof. Let E = (x;, x;) and V the underlying space of G. If 4 divides g—¢,
then F,. has an element w of order 4, so that with respect to an orthonormal
basis of V',

(1.2) X=<“’ _w>, Y=<_1 1)

generates a quaternion subgroup of GL(2, eq). Thus the mapping x; — X and
Xy — Y gives a faithful and irreducible representation of E in G. Suppose
E is embedded as a subgroup of G. Since x; has order 4, at least one of
the elements w and w3 = —w is its eigenvalue. Without loss of generality,
we may suppose w is its eigenvalue. Let V; = {v € V: xjv = (—1)/*lwv}
for j =1,2. Then Vj}’s are nondegenerate subspaces of V' permuted by x;
cyclically, since x;x; = —xX; . Soboth V; and V7, have dimension 1. Suppose
{v:} is an orthonormal basis of V;, so that {v;, x,v;} is an orthonormal basis
of V and x;, x, are given by (1.2) with respect to this basis. Thus G contains
a unique conjugacy class of E.

Suppose 4 divides g +¢&. Then by [7, pp. 142-143] a Sylow 2-subgroup P of
GL(2, eq) is semihedral and generated by two matrices X and Y satisfying
the following conditions

|X| = 2%+, Y| =4, X¥=Y2=-1,,
YXY ! =x¥"1=_x-!

So X' hasorder 4 and YX¥ 'Y~! = — X2, The mapping x; —» X2,
X2 — Y gives a faithful and irreducible representation of E in G. Suppose E
is embedded as a subgroup of G and suppose it is a subgroup of P. Since P =
{X', X'Y: 1 <i<29*1}, its elements of order 4 are {+X2""', +X2Y}, where
1<i<2%2 If X?Y and X¥Y are generators of E, then X>Y(X2Y)"! =
X)) is an element of order 4 in E, so that (X2(—)) = (X*"") and E =
(X¥7', X2%Y). Itisclear that X2~ and XY generate a quaternion subgroup
of P, where 1 < i< 29~!. The subgroup (X2*') of E = (X*', X%Y) is

(1.3)
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called a base subgroup of E , in the sense of [10]. Since X2 = —1, P has 292
quaternion subgroups and each contains (X 2“_') as a base subgroup. Since
X 'X%YX = —X%-2Y for 1 < i < 24, all the quaternion subgroups of P
are conjugate in P. Each quaternion subgroup of G is contained in a Sylow
2-subgroup of G and all the Sylow 2-subgroups are conjugate in G, so that all
the quaternion subgroups of G are conjugate in G.

By [4, (1A)] F, is a splitting field of E, so that C = Z(G). Since

Aut’E/InnE ~07(2, 2)

and each element of N induces an element of Aut’ E , it follows that N/EC ~
07(2, 2) if and only if |[N/EC| = 6. Denote Cy the cyclic group of order
28 . Since 4 divides g + ¢, the centralizer C(Cy) of a subgroup C, of G
is isomorphic to a Coxeter torus GL(1, ¢2) of G, so that C, is a subgroup
of the Sylow 2-subgroup C,i; of Cg(C;) and Cg(C,) = C6(C,yy). Thus if
any two subgroups C,;; and C;,, both contain a subgroup C;, then C,y| =
C,., - Fix a subgroup C,. Let H = Ng(C;), C,41 the Sylow 2-subgroup of
Cs(C,), and P a Sylow 2-subgroup of G containing C,,;. Since Cg(C;) is
a Coxeter torus and H is its normalizer in G, all the normalizers of cyclic
subgroups of order 4 in G are conjugate in G. We may suppose C,, = (X),
C, = (X*"'),and P = (X, Y), where X and Y are given by (1.2). Thus
P < H, Ng(P) = PZ(G) < H, and H = PCg(C,) since |H/Cg(Cy)| = 2
(cf. [11, p. 129]). So Ng(H) = H, |H| = 2(¢> - 1), and H has 1q(q —¢)
conjugates in G. Moreover, a Sylow 2-subgroup of H is a Sylow 2-subgroup
of G and so all quaternion subgroups of H are conjugate in H . Let Q be any
quaternion subgroup of P. Then Q = (X2, X2XY) for some 1 < k < 242,
s0 g =X fixes X*' and gX%*Yg~! = +X¥ ' X*Y sothat g € Ny(Q).
Each element of H maps X2~ either to itself or to —X2~' and the order
3 element of Aut®Q maps X2*"' either to £X2Y or to +Y. It follows
that Ny(Q) = (g, QZ(G)), so that |Ny(Q)| = 8(¢ —¢) and H has %(q +¢)
quaternion subgroups. Moreover, each quaternion subgroup Q' of H contains
C, as a base subgroup, since Q' is contained in a Sylow 2-subgroup of H and
each Sylow 2-subgroup of H contains C,,; . Since Ng(C,41) = H and G has
exactly one conjugacy class of cyclic subgroups of order 24*! G contains also
%q(q—s) conjugates of C,. For each conjugate H* of H, denote C7,, the
unique subgroup of H* of order 24*!, and denote C3 the unique subgroup
of order 4 of CJ ;. Then Cj are all conjugates of C, in G, where x run
over representatives of coset G/H. Each CJ serves as a base subgroup of
%(q + ¢&) quaternion subgroups of H* . All quaternion subgroups of G can be
obtained in this way and each of them contains 3 subgroups of form Cj as base
subgroup. It follows that G has j(q +¢)14q(q — €)1 = %4(¢> — 1) quaternion
subgroups, so that |Ng(E)| = 24(q —¢) and |Ng(E)/EC| = 6. This completes
the proof.

(ID) Let E be an extraspecial 2-group of order 2*'+'. Then G = GL(27, &q)
contains a unique conjugacy class of subgroups isomorphic to E .

Proof. Let E; = (x;_1, X2;), and V; a linear space of dimension 2 over F, if
¢ = 1, or a unitary space of dimension 2 over F,. if e =—1,for 1 <i<y.
Then E; acts faithfully, irreducibly, and isometrically on V;. Namely if E;
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is a dihedral group and {v!, vi} is an orthonormal basis of V;, then we may
define

i

i
g i1

. i j+1 i
Xi—1: U = (=1 o), X2i1 Uj U

where the subscripts on the basis vectors are naturally read modulo 2. In par-
ticular, z = [x2i_1, X2i]: 'v} — —vj’ﬁ .

Suppose E; is a quaternion group and FV; is the underlying space of
GL(2,eq). Let X and Y be matrices of GL(2, ¢q) defined by (1.2) or (1.3)
according as 4 divides ¢ — ¢ or g + ¢ with respect to an orthonormal basis
{vl,v}} of V;. In the former case, a faithful and irreducible representation
of E, on V) is given by the mapping x; — X and x, — Y ; in the latter case,
it is given by x; — X2 and x;—~ Y.

E then acts faithfully and irreduciblyon V =V, @V, ®---®V,, since E is
a central product of E;’s and the element z in E; is represented on V; by the
scalar matrix —/ . We simplify notation and write

1 2 . . .
v, ®V, ® - ®v] =[j1, 2, .- Jyl

where 1 < j; < 2. So the 27 elements [j;, j2,..., j,] form an orthonormal

basis for V, and

X2j—1: [jl7j2’ .o 9j}’]H (_l)ji+l[j11j23 ,j}’]a
(1.4) A . . O ) .
X2i: [Jla.]Za“'aJ}’]H[Jl,""Ji—laji+19ji+l°'-317]a

except when E has minus type, in which case the actions of x; for i > 3 are
given by (1.4) and

(=) Ywljy, ja, .ee s Jyl if 4]g — ¢,
X* 0y ® L, Js, ... Jyl if 4lg +e,
(=Dl +1, ja, ..., Jy] ifdlg—e,
(Yvj)® L2, Js,---»Jy]  if dlg+e.

Since basic vectors are mapped onto orthonormal vectors by generating elements
of E, E actson V by isometries. Thus GL(2?, &q) contains a copy of E .

To prove the uniqueness, we suppose E is embedded as a subgroup in G.
It suffices to show that an orthonormal basis of the underlying space V' of G
exists such that the actions of x; are given by (1.4) or (1.5). If y = 1 and
E has minus type, then the uniqueness follows by (1C). Suppose either y > 2
or y =1 and E has plus type. Then the subspaces W; = {v € V: x3,_1v =
(=1)/*!v} for j =1, 2 are nondegenerate and permuted by x,, cyclically since
X2y_1X2y = —X2yX2y—1. In particular, W; and W, has the same dimension
2'=1 If y =1, then E has plus type and W, has an orthonormal basis {v;}.
Thus {v;, x,v,} is an orthonormal basis of V' and the actions of x; and Xx,
are given by (1.4) with respect to this basis. Suppose y > 2. Then the subgroup
(x1, X2, ..., X29-3, X2y—2) of E is an extraspecial group of order 2’~! with
the same type as E and its acts faithfully and irreducibly on W,. We may
suppose by induction that x;, xz, ..., xX2,—3, X2,—2 act on W; by (1.4) or
(1.5) relative to the orthonormal basis {[ji, j2, ..., jy—1]: ji= 1,2} of W;.
Then

X1:[j1,j2,...,jy]'_’{
(1.5)

xZ:[jl’jZa'“aj)']H{

Ut das s dl= X3 Uity 2o ooy dyali ji=1, 2}
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is an orthonormal basis of V' and x;, x;, ..., X2, acton V by (1.4) or (1.5).
Thus the uniqueness holds.

