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REFLECTING BROWNIAN MOTION IN A CUSP

R. DANTE DEBLASSIE AND ELLEN H. TOBY

ABSTRACT. Let C be the cusp {(x,p): x > 0, —xf < y < xf} where
B>1.8Set 8C, = {(x,y):x >0,y = —xP} and 8C, = {(x,y): x >
0, y = x#} . We study the existence and uniqueness in law of reflecting Brown-
ian motion in C. The angle of reflection at dC;\{0} (relative to the inward
unit normal) is a constant 6; € (-7, %), and is positive iff the direction of
reflection has a negative first component in all sufficiently small neighborhoods
of 0. When 6, +6, < 0, existence and uniqueness in law hold. When 6,+6, >
0, existence fails. We also obtain results for a large class of asymmetric cusps.
We make essential use of results of Warschawski on the differentiability at the
boundary of conformal maps.

1. INTRODUCTION AND OUTLINE OF MAIN RESULTS

In recent years there has been considerable interest in reflecting Brownian
motion, abbreviated as RBM, in 2 dimensions. This interest was precipitated
by the work of Varadhan and Williams [8] in which they consider an RBM in

D={z=refcC:r>0, 0<0<¢&, ¢&€(0,2n),

with constant oblique angle of reflection on each side of D. They gave simple
necessary and sufficient conditions for existence and uniqueness. Rogers [3, 4]
and Burdzy and Marshall [2] also consider RMB in D but with variable direc-
tion of reflection. All of the above mentioned authors explored the conditions
under which RBM can reach the origin. Also at issue was extending the process
beyond the first time it hits {0} . All the conditions are of a geometric nature.

Here we study the existence and uniqueness of reflecting Brownian motion
in the cusp

(1.1) C={(x,y):x>0, -x’<y<xf}y, p>1,

with constant direction of reflection on each of the sides, relative to the in-
ward normals. Because dC\{0} is smooth, standard results give existence and
uniqueness when the process starts away from 0, up to the first hitting time of 0.
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Thus the problem reduces to deciding whether or not RBM in C starting away
from O ever hits 0, and once there can it escape in a unique manner. Hence,
in studying existence and uniqueness, the focus of attention should be on the
behavior near zero.

Roughly speaking, RBM behaves like Brownian motion inside of C, reflects
instantly in an oblique direction off the sides and spends zero time at the origin.
More precisely, we pose the problem as a question of existence and uniqueness
of a solution to a submartingale problem in the style of Stroock and Varadhan
[7]. Let Q¢ be the set of continuous functions from [0, co) into C. For ¢ >0
let .#; be the o-algebra of subsets of Qc generated by the coordinate maps
Z;(w) = w(s) for 0 <s<t. Weuse .# todenote 0{Z;: 0 <t < oco}. Let
Cg(C ) be the set of real-valued continuous functions that are defined and twice
continuously differentiable on some domain containing C and that together
with their first and second partial derivatives are bounded on C.

Let 0C; = {(x,y) € C: x>0, y=-xf} and 0C, = {(x,y) € C: x >
0, y=xf}. For i=1,2, let 6, € (-%, %), for z € dC:\{0} let ni(z)
be the inward unit normal to dC; and let v;(z) make constant angle §; with
ni(z). We take 6; > 0 iff the first component of v;(z) is negative in small
neighborhoods of the origin. We also make the normalizations v;(z)-n;(z) =1,
z € 80C;\{0}.

The Laplacian and gradient will be denoted by A and V as usual. A solution
to the submartingale problem on C starting from z € C is a probability measure
P, on (Q¢, .#) such that

(1.2) P (w(0)=z)=1;
for each f e C2(C),

(13) f((0) - 3 [ Af(e(e)ds

is a P,-submartingale on (Qc¢, M, {#}) whenever f is constant in a neigh-
borhood of 0 and v; - Vf >0 on 8C; for i=1,2;

(1.4) EP: [ /0 ” Iy (o(s)) a’s] =0.

