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THE CONSTRAINED LEAST GRADIENT PROBLEM IN R”

PETER STERNBERG, GRAHAM WILLIAMS, AND WILLIAM P. ZIEMER

ABSTRACT. We consider the constrained least gradient problem
inf{/ |Vuldx:ue C®'(Q), |Vu|<lae,u=gon BQ}
Q

which arises as the relaxation of a nonconvex problem in optimal design. We es-
tablish the existence of a solution by an explicit construction in which each level
set is required to solve an obstacle problem. We also establish the uniqueness
of solutions and discuss their structure.

1. INTRODUCTION

Consider the following minimization problem
(L.1) inf/ W(|Vu|)dx
“ Jo

where Q c R", u: Q — R! and W is a nonnegative, nonconvex function.
Models of this type arise, for example, in elasticity [BP] or in optimal design
[KS1, KS2]. The nonconvexity of W is frequently a barrier to establishing the
existence of a solution, necessitating the “relaxation” of the problem, a process
which in this context, amounts to replacing W by its convexification W**. In
any region where the solution, ug, to the relaxed problem

inf / W (|Vu]) dx
v Ja

satisfies W**(|Vug|) < W(|Vuo|), W** must be linear, so that in this region ug
will satisfy a least-gradient problem; that is, |Vup| will minimize [|Vu| in this
region, subject to boundary conditions and additional constraints on |Vu|r .

In [KS1] Kohn and Strang explore this phenomenon for a problem encoun-
tered in optimal design. The relaxed problem they obtain is the constrained
least gradient problem

(1.2) inf{/ |Vuldx:ue C®(Q), |Vu|<1ae,u=gon OQ}
Q
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where g is a continuous function on 9Q satisfying the Lipschitz condition

lg(p) — g(q)| < da(p, q) for all p,q € 9Q. Here the metric, dg, on Q is
defined by

dq(x, y) = inf{length of y}

where the infimum is taken over all rectifiable curves y lying in Q joining x
to y. One can easily establish existence of a solution to (1.2) using the direct
method in the calculus of variations. From the standpoint of understanding
(1.1), however, one is most interested in the more difficult question of charac-
terizing the solution uy to (1.2). This is because, as is generally the case in a
relaxation process, ¥y will be a weak limit of a minimizing sequence for the
unrelaxed problem (1.1). In the absence of a minimizer to (1.1), then, knowl-
edge of the structure of uy leads to knowledge of the structure of a minimizing
sequence for (1.1) which in turn leads to “nearly optimal designs,” [KS3].

In [KS1], the authors introduce a very interesting technique for actually con-
structing a solution to (1.2), by constructing each of its level sets. Their method
is based on the observation that the level sets of the solution u to (1.2) without
the constraint |Vu| < 1 are minimal surfaces. It is the co-area formula that
provides the connection between functions of least gradient and minimal sur-
faces. The co-area formula (cf. [F1], [FR]) states that whenever u: Q — R! is
Lipschitz, then

/|Vu|dx /w H"™ ' (Qnu (1) dt
Q —00

(1.3)

/ P(4,, Q)dt

where H"~! denotes (n—1)-dimensional Hausdorff measure, 4, = QN{x: u(x)
> t}, and P(4,, Q) is the perimeter of 4, in Q. In the work of [BDG]
the area-minimizing property of level sets of functions of least gradient was
exploited to further understand the structure of area-minimizing surfaces. In
the present work and in our study of the unconstrained least gradient problem
[SWZ1], the opposite point of view is adopted. That is, we use virtually the full
strength of codimension-1 minimal surface theory to gain a better understanding
of the structure of functions of least gradient.

With the constraint |Vu| < 1 present, it is, of course, no longer true in general
that the set u~!(¢) is locally area-minimizing. Indeed, consider an arbitrary
point p € 8, and a point x € Q such that u(x) = ¢. The condition on each
competitor # in (1.2) that all difference quotients be bounded above by 1 leads
to the requirement |t — g(p)| < dq(x, p). This implies that x must avoid the
union of all balls relative to the metric dg, QN {x: do(x,p) < |gp) — 1|,
p € 8Q} and led Kohn and Strang to conjecture that the solution uy could
be constructed by requiring the set {uo > ¢} to minimize perimeter among all
competitors E for which

E>{J{x: da(x,p) S 8(p) -1}, P €0Q, g(p) 21},
while E omits the interior of the set

{U{xr da(x,p)<t-g(p)}, pedQ, glp) < t} .
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Thus, for each ¢, the set {uy > ¢t} = E, must solve the double obstacle problem.
It was formally shown in [KS1] that this method succeeds in R? and the first
objective of this paper is to provide a rigorous proof in R*, n > 2.

In order to show that the function u constructed in this manner is a solution
to (1.2), it is necessary to first show that u is Lipschitz with constant 1. One of
the major results of this paper is the fact that the sets 9 E; and O E, are suitably
separated. That is, the distance dq(9E;, OE,) is no less than |s—¢| forall s, ¢.
The obstacle construction would appear to only provide this separation at the
boundary. Roughly speaking, however, the level sets will be semisolutions of
the minimal surface equation, and interior separation can intuitively be seen as
a consequence of a minimum principle for elliptic partial differential equations.

In §2, we introduce notation and basic information concerning BV func-
tions and sets of finite perimeter. Section 3 introduces the obstacles that are
employed in the construction of what will be the level sets of our solution. It
also incorporates the results of Tamanini [T1] which allows us to establish pre-
liminary C!-!/2-regularity results for the level sets. Section 4 contains our proof
that the construction yields a solution to our problem in R".

The proof of Theorem 4.5, which states that 9 E; and 8E, are suitably sep-
arated, is rather long and involved. If one is willing to assume that Dirichlet
data g satisfies the stronger condition |g(p) — g(q)| < |p — q| where |p — q|
denotes the Euclidean distance between p and ¢, then the proof of this theo-
rem simplifies considerably. We present the simpler proof under this stronger
hypothesis in §5.

In §6 we construct a solution to (1.2). Then in §7, we establish the uniqueness
of solutions to (1.2). Hence, the above mentioned construction yields the only
solution to the problem. Finally, in §8, we present a reformulation of the least
gradient problem in which the constraint |Vu| <1 is replaced by the condition
S(x) < u(x) < F(x) for suitably defined Lipschitz functions f and F. This
allows us to obtain detailed information on the structure of the solution u, at
points x which avoid both obstacles.

The authors would like to thank Robert Kohn for suggesting this problem and
providing useful background material. They are also indebted to Bruce Solomon
who gave generous amounts of time during many interesting and helpful con-
versations related to this work.

2. NOTATION AND PRELIMINARIES

The Lebesgue measure of a set E C R" will be denoted by |E| and H*(E),
a > 0, will denote a-dimensional Hausdorff measure of E. Throughout,
we almost exclusively employ H"~!. The Euclidean distance between points
x,y € R" will be denoted by |x — y|. If Q C R" is an open set, the class of
functions u € L'(Q) whose partial derivatives in the sense of distributions are
measures with finite total variation in Q is denoted by BV (Q) and is called the
space of functions of bounded variation in Q. The space BV (Q) is endowed
with the norm

(2.1) lullzy @) = llulli;o + IVull(Q)

where ||[Vu|| is the total variation of the vector-valued measure Vu defined for
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each nonnegative, continuous function f on Q with compact support by

IVul|(f) = sup{/ udivvdx: v=(vy, ..., v,) € C§?(Q; R"),
(2.2) Q
lv(x)| < f(x) for x € Q} .

The following compactness result for BV (Q) will be needed later, cf. [GI] or
[Z].
Theorem 2.1. If Q C R" is a bounded Lipschitz domain, then
BV(Q) N {u: ||lullpr) < 1}
is compact in L'(Q). Moreover, if u; — u in L'(Q), and U C Q is open, then
liminf [|Vu||(U) > [|[Vul|(U).
1—00

A Borel set E C R" is said to have finite perimeter in Q provided the
characteristic function of E, yxg, is a function of. bounded variation in Q.
Thus, the partial derivatives of yr are Radon measures on {2 and the perimeter
of E in  is defined as

(2.3) P(E, Q) =[[VXel(L).

A set E is said to be of locally finite perimeter if P(E, Q) < oo for every
bounded open set Q C R".

One of the fundamental results of the theory of sets of finite perimeter is
that they possess a measure-theoretic exterior normal which is suitably general
to ensure the validity of the Gauss-Green theorem. A unit vector v is defined
as the exterior normal to £ at x provided

limr="B(x, )N {y: (y - x)-v <0, y ¢ E}f=0
r—

and
(2.4) lir%r‘”|B(x,r)r1{y:(y—x)-v>0, y€eE} =0,
r—

where B(x, r) denotes the open ball of radius r centered at x . The measure-
theoretic normal of E at x will be denoted by v(x, E) and we define
(2.5) 0*E = {x:v(x, E) exists}.
Clearly, 9*E C OE, where dE denotes the topological boundary of E. Also,
the topological interior of E is denoted by E' = (R" — 9E)N E and the topo-
logical exterior by E¢ = (R" —90E)N(R"—-E).