Remark. (1) Suppose E is embedded as a subgroup of GL(27, &q) and (xy_,,
X3¢) < E is a dihedral group for some k. In the notation of (1D), we claim
that V' has an orthonormal basis {[ji, j2, ..., j,)'}, where 1 < j; <2 such
that the actions of x»;,—; and xp; for i # k are given by (1.4) or (1.5) with

[jl, j2’ ey .])'] replaced by [.]l » j2> oo ,jy}l and

Xok—1+ [jla“' ajk"" >jy]lH[j1>"' ajk+13 e ,j}’],’
Xkt Lo vens dis oo Y = (GO, ks e Gy

The proof of the remark is similar to that of the uniqueness above with x,,_,
replaced by xi, X2, by Xok—1, j, by ji and some obvious modifications.
(2) Suppose E has plus type and X is a faithful representation of E in
U(V) with exactly one Wedderburn component. Then X has degree m2? for
some m > 1 and there exists an orthonormal basis {[ji, j2, ..., j,lx} of V,
where 1 < j; <2 and 1 < k < m such that for each 1 < k < m, the ac-
tions of xy;_; and xp; are given by (1.4) with [j;, j2,..., j,] replaced by
[jis J2s .- Jylc . It follows that in the decomposition (1.1) of ¥V as an E-
module, V = M;1M,1--- 1M, , where the M,’s are nondegenerate simple
E-modules linearly generated by {[ji, j2, ..., jylk: 1 < ji < 2}, so that E
acts faithfully on each M, . Moreover, if X’ is another such representation
of E in U(V), then X(E) and X'(E) are conjugate in U(V) by the unique-
ness of (1D). The proof of this remark is similar to that of the uniqueness
above. Since the unique faithful and irreducible representation of E has de-
gree 27, it follows that X has degree m2’ for some m > 1. For j =1, 2, let
Vi={veV:xv= (=1)/*1v}. Then the Vs are nondegenerate permuted by
x; cyclically, so that dim V{ = dim V) = m2?~! | If y = 1, take an orthonormal
basis {[1]¢} of ¥, where 1 <k < m andlet [ji], = xJ"*'[1); for 1 < j, <2.
Then {[ji]x}, where 1 < j; <2 and 1 < k < m is a required basis of V.
Suppose y > 2, so that K = (x3, x4, ..., X2;) is an extraspecial group with
plus type and K acts on V/ faithfully. The representation of K on V| has
exactly one Wedderburn component. So by induction there exists an orthonor-
mal basis {[j2, j3..., jylx} of V] such that the actions of x;,_; and x;,
for i > 2 are given by (1.4) with [ja, j3..., j,] replaced by [j2, j3,---, Jjylk -
Let [j1, ja..» Jyle = %' 2, J3s -5 Jyle . Then {[ji, ja..., jyl}, where
1<ji<2 and 1<k <m is a required basis of V. This proves the remark.

(1E) Suppose 4 divides g+¢. Let G = GL(2", &eq), and E ~ 23,7“ embedded
as a subgroup of G. Set C = CG(E) and N = Ng(E). Then Cy(E) = C =
Z(G) and N/Z(N)E ~ O"(2y, 2). Moreover, each linear character of Z(N)
acting trivially on Oy(Z(N)) can be extended as a character of N acting trivially
on E.

Proof. Since F, is a splitting field of E (see [4, (1A)]), it follows C = Cy(E) =
Z(G). The elements of N induce automorphisms in Aut’ E . We shall exhibit
elements in N which together with E generate Aut’ E . Since Aut’ E /InnE ~
O"(2y, 2), we need only exhibit elements in N which induce generators of
O"(2y, 2) on E/Z(E). The group O"(2y, 2) is generated by orthogonal trans-
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vections on E/Z(E) except when n = + and y = 2, in which case, the sub-
group generated by orthogonal transvections has index 2 in O*(4, 2) (see [9]).
Thus first we show that N contains all orthogonal transvections on E/Z(E).
But every orthogonal transvection is uniquely determined by a nonsingular vec-
torin E/Z(E), so we need to investigate such a vector in E/Z(FE). By [18 or
15] the quadratic form ¢(X) on E/Z(E) is given as follows: if x € E and
x? = zk for some k € Z/2Z, then q(X) = k, where X = xZ(E) € E/Z(E).
Thus X is nonsingular in E/Z(FE) if and only if x has order 4 and then the
transvection 7' corresponding to X is given by T: % — u + (u, X)X for all
ueE/Z(E), where (u,X) =q(u+X)+ q(u) + q(X) is the bilinear form de-
fined by the quadratic form. So it suffices to show that for each element x € E
of order 4, there exists an element g € N such that ghg~—! = +hx* for he E,
where k =14+ i+j € Z/2Z with h? = z and (hx)? = z/. Such an element g
will be called the transvection for x . It is clear that if x and u are elements
of order 4 in E and they are conjugate under N, then the transvection for x
exists in N if and only if the transvection for u exists in N. Thus we con-
sider the N-conjugacy classes of elements of order 4 in E. We may suppose
the action of E on the underlying space V is given by (1.4) or (1.5).
First suppose E has plus type.
(1) Let g be the element in G such that

g: [jlst,-”’ji,'~-aj}']'_)[ji’jZa'“’j]"-'aj}']’

Then g7'x1g = x2i-1, & ' X218 = X1, £7'%28 = x2i, 87'x2:8 = X2, and
g 'xrg = xi for all other indices. It follows that N contains a subgroup
inducing the symmetric group S(y) on the set {E;, E, ..., E,}.

(2) Let {[ji, j2, j3,.--, ¥y)'} be the basis of V' given by the Remark (1)
above with k =1, and g the element in G such that

g [jl3j2,j37 oo ’j}']IH[jlaj29j3a oo aj?]'
Then g7 'x1g = x2, g7 'x8 = x1, and g7'x,g = x, for kK > 3. Since
X; = X1x1x2 and Xx; = —X,X1X;, the element g is the transvection for x;x;
in N.
(3) Let g be the element in G such that
g: Ui, jrs--s Il +i2+ 1, j2, ooy gyl

Then g7 'x,g = x1x3, g x4 = x2x4,and g~ !x, g forall other indices. Since
(x1,x3, ..., X29—1) and (x2, X4, ..., X2,) give a hyperbolic decomposition of

E/Z(E), g induces
1 0
1 1

(0 1)

I

relative to this decomposition of E/Z(E). By (1) we may replace E; and E,
by E; and E; for 1 <i < j<y. Thus there is a subgroup of N inducing

(1.6) <(A A_,> :AeGL(y,2)>
on E/Z(E).
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In order that N contain all orthogonal transvections on E/Z(E), it then
suffices to show that every element x in E of order 4 is conjugate with x;x;
under N. Moreover, we shall show that every noncentral element y of order
2 in E is conjugate with x; in N. Suppose y = 1. Then x = +x;x, and
y==%x; or £x;. If x = —x1x;, then x,xx; = x1X;, so that x is conjugate
with x;x; in N. If y = +x,, then g-lyg = +x;, for some g € N given by
(2). We may suppose y = +x;. If y = —x;, then xyx; = x;. Thus y is
conjugate with x; in this case. Suppose y > 2. Let D = (x;, X2, X5, ..., X2y),
then D ~ 2%~!_ It follows by (1.4) that L = Cg({x3, Xx4)) ~ GL(2""!, &q) and
D < L. Thus by induction every element of order 4 in D is conjugate with
Xx1x, under Ny (D) and every noncentral element of order 2 in D is conjugate
with x; under Ny (D). It is clear that Ny (D) < N and centralizes (x3, X4).
If x and y are elements of D, then x is conjugate with x;x; and y is
conjugate with x; under N. If x ¢ D, then x = x3x’, x4x’, or x3x3x" for
some element x’ of D. Suppose x = x3x’ or x = x4x’. In the latter case,
take the element g € N which is a product of some elements given by (1) and
(2) such that g~ 'x4¢ = x3, g 'x38 = x4, and g~'x;g = x; for other indices.
Thus g~ !xg = x3x', so that we may suppose x = x3x’. Thus x’ has order
4, so that h~'x'h = x,x, for some h € Ny (D) and h~'xh = x3x,x,. Thus
g 'h~'xhg = x1x, for the element g € N given by (3). Suppose x = x3x4x’
for some element x’ € D of order 2 or 1. If x’ € Z(D), then x = +x3x4
and g~ !xg € D for some element g € N given by (1), so that x is conjugate
with x;x, in N. If x’ is a noncentral element, then A~!x'h = x; for some
h € N (D),sothat h~'xh = x3x4x, and g='h~'xhg = x;x,x4 for the element
g by (3). By the argument above x is conjugate with x;x, under N . Similarly
if y ¢ D,then y = x3y', x4)', or x3x4y’ forsome y’ € D. Suppose y = x3)’
or x4y’ . In the latter case, g~'yg = x3)’ for an element g € N given by (1)
and (2), so that we may suppose y = x3y’. Thus ' has order 2 or 1. In the case
y' € Z(D), g"'yg € D for some element g given by (1). Thus y is conjugate
with x; in N. Suppose y' is a noncentral element of D. Then A~ !y'h = x;
for some h € Ny (D), so that h~'yh = x3x; and g~ 'h~'yhg = x|, where g
is the element given by (3). Suppose y = x3x4)’, so that y’ has order 4 and
we may suppose ' = x;x, by replacing y’ by A~'y’h for some h € N (D).
Thus y = x3x4x;x; and then g~ !xg = x4x;, where g is the element given by
(3). By the argument above, y is conjugate with x; in N. It follows that N
contains a subgroup H inducing a subgroup of O"(2y, 2) which is generated
by all orthogonal transvections on E/Z(E).