A family {P,: z € C} is a solution of the submartingale problem on C if for
each z € C, P, is a solution to the submartingale problem on C starting from
z . In this case, we say Z(:) together with {P,: z € C} isan RBM in C. The
process Z under P, isan RBMin C starting from z. Any continuous process
having the same law as Z under P, is also called an RBM in C starting from
z.
Let us briefly describe our method. Let S = {(x, y): y > 0} be the upper half
plane, 4, the positive x-axis, 8.5, the negative x-axis, and let {G(¢): ¢ > 0}
be RBM in S with constant angles of reflection 6, and 6, on 8S; and 95,
respectively. Here 0, 6, € (-5, §) . The sign convention in this case is distinct
from that described for C: now the angle of reflection is measured from the
inward unit normal and is positive if and only if the associated direction points
toward the origin. The process G is shown to exist for all values of 6; and 6,

in Varadhan and Williams [8]. We will be more precise later. Let ¥ :S — C




REFLECTING BROWNIAN MOTION IN A CUSP 299

be one-to-one, onto, continuous, and conformal on S\{0} with #(0)=0. It
is reasonable to conjecture that if

(1.5) A(t) = /0' \F (G)I(Gy # 0)du < o a.s.

then Z(-) = §;(G(A“(-))) ought to have the law of an RBM in C with the
desired reflection angles. Hence existence of RBM in C basically comes down
to verifying (1.5). Our main result is the following theorem.

Theorem 1.1. There is a unique solution of the submartingale problem on C if
0,+86,<0. If 6, + 6, > 0, there is no solution of the submartingale problem
on C starting from any z € C.

The reason for nonexistence is that for ; + 6, > 0, the origin is hit with
positive probability and then the process is forced to absorb there, contradicting
(1.4). When 6, +6, <0, G(-) started away from O will never hit 0, and hence
once Z(-) is away from 0 it never hits it again. As a by-product of our method
we obtain a similar theorem for a large class of asymmetric cusps.

Theorem 1.2. Consider the asymmetric cusp C = {(x,y): x>0, —x* <y <
xB} where B> 1 and 6 > 2 — 1. There is a unique solution of the submartin-
gale problem on C if 6, + 60, <0. If 6, + 0, > 0, there is no solution of the
submartingale problem on C starting from any z € C.

The question of existence and uniqueness is still open for the case J €
(B, 28 — 1]. Unfortunately our method fails in this case. Indeed, it is pos-
sible to show that in this case the crucial Theorem 6.2 below is false, by the
results of Warschawski [9].

The paper is organized as follows. In §2 we introduce the conformal trans-
formation % and various properties are given with the proofs deferred to §6.
In §3 we develop some preliminaries. Section 4 considers the existence and
uniqueness when 6, + 60, < 0 and in §5 we prove nonexistence for 6, +6, > 0.
Section 7 is devoted to proving Theorem 6.2, a key technical result used in §6.
We prove Theorems 1.1 and 1.2 simultaneously. Hence for the rest of this paper
we will assume

C={(x,):x20,-x*<y<xf}, B>1,6=Boré>28-1,
8C = {(x,y):x>0,y=-x%, 8C={(x,y):x>0,y=xf}.

Acknowledgment. We are indebted to Professor Ruth Williams for suggesting
this problem to us. Secondly, she told us how to prove Theorem 3.2 and why we
needed it in our proof of uniqueness in §4. Our original proof of nonexistence
was rather lengthy and she suggested the method of Varadhan-Williams (1985)
should work with much less work. Last but not least we are grateful to her for
providing two weeks of support at UCSD for DeBlassie during August of 1990.
We are grateful to the referee for the careful review and detailed suggestions
for an improved presentation.

2. PROPERTIES OF THE CONFORMAL TRANSFORMATION

Since dC\{0} is smooth, it suffices to construct an RBM in C starting at
0 up to the first time it leaves a small neighborhood of 0 in C. Thus we only
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really care about C in a neighborhood of 0. Hence rather than map S onto
C, we map a neighborhood of 0 in S onto a neighborhood of 0 in C. The
next theorem describes properties of a particular choice of such a map. We
defer the proof to §6.

For any ¢ >0 and x € R? let By(x) = {y € R?: |x —y| < &}. For B CR?
and n > 0 an integer, let C"(B) denote the set of real-valued continuous
functions that are defined and » times continuously differentiable on some
domain containing B .