If E C R" is a Borel set, we define the measure-theoretic boundary of E as

OuE = {x: 0< limsupw}

r— B(x, r)|

2.6 o |

20 ndx: ﬁminfw <1
=0 |B(x, r)| ’

In other words, the measure-theoretic boundary of E is all points at which the
metric density of E is neither 1 nor 0. Clearly, 8*E C 8y E C 0 E . Moreover,
it is well known that

(2.7) E is of finite perimeter if and only if H"!(dyE) < 00
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and that

(2.8) P(E,Q)=H""Y(QnoyE)=H" Y (QNJ*E),
cf. [F2, §4.5]. From this it easily follows that

(2.9) P(EUF,Q)+P(ENF,Q)<PE,Q)+P(F,Q),

thus implying that sets of finite perimeter are closed under finite unions and
intersections. The Gauss-Green theorem in this context states that if E is a set
of locally finite perimeter and V: R” — R" is a Lipschitz vector field, then

(2.10) /E div V' (x)dx = /6 RORTR dH"\(x),

cf. [F2, §4.5.6]. This result allows us to identify sets of finite perimeter as n-
dimensional integral currents. We shall use only a few basic facts concerning
currents and refer the reader to [S1] or [F2] for further details.

By definition, sets of finite perimeter are determined only up to sets of mea-
sure zero. In other words, each set determines an equivalence class of sets
of finite perimeter. In order to avoid this ambiguity, whenever a set of finite
perimeter, E , is considered, we shall employ always the measure-theoretic clo-
sure as the set to represent E . Thus, with this convention, we have

. o EnB(x,r)
2.11 x € E if and only if limsu l—’
.11) R T TEN]

With this convention in force, it can be shown that

>0.

(2.12) 0*E =0FE,

where A denotes the closure of a set 4, cf. [GI, Theorem 4.4].

Of particular importance to us are sets of finite perimeter whose boundaries
are area-minimizing. If E is a set of locally finite perimeter and U a bounded,
open set, let

(2.13) w(E, U) = |Vxzll(U) - inf{|Vx£[|(U): EAF e U}

where EAF denotes the symmetric difference of £ and F. OF is said to
be area-minimizing in U if w(E,U) = 0 and locally area-minimizing if
y(E, U) =0 whenever U is bounded.

The regularity of 0 E will play a crucial role in our development. In particu-
lar, we will employ the notion of tangent cone. Suppose JE is area-minimizing
in U and for convenience of notation, suppose 0 € UNHJE. Foreach r >0,
let E, = R"N{x:rx € E}. It is known [S1, §35, MM, §2.6] that for each
sequence {r;} — O there exists a subsequence (denoted by the full sequence)
such that xg, converges in Ll .(R") to xc,where C is a set of locally finite
perimeter. In fact, 8C is area-minimizing and is called the tangent cone to
E at 0. Although it is not immediate, C is a cone and therefore a union of
half-lines issuing from 0. It follows from [S1, §37.6] that if C is contained in
H where H is any half-space in R” with 0 € 9H, then OF is regular at 0.
That is, there exists r > 0 such that

(2.14) B(0, r)NOE is a real analytic hypersurface.
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Furthermore, if we denote by regdE the set of points of E where OF is
regular, then

(2.15) H*((OE —regdE)NU) =0, foralla>n=38§.

We will need the following result which is a direct consequence of a maximum
principle for area-minimizing hypersurfaces recently established in [S2].

Theorem 2.2. Let E C F and suppose 8F and OF are area-minimizing in an
open set U C R". Further, suppose x € (OE)N(8F)NU . Then the components
of UNOF and UNOJE that contain x are equal.

Proof. For B(x,r) C U, consider the set of all components S of B(x,r)n
reg O E and recall from the proof of [S2, Corollary 1] that only a finite number
of such S can intersect B(x, r/2). Moreover, since regdFE is dense in O0E
[S1, §36.2], it follows that there exists a component S; whose closure contains
x . With a similar description pertaining to the components 7' of B(x,r)N
regdF ,let T; correspondingly denote that component whose closure contains
x . Then, it follows from [S2, Corollary 1] that S; = T; . The result now readily
follows. O

We will need a further result related to the regularity of 9F .

Lemma 2__3 Suppose OE is area-minimizing in an open set U . For xo € U -E,
let yo € E have the property that

(2.16) X0 — yol = inf{|xo — y|: y € E}.
Then yy € tegdE .
Proof. Let H be the half-space defined by

H = {x: (xo - yo) - (x — o) <O}.
If yo ¢ regdE, then from the fact preceding (2.14), we would conclude that the
closure of the tangent cone to E at yq is not contained in H . For convenience
of notation, let yo = 0. This would imply the existence of x ¢ H and a
sequence {x;} — x, x; ¢ H, where x; is of the f(lrm Xx; = yy/ri with
ri — 0* and y,, € E. Because of (2.16) and since y,, € E, it follows that
(2.17) lim sup xo - 24 < 0.

i—o00 lyfil N

However, x - xo/|xo| > 0 and therefore lim;_ Xo/|Xo| * Xi/|xi| > O which
implies that
liminfxo - 2= > 0,
=00 Iyr,-i

a contradiction to (2.17). O

3. OBSTACLES AND AREA-MINIMIZING HYPERSURFACES

We now begin the construction of the solution to the problem stated in (1.2).
Throughout the remainder of this paper, Q will be taken as a bounded, Lip-
schitz domain. Also, we may take Q to be connected, for otherwise we can
consider a distinct least gradient problem on each component. Recall the defi-
nition of the metric, dq, given by

dqo(x, y) = inf{length of y}




CONSTRAINED LEAST GRADIENT PROBLEM 409

where the infimum is taken over all rectifiable curves y lyingin Q joining x to
y . Since any such curve has a Lipschitz parameterization, an application of the
Arzela-Ascoli Compactness Theorem yields the existence of a curve (geodesic)
that attains the infimum above. Observe also that if x € Q and {x;} is a
sequence in Q converging to x, then

(3.1) lim

We assume that the Dirichlet data g: 0Q — R! is a Lipschitz function with
constant 1 relative to the metric dg. That is,

32) |g(p) — &(@)| < da(p,q) forp,qeoQ.
We will let
(3.3) [a, b] = {ﬂ[: I an interval containing g(aﬂ)} .

For each real number ¢ € [a, b] we define obstacles L, and M, as follows:

(34) L= {U{X: do(x,p) < gp) -}, pedQ, glp) 2 t} ;
(335)  M={Uix:dalx.p)<t-g(p)}, p€9Q, gp)<1}.

Clearly, L, and M, are closed sets for suppose x; — x where dqo(x;, p;) <
g(pi) — t. Then, after passing to a suitable subsequence, p; — p for some
p € 0Q and therefore, dgo(x, p) < g(p) —t since g is continuous. Note that

(3.6) Lin(M) =2,

forif x € L,n(M,)", there would exist p, g € Q such that do(x, p) < g(p)—t
and dg(x, q) <t - g(q). Hence,

do(p, q) <dg(x,p)+da(x,q)<gp)—t+t—g(q) <dalp,q).

Thus, equality holds and therefore x lies on a geodesic joining p and ¢ . Points
on this geodesic closer to p than x cannot be in M, for otherwise the argument
above could be repeated with x replaced by this closer point to yield a strict
inequality, an impossibility. Thus, x ¢ (M;)’. A similar argument yields

(3.7) Mt n (L[)i =dJ.
We also note that
(3.8) |IQNAL,|=|QndM,|=0.

Letting B(p, r) denote the closed ball of radius r > 0, we employ the Vitali
Covering Theorem to find a sequence of closed balls {B;} such that each B;
is contained within some B(p, g(p) — t) and that |L, — U2, (B;n Q)| = 0.
Therefore, almost all of [QNJL,| is contained within (J;2, 9B, . Finally, note
that if x € dL,, so that dg(x, p) = g(p) —t, then it is possible to find a point
p’ € 8Q such that

(3.9) lx —p'| =gp') -1

for some p’ € Q. To see this, note that if a geodesic joining x to p is
not a line segment, then there is a point p’ € 9Q on this geodesic such that
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dq(x, p') = |x —p'|. The conclusion follows from the triangle inequality. Sim-
ilarly, if x € M, , then there exists a point p’ € 3Q such that

(3.10) Ix -p'|=t- g

for some p’ € Q.
The analysis of the following minimization problem is one of the major con-
cerns of this paper. For each ¢ employed in (3.4) and (3.5), consider

(3.11) A=inf{P(E,Q):QD>EDL,, En(M) =2}
and the related problem
(3.12) U, = sup{|E|: E a solution of (3.11)}.

We begin the analysis by observing that there is a set E that attains the
infimum in (3.11), for if {E;} is a minimizing sequence, then Theorem 2.1
provides a subsequence such that yg, — xg a.e. with liminf;_ ||[Vxg||(Q) >
IVxell(R). If we define Ey = E* U (L, — E) (see (2.11)) then clearly Ey D L,
and P(E, Q) = P(Ep, Q) since |L, — E| = 0. Reference to (3.6) shows that
EyN (M,)' = @ and therefore E, is a minimizer for (3.11).

We now proceed to investigate the regularity of such minimizers. For this,
we begin with the following.

Lemma 3.1. If E is a minimizer of (3.11) and F a competing set in (3.11),
then P(E, U) < P(F, U) whenever U is an open subset of Q and EAF € U.