Suppose E has minus type and by (1C) we may suppose y > 2. Then
X3, X4, ..., X2, generate an extraspecial group K of order 22-1 with plus
type, so that N contains the elements given in (1), (2), and (3) with x; replaced
by x3, xo by x4, and some obvious modifications. For example, the action of
the element g given by (1) is defined by

g: [jlajZ, .o aji, R ’j}']H[j])ji’ aj2’ .o ’j)’]a
where {[ji, j2,---> Ji>---» Jjy]} is the basis of V given in (1D). It follows
that all the elements given by (1), (2), and (3) act trivially on x; and x;. In
particular, the element g given by (2) is the transvection for x3x4 in N. If y is
a noncentral element of order 2 in E, then y liesin K. It follows by (1.5) that
Co({x1, x2)) ~ GL(2""!, eq) and K < Cg({x1, x2)). Apply a similar proof
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to K and Cg({(x;, X2)), so that y is conjugate to x3 under Nc((x,,x,))(K) <
N . Thus every noncentral element of order 2 in E is conjugate to X3 in
N. Let D = (x;, X2, X5, X¢, ..., X25), 80 that D ~ 2%-1 By (1.4) L =
Cs({x3, x4)) ~ GL(2""!,eq) and D < L. If y = 2, then each element of
order 4 in D are conjugate with x; in Ny (D) by (1C). Suppose y > 3. Then
each noncentral element of order 2 in D is conjugate with x5 under Np(D)
by applying the proof above to D and L. By induction we may suppose each
element of order 4 in D are conjugate with x; under N (D). It is clear that
Nr(D) < N and Ny(D) centralizes (x3, x4). Let X be the matrix given by
(1.3) and g an element in G such that

(1.7) g: Uty s s 1 (CDEHXE Y20 ) @ Uiz, sy oees il

Then g7 'x1x48 = x3x4, g 'x28 = —x3x2,and g 'x;g=x; for i #2,4,s0
that g € N. Suppose x is an element of E of order 4. If x € D, then x
is conjugate with x; in Ny (D). If x ¢ D, then x = x3x’, x4x’, or x3x3x’
for some x’ € D. Suppose x = x3x’ or xsx’'. Then in the former case
g 'xg = x4x’ for some element g € N given by (1) and (2) with x; replaced
by x3, X, by x4, and some obvious modifications. Thus we may suppose
X = x4x', so that x’ has order 4 and A~ !x’'h = x; for some h € Nr(D). So
g 'h~'xhg = x3x4, where g is the element given by (1.7). Finally suppose
x = x3x3x’ for some x' € D. A similar proof to above shows that we may
suppose x’ is a noncentral element of order 2, so that A~ !x'h = x5 for some
h € N (D) and hence g~ 'hA~'xhg = x3x, for some element g given by (3).
Thus each element of E of order 4 is conjugate with x3x; in N. Since the
transvection for x3x4 is given by (2), N contains a subgroup H inducing a
group on E/Z(E) generated by all orthogonal transvections.

It follows that N = HZ(G) and N/EZ(G) ~O"(2y, 2), except n =+ and
y = 2, in which case H/EZ(E) is a subgroup of O*(4, 2) of index 2. Let g
be an element of G such that

o -[2,2] ifji=5=2,

(1.8) g-[]la]Z]'—’{ Ui o] otherwise.

Then g7 'x,8 = x2x3, g7 'x4g = x1x4, and g~ 'x;g = x; for i =1, 3. Thus
g € N and the subgroup generated by elements given by (1.8) and (3) induces
a Borel subgroup of O*(4, 2), the subgroup generated by the elements (1) and
(2) induces a Weyl group on E/Z(E). Let H' be the subgroup generated
by elements (1), (2), (3), (1.8), E, and Z(G). Then Z(H') = Z(G) and
H'|EZ(G) ~0%(4, 2),sothat N=H'.

To prove the last assertion, suppose ¢ is a linear character of Z(N) = Z(G)
acting trivially on »(Z(N)). Let S be the subgroup of G whose elements
has determinant 1. Then S = SL(27, q) or SU(2?, q) according as ¢ = 1
or —1. For any element g € Z(N)NS, g = ul for some u € F:, so that
degg = u¥ =1 and g € ,(Z(N)). Thus Z(N)S is a central product of
Z(N) and S over O,(Z(N))NS. Let & be the tensor product of ¢ and the
trivial character of S. Then ¢ is an irreducible character of Z(N)S acting
trivially on ENS and G stabilizes &. Since G/Z(N)S is a cyclic group, g
can be extended as a character of G which is trivial on E by Clifford theory,
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so that the restriction of the latter to N is a required extension of &. This
completes the proof.

(1F) Suppose 4 divides g—¢. Let G = GL(2", eq) and R = EZ a subgroup of
G of symplectic type, where Z = O»(Z(G)) and E is an extraspecial subgroup
of order 22*! . Set C = Cg(R) and N = Ng(R). Then Cy(R) = C = Z(G)
and N/Z(N)R =~ Sp(2y, 2). Moreover, each linear character of Z(N) acting
trivially on O5(Z(N)) can be extended as a character of N acting trivially on
R.

Proof. The statement C = Cg(R) = Z(G) is a consequence of the fact that
R is an absolutely irreducible subgroup of GL(27, eq). The proof of the last
assertion is the same as that of (1E). Each element of N induces an automor-
phism in Aut’ Q(R) = Aut’R. Since R > E, we may suppose E has plus
type and acts on the underlying space V' as in (1.4). Set W = Q,(R). Then
W = (p)E , where p =wl and w € F,. has order 4. By [18] or [15] the alter-
nating from (%, X) on W/Z(W) is induced by commutation: If [u, x] = z¥,
then (u,X) =k, where u, x are elementsof W, u=uzZ (W), Xx=xZ(W),
and k € Z/2Z. The group Sp(2y, 2) is generated by all symplectic transvec-
tions (see [9]) and each nonzero vector of W/Z (W) uniquely determines a
symplectic transvection which is defined the same as the orthogonal transvec-
tion above. It is clear that the elements defined by (1), (2) and (3) in the proof
of (1E) are elements of N. It follows by the same proof to that of (1E) that
every element of order 4 in E is conjugate with x;x, and every noncentral
element of order 2 in E is conjugate with x; under N. We claim that px, is
conjugate with x;x, in N. Indeed, let g be the element in G such that

(1.9) g Uts jas-oos Byl (1) [y, oy oy )

Then g~ lpx,g = x1x,,and g~ lx; g = x; for all other indices. Thus the claim
holds. It follows that N induces a transitive action on the nonzero vectors
in W/Z(W). The element g given by (1.9) induces a symplectic transvec-
tion on W/Z(W) corresponding to X,, so that N induces a subgroup of
Sp(2y, 2) containing all symplectic transvections. Thus N induces Sp(2y, 2)
on W/Z(W) and then N/RC ~ Sp(2y, 2). This completes the proof.

The following proposition is proved in [4] for general linear groups and we
shall give a proof for unitary groups.

(1G) Let P = Sg,Dg, or Qp with B > 4, and let W be a faithful and
irreducible representation of P in G = U(n, q) such that O,(C(W(P))) <
W(P). Then 2 is linear, n = 2, and B < a+ 2. Moreover, if P = Sg, then
B =a+2 and W(P) is a Sylow 2-subgroup of G; if P = Dg or Qg, then
there exists an element x € G such that |x| = 28, x normalizes W(P) and
x € C([W(P), W(P)]).

Proof. Let N = Ng(W(P)) and C = C5(W(P)). Since h(Z(G)) < O,(C) <
W(P), it follows that O»(Z(G)) < Z(W(P)). But Z(W(P)) has order 2. Thus
O (Z(G)) < Z(W(P)) = {&I,}, so that 2 is linear. Suppose ¢ and 7 are
generators of W(P), where |g| = 2f~! > 8 and |t| = 2 or 4 according as
P # Qg or P = (Qp and in the latter case 1> = —I,. Let K = (o). By (I1B)
the underlying space ¥V of G has a K-module decomposition (1.1) such that
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s =0. Butif M is asimple K-submodule of V' ,then V=M + 1M as V is
a simple P-module. Thus V' has a decomposition V = U@ U’, where U and
U’ are totally isotropic simple K-modules. It follows that ¢ is primary with
a unique elementary divisor I' € % and Cg(W(K)) ~ GL(1, ¢%) is Coxeter
torusof G. If —1<a+1, then |o| = 2f~! and it divides ¢g%> — 1, so
that dr = 2 since U is a simple K-module. Thus W(P) is a subgroup of
a Sylow 2-subgroup of G = U(2, q). By [7, p. 143] a Sylow 2-subgroup of
G is semidihedral of order 29*? and by [14, 5.4.3] a semidihedral group has
no proper semidihedral subgroups. Thus if P = Sz, then W(P) is a Sylow
2-subgroup of G; if P = Dg or Qp, then W(P) is a subgroup of a Sylow
2-subgroup D of G. Let L be a subgroup of D containing W(P) such that
(L:W(P))=2,s0that L < N. The same proof as that of [4, (1D)] can be
applied here to show that there exists an element x € L such that |x| = 2#
and x € Cg([W(P), W(P))).

Suppose f—1>a+1. Since U is a simple K-module, the commuting alge-
braof K on U is isomorphic to F ,-a-1 , s0 that Co(W(a)) ~ GL(1, ¢
and dr =28~ If T = C4(W(K)), then W(K) = Oy(T). Let a = f—a-1,
so that @ > 2 and dr = 2°. Since T is a Coxeter torus of G, it follows that
Ng(T) = ({, T), where { actson T by ¢t — t=9 (cf. [11, p. 129]). Thus
Ng(T)/T is cyclic of order 2*.

Suppose R = Sg, so that t07~! = —¢~! and 12 = 1. Thus 7 induces an
element of order 2 in Ng(T)/T. Since Ng(T)/T ~ ({) is cyclic, it follows

that 7 = (2"t for some ¢ € T, so that 7 and ¢*~' induce the same action
a—1 sa—1 a—1
on T. Since a—1>1, t actson T by ¢t — (V" ¢ =" 5o that
a—1 a—1
09 =-0-! and ¢ *'=—1 since tot—! = —o~!. Since 2 is linear, it

follows that 2 is the exact power of 2 dividing ¢2*~' + 1, so that ¢ has order
4. This is a contradiction.
If R=Dg or Qg, then to7~! =0~! and 72 € T, so that 7 induces an

element of order 2 in Ng(T)/T . Thus 7 = (2"t for some ¢ € T, so that t
a— . . a—1
and (2" induce the same action on T . Thus 7 actson T by t— " and

0@ =071, sothat 0@ +' =1 and |o| = 2. This is impossible and (1G)
follows.

Now we consider the embedding of other groups of symplectic type in a
unitary group. In the following two propositions, suppose R = EP is a central
product of E and P over Z(E) = Z(P), where P = Sz, Dg or Qg with

B>4,and E ~ 23,"“ . The first proposition can be proved by replacing GL by
U and some obvious modifications in the proof of [4, (1E)].