Theorem 2.1. There exists an ¢ € (0, 1), a closed set H C B;(0)NC and a
homeomorphism ¥ : SN B,(0) — H that is conformal on S N B,(0)\{0} and
has inverse F that is conformal on H\{0} such that for some finite constant
K,

(i) F(0)=

(i) 0€edH,

(ili) H N Bs(0) = C N Bs(0) for s sufficiently small,

(iv) (I < K| (= In|¢)=#/E=D, ¢ e SnB(0)\{0},

(V) |F'(2)| <Ky, z € H\{0},
i) [5@|(~In[F(2))~##-D < K, z € H\{0}.

Moreover, the components of & are in C%(S N B,(0)\{0}).

3. PRELIMINARIES

Let P, be a solution of the submartingale problem on C starting from z
and let Z be the canonical process on Q¢ . For 0 < s < ¢, define
(3.1 =inf{t > 0: Z(t) € {x € H: |F(x)| = s}}.
Lemma 3.1. IfO < |F( )| <ée and 6,+ 0, <0 then
P,(og Ao, < 00) = 1.
If 6, + 60, > 0 then there exists 0, € (0, €] such that for 0 < |F(z)| < dy,
P;(gg N ags, < 0) = 1.
Proof. Define v;(0) = lim;_,ov;({) along dC;\{0}, j =1, 2. The angle v;({)
makes with the positive x-axis (the angle measured as positive when taken in
the counterclockwise sense) decreases continuously from % + 6, towards 6, as
¢ moves from {0} outward along §C; . Similarly, the angle v,({) makes with

the positive x-axis increases continuously from —(% + 6,) towards —6, as (
moves from {0} outward along 9C;.

First consider 0; + 6, < 0. If we regard v;({) ({ € dC;) as a vector starting
at {0}, then

0 ceaciyc Y{re®:or<0<T+0) = a1,

r>0

aQ): CeaCy ¢ | {re?: - (g +6,) <0< -6} = 4y,
r>0

Notice zj € 4; = vj({)-z; >0 for { €0C;, j=1,2. Since 6, + 6, <0,
AN A;\{0} # @. Thus we can choose a unit vector v € 4; N A,\{0} satisfying

(32) ve(0)20, (e€dC, j=1,2
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Next consider 6, + 6, > 0. Then the smallest angle between v,(0) and v,(0)
is strictly less than m. Let v be the unit vector bisecting the angle between
v1(0) and v,(0). Then v -v;(0) > 0 for j =1, 2. By continuity, for some
neighborhood N of 0 in R? we have v-v;({) >0 for { € NNaC;, j=1,2.
Hence we can choose ) € (0, ¢] so small that

(3.3) v-vj({) >0, (e{w: |F(w)|<d}naCj, j=1,2.

This is possible because ¥ is a homeomorphism.
Now we modify the proof of Lemma 2.1 on p. 411 of Varadhan and Williams
[8] as follows. Since dC\{0} is smooth, for z # 0 the process Z(- A g) has

a decomposition under P,:
B(t +f0’Ul Z(s) )dY] +f0’02 S))de( ), 0<t<oay,
0, t> oy

Z(t/\oo)={

where Z(tAap) € C forall t>0,B,Y,, Y, are adaptedto Z, B(-Aap) isa
two-dimensional martingale having mutual variation (B;(- A 6p), Bj(- A 0p)); =
0ij(tANayg) for i, j=1,2, and B(0) =z P,-a.s. Y| and Y, are continuous
increasing processes with Y;(0) = Y,(0) = 0, and Y,(¢), Y»(¢) are finite for
all 1 < gp. Moreover, for each j = 1,2, Y, increases only when Z is on
0C;\{0}.

Choose v as in (3.2) or (3.3) according to 6, + 6, <0 or 6; +6, >0, and
observe that on {gp = oo} we have for

{a, if6,+6,<0,
a=

F
5, if6+6,>0 04 O0<IF@I<a,

sup |Z(t A ag)| > sup[Z(t A a,) - v] > sup[B(t A a,) - v].
t t t

Since {{ e C:|F({)|<a} C{{eC:|F()| <&} CHCB(0)NC this yields

1 >sup[B(tAa,)-v], as.
t

By (null) recurrence of the one-dimensional Brownian motion B(-)-v,

sup[B(t) v] = +oco almost surely.