Proof. We may as well assume that P(F, U) < oo, in which case P(F, Q) < co
by (2.7). The hypotheses imply that

(3.13) IVxEell(Q) < IVXrI(€2)

with

(3.14) IVXEN(2) = IVXeN(U) + [[VXel(R = U)
and

(3.15) IVXell(Q) = [IVXel(U) + IVXFI(Q - U).

Now E =F in Q — EAF and therefore, by (2.2)

IVXell(V) = IVxrlI(V)

for every open set V' C Q — (EAF). Hence, by the outer regularity of the
measures ||Vxg| and ||Vxr|, we have

IVXel(Q - U) = [[Vxr(Q - U).
Reference to (3.13), (3.14), and (3.15) yields
IVxell(U) < [[Vxrll(U). O

Corollary 3.2. If E, is a minimizer of (3.11) and U, C Q — (L, N M,) an open
set, then y(E, Uy) =0. That is, OE, is area-minimizing in U,.

Proof. Let F be a set with EAF € U,. It is an easy matter to verify that F is
admissible in (3.11) and thus, the result follows from the previous lemma. O

This result implies that JF, is real analytic everywhere in Q — (L, U M)
except for a small singular set, see (2.14) and (2.15). In order to obtain some
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regularity of JE, near the obstacle L,, we will invoke the following work of
Tamanini [T1]. For each set E of finite perimeter and each open set U we
recall (2.13) and define

w(E,U)=PE,U)-inf{P(F,U): FAE € E},
w(E,U)=PE,U)-inf{P(F,U): FAE€ U, F CE},
wi(E,U)=PE,U)-inf{P(F,U): FAE€ U, ECF}.

A major result proved in [T1] is the following.
Theorem 3.3. E is locally of class C'-® if and only if it is of class C' and
w(E, B(x, r)) < Crt1+2

Jor every x € OF and every small r > 0 where C is some local constant
independent of r.

An obstacle L is said to satisfy an interior ball condition of radius R if for
each x € L, there is a ball B c L of radius r > R such that x € B. We
will prove that the obstacles defined in (3.4) and (3.5) satisfy an interior ball
condition of radius ¢ > 0 at all points in Q that are at least a distance of 3¢
from 6Q.

Lemma 3.4. For each x € L, N {x: dist(x, Q) > 3¢} there exists a ball B(e)
such that x € B(g) C L,. The obstacle M, satisfies a similar condition.

Proof. Let x € L, N {x: dist(x, 0Q) > 3¢}. Then there exists p € 9Q such
that dqo(x, p) < g(p)—t. Let y be a geodesic in Q joining x and p, and let
x' € y satisfy

do(x,x)=|x-x'| =¢.

Note that B(x', ) C Q since dist(x, Q) > 3¢. Now let y € B(x', ¢). Then,
Ix" = y| =da(x', y) < & and

do(p, x')=dap,x)-|x-x'|<g)—t—|x—x'|=gp)—t—¢.
Hence,
do(p,y)<dao(p,x)+|x' —y|<gp)—t—-e+e=g(p)—t.
Thus, ye L,. 0O

For our purposes, the significance of the interior ball condition lies in the
following facts established in [T1]. If an obstacle L satisfies an interior ball
condition of radius R in Q' € Q, then

(3.16) wo(L, B(x, r))<nr*/R

whenever B(x, r) C Q. Now, by considering complements, we see that if M
satisfies an interior ball condition of radius R in Q', then

(3.17) vi(R" =M, B(x,r))<nr"/R

whenever B(x,r) Cc Q'.
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Theorem 3.5. If E; is a minimizer of (3.11), then 9E, is a C'-'/2-hypersurface
in a neighborhood of each point in QNOE,N (0L, UdM,).

Thus, one can represent O E, as the graph of a function f in a neighborhood
of some point x € QN (8L, U (dM;), and for all small r > 0, the oscillation of
|Vf| in B(x, r) isless than Cr'/2 where C = C(R). In [SWZ2] the regularity
in the above theorem is improved by showing that OFE, is, in fact, of class
Cl-1, Reference to Figure 4 below shows that this result is essentially optimal.

Proof. Let E, be a solution of (3.11). Then from Lemma 3.1, E, satisfies the
double obstacle problem . .
L,CE cCcQ- (M)

and

forall U open, U € Q and all F such that FAE € U and L, C F C
Q — (M;)". We claim
(3.18) w(E;, U) < wo(Li, U)+ i (Q— (M), U)
whenever U & Q. To this end, consider FAE, € U. Define G = (FUL,) N
(Q — (M;)"). By appealing to (2.9) we have
P(FUL)N(Q—-(M)"), U)+P((FUL)U Q- (M)"), U)
<P(FUL,U)+PQ— (M), U)

and

P(FUL,U)+P(FNL,,U)<P(F,U)+P(L;, U).
Thus, since G is a competitor,

P(E;,U)<P(G,U)=P(FUL)N(Q—-(M)"), U).
Hence,

P(E,,U)—-P(F,U)<P(L,,U)-P(FnL, U)
+P(Q - (M)', U)- P(FU(Q~-(M)"), U)

< wo(L, U)+ y1(Q - (M,)", U)

which establishes our claim (3.18). An easy modification of the argument of
Tamanini [T1] shows that E, € C' in a neighborhood of 0E,N (8L, UOM,).
Now reference to (3.16) and (3.17) allows us to apply Theorem 3.3 to establish
the theorem. O

In summary we have the following resuit.

Theorem 3.6. If E, is a minimizer of (3.11), then

(i) OE, is real analytic in a neighborhood of each point in QNo E,—(sing 9 E,;U
L, UM,) and singd8E, C QNAE, — (L, UM,).

(ii) OE; is C'-12-regular in a neighborhood of each point of QNOE;N (0 L,V
oM,).

Remark 3.7. We conclude this section by observing that there is a set E that
attains the supremum in (3.12). Indeed, if {E;} is a sequence of admissible sets
in (3.12) such that lim;_ |E;| = u,, then Theorem 2.1 yields a set E of finite
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perimeter in Q and a glbsequence such that XE = XE almost everyivhere.
Etting Ey=EU(L;nQ—-E),wehave [L,NnQ-E|=0, Eg D L,NQ and
EyN (M;)" = @. Therefore

A = liminf | V5, 1(€) 2 V25, () 2 4.
Thus, there is a set E( that is an extremal element of both (3.11) and (3.12) and

therefore enjoys the regularity properties of the preceding theorem. Henceforth,
we will denote the closure of this set by E;.

4. ANALYSIS OF THE LEVEL SETS

Now that the structure of the sets E, is known from the previous section,
we proceed to establish the separation of the sets dE; for different values of
t. This will be a crucial ingredient in the construction of our solution to (1.2).
Recall our convention regarding the definition of E; in Remark 3.7.

Lemma d.1. If a<s<t<b, where [a, b] is defined in (3.3), then E; D E,.

Proof. Clearly E;NE, > L, and (E;NE,) N (F;)' = @. Hence

(4.1) P(E,NE,, Q) > P(E, Q).
In view of (2.9), this implies that
(4‘2) P(ESUEI’Q)SP(ESaQ)‘

Since E; U E, is admissible for A; in (3.11), the inequality in (4.2) cannot
be strict. On the other hand, if equality holds in (4.2), then |E; U E;| < |Ej|
because of the maximality of |E;|, (see Remark 3.7). Hence, |E;,— E;| =0. In
light of (2.11), we conclude that E, C E;. O

A function u € CY(W) is called a weak subsolution (supersolution) of the
minimal surface equation in W if

_Vu-vo

w VITTp

Mu(p) = x<0 (=20
whenever ¢ € C}(W), ¢ >0.

The following result will be stated in the context of R"~! because of its
applications in the subsequent development.

Lemma 4.2. Suppose W is an open subset of R*'. If u,,u, € CY(W) are
respectively weak super and subsolutions of the minimal surface equation in W
and if uy(xo) = ux(xp) for some xo € W while u,(x) > ux(x) forall x e W,
then uy(x) = uy(x) for all x in some closed ball contained in W centered at
X0 -
Proof. Define

U =tuy+ (1 —tu, fortel0, 1],

w=u —uz,

ey - [ Dy, ui(x)
al(x)_/o Dpj( T Ve )|2) dt

/ V1+|Vu(x)|26;; - Dy, uy(x) Dy, us(x) dt

(14 |Vu(x)2))*2




414 PETER STERNBERG, GRAHAM WILLIAMS, AND W. P. ZIEMER

Since both u; and u, are continuously differentiable in W , for each open
set ¥V € W containing x; there exists K > 0 such that |Vu,(x)| < K for all
x €V and all ¢t €[0, 1]. Hence,

(x)fzfj 2 (l+—K2)3/_2|€I2
Y ai(x)2<A, forallxeV

foralée R™ !, xeV,

for some A = A(K) <oo. For ¢ € CJ(W), ¢ >0, we have
0< Mu (¢) — Muy(p)

/ / V) VoX) \ 4rdx
dt 1 + |Vu,(x)|2

=/ a"’(x)Djw(x)D;p(x)dx .
w

Thus, w is a weak supersolution of the equation D;(a’’Djw) = 0 and since
w > 0, the weak Harnack inequality [GT, Theorem 8.18] yields

1/p
r“"/ |lw(x)|P dx <C inf w=0
B(xo,2r) B(xo,7)

whenever 1 <p < p/(n—-2) and B(xp,4r)CW. 0O

Since our objective is to construct a Lipschitz solution u with Lipschitz
constant 1, we will need to prove that

(4.3) do(0E;, 0E,) > |t —s|.
For this purpose, we introduce the following notation. For fixed s and ¢, let

=(QNIOE;) x (QNIE,),
(4.4) A =inf{dqg(x, y): (x, y) € X},
N=Xn{(x,y):da(x,y)=A}.