Suppose 2 is linear. Let Y be a faithful and irreducible representations of E
in U(2?, ¢q), N; the underlying space of U(2?,¢q), N=N;LN;L---LN; (m
copies), and X = mY the faithful representation of £ in U(N). Let W be
a faithful and irreducible representation of P in U(2, q), M the underlying
space of W,and V = N® M. Then R acts faithfully on ¥ and we denote
by F the representation of R in U(V). The central product U(N)U(M) of
U(N) and U(M) over Z(U(N)) = Z(U(M)) also acts faithfully on V. For
simplicity of notation, we denote again by F the representation of U(N)U(M)
in U(V).
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(1H) With the notation above, let N(X(E)), N(W(P)), and N(F(R)) be the
normalizers of X(E), W(P), and F(R) in U(N), UM), and U(V) respec-
tively. In addition, let F(R)? = Cyg)([F(R), F(R)]), and

NYW(P)) = {x € N(W(P)): [x, [W(P), W(P)]] = 1},
N(F(R)) = {x € N(F(R)): [x, [F(R), F(R)]] = 1}.

Then F(N(X(E))) < N°(F(R)) and F(N(W(P))) < Z(Crowr)(F(R)?)). In
particular, if P = Dg or Qp, then F(R) is not radical in U(V).

(11) Suppose 2 is linear. Let G =U(2"*!,q), P=S,,,and R=EP.

(a) There exists a faithful and absolutely irreducible representation T of R
in G. Moreover, R is independent of the type of E and G contains a unique
conjugacy class of subgroups isomorphic to R.

(b) Identity R with T(R) and let

R'=Cgr([R,R), N=NGg(R), N°={geN:[g, [R, RI]=1}.

Then R° is a central product of a cyclic group of order 2°t! and an extraspecial
group of order 2%*', RN N°=R%, Z(N% = Z(G)Z(R%), and N°/Z(N®) ~
Aut’ R®. In particular, NO/ROZ(N®) ~ Sp(2y, 2). Moreover, each linear char-
acter of Z(N°) acting trivially on O»(Z(N®)) can be extended to a character of
NO acting trivially on R°.

Proof. (a) With the assumption of (1H), suppose P = S,,» and X = Y is
irreducible. Denote by T the representation F in (1H). Then T is a faithful
and absolutely irreducible representation of R in G. The same proof as that
of [4, (1F), (a)] shows that R is independent of the type of E, 50 that we may
suppose E has plus type. Suppose T’ is another faithful and irreducible repre-
sentation of R in G. Then both T|r and T'|g have exactly one Wedderburn
component. By the Remark (2) after (1D), T(E) and T'(E) are conjugate
in G and we may suppose T(E) = T'(E). Thus T(P) and T'(P) are Sylow
2-subgroups of Cg(T(E)), so that they are conjugate in Cg(T(E)) and then
T(R) and T'(R) are conjugate in G.

(b) The rest of the proof is similar to that of [4, (1F), (b)].

(1) Let either R = E or R = EP and G = U(n,q) = U(V), where
E ~ 23,"“ and P ~ Sg, Dg, or Qp with B > 4, and let J be a faithful
representation of R in G and C = C5(J(R)).

Suppose in the decomposition (1.1) of V as an R-module all the nondegen-
erate components are isomorphic and J(R) is radical in G. Then 2 is linear
and all the nondegenerate components are simple. Moreover, if R = EP, then
P =S,,, and J(R) is uniquely determined up to conjugacy in G.

More general, if R=E and J has exactly one Wedderburn component, then
all the nondegenerate components of V in (1.1) are simple, so that J(R) is
uniquely determined up to conjugacy in G.

Proof. Let E = (x1, X3, ..., X3) and P = (g, 1), so that |g| = 28~ |7| =2
or 4 according as P # Qp or P = Qp, and 707 = +0~!. Since J(R) is rad-
ical, it follows O»(Z(G)) < G»(Ng(J(R))) = J(R) and O,(Z(G)) < Z(J(R)).
Thus 2 is linear. Suppose in the decomposition (1.1) of V', V = mV;,
where the nondegenerate R-submodule V) is either simple or V; = U; @ U]
for totally isotropic simple R-modules U, and Uj. Moreover, ¥; has no
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proper nondegenerate R-submodule. Let Y be the representation of R on V;,
G, = UMW), and C; = Cg,(Y(R)). In addition, let E; be a dihedral group
of order 8, D = RE, the central product of R and E;, over Z(R) = Z(E,),
and Ry = (x3, X4, ..., X2y), so that R} ~ 2?". Suppose V; = U; & Uj.
We shall show that V; has a proper nondegenerate R-submodule and induce a
contradiction.

First consider R = E. Thus R has a unique faithful and irreducible repre-
sentation of degree 27 over any finite field of odd characteristic, so that U; and
U are isomorphic R-modules and Y has exactly one Wedderburn component.
If R~ 217“ , then V] has a proper nondegenerate R-submodule by the Remark
(2) of (1D). This is impossible and (1J) holds in this case. Suppose R ~ 2%*!.
Since U, has dimension 27 over F, it follows Cg,(g) ~ GL(2", ¢?), where
g€ = Y(x;). Thus Y(x;) induces a field automorphism of order 2 on Cg,(g)
and Y induces a faithful representation of R, in GL(2’, ¢2) which has one
Wedderburn component. By [4, (1A)] F,. is a splitting field of R;, so that
CCG] @ (Y(R)1)) =~ GL(2, ¢%) and Y(x;) induces a field automorphism of order
2 on it. Thus the fixed-point set of the automorphism on CCGl &) (Y(Ry)) is iso-
morphic to U(2, g), so that C;, ~U(2, q). By (1D) E, has a faithful and ir-
reducible representation in C; < Gy, so that E; has a faithful representation in
G, . Denote again by Y the representation of Ey in G;. Then K = Y(R)Y(Ey)
is a central product of Y(R) and Y(Ep) over Z(Y(R)) = Z(Y(Ey)), so that
K ~ 2%+3 Since K is a subgroup of G, and V; has dimension 27*! the
natural representation of K in G; induces a faithful and irreducible repre-
sentation of D in G;. Denote again by Y the representation. In addition,
let M, and M, be nondegenerate subspaces of V; of dimension 27 such that
Vi = My 1LM,. By (1D) there exists a faithful and irreducible representation
X of R in U(2?, q). Identify U(27, q) with U(M;) and U(M,). Then R
actson M; and M, through X, and on M, 1AM, through Y = 2X. Thus Y’
is a faithful representation of R on V| and the M; are nondegenerate simple
Y'(R)-modules. If Y(R) and Y'(R) are conjugate in G, , then we may suppose
Y(R) = Y'(R) and then the M; are nondegenerate Y(R)-submodule. In order
that 7] be simple, it then suffices to show that Y(R) and Y'(R) are conjugate
in G,. Let C] = C5,(Y/(R)). Then C|{ ~U(2, q) and E, has a faithful and
irreducible representation in C; < G, so that E; has a faithful representa-
tion, denoted again by Y', in G,. Thus K’ = Y/ (R)Y'(E}) is a central product
of Y'(R) and Y'(Ep) over Z(Y'(R)) = Y'(Ep), and the natural representation
of K' in G, also induces a faithful and irreducible representation of D, de-
noted again by Y’, in G;. Thus both Y and Y’ are faithful and irreducible
representations of D ~ 22"*3 in G,. Since D = RE, is a central product of
R and Ep, both Y|g, and Y'|g, have exactly one Wedderburn component.
By the Remark (2) of (1D) Y(Ey) and Y'(E,) are conjugate in G,, so that
we may suppose Y(E;) = Y'(Ep) and then both Y(R) and Y'(R) are sub-
groups of Cg,(Y(Ep)) ~U(2?, q). By (1D) Y(R) and Y'(R) are conjugate in
Cs,(Y(Ep)), so that they are conjugate in G, . It follows that ¥; has a proper
nondegenerate R-submodule. This is impossible. Note in the proof above we
only suppose V; = U; @ U has no proper nondegenerate R-submodule and R
acts on V; faithfully.

Suppose J has one Wedderburn component and in the decomposition (1.1)
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V' has a nondegenerate R-submodule of the form V' = U@ U’, where U and
U’ are totally isotropic simple R-submodules and V' has no proper nonde-
generate R-submodule. Then R acts faithfully on V'. Repeating the proof
above with ¥} replacing by V', we can get that ¥’ has a proper nondegener-
ate R-submodule. This is impossible. Thus all the nondegenerate components
of V in (1.1) are simple, so that by (1D) we can suppose all the irreducible
representations of R on the components have the same images and then J(R)
is uniquely determined up to conjugacy in G.