Hence 0, < 00 a.s.on {gp =o00}. O

Theorem 3.2. If 0< |F(z)| <€ and 6, + 0, <0 then P,(6p < ;) =0. For
as in Lemma 3.1, if 6, + 6, > 0 then there exists 6, € (0, ;) such that

inf{P; (09 < 05,): 0 < |[F(z)| <} > 0.
Proof. Let a = (0, + 6,)/n and in polar coordinates { = re‘® | set

recos(af — 6,), a#0,

q)(r’0)={logr+0tan01, a=0.

Then for some constant K, (see Varadhan and Williams [8]—here V; is the
direction of reflection on 8S; making angle 6; relative to the inward unit
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normal N; to 8S; with the sign convention on 6; described in §1 where S
was introduced)
® € CX(S5\{0}),
AP =0 in S\{0},
Vi-Vd=0 ondS;\{0}, i=1,2,
D) > Krt ifa#0.
So if we define ¥({) = ®o F({), { € H, we see (cf. proof of Proposition 4.1
below) for some positive constants K3 and Ky
¥ e C*(H\{0}),
AY =0 in H\{0},
v;-V¥=0 ondC,NnH\{0}, i=1,2,
¥({) > K3|F(0)|*, (e H\{0} ifa#0,
Y() <log|F({)| + K4 (e H\{0} ifa=0.
Thus as in the proof of Theorem 2.2, p. 411 of Varadhan and Williams [8],
for 0 < s < |F(z)| € &, by Lemma 3.1, optional stopping and dominated
convergence, (recall a < 0),
(3.4) E,[Y(Z(os A g¢))] = ¥(2).
Hence for a < 0 we get
K3s*P, (05 < 0;) < E;[Y(Z(05)) (05 < 0¢)]
< E[¥(Z(as Nar))] = ¥(z)
or
(3.5) P,(0; < 0;) < K3 's™*¥(z2).

By Lemma 3.1, g9 A g, < oo a.s. so by continuity of paths, {6y < 0.} =
Ns>0{0s < 0.} a.s. Hence letting s | 0 in (3.5), P;(gp < o) =0 (since a <0)
as desired.

When o =0 and s is small, from (3.4)

¥(z) = E.[¥(Z(0; A a;))] < (logs) P, (05 < 0;) +1oge + 2K,

or (for s< 1)
P.(05 < 0;) < (logs)~'[¥(z) — loge — 2K,]

and upon letting s | 0, P,(dp < g.) =0 once again.
Finally, we consider a > 0 (i.e., 6; + 6, > 0). Choose d3 > 0 such that for
01 € (0, €] as in Lemma 3.1

(3.6) {E:¥(0) < a5} SH{LIF (Ol < dr}-

This is possible because for some positive k, ®({) > k|¢|*, { € S. Then
choose d, > 0 so that

(3.7) 8, <min(8, (185)"/)

and

(3.8) {L:IF(O] < 82} € {C:¥(E) < b3}
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The latter is possible because a > 0 and W({) < |F({)|* for { € H.
For r < 83 define
u, =inf{t > 0: ¥(Z,) =r}.
Then uy = 0y and, as in (3.4) above, for z satisfying |F(z)| < J, and ¥(z) >
S,
E[Y(Z (us A ps,))] = ¥(2).
Thus sP;(us < ps,) +03(1 — Po(us < ugs,)) = ¥(z), which yields

(3.9) P < ) = TS,

For z satisfying 0 < |F(z)| < 0, we have
P, (1o A ps, < 00) > P;(dg A a5 < o0) =1

by (3.6) and Lemma 3.1. Then by path continuity,

{no < ma,} = (s < us,} as. P..