We also need to define the following 5 sets. In the definitions of S4 and Ss,
the following notation will be employed. If x € QN AE; N (JLs; U I M), then
by Theorem 3.6, dE; is a C!>'/2-hypersurface in B(x, r) for some r > 0.
Therefore, if we let = denote the orthogonal projection n: R" — Tyg (x) where
Tyg,(x) is the tangent hyperplane to dE; at x, then the restriction of n to
B(x, r)NndEs(x) is univalent. We will denote the inverse of this mapping by
ﬁs .
(4.5)

S1=Nn{(x,y): ageodesic from x to y intersects 92},

S;=Nn{(x,y): x #y, there exists g, € Q such that

x €9B(q1, |g(q1) - s]) and x = g + 7(y — q1)
for some 7 € (0, 1)},
S3=Nn{(x,y): x #y, there exists g, € 0Q such that
Yy €0B(q2, |8(q2) —t]) and y = g2 + T(x — ¢2)
for some 7 € (0, 1)}.
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The next result is the final bit of preparation needed for the main resuits to
follow. Let E, be a solution of (3.11) and let x € QN IE, — M, be a point
at which 0E, is C!:1/2-regular. Then, with the notation introduced in the
paragraph preceding (4.5), F; can be represented as the graph of a function
u, where

w(w) =v(x, E) - (U (w) — x)
for all w € B(x, r)NTyg,(x) and where v(x, E;) is the unit exterior normal
to E, at x. Thus, since u, is at least of class C! near x,
H"\(B(x, r) N OE) =/ 1+ [V (w) dH™ (w)
n(B(x,r)NOE;)

for all small r > 0. Let W, be an open set relative to Tyg,x) such that
W, C n(B(x, r)NOE,). Let ¢ € C}(Wy). Because x ¢ M, by assumption,
for all sufficiently small r > 0 the set

E ¢=(E —B(x,r)uU(G :NB(x,r)),

is admissible in (3.11), where G; . is the set under the graph of u;+¢&¢, where
“under the graph” is defined relative to the coordinate system induced by Tjg,(x)
and v(x, E;). Therefore, with f(¢) defined by

0< f(e) = P(Ei,., Q) — P(E;, Q)
=/ 1+ 1Vu(w) + Vo) - /1+[Va(w)P dH™ (w),
W

it follows that

Vuw) Vo)
W, 1 + |Vu;('lU)|2

for all test functions ¢ such that ¢ € C!(W,), spto C Wy, and ¢ > 0. That
is, u, is a weak supersolution of the minimal surface equation in W, , relative
to the coordinate system defined in terms of Tyg,(x) and v(x, E;).

Similarly, if x € QNJE,—L,, then u, is a weak supersolution of the minimal
surface equation relative to the coordinate frame determined by Tjg,(x) and
—v(x, 0E;). In summary, we have the following.

Lemma 4.3. If x € QNOE,— M, and OE, is C'>'/2-regular at x, then in some
neighborhood of x, u, is a weak supersolution of the minimal surface equation
relative to the coordinate frame determined by Tyg,x) and v(x, E;). Also, if
x€QNOE,— L, and OE, is C'-'2-regular at x, then in some neighborhood
of x, u, is a weak subsolution of the minimal surface equation relative to the
coordinate frame determined by Tyg,x) and v(x, E;).

Hn—l(,w)

0<f(0)=

We now are able to establish a result fundamental to this paper.
Theorem 4.4. With the notation of (4.4) and (4.5)

3
(4.6) NN (U S,) 4.

i=1
Proof. Define

C;={x€eQNIE;: (x,y) € N for some y € QNIE,},
C,={yeQnoE,;: (x,y) e N for some x € QNIE,}
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and observe that both sets are closed in R". The proof is divided into four
parts and is by contradiction. Thus we assume that

3
(4.7) NN (U S,-) =92.
i=1
With this assumption, we will prove that C; and C, are relatively open in

QNAE; and QNAE, respectively. We will assume without loss of generality,
that s<¢.

Part 1. Under assumption (4.7), C; is relatively open in dFE;. That is, for
each point xg € C; there exists an open ball B(xgp, r) such that

(4.8) B(xo, r)NE, C C;.

We begin by selecting xo € C;. Then there exists yy € C; such that |x; —
yo| = A; that is (xo, yo) € N. We now examine the various possibilities that
can occur when (xg, yo) € N. There are 7 possible configurations and we
examine each one in light of assumption (4.7).

Case 1. Assume xy ¢ OL;UOM;, yo ¢ OL,UOM, and A > 0. Since
S1 NN = @ by assumption, the geodesic joining xy to yo is a straight line
segment. Corollary 3.2 states that F; is area-minimizing in Q — (L; U M)
and similarly for 8E,. Consequently, x, € regdFE; and y, € regdE, by
Lemma 2.3. Moreover, the respective tangent hyperplanes at xo and y, must
be parallel. Thus, the functions #; and u, whose graphs locally describe 9 E;
and OE, are solutions to the minimal surface equation as described in Lemma
4.3 and may be assumed to share the same domain of definition. We may now
invoke Lemma 4.2 to establish the claim (4.8) in this case.

Case 2. Assume xo ¢ OL;UOM;, yo ¢ OL,UOM, and A = 0. Refer to
Lemma 4.1 to conclude that E, c E; and then use Theorem 2.2 to establish
(4.8).

Case 3. Assume xy € QN (0L; U8 M), so that there exists g; € 3Q such that
do(xo0, q1) = |g(q1) —s| and A > 0. By virtue of (3.9) and (3.10), there exists
q* € 0Q such that |xp — g¢*| = |g(g*) — s|. Therefore, we may take ¢* = ¢
and assume |xo — q;| = |g(q1) — s|. Note that xo ¢ 9M; for otherwise the
assumption N N (S; US,) = @ would imply |yo —qi| < [Xo —qi| <5 - 8&(q1).
Hence, y, € M;, an impossibility since yo € E; and E, N M; = @. Thus,
xo € QNOE;NIL;— M; and Theorem 3.6 along with Lemma 4.3 yield that u;,,
whose graph locally describes JE; in a coordinate system defined by Tjg,(x,)
and (yo — xo0)/|¥o — Xo| = —v(xo, E;) is a weak subsolution of the minimal
surface equation. Furthermore, the assumption N NS, = @ implies that the
points ¢, yo and X are colinear and are aligned in the order stated. We now
claim that OE, is either unconstrained at yy or yo € 8 M,. To this end, we
assume by contradiction that yo € dL,. In view of Theorem 3.6, there exists a
tangent plane to 9E; at yo. Because NN.S; = @ by assumption, we have that
the geodesic joining Xy to yo is a line segment. Hence, the tangent planes at
the points in question are parallel. By the assumption NNS3; = 2 and Lemma
3.4 there exists a point p € Q such that

(4.9) |p —yol = g(p) — ¢
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and such that yg, xo and p lie in this order on a line segment joining yg to p.
We then have the colinear ordering ¢, yo, X0, and p. By (4.9), it follows that
the entire line segment joining yy to p liesin L,. However, xy € 0L, implies
the line segment joining X, to p has nonempty intersection with R”—L; . This
contradicts the containment L, C L;. We have thus established our claim that
o ¢ OL,. Regardless of whether 0 E; is unconstrained at yy or yy € M, , the
set OE, is locally representable near y, as a graph, u,, of a C!-!/2 function
through an appeal to Lemma 2.3 in the first case and Theorem 3.6 in the second.
In either case, u, will be a weak supersolution of the minimal surface equation
relative to the coordinates determined by Ty, and (yo — Xxo)/[yo — Xo| =
—v(yo, E;). Since the respective hyperplanes at xo and y, are parallel, we
may redefine u, so that u; and u, are defined on some open set of Ty, ,
with ug(xo) = u,(xg) = 0, and u; > u; near xy. Now apply Lemma 4.2 to
conclude that the two functions are equal near xo, thus showing that for each
x € QNIE; near xo, there exists y € QN AE, such that |x —y| = A.

Case 4. Assume that yo € QN (0L, UIM,;). The treatment here is similar to
the previous case in view of the assumption N N.S3; = @, which implies that
Xo=1¢2+ (1 —1)yo for some 7€ (0, 1).

Case 5. Assume xy = yo where OFE; is constrained at x, while E, is not
constrained. Thus there exists g; € 9Q such that do(xo, q1) = |g(q1) —s|, with
A =0. By (3.9) and (3.10), we may as well assume that |xo —q;| = |g(q1) — 5| -
If g(q1) < s, then |xo —qi| < t— g(q1). This implies that x € (M,)", but
(M;)! N E, = @, thus precluding xo € E,. Thus, we must have g(q;) > s, so
that xy € L. Therefore v(xg, Es) = (xo — ¢1)/|X0 — q1| - Note that xy ¢ M,
for otherwise xo € B(q,,s — g(q1)), a contradiction since xo = yg € E,,
and E,NM; = @. Hence, xo € QN AE; — M, which implies that u, is a
weak supersolution of the minimal surface equation relative to the coordinates
induced by Ty, (x,) and (xo—q1)/|X0—4qi| = v(xo, OE;), by Lemma 4.3. Now
we employ the hypothesis that x; ¢ 0L,Ud M, to show that OE, is also regular
at xg. For this purpose, first observe that 9 E; has a tangent hyperplane at x; .
This implies that for each ¢ > 0, there exists r > 0 such that

(4.10) E,NB(xp,7)C {x: (ljc‘:izl) : (Igi iiﬁf > —e} N B(xo, ).