Finally suppose R = EP. If g = Y(g), then Cg,(g) ~ GL(2"*!, q%) for
some integer J > 1, so that Y induces a faithful representation of E in Cg,(g)
with one Wedderburn component. Thus Cg, ((Y(g), Y(E))) ~ GL(2, ¢%)
and Y(7) induces a field automorphism of order 2 on it. The fixed-point set
of the automorphism on Cg, ((Y(g), Y(E))) is isomorphic to U(2, ¢°) and
C1 ~ U(2, ¢%°). By (ID) E; has a faithful and absolutely irreducible repre-
sentation in C; < Gy, so that Ey is embedded as a subgroup in G;. De-
note again by Y the representation of Ey in G;. Thus K = Y(R)Y(Ey) is
a central product of Y(R) and Y(E,) over Z(Y(R)) = Z(Y(Ep)) and the
natural representation in K in G, induces a faithful and irreducible repre-
sentation of D in G;,. Denote again by Y the representation. Since D is
a central product of EE; and P, Y|gg, has one Wedderburn component.
By the proof above we may suppose all the components in the decomposi-
tion (1.1) of V] as an (EEj)-module are isomorphic nondegenerate simple
R-submodules, so that by (1D) we can identify these components by a con-
jugate in G;. Thus Cg (Y(EE))) ~ U(s, q) and Y induces a faithful and
irreducible representation W of P in Cg, (Y(EE))), where s is an integer
such that s2"*! = dim¥;. Since Cg,(Y(D)) = Cc,(Y(Eo)) ~ U(1, ¢°) and
02(U(1 s q‘s)) has order 2, it follows that CCG, (Y(EEO))(W(P)) ~ U(l , q") and
then OZ(CCGI(Y(EEO))(W(P))) < W(P) . By (lG) s =2 and ﬂ <a+ 2, so that
dim V; = 27+2. Moreover, if P = Sp, then f = a + 2. By the proof above
Cg,(Y(P)) ~ U(2"*!, q) and Y induces a faithful representation X’ of E in
Cq,(Y(P)) which has one Wedderburn component. Apply the proof above to
X' and Cg,(Y(P)). Then all the nondegenerate components in the decomposi-
tion (1.1) of the underlying space N of X' as an E-module are simple, so that
N = N;LN,, where N; and N, are simple X'(E)-submodule. Since Y is the
tensor product of X' and W, V) = N® M and N, ® M is a proper nonde-
generate R-submodule of V;, where M is the underling space of W. This is
a contradiction. Thus V] is simple and Y is irreducible of degree 2. Similar
proof to above shows that Cg, (Y(E)) ~ U(2, q) and Y induces an irreducible
representation W of P in Cg, (Y(E)). Moreover, Cg(J(P)) ~U(m2?,q), J
induces a faithful representation X of E in Cg(J(P)) with one Wedderburn
component, and all the nondegenerate components in the decomposition (1.1)
of the underlying space of Cg(J(P)) as an E-module are simple. Now J is
the tensor product of X and W. By (1H) and J(R) radical, P = S; and then
B =a+2. Thus (1) follows by (11), (a).

Let Z, be a cyclic group of order 24> > 8 if @ > 1, of order 2¢ > 4 if 2 is
unitary and a = 0 but of order 2 if 2 is linearand a = 0. Let E,Z, be a central

product of an extraspecial group E, ~ 22’*! and Z, over Z(E,) = Q,(Z,).
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. _{-1 ifa=0,
711 ifa>l.

Then E,Z, can be embedded as a subgroup of GL(27, ¢,¢%") such that Z, is
identified with Oy(Z(GL(27, €,4%"))) . Moreover, if a = 0, then GL(27, £,9%")
=U(2?, q);if a > 1 and g is a primary element of order 24*® in U(2*%?, q),
then Cyger,q)(8) =~ GL(2”, ¢*") and we can identify these two groups. Thus
GL(27, £,9%") is embedded as a subgroup of U(2°t?, g) such that a generator
of Z, is primary as an element of U(2°*", q). Denote H, the normalizer of
E,Z, in GL(2, €,4%), so that by (1E) and (1F) H,/Z(H,) ~ Aut’ O (EyZ,),
and E,Z,, H, are absolutely irreducible over F. or Fp» according as o =
0 or a > 1. Moreover, each linear character of Z(H,) acting trivially on
O,(Z(H,)) can be extended as a character of H, acting trivially on E,Z,. The
images R, , of E,Z, and H, , of H, under the composition

K < GL(27, e,q%) — U(2°*7, q),

where K = E,Z, or H,, is then determined up to conjugacy in U(2**?, q).

We identify E, and Z, with their images in U(2**?, q). So R, , = E,Z,.
If a>1 and Z, = (y), then we claim there exists g € U(2**?, q) such that ¢
normalizes R, , and oyo~! = y~7. Indeed there exists t € U(2°*7, q) such
that ty7~! = y~7 and 7 induces a field automorphism of Cuerr,q)(Za) =~
GL(27, ¢%"). The embedding of R, , in Cyper, g(Z,) can be viewed as an
embedding of R, , in GL(27, ¢®") in which y is represented by a scalar
multiple of the identity matrix. So 7E,7~!, E, are extraspecial subgroups of
GL(27, ¢*°) with same type, and htE,7'h~! = E, for some h € GL(27, ¢*)
by (1D). Thus ¢ = ht normalizes R, , and oyo~' = y~7. Thus the claim
holds. A similar proof shows that R, , is uniquely determined up to conjugacy
in U(2%t?, q), since all cyclic subgroups of order 2¢+> generated by a primary
element are conjugate in U(2**7 | q).

(IK) Let R = E,Z be embedded as subgroup of G = U(n, q), where Z is
cyclic and |Z| > 4. Suppose the underlying space V of G has one component
of nondegenerate R-module in the decomposition (1.1), i.e. V is either a simple
R-module or decomposes as V = U U’, where U and U’ are totally isotropic
simple R-modules and V has no proper nondegenerate R-submodule. If Z =
OK(Z(C6(Z))), then |Z| = 2%**, n = 2*7, and R is of the form R, , as a
subgroup of G.

Proof. If V is a simple R-module, then by (I1B) Z < Z(G), so that 2 is
unitary since |Z| > 4. Thus V is a simple E,-module and then n = 27.
Since Z = O,(Z(Cg(Z))) and Z(C(Z)) = Z(G), it follows Z = O,(Z(G))
and |Z| = 2. Thus R is of the form Ry ,. Suppose V = U @ U’ and
V' has no proper nondegenerate R-submodule. If Z < Z(G), then each E,-
submodule of V' is an R-submodule. Thus U and U’ are simple E,-modules
acted faithfully by E,. Since E, has a unique such module over F, ., the
representation of E, in G has one Wedderburn component, so that by (1J)
V' has a proper nondegenerate R-submodule. This is a contradiction and so
Z £ Z(G). Let Y be the representation of R in GL(U). Then Y is ir-
reducible and a generator of Y(Z) is primary as an element of GL(U), so

Define
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that Cgr)(Y(Z)) ~ GL(n, g*%) for some integers n and &. Thus Y(E,) is
an irreducible subgroup of Cgr()(Y(Z)), so that n = 27 and then 27 is the
multiplicity of the unique elementary divisor I' of a generator of Z. By (1A)
Cs(Z) ~ GL(27, q%) and so dr = 26 . Since Z = (5(Z(Cg(Z))), it follows
that |Z| = 24* for some a > 1, so that § =2°~! and R has the form R, ,
as a subgroup of G . This completes the proof.

For each m > 1, the images R, o,y and H,, o,, of R, , and H, , under
the m-fold diagonal mapping in U(m2%t?, q) given by

4

8
(1'10) gH .. 3 g € Ra,}'a or Ha,}'a

4

is also respectively determined up to conjugacy. Denote again E, and Z,
the images of E, and Z, under the diagonal mapping (1.10). Thus Z, =
Z(Rm,a,y) and E, is a subgroup of Cyimaesr,q)(Zs) ~ GL(mM27, €,q4%). Tt
follows by (1J) and [4, (1A)] that E, is uniquely determined up to conjugacy
in Cy(mae+r,q)(Za), s0 that Ry . , is uniquely determined up to conjugacy
in U(m2**?, q), since all the cyclic subgroups of order 2%*® generated by a
primary element are conjugate in U(m2>t? q). It is clear that

Sp(2y, 2) if either 2 is unitary or a > 1;

H, o ,/Z(Hpy o )R oy = .
m.a1/Z(Hn.a,))Rm,a {O"(Zy,Z) if 2 is linear and a = 0,

where 7 is the type of E,.

(II(})I Let G=Um2**?,q), R=Rm,a,y, H=Hp oy, Z=2Z,=Z(Rpm qa,y)
and let

C=Cg(R), N=Ng[R), N°={geN:[g,Z]=1}

Then the following hold :

(1) C~GL(m, eaq*)®1I,, [H,Cl=1, HNC = Z(H) < Z(C), N° =
HC, where I, is the identity matrix of size 2’ and GL(m, €,9%") ® I, =
{g®1I,: g € GL(m, €,9*")}. Moreover, each linear character of Z(H) acting
trivially on O,(Z(H)) can be extended as a character of H which acts trivially
on R.

(2) N/NO is cyclic of order 2.

Proof. (1) If a =0, then Z < Z(G), so that the underlying space V, , of
R, , is a simple R, , module. The commuting algebras of R, , and H, ,
are isomorphic to Fj., so that C ~ U(m, ¢q) and Cg(H) ~ U(m, q). Thus
[H,C]l=1and C ~U(m,q)®1I,. Suppose a > 1. Then the underlying
space V,,, of R, , decomposes as V, , = U @& U’ for some totally isotropic
simple R-modules U and U’. The commuting algebra of R, , and H, , on
U are isomorphic to Fj. . It follows that C ~ Cg(H) ~ GL(m, ¢*") and
C = Cg(H), since Cg(H) < Cg(R). Thus [H,C]=1and Z(H)<HNC
since R< H. But HNC < Z(H) and so Z(H) = HNn C. By (1E) and
(IF) H/Z(H) ~ Aut’ R. The elements of N° induce the automorphisms of
R trivial on Z . Thus for each element g of N?, there is # € H such that
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gh € C, so that N° = HC. The last assertion follows by H ~ H, , and
R~R,,,.

(2) If a = 0, then Z = K(Z(G)) and so N = N°. Suppose a > 1.
Since Z = Z(R), the elements of N induce automorphisms of Z . Let y be
a generator of Z(R,,,) < U(2**?, q). Then there exists o € U(2**?, q) such

that ¢ normalizes R, , and oyo~! = y~9. Let p and w be the images of
o and y under the m-fold diagonal mapping (1.10). Then pe N, Z = (w),
and pwp~! =w™?. Foreach g€ N, gwg~!' =w' for some i > 1. Thus w

and w' are conjugate in G, so that i = (—q)' for some / >0 as w is primary.
Thus replacing g by p~'g, we may suppose g fixes w and then g€ N°. It
follows that N = (p, NO). This completes the proof.