>0
Hence upon letting s | 0 in (3.9) we get

b 4
Pto<us)=1- 52, 0<IF(z)|<é

But for such z, by (3.7) and that a > 0, ¥(z) < |F(z)|* < 6§ < 1d5. Hence
inf{P;(uo < ps,): 0 < |F(2)| < 62} > 5.
To finish, just observe for 0 < |F(z)| < J, we have by (3.6)

Pz(UO < Ué,) > Pz(,uO < .u53)' o

4. EXISTENCE AND UNIQUENESS FOR 6; + 0, <0

Recall #>1 and § = 8 or § > 28— 1. Throughout this section we assume
0, + 6, < 0. By Theorem 3.2 it suffices to consider an RBM in C starting
from 0. As in the introduction, let S = {(x, y): y > 0} be the closed upper
half-plane. Set 85, = {(x,0): x > 0} and 95, = {(x,0): x < 0}. Let N;
be the unit inward normal to 9S;, and let V; make angle 6; € (-5, ) with
Nj, j=1,2. Here V; points toward 0 iff 6, > 0. We take V;-N; = 1.
Let {G(¢): t > 0} be a realization of a reflecting Brownian motion (RBM) in S
starting at 0 € S with directions of reflection V;, V5 on 95,\{0}, 85,\{0},
respectively. More precisely, on some filtered space (Q, %, {#}, Q) there is
defined a continuous {.#7}-adapted process G such that

(i) Q(Gu€SYu>0)=1=0Q(Gy=0);
(ii) for every f € Cg(S) satisfying V;-Vf >0 on 8S; and f = constant
near 0,

t
f(Gy) - / %Af(Gu)du is an {.%7}-submartingale ;
0

(iii) EQ[f;° (G, = 0)du] = 0.
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Varadhan and Williams [8] have proved existence and uniqueness in law of G
on the space of continuous paths in .S. For any number s > 0 set

ns = n5(G) = inf{t > 0: |G,| = s}

and define (here ¢ is from Theorem 2.1)

(4.1) A%(1) = /Mm \F"(GW)I1(Gy # 0) du.
0

If

(4.2) A%(ne(G)) < o0

then AS is continuous (hence finite) on [0, #.]. Since F# is conformal away
from 0 (so F' # 0 there) and G does not spend positive time at 0 a.s. (Q),
under (4.2) AC is strictly increasing on [0, 7.]. Then 4 on [0, 5,] has a
strictly increasing continuous inverse a’ defined on [0, A%(7,)]. Define

(4.3) Z6(t) = F(G(a®(t A A%(n,)))), for t > 0.

We will sometimes drop the superscript G in the notation.

Recall that we need only construct an RBM starting from 0 until it leaves a
small neighborhood of 0 in C. Thus for existence we need only verify (1.2)-
(1.4) for the law of Z% on (Qc, #) with ¢ replaced by ¢ A 6, where

oe(w) = g, = inf{t > 0: |F(w,)| = €}.

If this is true, we say Z9(-) is an RBM in C, stopped at time o, , starting at
0. We will usually not include the statement “starting at 0”.

Proposition 4.1. If A(n,) < oo then Z9(-) given by (4.3) is an RBM in C
stopped at time o, .
Proof. Since F(0) =0,

EQI(Z§ =0)] = EQI(Gy=0)] = 1.

Also, since F(H)=SnNB,(0), g, = A(n) and so
o [* 176 _ _rol [” _
E [/0 I(Z7 =0) ds] =FE {/0 I(¥ (G(as)) =0) ds]

~ E° [ /0 " I(G(a,) = 0) ds]
~0

since a(-) is strictly increasing and E9[f;° I(G; = 0)ds] =0.

To show (1.3) suppose f € Cg(C) is constant in a neighborhood of 0 and
v;+Vf>0o0n 8C;, i=1,2. Let h({) = foF (), { € SNB,(0). Then h
is constant in a neighborhood of 0 and % € C,f(S N B.(0)).