However, if y, € singdE,, then any tangent cone of OE, at y, could not be

contained in
i {x: (x = Xo) (g1 —xo) 20} ,
|x = Xo|  |q1 — xol

by (2.14). Hence, there is an element x* of a tangent cone such that x* ¢
H. Taking xo = 0 for simplicity of notation, this implies the existence of a
sequence {x;} — x*, where x; ¢ H, x; = y;/r;, ri — 07, and y; € E,.
Hence,

X @ _ X @

imoo |xi| lgi]  |x* lail

If we set .

—2 X q1

Sl el
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then y q
limsup 2~ - 2L < —¢.
oot il Tl
But E, C E; (Lemma 4.1) and (4.10) imply that
liminf 2L . 9L 5 ¢
oo |yil |q1

a contradiction. Thus, y, € regdE, and therefore u, is a weak solution (in
fact, a strong solution) of the minimal surface equation near y,. Now the
containment E, C E; implies #, < u; near xp and therefore u, = u; there by
Lemma 4.2.

Case 6. Assume xy = yo where OE, is constrained at x; while dE; is not
constrained. This case is completely analogous to the previous one, and its
proof is omitted.

Case 7. Assume that xo = yo where both dE; and JE, are constrained. Then
there exist ¢q;, g, € 9Q such that dqo(xo, q1) = |g(q1)—5], |x0—q2| = |8(q2) 1|,
and A = 0. Asin Case 5, we conclude that xo € QNO E;— M; so that xo € L.
Therefore, 0E; is C!:'/2-regular at xo and u; is a weak subsolution of the
minimal surface equation relative to the coordinates determined by Ty, (x,) >
and (g1 — xo0)/|q1 — %o| = —v(x0, Es) (Lemma 4.3). Similarly, yo € QNIE; —
L, and therefore u, is a weak supersolution of the minimal surface equation
relative to the coordinates described above. Moreover, the containment E; C E;
implies that u, > u; near x, with u,(xg) = us(xo). Hence, u;, = u; near
Xo = Yo by Lemma 4.2,

This concludes Part 1 of the proof, as we have shown that C; is relatively
openin QNJE;. Let C be a component of Cs. In our attempt to contradict
(4.7), we have thus far shown through the analysis of the sets in (4.5), that
C—singdE; is C'-/2-regular at each of its points. Thus, except for singdE;, C
would be a compact (n — 1)-manifold (without boundary). If it were true that
singE; = @, we would be able to conclude that C is the boundary of a set
contained in either E; or its complement, from which it would be an easy
matter to reach a contradiction, thus finally proving (4.6).

Our next step then is to show that this argument is essentially correct, even
in the presence of singdE;.

Part 2. There exists an open set ¥ C R" suchthat ¥V ¢ Q and 0V > C.
For this purpose we first find an open set U such that

(i) AU is an (n — 1)-manifold with finitely many components,
(i) OUNOJOE; =2,
(4.11) (i) UNOE;=C,
(iv) UcQ,
(v) U is connected.

To find such a set consider a smooth approximation, d , to the function d(x) =
dist(x, C). Thatis, let d € C°(R, — C) be such that K~'d(x) < d(x) <
Kd(x) for all x € R", cf. [Z, Lemma 3.6.1]. Since C is relatively open in
QNOE;, it follows that d{x: d(x) < t} N 9E; = & for all small values of ¢.
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Moreover, by Sard’s theorem and the Implicit Function Theorem, 3_1 (¢) is a
smooth (n — 1)-manifold for almost all values of ¢ and for each ¢ that is not

a critical value of d, E_I(t) = 9{x:d(x) < t}. For any such value of ¢, let U
be that component of {x: d(x) < ¢} that contains C to produce a set satisfying
all conditions of (4.11) except possibly (iv). By choosing ¢ sufficiently small,
this too will be satisfied because C;N0Q =2.

Using only the fact that U is a compact (n—1)-manifold, we invoke Alexan-
der Duality of algebraic topology to conclude that R” — U consists of finitely
many components, one more than the number of components of U, [GH,
Theorem 27.10]. Moreover, each component of AU is the boundary of pre-
cisely one bounded, open set. Note that dU,, is connected where U,, denotes
the unbounded component of R” — AU . Indeed, since U is connected, it is
one of the components of R”—8U . Thus, there is a one-to-one correspondence
between the bounded components of R" — U and the components of oU ,
which implies that U, is connected.

Since U, is connected, either 0U,, C (E;)' or 0U, C (E;s)° because
00U, NOE; = @. In case 0U, N (E;)' = @, define V by V = (Uy)® N (Es)'.
Since (U )¢ D U and UNJE; = C, it follows that

AV = (80U N (E5) ) U (Us)* NOEs) D C.
Similarly, if (E5)*N0Uy, = @, define V' by V = (Uy)¢ N (Es)¢, so that
OV = (0Ux N (E5)°)U((Ux)*NOEs) D C.
Thus, we have established the existence of an open set V' that is either a

subset of (E;)’ or a subset of (E;)¢ and satisfies V c Q, 8V D C. To finish
the proof of (4.6), we will now show that this leads to a contradiction.

Part 3. If V C (E;)', then E; is not a minimizer of (3.11).

We claim that V' NL; = @. If not, there exists x € VNL; and g € 0Q such
that x € B(q, |g(q) —s|). Since ¥V c Q, there must exist ¢ € (0, 1) such that
tqg+(1—t)x € 8V c OE;. Thus, x € (L;)'NOE;,, which is a contradiction to the
containment E; O L;. Thus, V' N L; = @ and this implies that the closed set
F, defined by F; = E; — V is admissible in the minimization problem (3.11).
If we can show that

(4.12) H" Y QNOE,) > H'"Y(QNAF,)+ H" (V)

the desired conclusion is reached since then, H""'{(QNJE;) > H" {(QNJF),
contradicting the minimality of H*~'(Q N E;). To establish (4.12) it is suffi-
cient to prove

(4.13) dF,ndV = o,

since

QNIE; D[(QNIF) — (8F,)n(dV)u[aV].
Because 9V = (Ux)¢ NOE; it follows that for all sufficiently small r > 0,
B(x,r)ndV =B(x, r)NIE;.

Furthermore, for all small » > 0, B(x,r)NV = B(x,r)Nn Es. It follows
immediately that x ¢ 8F;. Thus (8F;)N(8V) = o and therefore (4.13) is
established.
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Part 4. If V C (E;)°, then E; is not a minimizer of (3.11). An argument
similar to the one above shows that ¥ N (M;)! = @, thus allowing G; = E;UV
as an admissible competitor in (3.11). Now repeat the argument of Part 3 with
F; replaced by G, to contradict the minimality of 0E;. O

We now pursue the consequences of (4.6).

Theorem 4.5. Suppose s, t € [a, b] with s <t where [a, b] is defined by (3.3).
Then

do(QNOE,, QNOE,) >t —s.

Proof. With the notation of (4.4) and (4.5), select (x,y) € N and employ
Theorem 4.4 to analyze the three cases corresponding to

3
NN (U S,) #D.
i=1

Casel. NNS, # @. With (x,y) € N and either x or y in 9Q, it follows
from the construction that dq(x,y) >t —s. For example, if x € 0Q, then
g(x) = s because otherwise we would have x € (L;) U (M;)?, thus precluding
x € 8E;. If neither x nor y are in 9Q, then there exists a point g € 9Q
lying on a geodesic joining x to y such that

do(x,y)=da(x, q)+da(qg,y) > |s—g(@)|+|t—glq)>|t-s|.

Case 2. NN S, # @. First, consider the possibility g(g;) < s. We may take
dqo(x, y) = |x — y| since otherwise Case 1 applies. Then

x =yl =@ =yl = a1 —x| > |g(@) —t| +|s — g(q)| = |t —s|.
We will show that the other possibility, g(g;) > s, leads to a contradiction.
Under this assumption, {x': do(x’, 1) < g(q1) — s} C E;, and therefore

y—-x

(4.14) v(x, Ej) x|

(Note that v(x, E;) exists because JE; is regular at x , Theorem 3.6.) Lemma
4.1 implies that y € E;. Now y ¢ 9FE; for otherwise dist(QNIE;, QNIE)
= 0 < A, contradicting the fact that (x,y) € N. On the other hand, if
y € (E;)', then (4.14) implies that there exists t € (0, 1) such that x7 +
(1 — 1)y € OE;, again contradicting that (x, y) € N.