Remark. Suppose 2 is linear and o = 0. Then R ~27*', N = N* = HC,

H < N,and H/Z(H)R ~0%(2y,2). If (Rm,a,y,®) is awelght then each
irreducible constituent @ of the restriction of ¢ to H has defect 0 as a char-
acter of H/R. An irreducible constituent of the restriction of ¢o to Z(H) isa
linear character ¢ of Z(H) acting trivially on RNZ(H) = Z(R) = O,(Z(H)),
so that it has an extension ¢ to H which is trivial on R. Thus @oé~! is an ir-
reducible character of defect 0 of H/Z(H)R. For y > 2 denote Q"(2y, 2)
the subgroup of index 2 in O7(2y, 2) such that Q*(2y,2) ~ D,(2) and
Q~(2y,2) ~ 2D,(2). Then Q"(2y,2) has exactly one irreducible character
of defect 0, i.e. the Steinberg character. Thus O7(2y, 2) has no irreducible
character of defect 0, so that no such weight of U(m2’, q) exists. If y = 1
and E, has plus type, then H/R ~ Z/2Z and so no such weight exists either.
If y =1 and E, has minus type, then H/R ~ O7(2, 2) = GL(2, 2) and
the Steinberg character St is the only irreducible character of defect 0 and so
@&~ =St

Suppose 2 is linear and 22 is the exact power of 2 dividing ¢ — 1. Let E,P
be the central product of an extraspecial group E, ~ 23,’“ and a semidihedral
group P = S;,, of order 2%+ over Z(E,) = Z(P). Then there exists a
faithful and absolutely irreducible representation T of E,P in U(2"*!, g) by
(1I). The image S; , of E,P in U(2"*!, q) is uniquely determined up to
conjugacy, and independent of the type 7. Thus we may suppose E, has plus
type. Denote again P and E, the images T(P) and T(E) in U(2"*!, g). Let
89, = Cs, ,(IS1,y,S1,;]) and L; , the subgroup of Ny 4)(Si,,) which
acts trivially on [S; ,,S1,5]. By (1I), (b)

L1y, Z(SY )1=1, Z(Li,)=ZUQ™, 9)Z(S] ),
Cu,g)(L1,551,9) = Cymi, g(S1,5) = Z(UQ2"*', q)),

and
Ly 4/Z(Ly ;) =~ Aut’S? |

Moreover, each linear character of L; , acting trivially on O,(Z (L, ,)) can be
extended as a character of L, , acting trivially on S .
For each m > 1, the images S,,,1,, and L,  , of S;, and L; , under




2-WEIGHTS FOR UNITARY GROUPS 269

the m-fold diagonal mapping in U(m2’*!, q) given by

4

g
(1.11) g . , geSi,y, orLy,,

g
is also determined up to conjugacy and S, ;,, is uniquely determined up to
conjugacy in U(m27*!, g) by (1J). Let S, | , = Cs, , ,((Sm.1.7> Sm,1.,]) -
Then L, 1,, normalizes Sy 1,5, [Lm,1,5> Z(S,?,’l,y)]= 1,and Z(Ly 1 ;) =
Z(GL(m2r+!, q))Z(S,‘},’l,y). Moreover, S d Ly 1,y and

m,l,y
L 1,9/Z(Lm,1,y) = Aut’S3, | .

In particular,

Lin,1,5/Sm.1,4Z(Lim,1,) = Sp(27, 2).
Denote again by P and E, the images of P and E, under the m-fold diagonal
mapping (1.11). Let P = (1, g), so that |g| = 24*!, |7| = 2, and 107! =
—o~!. Thus [Sm,1,5, Sm,1,,]=(0%), Sp, |, =(0)E,, Z(SY, | ,) = (o), and

m m,1,y
Sm,l’y = <T, S?n,l,}’)'

(IM) Let G =Um2*',q), S =Sy 1,y, L=Ln1,, and S* =57 | ,
and let

C=Cs(S), N=Ng(S), N°={geN:[g,Z(S)]=1}
Then the following hold:

(1) C~U(m, q)®I,s1, Z(C)=Z(G), [L,C]l=1, LNCS® = SZ(L),
LNS=S8% N°=CL, and Z(N°) = Z(L) = Z(G)Z(S°), where I, is the
identity matrix of size 2'*! and U(m, q) ® I, is defined similarly to (1L).
Moreover, each linear character of Z(L) acting trivially on O,(Z(L)) has an
extension to L trivial on SO.

(2) N°={geN:[g,d}]=1}, N°QN,and N = (t, NO).

Proof. (1) Since T is absolutely irreducible, C ~U(m, q)®1I,4; and Z(C) =
Z(G). It is clear that N°nNS =LNS=S% and LC < N°. Since C;(LS) ~
U(m, q) and Cg(LS) < Cg(S), it follows C(LS) =C andso [L,C]=1.
The rest of proof is the same as that of [4, (11), (1)].

(2) Let N' ={g e N:[g, a?] = 1}. Since o2 has order 2 > 4, C(0?) ~
GL(27, ¢?) and C(o) ~ GL(2’, ¢?). So C(a2) = C(a) since C(g) < C(g?).
It follows that N! < C(s) and then N! = N° as N° < N!. Since [S, S] =
(62) and N normalizes [S, S], it follows that N® < N. Now 29 is the exact
power of 2 dividing g—1 and o2 has order 24, so that (¢2)~? = (¢2)~!. Since
162171 = 672, it follows t021~! = (¢2)~9. Forany h € N, h(g®)h~! = (0?)
and so ho?h~! = (62)' for some i > 1. Thus ho?h~! = (¢2)-9' for some
I > 0 since ¢? is primary. Replacing 2 by /A € N, we may suppose
ha?h~! = g2, and then & € N°. Thus N = (r, N% and this completes the
proof.

2. THE RADICAL 2-SUBGROUPS

In this section, we shall describe the structures of radical subgroups of unitary
groups.
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Foreach >0, y>0, m>1,and 1<i<2, define
{Sm,l,y_l if 2 is linear,a =0,y > 1,and i = 2,

Rl
Ry oy otherwise,

m,a,y —
where Ry, o, and S, 1,y are subgroups of U(m2°*?, q) defined in (1L)
and (1M). Thus if 2 is linear, « = 0, and y > 1, then R}, , , = Rpm,0,y
and R2, , ., =Sm,1,y-1. The centralizer C}, , , and normalizer N}, , , of
RL .. , in U(m2°*7, q) are given by (1L) and (1M).

For each integer ¢ > 0, let A, denote the elementary abelian 2-subgroup
of order 2¢ represented by its regular permutation representation. For any
sequence ¢ = (¢, €3, ..., ¢;) of nonnegative integers, let Ac = A 14,014, ,
and let

R o, e=Ry 14,  i=1,2,
be the wreath productin U(d, q) , where d = m2etr+ata++a Then R;,, ay.c
is determined up to conjugacy in U(d,q). It is clear that [V, R}, , .]
=V, and 4. acts transitively on the set of underlying spaces of the factors
of the base subgroup of R, , . .. Here V is the underlying space of R}, , ,
and [V, R}, , ,] is the set of vectors of ¥ moved by R}, ,.,. By [3, (1.4)]

with obvious modlﬁcatlons
C(d q)(Rmay ) Crinay®lc’

where I is the identity matrix of size n = 29*@**% and C;, , ,® I =
{g®l:geCl , ,}. Moreover, the followmg hold:

Nuw,o)Rhy ay.) = (N a3/ Ron o 3) ® Ngiay(Ae, -1 Ae,) 5
(2'1) NU(d q) (Rm a,y, c)/Rm a,y,c
- ( m,a,y/Rm,a,y) x GL(C], 2) XX GL(Ct, 2)9

except when 2 is linear, « = y = 0, and ¢; = 1, in which case R}, ; , . =
ern,O,l 1Ay, and

N dq(RmOOc)—( mOI/Rm01)®NS(n Z(Acz : AC:)
(2.2) Nu@.q)(Rm,0,0,¢)/ Rin.0,1
= (ern,O,l/R:n,O,l,) X GL(CZ, 2) X e X GL(C[, 2),

where R}, | = (—In)14,, is dihedral of order 8, and ¢ = (c2, ..., ). Inthe
latter case R}, , , . is not radical by (1L). Here (N, , o/ Ry y) ®Ns )(4e)
is defined as [3 (1 5)]. Before proving these equatlons we ﬁrst state a lemma
which can be proved by replacing GL by U in the proof of [4, (2A)].

(2A) Let X < U(m,q), Y = A. < S(n), where ¢ = (¢, ¢2,...,¢) and
n=2atattra gndlet R=X1Y <U(mn, q), D= X, xX,%x---x X, the base
subgroup of R, and Vi, V5, ..., V, the underlying spaces of X\, X2, ..., Xy.
(a) If either X is nonabelian or there exists w € Z(X) such that |w| > 3,
then every normal abelian subgroup of R is contained in D .
(b) Suppose X = (—I,) and Y = A, . If ¢, > 2, then Cr([R, R]) =
and R is generated by normal abelian subgroups of R. If ¢y =1, then R =
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R}, 0.1 <U(2m, q) and R is dihedral of order 8. In particular, R is nonradical
in U2m, q).

Now we prove (2.1) and (2.2). Let R}, , , .= X1Y where X =R}, , ,
and Y = A4.. First we consider (2.1), so that either X # (-1I,,) or X = (—I),
but ¢; > 2. Let K be the subgroup of X 1Y generated by all normal abelian
subgroups of X1Y and A(X1Y) = Z(Ck([K, K])). Then a similar proof to
that of [4, (2.1)] shows that A(X1Y) = Z(X°)" and A(R!, , ,) is elementary
abelian if and only if 2 is linear and i = 1, where X° = Cx([X, X]). Thus
Ny,q(X 1Y) normalizes Z(X%)". Let & = {[V,x]: x € Z(XO)", x # 1}
be partially ordered by inclusion, where [V, x] = (x — 1)V . Then the min-
imal elements in this ordering are the underlying spaces of the factors of the
base subgroup D = (X)". So Ny, 4 (X 1Y) induces a permutation group on
these spaces, and the equations (2.1) follow by [3, (1.5), (2,1)] with obvious
modifications.