Let

0F, O0F,
7] 0

J(z) = e on , z=(z1, 22),
0F, O0F,

621 6_22
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be the Jacobian of F . By conformality, for some positive ¢;(z),
Vi=ci(2)J(2)vi(z),  ze@CAODNH, j=1,2
Also, for { = F(z) and _#({) the Jacobian of ¥ at (,
VA() =V(f o F)() = £ (O)(VNF (D) = (T (2)(VS)(2).
Thus for { € (85;\{0}) nfie—(b_) we have z =% ({) € (0C;\{0}) N H and
Vh() - Vi =(Vh({))*V; (as matrices)

= [(VN(2)* T (2)1ej(2)T (2)y(2)
=¢j(2)Vf(z)-vj(z) > 0.

Thus

1 tAO;
1Z8) -5 [ Arzdds

tAo

1
= h(Ga(t/\a,)) 3 o A(h o F)(y(Ga(s)))dS

1 ING,

= h(Gauray) = 5 Ah(Gyis)IF'(F (Gas))I? ds

a(t/\ag
Gatna) =5 GuI(Gy # 0) du

t/\ae
a(t/\a,) ) / (Gs)ds

is a submartingale. O

We can reverse the preceding procedure. Indeed, given a realization Z(-) of
RBM in C stopped at time o,(Z) starting from 0, since 6; + 6, < 0, Lemma
3.1 and Theorem 3.2 imply 0.(Z) < co a.s. Set

A (Z)
(4.4) VZ(1) = / \F(ZOPI(Za #0)du, 130,
0

By Theorem 2.1, for some constant K, VZ(t) < Kt forall ¢t > 0 and VZ
is continuous and strictly increasing on [0, 6.(Z)]. Hence it has a continuous
strictly increasing inverse vZ(t) on [0, VZ(0,(Z))]. Define

(4.5) G*(t) = F(Z(v*(t AVZ(a:(2))))),  t>0.

Similar to Proposition 4.1, G? is an RBM in S stopped at VZ(g,(Z)).
We now use the above to show existence and uniqueness of RBM in C
stopped at g.(Z).

Theorem 4.2. Let G be an RBM in S starting at 0. If 6, + 0, < 0 then the
condition

7:(G)
(4.6) / |Gl 210 |Gul | T I(Gy # 0) dut < 00
0

is sufficient for existence and uniqueness in law of RBM Z in C stopped at time
0.(Z).

Proof. Assuming (4.6) holds, then by Theorem 2.1(iv), 4%(5,(G)) < co . Hence
existence follows from Proposition 4.1.
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Next we consider uniqueness. Observe
{ VZ(0:(2)) = n:(G#),
A%(n:(G)) = 0(Z6).
Then since the law of RBM on S stopped at 7, is unique, we need only show
that the associations

Z(-Nad,(Z)) RBM in C stopped at d,(Z)
— G?(-AV%(0,(Z))) RBM in S stopped at 7,(G?)

(4.7)

and
G(- A a(G)) RBM in S stopped at 7,(Z)
— Z9% - A A%n,(G))) RBM in C stopped at g,(Z9)
form a one-to-one correspondence. For this it suffices to show

(4.8) 0:(Z9) = 0,(2),  Z©()=Z(-nay(2)),
and
(4.9) 7(GZ)) = e(G),  GZI() = G(- A e (G)).

We only prove (4.8), the proof of (4.9) being similar.
Observe first that

(4.10) AOWVZ)=t, 1<a,(Z).

Indeed, for such ¢, VZ(t) < VZ(6,(Z)) = 1n:(G?) (by (4.7)) so the left side is
well defined and by (4.1) is

40
| @riGE £ 0du
0
Z(p
= [V FzwdPIzeh £ 0 du Gy (4.9)
0
t
= [\ e @12 £ OF 2 ds (b (49)

- /tl(Zs £0)ds
0
=1.
Applying this, by (4.7),
0:(Z(9)) = 4G (n,(G?)) = A (V2 (0,(2))) = 0,(2),

giving the first part of (4.8).
For the latter part, by (4.10), vZ(a¢*)(r)) =t for t < 6,(Z) and so

ZO(1) = F(G?{a% (t A A% (1(G?)))}) by (4.3)
= F(G%{a% (t Ao (Z9°))}) by (4.7)
= F(G%{a% (t Ao,(Z))}) (first part of (4.8))
= Z(W?{[a% (t A 0.(Z))I A VZ(0,(Z))}) by (4.5)
= Z(t A ,(2))

as desired. O
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By Theorem 4.2, to prove existence and uniqueness of RBM for 6, +6, <0,
it suffices to verify (4.6). For this we need the following theorem.