Case3. NnS;#2.If g(q) > t, then
x =y |x—@|-le-y2(8(q)-s)-(8(g) —1) =t —5.
As in the previous case, we will show that the other possibility, g(g2) < ¢, leads
to a contradiction. In this situation, {x': do(x’, ¢») < t—g(q2)}NE; = &, thus
implying that v(y, E;) = (y — x)/|y — x| . Because of this and the regularity of
OE, at y, it follows that
H' O, h)n{r:tx+ (1 — 1)y € E;}] > 0.

On the other hand note that

H'O0, Dn{t:tx+(1-1)y e E}]< 1
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for otherwise, since E; C E; (Lemma 4.1), x € 0E, and this would contradict
(x,y) € N. Hence, there exists 7 € (0, 1) such that z=1x+ (1 —-1)y € 0F,.
But then, |x — z| < A, a contradiction. O

5. A SIMPLER PROOF USING THE EUCLIDEAN METRIC
In this section we present a simpler proof that level sets are sufficiently sep-
arated provided the Dirichlet data g in (1.2) satisfies a Lipschitz condition

|g(p) — 8(q)| < |p —q| rather than |g(p) — g(q)| < da(p, q) forall p, g € Q.
While utilizing the same notation for the obstacles as in (3.4) and (3.5), in this

section only we define them in terms of the Euclidean metric
(5.1) Lt={UF(p,g(p)—t):peaﬂ,g(p)zt},
(5.2) M ={UBp.1-¢p):peoQ, g(p) <1t} .

We will first consider the following alternative formulation of problems (3.11)
and (3.12)

(5.3) inf(P(E,R"): L,CE, EN(M)'=0,E-Q=L,-Q}
and
(5.4) sup{|E|: E a solution of the above}.

The equivalence of this formulation with (3.11) follows from the fact that if E
is admissible in (5.3), then

P(E,R" = H" Y(3*E) = H" Y(0*"EnQ) + H" (8" L, - Q).

We shall denote the_ solution of (5.4) by &, . It is thus related to E,, the solution
to (3.12),by &NQ=E,.

Lemma 5.1. If a <s <t <b where [a, b] is defined in (3.3) and n € R" with
In|<t—s, then & +ncC& where &+n={x+n:x€e&}.

Proof. Define L, =L, +n, M, =M, +n, & =& +n,and Q = Q+1.
Then, &/ is a solution to

(5.5 inf{P(E,R"):LICE, En(M) =0, E-Q =L -Q}

and further maximizes |E| among all such minimizers. Note that L; C L,,
M; c M}, and (M;)' C (M])". For example, to prove the first inclusion, note
that if x € L} then x =y +1n, y € L,. This implies that y € B(p, g(p) — )
for some p € 9Q, g(p) >t >s. Thus, x € B(p, gp) —t+nl), gp) > s,
p€dQ. Thatis, x e B(p, g(p) —5), gp)>s, p€dQ,or xe L.

Now consider & = &;N&,. Then L, C & since LCc L;C & and L;C &/’ .
Also, L;-Q' c &-Q' c &'-Q' = L;—Q’ which implies that &-Q' = L}-Q'.
Since &' N (M])' = @ it follows that & N (M])' = @. Therefore &N &' isa
competitor for (5.3) and since &, is a minimizer, we have

(5.6) P(&NE R > P& R").

For the next step of the proof, let F = &UE&'. Then L; C F since L; C &.
Moreover, since (M)’ C (M])" and &' N (M])' = @, we have &' N (M,)' = o
and therefore F N (M;)! = . We wish to show that F — Q = L; — Q. Since
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L;CF wehavethat L,—QC F-Q andalso F-Q= (& -Q)U(&'-Q) =
(Ls — Q)U (&' — Q). So we need only show that &' —Q C L; — Q. Suppose
x€& —Q. Then x ¢ Qand x =y+n with y e &. If y ¢ Q, then
ye&—-Q=L,—Q and therefore x € L, C L. If y € Q, then there exists
Yy €edQ with y =y+yn, 0<y <1 since x ¢ Q. If g()) >t >s then
|x —y'| <t—s< g(')—s which implies that x € L,, our desired conclusion.
On the other hand, if g()’) < ¢, then since y € &, y ¢ (M,)' and thus
ly —y'| > t - g(y'"). Consequently, g(y') >¢—|y—py'|>t—-(t—s)=s and
lx =y |<(t-s)—|y—)'| < gQ®')—s which implies x € L;. This shows that
&' —Q c Ly — Q and therefore that F — Q = Ly — Q. Hence & U &/ is a
competitor with &; in problem (5.3) thus showing that

(5.7) P(&UE', R") > P&, R").
Now appeal to (2.9) to conclude that equality holds in both (5.6) and (5.7).
Because |&;| has maximal measure among solutions to (5.3), we have |&;| =
|&U&/|. Note that |(&'—&)NQ| =0 because HUE' - Q=& -Q=L;-Q.
Due to (2.11), &' nQ c & N Q. We already have seen that

& -QCcL-Q=&-Q
and thus &' Cc &. O
Corollary 5.2. Suppose a <s <t < b where [a, b] is defined in (3.3). Then

dist(0&;, 0&) >t-s.
Proof. Assume dist(0&;, 0&) <t—s. Choose x € 0& . There exists y ¢
such that |[x —y|=t—-5s.Set n=y—x. Then y=x+n€é&’ . But y ¢
contradicting &' C &. O

&
&

S

Remark 5.3. If 8Q is taken to be C!, then the above proof may be modified
to show that there is a function y: R! — R! with y(¢) —» 1 as ¢t — 0 such that
dy(d)>t—s,where d =do(QNIE,;, QNIE,). This is a weaker result than
Theorem 4.5 but may still be used to prove the result that our solution u, (see
(6.1)) is Lipschitz and |Vu| <1 almost everywhere.

6. CONSTRUCTION OF THE SOLUTION

We now are prepared to define the solution u to our problem. For this
purpose we let 4, = E,. Then define u by

(6.1) u(x) =sup{t: x € A;}

whenever x € Q. In order to show that u satisfies the desired properties we
define
B,=()4;, C=|J4 and D, =B -C.
s<t s>t

Lemma 6.1. Each point of QN 8D, is a limit point of {J(QNA;): s #t} for
teR'.

Proof. For x € QN oD, consider only those r > 0 for which B(x,r) C Q.
Then each B(x, r) contains y € D, and z € Q — D,. This implies that either

yeﬂAS, and zeU(Q—AS)

s<t s<t
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or
y € ﬂ(Q—As), and ZGUAs-
s>t s>t
With the help of Lemma 4.1 the first possibility implies that for each r > 0,
B(x, r) contains an element of 94 forall s < ¢ sufficiently close to ¢ whereas
the second implies that a similar conclusion for all s > ¢ sufficiently close to
t. O

Lemma 6.2. For each t € R' we have the following:

(i) u=g on 0Q,

(ii) Dy is a closed set,

(iii) D, = QN {x: u(x) =t},

(iv) u”l(t) D QNa4,,

(v) A C{x:u(x)>1t} =B,

(vi) u is Lipschitz on Q with Lipschitz constant 1.

Proof. (i) If g € 8Q with g(q) =t, then g € L; C A for each s < t. Hence,
u(g) > t. A similar argument shows that ¢ ¢ A4; for each s > ¢. Thus,
u(g)=t.

(ii) Let x € QN aAD,. We wish to prove that x € D, . First note that x is a
limit of points x; € D; C B,. Thus x € B, since B, is closed. We now wish to
prove that x ¢ C; to establish that x € D,. We proceed by contradiction and
assume x € C;. Then there exists 5o > ¢ such that x € A, . First consider the
possibility that there exists » > 0 such that

(6.2) B(x,r)nQ=B(x,r)nD,.

Because our convention (2.11) is in force, we have that |B(x, r)NQnNAg| >0
forall r > 0. But (6.2) implies B(x, r)NQNC; =B(x, r)NQN(U,s, 4s) =2
for all small r > 0, a contradiction. Hence, x ¢ C, and therefore x € D;.

If, on the other hand, (6.2) is not true, then for all r > 0, there would exist

z€B(x,r)NnQ—D, and y € B(x, r)Nn QN D,. This implies that either

(6.3) ye()4s, and ze|JQ-4)
s<t s<t

or

(6.4) ye()Q-4,), and zel 4.
s>t s>t

Assuming that r > 0 is chosen small enough that B(x, r) N Q is connected,
Lemma 4.1 implies that (6.3) yields b; € B(x,r)NQ N oA, for all s < ¢
sufficiently close to ¢. Thus, there exists a sequence {b,} — x with b, € 84,
and s; — ¢t~ . Now either x € (4,)' or x € 94, . If x € (4;,)" then x € (C,)",
making x € 0D, impossible. Finally, if x € d4;,, then

do(x, by) >do(QN0oAs, QNoAs) >s0—5:>0

by Lemma 4.5, and we reach a contradiction by letting i — oo. The same
contradiction is reached if (6.4) holds rather than (6.3).

(1) If x € D;, then x € B, and therefore u(x) > ¢t. Similarly, x ¢ C,
implies #(x) <t and therefore u(x)=t¢.

Conversely, if u(x) =t¢, then x € B,. Moreover, u(x) < s for each s > ¢
which implies x ¢ A;. Thus, x ¢ C, and therefore x € D, .
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(iv) If x € 04, then x € A, C B,. Moreover, x ¢ A, so >t for
otherwise, x € 904, and dist(QNadA4,, QN dA4,) = 0, a contradiction to
Lemma 4.5.