Finally suppose X = (—I,) and ¢; =1. Let ¢ =(¢c2, ..., ), X' = X14,,,
and Y' = A4y. Then X1Y =X"1Y" and X' = R,‘n,o’, < GL(2m, q). Thus
(2.2) follows by (2.1).

We shall call R}, a,y.c @ basic subgroup of U(d, q) except when 2 is linear,
a=y=0,and ¢; = 1. In addition, we shall call degR}, , , .=d the degree
of R! and /(R! ) = t, the length of R!

m,a,y,c m,a,y,c m,a,y,c"

(2B) Let R be a radical 2-subgroup of G = U(V) and N = Ng(R). Then
there exists a corresponding decomposition

V=Wi-L1VilViyl--- 1V,
R=R;x--- X Ry x Rgyy x -+ X Ry

such that R; = {xly} for 1 <i<s, and R; are basic subgroup of U(V;) for
i > s+ 1. Moreover, if 2 is unitary, then s =0.

Proof. Since R is radical in G, it follows that O»(Z(G)) < »(N) = R, so
that [V, R]=V and s =0 if 2 is unitary. By (1B) we may write

V=mViilmVol---Lm,V,Lny(Uy & U)L--- Ln,(U, ® U}),

where the V; represent representatives of isomorphic classes of nondegenerate
simple R-modules, U; and U; represent representatives of isomorphic classes
of totally isotropic simple R-submodules occurring in V', and m;, n; are the
multiplicities of V;, U; & U ; in V. Moreover by (1B) we may suppose U; &
U J’ has no proper nondegenerate R-submodule. For simplicity of notation we
rewrite this as

V=mWilmWLil - lmV,Lm Vi L Imy Vi,

where m; =n;, V;=U;® U] for i > u. Let T be the natural representation
of R on V', and let F; be the representation of R on ¥V;. Thus

m F,

myF
T 2k

MytoFuty
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Let R; be the group of linear operators which agree with an element of R on
m;V; and are the identity on m;V; for j #i. Then N induces a permutation
group on the set of pairs (m;V;, R;), so that

R<NN(Ry xRy x -+ X Ryy) I N.

Since R is radical, R= R| X R2 X oo X Ru+v . Let N; = NU(m,-Vi)(Ri) , SO that
R; < O,(N;) and

R < NN (Oy(Ny) x Oy(Ny) x -+ X Or(Nyyv)) I N.

Again, since R is radical, it follows that R; = G»(N;) and each R; is radical
in U(m;V;) for all i. By induction we may suppose ¥+v =1 and V =m V.

Suppose R has a characteristic noncyclic abelian subgroup A. As an A4-
module, ¥, decomposes by (1B) as

Vl = uleJ_uzXz_L' . -J_ume ,

where X; is either a nondegenerate simple A4-submodule or a sum Y; @ Y/ of
totally isotropic simple A-submodules Y;, Y/, and u; is the multiplicity of X;
in 7;. So R induces a permutation group on the set

Q={u Xy, uyXs, ..., UmXm}.

The sum of each R-orbit is a nondegenerate R-submodule of V;. If V) isa
simple R-module, then Q has exactly one R-orbit. If V; = U, @ U|, then 1}
has no proper nondegenerate R-submodule, so that Q also has exactly one R-
orbit. Thus R acts transitively on Q and the X;’s are either all nondegenerate
simple R-modules or all sums Y;@Y; of totally isotropic simple R-modules Y;,
Y/ . In particular, u; = u; forall 1<i, j<m. Thus V has a corresponding
decomposition and may be rewritten as

(2.3) V=nXi1lnXL ---1LnX,,

where the X; are mutually nonisomorphic A4-submodules. Here the multiplici-
ties are all equal since V' = m;V;. Let E; be the representation of 4 on nJX;.

Thus
E,

E;
T4 =

En

If X; is a nondegenerate simple A-submodule, then m > 2 since 4 is
noncyclic. The same conclusion holds if X; is a sum of totally isotropic A-
submodules Y; and Y/, since the representation of 4 on Y is the contragre-
dient of the representation of 4 on Y; composed with a field automorphism.
Let

Ny ={g€ N:gnX, =nX}, R, ={g € R: gnX, = nX}.

Then 4 < R; 9 N, and E; extends to a representation, denoted again by E,,
of N; on nX;. Since A is characteristicin R, N induces a permutation group
L on Q = {nX,,nX,,...,nX,}. The subgroup K of L corresponding to
the subgroup R of N is transitive on Q'. Moreover

R<LE((R)K, N <E{(N)L.
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An argument similar to that of [3, (4A)] shows that N normalizes E; (R iK .
We sketch the proof as follows: Every element g of N has the form

Ei(&1)
Ei(g)
g= . n(g),

E;(gm)

where the g; € N; and =#(g) € L. Since R, < N;, g normalizes the base
subgroup E;(R;)™ of E;(R 1K . So N normalizes E|(R|)IK, since E| (R )IK
is generated by its base subgroup and R. Thus R < (E{(R;)'K)NN 4 N.
Since R is radical, it follows that R = E;(R;)!1K . Now N permutes the spaces
nXy,nX,, ..., nX,. By[3, (1.5)] with obvious modifications

N = (Ny(nx,)(E1(R1))/E1(R})) ® Nsmy(K),
N/R = (Ny(nx,)(E1(R1))/E1(Ry)) x Nsm)(K)/K.

Thus E;(R;) and K are radical subgroups of U(nX;) and S(m) respectively.
Since K is transitive on Q’, it follows that K = 4. for some ¢ by [3, (2A)].
By induction, there exist decompositions

nX1=M|J_M2_L--~J_Mw, E](R1)=S1XS2X~~XSw,

where each S; is a basic subgroup of U(M;) for 1 < i < w. Since R =
Ei{ (RN A., Z(R) ~ Z(E,(R,)) iscyclic. So w =1 and R = S;14.. Moreover,
since 4 < Ry, |R;| # 2, so that |S;| # 2 and then R is a basic subgroup of
u(v).

Thus we may suppose that every characteristic abelian subgroup of R is
cyclic. By a result of P. Hall, [14, 5.4.9], R is the central product EP of E and
P over Q,(Z(P)) =Z(E), where E is an extraspecial 2-group of order 22/+!
and P is one of the following groups: a cyclic group, a semidihedral group Sg,
a dihedral group Dg, or a generalized quaternion group Qg . Moreover, Sg,
Dy, and Qp have order 28 > 16. By (1J) either P is cyclic or P = S,,, and
the latter case occurs only if 2 is linear, so that R=S,, | ,. If R=E, then
by (1J) again 2 is linear and R=R}, ..

Suppose P is cyclic generated by g and |P| > 4, so that P = Z(R). Thus
N normalizes Cs(T(P)) and Z(Cs(T(P))) < N. Smce P < O(Z(Cs(T(P))))
and R is radical, it follows that O,(Z(Cs(T(P)))) < O»(N) = R, so that

O,(Z(C6(T(P)))) = Z(R) = P,

since R < Cg(T(P)). Let X be the representation of R on V;, where V =
m;V;. Then T = m;X. As an element of U(V;), X(g) is primary with a unique
elementary divisor I' € & of multiplicity u. So Cyy)(X(g)) ~ GL(u, erg?)
and C;(T(g)) ~ GL(mu, erqr). Thus

Z(C6(T(8))) = Z(Cur,)(X(g))) = GL(1, erg™),

so that [X(P)| = |0x(Z(Cy)(X(g))))| and then X(P) = O,(Z(Cyr,)(X(8)))),
since X(P) < Z(Cyw,)(X(g))). By (1K) X(R) = R,,, in U(};), so that R =
R}, .., in G. This proves (2B).
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(2C) Let (R, ¢) be a weight of G=U(V) and

V=Nl LVlViyLl -1V,
R=R; x--+ xRy x Rg;y x---x R,

be the corresponding decomposition of (2B). Let

Vik,m,a,7,¢)=Y Vi,R(k,m,a,y,c)
i

=[IR:. Gk, m,a,7,¢0)=UWV(k,m,a,7,¢),
i

where i runs over the indices such that R; = R, , , .. Then

NR = ] New,may.oR(k, m,a,7,0),

k,m,a,7,c

NR)/R= [l New.ma.r.oRk, m, a,y,¢)/Rk, m,a,y,c).

k,m,a,y,c

Moreover

NG(k,m,a,}',c)(R(k’ m,a,?, C)) = er:l’a’y,cls(u),
NG(k,m,a,y,c)(R(ka m,a,?, C))/R(k, m,a,y, C)

= (NE oy o/ RE 0y ) 1S(W),

where if Vip o.y.c is the underlying space of RX, , ., . then N , ., . is the nor-
malizer of R, . in U(Vi q,y.¢), and u is the number of basic components
Rk in Rk,m,a,y,c).

m,a,y,c
Proof. Let N = N(R) and 9 = {[V, x]: x € Z(R), x # 1}, which is par-
tially ordered by inclusion. Then N induces a permutation group on & . The
minimal elements in this ordering are the spaces V;, so N permutes the pairs
{(Vi, R))}. Let K; be the subgroup of R; generated by all normal abelian sub-
groups of Ris A(Rl) = CK,‘([Ki, Ki])’ and g = {[V’ g]' 8 € A(Rl)’ g 75 l}
partially ordered by inclusion. If R; = an,a,y,c , then the minimal elements
of & have dimension m2°*? as shown in the proof of (2.1). We claim that
(m,2) = 1. Indeed let C = Cg(R) and 6 an irreducible constituent of the
restriction ¢|cg of ¢ to CR. Then R < kerf and 6 has defect 0 as a
character of CR/R. Let C; = Cyy(R;). Then C = Cy x G x --- x C; and
0 =06,x0,x---x06,,where 0; is an irreducible character of C;R;/R; of defect
0. As a character of C;, 0; falls into a block b; of C; with defect group Z(R;)
such that 6; is the canonical character of b;. Now C; ~ GL(m, &,4>"). By a
theorem of Broué, [6, (4.18)], there is a semisimple 2’-element s € C; such that
Z(R;) is a Sylow 2-subgroup of Cc,(s). This forces Cc,(s) ~ GL(1, &,4™").
If a > 1,then Z(R;) has order 2¢** and Cc,(s) ~ GL(1, ¢"?"), so that m
isodd. If a =0, then C; ~U(m, q), Cc,(s) ~U(1, ¢g™), and |Z(R;)| = 2°
or 2 according as 2 is unitary or linear. Thus s is primary in C; with a unique
elementary divisor I' of multiplicity 1, so that I € %, and then m = dr is
odd. Now the rest of the proof is the same as that of [4, (2C)].
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Remark. By (2C)if (R, ¢) is a weight, then there exists an irreducible character
9o , covered by ¢, of NG m, a,y,(R(k, m,a,y,c)),sothat go is trivial on
R(k,m,a,y,c) and ¢¢ has defect 0 as a character of