Theorem 4.3. Let h € C(SNB.(0))NC?(SNB.{0}\{0}) with h(0)=0, Ah >0
on S\{0}, and V;-Vh >0 on (8S;)NB,(0)\{0}, j=1,2. Then

EQ[
0

Proof. Suppose g,: R — [0, co) is continuous with suppg, C [, 1] and

J&n(r)dr=1. Let
kn(t) =/0 /0 gn(r)drds.

Then k, € C?(R), k, vanishes in a neighborhood of 0 and |k,(¢) — ¢tV 0] < 4
for some constant 4 > 0. Moreover, 0 < k, <1, k;/ > 0 and as n — oo,
kn(£) = L0, 00)(2) -

With & as above, it follows that k, o h € C2(SN B,(0)). Now k,oh can be
extended outside of SNB,(0) so thatitisin C2(S) and satisfies V;-V(k,oh) > 0
on 4Sj, j =1, 2. Such extensions are made in Varadhan and Williams [8].
Therefore by the submartingale property

EQ[kn ° h(Gt/\m) —kno h(Z)]

1 4y
> 1E0 [ [ Gk < G + [THGR o h(Gsnds} .
0

AN,

Ah(Gs)I{h(Gs»O}dS] < 0.

Note that since 4 is bounded on S N B,(0), as n — oo the left hand side

converges to E2[0V h(Gay)] — 0V h(z). By hypothesis, all integrands on the

right are nonnegative. Hence by Fatou’s lemma, since k, converges to I oo,
tAR

EQ[ Ah(G5)I(h(G;) > 0)ds| < oo
0

is desired. O

Now we specialize this to verify (4.6). In polar coordinates (r, 6) for z =
rei® let
2 —_—
[-Inr—6@tan 6] 77, z € B;(0) n S\{0},
h(z) =
0, r=0,
where B is the same number used to define the cusp C. By making ¢ from

Theorem 2.1 smaller if necessary, for r < ¢ we have # >0, h(0) =0, h €
C(S N B,(0)) N C%(S N B,(0)\{0}) and

r--Inr- Btanﬁl]‘ﬂ_z—L' (—2— + 1) (1+tan?6,).

Ah = 7

2
B—1
Then Ak >0 on SNB,(0)\{0} and Ak > Kr—2[-Inr]" 71 for 0 < r <& and

some constant K > 0 depending on ¢, # and tan|6;|. In polar coordinates

Vh=(8k,134) 5o

Vh =

(—lnr—BtanBl)'ﬂ—"l <%, %tanm) ;

2
-1
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also,
Vi =(-tan6;, 1) and V,=(—tanf,, —1).

It is easily verified that V;- VA >0 on (05;\{0}) N B:(0), j=1, 2, because

0, + 6, < 0. Therefore & satisfies the conditions of Theorem 4.3 on B.(0)NS
and

AN, g
EQ [ [ 6 m G #1600 ds]

AN
< K 1EC [/0 Ah(Gs)I{h(G:)>0} ds] <o

as desired.

Remark. If 6, + 0, < 0 then by Lemma 3.1 and Theorem 3.2 an RBM in C
starting away from 0 never hits 0. Of course, the preceding calculations show
the process can be started from 0.

5. RBM IN C DOES NOT EXIST IF 0, + 0, >0

Throughout this section we take 6, + 6, > 0.

Theorem 5.1. Suppose 6, + 6, > 0. Then for any z € C, there is no solution to
the submartingale problem on C starting from z.

First we prove the following special case.

Theorem 5.2. Suppose 6, + 6, > 0. Then there exists no solution to the sub-
martingale problem on C starting from 0.

Proof. Suppose there exists a process Z with law Py on (Qc¢, #) satisfying
(1.2) and (1.3). We will show below that (1.4) cannot also hold for this process
and therefore an RBM in C starting from 0 does not exist when 6; + 6, > 0.