(v) It follows immediately from the definition of u that A4, C {x: u(x) > t}.
On the other hand, u(x) > ¢ if and only if x € ,_, 4; = B;.

(vi) Consider x, y € Q such that u(x) =s and u(y) =t. By (iil), x € D;
and y € D,. If x € (Dy)?, then there exists x’ € dD; on a geodesic joining x
to y. Similarly, if y € (D,)?, then there exists y’ € 9D, on this geodesic. By
Lemma 6.1 there exists a sequence {x;} — x’ such that x; € 94, with 5, — 5.
Likewise, there exists a sequence {y;} — »’ such that y; € 0E, with t; — .
By Theorem 4.5, we obtain the desired Lipschitz condition in Q,

da(x,y) 2 do(x', ) = lim da(xi, i) > lim |t = s = |t = s].

Next, observe that u is continuous at each x € 9Q. To see this, suppose
u(x) =t. Then g(x) =1t by (i) and therefore, with s <t, QN{y: do(x, y) <
g(x) — s} C As. This implies
(6.5) li}r}l’i;)fu(y) > u(x).

yeQ
On the other hand, Qn {y:da(x,y) <s—g(x)} c M forall s >1t=g(x),
which implies
(6.6) limsup u(y) < u(x).

y—x
yeQ

Now it is obvious that u satisfies the desired Lipschitz condition on Q. O
Theorem 6.3. With u defined by (6.1), a solution to the problem

(6.7) inf{/ |Vuldx:ue C®»'(Q), |Vu|<lae,u=gon BQ}
Q

is given by (6.1).
Proof. Lemma 6.2 states that u has Lipschitz constant 1 on Q (hence |Vu| < 1
a.e. on Q by Rademacher’s theorem) and that u = g on 9Q.

The function f(¢) = |4,| is nonincreasing and is therefore continuous for all
but countably many ¢ > 0. Consequently,

(6.8) 1B, — A, = 0

for all such ¢. Let 4, = QN {x: u(x) > t} and invoke the co-area formula
(1.3) to conclude

0o b
/|Vu|du=/ P(A,,Q)dt:/ P(A,, Q)dt
Q —00 a

where the last equality is obtained from (6.8) and Lemma 6.2(v). If v is any
competitor in (6.7), it is clear from the co-area formula that 4; = {x: v(x) > ¢}
is a set of finite perimeter for almost all ¢ € R!. It is readily verified that for
all such ¢, A is a competitor for (3.11). Consequently,

b oo
/qu|dx=/ P(A,,Q)dts/ P(A;,Q)dt=/|Vv|dx,
Q a —00 Q
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thus showing that # is a minimizer of (6.7). O

We conclude this section with an example in R? (easily modified to hold in
R™) which illustrates the possibility of nonuniqueness in (3.11) and thus shows
the need for taking the supremum in (3.12). The example also illustrates that
a portion of the boundary of the solution of (3.12) does not coincide with the
boundary of the obstacles. That is, this portion of the boundary of the solution
will satisfy (in R") the minimal surface equation. See Figures 1-4. Note that
at point P in Figure 4, the level set is not CZ.

L, M,
AN
/N // N
/ N Y /\
[

graph of g h N s AN s/

v

FIGURE 1. The obstacles Ly and M, for the bound-
ary function g which is taken to be saw-toothed where
pictured and zero elsewhere on 9.

Q
FIGURE 2. The shaded region denotes a solution to
(3.11) for ¢t =0, but not the solution to (3.12).

@

FIGURE 3. The set E; that solves (3.12) and corre-
sponds to {u(x) > 0} in the solution to (1.2).
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FIGURE 4. The set Dy = {u(x) = 0}. In the optimal
design setting of [KS1], Dy corresponds to a hole in the
optimal construction.

7. UNIQUENESS

In this section we show that the solution constructed in §6 is the unique
solution to (1.2).

Theorem 7.1. The solution to the constrained least gradient problem (1.2) is
unique.

Proof. By considering a component of  we may as well assume that Q is con-
nected. We will proceed by contradiction and assume that there exist solutions
u; and u, and a point Xy such that

uU(xo) = a < B =ux(xo).

In light of (1.3), note that any solution u to (1.2) has the property that {u > ¢}
solves (3.11) and that |Q N {u = t}| = 0 for almost all values of #. Thus we
may choose s and ¢t with a < s << f such that 4 = {x: u;(x) > s} and
B = {x: uy(x) >t} solve (3.11) with the associated obstacles, while

(7.1) QN {uy =5} =0=1Qn {u =1}].

We will now proceed to show that 94 = §(AUB) , which will be accomplished
by establishing that 8 4N & (AU B) is both open and closed relative to both 64
and 9(AU B). This readily leads to a contradiction. The argument relies on
the fact that 4 and AU B both solve (3.11) at the level s, while B and ANB
both solve (3.11) at the level ¢. This is an easy consequence of (2.9).

We first observe that

(1.2) B-AcQ.

Indeed, if x € B— A, then (4, —u;)(x) >t—s >0, while u —u; =0 on
9Q, so that dist(x, 9Q) > 0 follows by the continuity of u, — u; .

We now proceed to show that 9 AN (AU B) is both open and closed relative
to both 94 and 9(AUB). Since 84 and 9(AU B) are closed sets, it suffices
to only prove that 4N 9&(A4 U B) is open relative to both 84 and 6(4 U B).

First observe that if x; € 94 then x; ¢ (L;)' and therefore x; ¢ L,. Now
if x; ¢ B, then there exists a neighborhood U of x; with UNB = @ . Hence,
ANU = (AUB)NU and therefore UNdA4 = UNAd(AU B). Thus, in case
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Xx; ¢ B we arrive at our desired conclusion, so we will therefore assume that
x; € 0B . This implies x; ¢ (M,)' and therefore that x; ¢ M. Under the
assumption that x; € 34 N JB, the remainder of the proof is divided into 3
cases.

Casel. x| ¢ L.

In this case there is a neighborhood U of x; such that 4 and AU B do
not intersect (L; U M;)NU . Since AU B solves the same obstacle problem as
does A, it follows that both 84 and #(4 U B) are area-minimizing in U . In
view of the fact that x; € 94N 9(4 U B) we may apply Theorem 2.2 to find
that 94 and 9(A U B) agree in a neighborhood of x; .

Case2. x € (L;NM,).

Since both 4 and 4 U B intersect an obstacle, we apply Theorem 3.6 to
conclude that both 64 and 0(4 U B) are C!>!/? in a neighborhood of x; .
Similarly, 8B and 8(4 N B) are C!-'/2 in a neighborhood of x;. Now
0(ANB),04,0B, and 9(A4 U B) all possess the same tangent plane at x;
and therefore in a neighborhood of x; they all can be represented as graphs of
real-valued functions. Moreover, the functions that represent 94 and d(AUB)
are supersolutions of the minimal surface equation whereas the functions that
represent 0B and 8(4 N B) are subsolutions. Recall that 8B and d(4 N B)
solve the same obstacle problem. Referring to Lemma 4.2, we find that the
functions that represent (4 N B) and 8(4 U B) agree in a neighborhood of
X , thus showing that the remaining functions also agree in this neighborhood.

Case3. x,€0L;—0M,.

Observe that 4 and d(4A U B) are C! !/2-regular in a neighborhood of
x; since each intersects an obstacle. On the other hand, 6B N (L, UM,) = @
and 9(ANB)N (L, UM, = @ in a neighborhood of x, and therefore 9B
and 0(4 N B) are area-minimizing there. Since B C A U B it follows that
the tangent cone to B at x; lies in the half-space determined by the tangent
plane to 9(4 U B). Hence, 9B is regular at x,. Similarly, (4 N B) is
regular at x; . As in the previous case, 4, 9B, 8(ANB), and 8(4U B) can
all be represented as graphs over their common tangent plane. The graph of
0(A U B) is a supersolution while that of &B is a solution of the minimal
surface equation. Hence, by Lemma 4.2 they agree in a neighborhood of x; .
Also, the graphs of 0B and 9(A4 N B) are classical solutions of the minimal
surface equation and by appealing once again to Lemma 4.2, they agree near
X1 . This implies that (4N B) = (A U B) near x,. Finally, the graph of 94
lies between those of (4N B) and 0(AU B), so that 4=0(AUB).

Having established that 94 N (4 U B) is both open and closed relative
to 04 and 9(4 U B) we will now proceed to show that 34 = d(4 U B).
For this, we note that any component of 4 which intersects 8(4 U B) is
contained within d(4 U B). Indeed, let C be a component of 4 such that
CNA(AUB) # @. There exist open sets U; and U, such that Uy N84 =C
and U,Nnd4=CnNna(AUB). Since CNI(AUB) # @, it will follow that
CNA(AUB)=C if CNd(AUB) is open relativeto C. Let V =U;NU,.
We will show that ' N C = CNd(4U B), thus proving that CNd(AU B) is
open relative to C. First, ¥ NC c U,NndA4 = CNAI(AUB). For the reverse
inclusion, note that
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CNA(AUB)=[U,NoAIN[U;NdANI(AU B)]
cCVnNnod=U,nC
=U,nCNnU; (sinceC=CnNU)
=VncC.

Thus, V¥NC=8(AUB)NC.