NG(k,m,a,y,c)(R(k, m,ao,?y, C))/R(k, m,a,?y, c)
= (er:t,a,y,c/an,a,y,c) l S(u)

As shown in the proof of [3, (2C)], there exists an irreducible character y of
Nk covered by ¢o. Thus y has defect O as a character of

m,a,y,c

k k
Nm,a,y,c/Rm,a,y,C'

By (2.1), there exists an irreducible character y, of NX covered by v .

m,a,y
So wo has defect 0 as a character of N,’f,,a’y/Rf,,,a,y . Suppose 2 is linear
a =0 and kK = 1. Then by the remark after (1L), this only occurs when
R,‘,,,a,}, = Rm,0,1 1S a quaternion group.

Given m > 1, a >0, y > 0, and a sequence ¢ = (¢}, ¢3,...,¢) of
nonnegative integers ¢;. Let ¢/ = (¢2, ..., ¢;). Define Dy, o, c as follows: If

2 is unitary, then Dy, 4.5.c = Rm,a,y,c. Suppose 2 is linear. Then
Rm,a,y,c ifa>1,

St,y-1,¢ ifa=0, andy > 1,
Ryoy.c ifa=y=0andc #1,
Rnoi,e ifa=y=0andc =1,

Dm,a,r,c=

where R,, 0,1 is a quaternion group. In addition let Dy, o,y = Dy o,y,0. By
the remark above, the components R; in the decomposition of (2C) can be
supposed to have the form Dy, 4, c.

3. THE 2-WEIGHTS

Let H be a subgroup of a finite group G, K < H, R a normal 2-subgroup of
H with R< K, and 0 an irreducible character of K trivial on R. Following
[4], we denote the sets of irreducible characters of H which cover 8 and which
have defect 0 as characters of H/R by Irr’(H, 6). We also denote by N(6)
the stabilizer of § in N(R). By [3, p. 3] we can enumerate the weights for a
block B of G as follows: Let R be a radical subgroup of G, b a block of
C(R)R with defect group R and B = b%, and 6 the canonical character of
b. Then each y € Irr°(N(6), 6) gives rise to a B-weight (R, I(y)) of G,
where I(y) = Ind%(g)(l//) is the induction mapping. All B-weights of G are
obtained by letting R run over representatives for the G-conjugacy classes of
radical subgroups, and for each such R letting b run over representatives for
the N(R)-conjugacy classes of blocks of C(R)R such that b has defect group
R and b° =B.

A Brauer pair (R, b) of a finite group G consists of a 2-subgroup R of G
and a block b of C(R). If G is a unitary group over F,., then the Brauer
pairs (R, b) of G have been labeled by ordered triples (R, s, —) in [6, (3.2)],
where s is a semisimple 2’-element of the dual group G* of G, and—is an
empty set. Moreover, by [6, (3.4)] each block B of G is labeled by a pair
(s, —). Since G* ~ G, we may identify G* with G.
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Let %' be the set of polynomials I' in¥ =% U.% whose roots have odd
orders. Given I' in & , let or be the exponent such that 2*r = (dr), and
mr the integer such that mp2°r = dr. By [6, (3.8)] each T" in #' deter-
mines a block Br of Gr =U(dr, q) with label (I', —), where I" represents a
semisimple element of Gr with an elementary divisor I" of multiplicity 1 and
no other elementary divisors. By [6, (4.18)] a defect group Rr of Br exists as
a subgroup of Cg.(I') ~ GL(1, ergr). If T € &, then er = —1, dr is odd,
ar = 0, and mr = dr, so that Cg.(I') ~ U(1, g%) and Rr = O(Z(Gy)).
Thus Rr has the form Dy, o..0. If I' € %, then er = 1, dr is even, and
ar > 1, so that Cg.(I') ~ GL(1, ¢%) and Rr has the form Dy, . 0. Let
Cr = CG].(RF) 5 and Nr = NGr(RF) . Then Cr ~ GL(mr, srqzur) and Nr/Cr
is cyclic of order 2°r by (1L). Let br be a block of Cr with defect group Rr
and bl‘-;r = Br, let 6r be the canonical character of by, and N(fr) the stabi-
lizer of 6r in Nr. Then 6r acts trivially on Rr and has defect 0 as a character
of Cr/Rr. The pair (Rr, 6r) is determined up to conjugacy in Nr by Brauer’s
First Main Theorem. Since Rr is a defect group of Br, (N(6r): Cr) is odd,
so that N(fr) = Cr. Conversely let B be a block of U(2°m, gq) with defect
group R = Dy, 4.0, (s, —) the label of B, and b a block of Cg(R) such
that HU(2°m.9) = B By [6, (4.18)] we may suppose R is a Sylow 2-subgroup
of Cuy(zem,q)(s). This forces Cyem,q)(s) =~ GL(1, £,q') for some / > 1, so
that s has a unique elementary divisor I € &’ with multiplicity 1. If a > 1,
then |R,,,| = 2%** and Cygem,q)(s) = GL(1, ¢%r), so that [ = dr = 2°m and
|GL(1, ¢"*")|; = 2%+, Thus m isodd, m = mr,and a =cor. If a =0,
then R, , = O»(Z(U(m, q))) and Cyim,q(s) =~ U(1, ¢%), so that dr = m.
Since 'e ¥, dr isoddand so m = mr, a =ar. Thus I and B correspond
in the preceding manner. In particular, U(2*m, q) = Gr, R,,, has the form
Ry as a subgroup of Gy, B = Br, and s, I" are conjugate in Gr.

(3A) GivenT € ¥'. Let G=U(2"dr,q) and R = Dy o0,y <G or G =
U(2dr, q) and R = Ry, 0,1 < G, where Ry 0,1 is a quaternion group. Let
C = CG(R) and N = Ng(R). Then R is a basic subgroup of G and C = Cr®I ,
where I is the identity matrix of order 27 or 2 according as R = Dy o ,, OF
R = Ry 0,1 The irreducible character of C defined by 0(c ® I) = 0r(c) for
¢ € Cr is then a character of defect 0 of C/Z(R) and |Iri’(N(6), 6)| = 1.

The proof of (3A) is the same as that of [4, (3A)].

Let T € &', and let G = U(29dr, q) and R = Dy 4,5, be a basic
subgroup of G, where ¢ =(¢;,¢,...,¢),and d=y+c;+c+--+¢. In
addition, let ¢’ = (¢, ..., ¢). Then C = Cg(R) = Cr® I, ® I, except when
2 is linear, a =y =0, and ¢; =1, in which case, C=Cg(R)=Cr L ® I,
where I,, I., I, and I. are identity matrices of orders 27, 2ctet=+a 2,
and 2%t ta respectively. The irreducible character of C defined by

3.1) { 0(cel,®Is)=0r(c) if2islinear, a=y=0, and ¢ =1,
' 0(c®l,®I)=0r(c) otherwise,

for ¢ € Cr is then a character of defect 0 of CR/R. We shall say that the pair
(R, 0) is of type T'. If b is the block of C containing 8, then (R, b) has
a label (R, 29T, —), so that the block B = b° of G has the label (2T, ).
Regard b as a block of CR. Then b has a defect group R. Moreover, using
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the following lemma (3B) and the same proof as [4, (3C), (2)], we can show
that CR has exactly one N(R)-conjugacy class of blocks b such that B = ¢ .

(3B) Let G=U(n, q), R a basic subgroup of G, (R, ¢) a weight of G, and
0 an irreducible character of Cg(R) covered by ¢. Then (R, 0) has type T
for some T e F'.

The proof of (3B) can be obtained by using the remark before (3A) and
replacing GL by U in the proof of [4, (3B)] with some obvious modifications.

Therefore we can count the number of B-weights by letting R = Dy o .7.c
run over the basic subgroups of G with degree 2¢ dr-. Using (3A) and replacing
GL by U in the proof of [4, (3C)] with some obvious modifications, we can get
the following proposition.

(3C) Let B be a block of G =U(2%dr, q) labeled by (29T, —). Then there
are exactly 2¢ B-weights (R, ¢), where R runs over the basic subgroups of G
with degree 29 dr.

Foreach T'e€ ¥’ and d >0, let & 4= {¢r 4, ;: 1< j<2% be the set of
characters associated with basic subgroups of U(2¢dr, q) in (3C).
(3D) Let T € &',G = U(wrdr, q), for some integer wr > 1, and B the

block of G labeled by (wrI', —). Then the number of B-weights is the number
Jr of assignments

U%-,d—»&—cores}, r.d,j > Krd,j,
d>0
such that
2d
> 24 lkr a1 = wr.
d>0  j=1
The proof of (3D) is the same as that of [4, (3D)] with GL(V;) replaced by
u).

The main theorem of this paper is the following theorem which can be proved
by replacing GL(V;) by U(V;), & by &', and GL(}1) by U(Vr) in the proof
of [4, (3E)].

(3E) Let B be a block of G = U(V') with label (s, —), [Ipsr the primary
decomposition of s, Y - Vr the corresponding decomposition of V , and wr the
integer such that dim V¢ = drwr. Then the following hold:

(1) The number of B-weights of G is [] fr, where fr is given by (3D). In
particular, fr is the number of partitions of wr.

(2) The number of B-weights of G is [(B).
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