We now can show that 4 C (4 U B). From what has just been proved, it
is sufficient to show that each component of 94 intersects (4UB). However,
reference to (7.2) shows that it is sufficient to prove that 4 has no component
C such that CNOQ = 2. But this follows from the same argument used in
Parts 2 and 3 in the proof of Theorem 4.4.

Similarly, to show that 8(4 U B) C dA it is necessary to only show that
each component of 8(A4U B) intersects 04 . Since 9(A4U B) is also a solution
to problem (3.11), we can again apply (7.2) and the aforementioned argument
from §6 to arrive at the desired conclusion.

Thus, we now have shown that 84 = (4 U B). To finish the proof of the
theorem, let S be a component of B — 4. Then S € Q and S C94AUIB.
However, it is not possible that S C 04, for if this were true, it would
follow that u; = s on 8S and therefore that u; = s on S. This would
contradict (7.1). Thus, there is a point x* € 9SN (0B — 0A) and an open set
U containing x* such that UNA4 = . This implies (4AUB)NU = BNU and
therefore 0(AUB)NU = UNdB. Hence, x* € (4 U B), which contradicts
0A=0(AUB). O

8. A REFORMULATION OF THE PROBLEM

We conclude with another formulation of (1.2), by introducing the following
functions, which will serve as constraints

F(x) =inf{g(p) + da(x, p): p € 0Q},
f(x) = sup{g(p) —da(x, p): p € 0Q}.

Theorem 8.1. (i) If p € 0Q, then f(p)=g(p)=F(p).

(ii) Both F and f are Lipschitz functions relative to dq with Lipschitz
constant 1.

(iii) My = {x: F(x) <t} and L, = {x: f(x) > t}.

(iv) Problem (1.2) is equivalent to

inf{/ |Duldx: ue C®1(Q), fSugFonﬁ} ,
Q

and so u defined by (6.1) is a solution to both.
(v) The function u is a solution of the problem

inf{/ |Dv|dx:v e C»Y(Q), v=uon 8D}
D

where D =Qn{x: f(x) <u(x) < F(x)}.
Proof. (i) Clearly, F(p) < g(p) whenever p € 9Q2. However,
&) =g(q)+ &) — g(q)
<g(q) +da(p,q) forallgeoQ,
which shows that g(p) < F(p).
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(i) Let x,y € Q. Then

F(x) = inf{g(p) + da(x, p): p € 9Q}
<inf{g(p) +da(y, p) +da(x,y): p € 0Q}
=dq(x,y)+F(y).

That is, F(x) — F(y) < dq(x, y) and interchanging x and y gives |F(x) —
F(y)| <dg(x,y). The proof involving f is similar.

(i)  F(x) <t < there exists p € 9Q with g(p) +da(x,p) <t
& X E Mt .

The proof involving L, is similar.
(iv) This follows from (iii) and the proof of Theorem 6.3.
(v) This follows from (iv). O

This reformulation of (1.2) allows us to gain further insight into the structure
of the solution in the unconstrained region, D = QN{x: f(x) < u(x) < F(x)}.
By analogy with the case of gradient constraints for regular elliptic problems
such as elastic-plastic torsion problems, one might expect that in D, we would
have either |Vu(x)| < 1 or at least |u(x) — u(y)| < da(x, y). However, recall
the example of §4. See Figure 5.

We see that there is a region where the surfaces 0E; do not coincide with
OM; or 9L, but are parallel, and the distance from 0FE, to 9E; is |t —s|.
In this region even though u does not coincide with either f or F, it is
differentiable and |Vu(x)| = 1. Indeed, u is linear in this region. We now
show that this situation is typical.

Theorem 8.2. The set D can be decomposed into D = D, U D, such that D, is
open and -

(1) If x € Dy then |u(x) —u(y)| <dg(x,y) forall y € Q.

(i) D, is a union of cylinders C. On each cylinder u is a linear function
a-x+b, aeR", |al =1, and b € R'. Choosing a coordinate system such
that a = e,, where e, is the nth coordinate vector, we can write C = U x I
with U Cc R*~! open and I an interval.

(i) If x = (x',y') € OU x I, then either u(x) = F(x) or u(x) = f(x),
(i.e. x € D). If u(x) = F(x) then thereis p = (p',d') € 0Q such that
F(x) = gp)+|x —p|, p' = x' and F(y) = g(p) + |y — p| = u(y) for all
y=(p', t) with t € I. There is an analogous characterization if u(x) = f(x).

-~ T
7 N
/ \

I rTN I TN

Y !

FIGURE 5. The subset of D in which |Vu(x)|=1.
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Proof. Suppose xp € D and yy € Q are such that u(yy) = u(x) + da(xo, Vo) -
Since the difference quotient of u is bounded above by 1, this implies that
|u(x) — u(y)| = do(x,y) for all x,y on a geodesic joining xo and yo. We
show that xo must belong to a cylinder of the form given above. First note
that if there is a point x’ on this geodesic which is also in 9Q, then u(x') =
f(x") = F(x"). But, f(xo) > f(x') — da(x’, xo) = u(xp) which contradicts
xo € D. Hence, the geodesic lies in Q and thus is a line segment. Now
suppose u(xp) = s and u(yo) =t with s < ¢ and set n = xo — yp so that
Inl =t—s=|xo—yo| and xo = yo+n. By Lemma 6.1 and the continuity of
u , we may as well assume also that xo € 0E; and y, € 0F;.

Now let

E={xeQ:x—-neQ,ux)<F(x),u(x-n)>f(x-n),
a geodesic from x to x — n lies in Q}

and note that since xyo € D, we have xo ¢ (L;UM;) sothat xo € Q, xo—1n =
Yo € Q, and u(xg) < F(xg). Furthermore, in light of Theorem 8.1, (ii), we
have

u(xo — 1) = u(yo) = u(xo) + [nl > f(x0) + |1l 2 f(x0 — 1),

sothat xo € 0E;N(OE, +n)NE.

We show that this set is both open and closed in d E;NE . Since it is obviously
closed, we need only show that it is open. Suppose z € dE;N(OE, + n)NE.
Since z € 0E; and z —n € OE, are distance |n| apart while dist(0E;, 0E;) >
t—s =|n|, we have dist(z, z—n) = dist(0E;, 0E,) . Now appeal to Lemma 2.3
to conclude that the sets O F; and AE,+n are regular at z. Furthermore, since
u(z) < F(z) and u(z—-n) > f(z—n), it follows that E;NOM;NN =@ and
(OE+n)N(OL+n)NN = @ for some open set N containing z . Thus, near z,
O E; may be represented by the graph of a supersolution of the minimal surface
equation, u,, and in the same coordinate system, J E, + 1 may be represented
by the graph of a subsolution u,. Further, since E; + n C E;, we have u, < u;
while the graphs coincide at z. Then, by Lemma 4.2, 4, and u; locally agree,
so that 0E; and OE,; + n coincide in a neighborhood of z.

Now let S be the component of dE; N E containing xy. Then S must
also be a component of (9E; + ) N E. For each point z in S, the points
z € 0E; and z — n € OE, are closest points on the corresponding sets. Thus,
S is regular at all of its points z (cf. Lemma 2.3) and the single vector 7 is
normal to S at all of its points. Consequently, .S must be the intersection of
a hyperplane with normal # and E because S is both open and closed in the
intersection of the hyperplane with E .

Let the cylinder C={x—yn:xe€S, 0<y<1}.If xe€§, u(x)=s and
u(x —n)=t with t —s =|n|. Since, |u(x)—u(y)| <|x —y| forall x and y,
u must be a linear function on C with u(x — yn) = s + y|n|. We now show
that Cc D.

If ze C and u(z) = F(z), then z = x — yn for some x € S and some y
with 0 <y < 1. Then

Fx—-n)<F(z)+|x—n—z|=F(z)+ (1 -»)nl
=u(z)+(1=p)nl=ulx-n).
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Hence, F and u agree at x — n and at z. Thus, they are both linear with
slope 1 along the line from x — n to z and they agree there. Now let p € Q
be such that F(z) = g(p) + da(z, p). Then,

F(x-n)<g(p)+da(x—-n,p)
< g(p) +da(z, p) +nl(1-7)
=F(z)+n|(1-7y)=F(x—n).

Consequently, z and x — 5 lie on a geodesic from p to x — 5. Thus, x
must also be on this geodesic and u(x) = F(x). This contradicts x € S C E .
Similarly, we cannot have u(z) = f(z), and so C C D. The union of all such
cylinders C constitute the set D, thus establishing (ii).

Finally, if x € SNAE, then either u(x) = F(x) or u(x —n) = f(x - n)
or a geodesic from x to x — 5 touches Q. In the first case, suppose u(x) =
F(x)=s. Then u(x—n) =t =s+|n = F(x)+|n > F(x —n). Hence,
u(x—n) = F(x—n) and F must increase linearly with slope 1 from x to x—7,
as must u. Therefore, the two functions must coincide along that line segment.
Also, if a geodesic touches 9Q, then as above u(x) = F(x) or f(x) everywhere
along the line from x to x — n. Furthermore, in either case, as above x must
lie along the geodesic from p to x —n where F(x —n) = g(p)+da(x—1n, D).
By taking p as the closest such point on 9, we may assume the geodesic is
a straight line. Thus, equality holds and so x —p and # are colinear, proving
(iii). O
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