Let a, ®(r, 8) and W(Z) be defined as in the proof of Theorem 3.2. Let
¢ be as in Theorem 2.1 and set ¢ = cosf; A cosf,; note ¢ > 0. Define
K =c(g/2)* and let

ug =inf{t > 0: ¥(Z,) = K}.

We will prove below that

(5.1) Polw(t Aux)=0forall ¢t]=1.

Because ®(r, 0) > 0 for (r,0) € Sn B,(0)\{0} and ®(0, ) = 0 when
6, + 8, > 0, by continuity of ®, there exists an open neighborhood J of {0}
in H for which ¥(z) < K for all z € J. Therefore continuity of paths and
(1.2) imply ugx > 0 a.s. so (5.1) and (1.4) cannot both hold.

Let g:[0, oo) — [0, 1] be a twice continuously differentiable function such
that 0, 0sx<1/2,

I, x>1

g0 = {

and let M = max,¢p,){|&'(x)| +1g"(x)|}. For each s >0 with s < K and
z € H define

hy(z) = g(s~"¥(2));
fi(2) = {

hs(2)(1 = hok (2))¥(2), 2K >Y¥(z) >s/4,
0, otherwise.
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Because F is conformal in H\{0}, f; is well defined as an element of CZ(H),
constant in a neighborhood of {0} and Vf;-v; =0 on B,(0)NAC,. Moreover
AY = ((AD)(F))|F'|* on H\{0} and since A® =0 in S\{0} it is easy to show
for ze H,

0, 0<¥<s/2,
Afi(z) = ¢ (s72g"¥+ 257 1g")|(VO)F)HIF'|X(2), s/2<¥<s,
0, s<Y¥Y<K.
By Doob’s stopping theorem and (1.3), with equality,
1 ™
(5.2) Ss(w(t A pk)) - 7 ), Afs(w(u))du

is a P° martingale. Also on {z € C: 0 < ¥(z) < K}, f; — ¥ uniformly and
Af; — 0 as s | 0. By (2.31) of Varadhan and Williams [8] there is a constant
b < oo such that |(V®)(F)|?> < b¥?-%/* on H\{0}. By Theorem 2.1vi), on

H\{0},
|F'(2)] < Ki[F(2)|(~ In |F(2) /4D,

But on {z:s5/2 <¥ < s}, |F(2)] < (£)Y* so for |z| sufficiently small, since
x(—Inx)#/(B=1) is an increasing function for small positive x,

1F'(Z)IZSK,2( ) (__ l |)2ﬂ/<ﬂ N

Thuson {z€ C:0<¥(z) <K},

i 26/(-1
IAf;] < Ks{(s72M)s + 25~  M}s?=2agt/a (_E In ‘ZI)

— Kes (_gmgi)z’”‘”’”

which is bounded uniformly in s on {z € C:0 < ¥(z) < K}. Because
martingales are preserved under bounded convergence at each time ¢, by letting
s 10 in (5.2) we find W(w(¢ A ug)) is a Py martingale. Hence

Eo[¥(w(t A px))] ="¥(0) =
forall t>0. Since ¥ >0 on C\{0} this implies (5.1) and we are done. O

On Qc, for Z(-) the coordinate process and r > 0, define
7, =1,(Z)=inf{t > 0: |Z(t)| =r}.

The proof of the following theorem is much like that of Theorem 2.1 on p. 410
of Varadhan-Williams [8].

Theorem 5.3. For each z € C there is a unique probability measure P on Q¢
such that

(i) PA(Z(0)=2z2)=1;

(ii) for each f € C}(C) satisfying v;-Vf >0 on 8C;, j=1,2,

tATy

fznw) -5 [ an@ends

is a P9-submartingale;
(iii) POZ()=0Vt>1o)=1.
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Moreover, the family {P?: z € C} has the strong Markov property.
In light of Theorem 5.2, Theorem 5.1 is a consequence of the following result.

Theorem 5.4. For z € C\{0}, P%(tp < 00) > 0.

Proof. Let 6, and &, be from Lemma 3.1 and Theorem 3.2, respectively. Thus
0<d,<d) <e.If z satisfies 0 < |F(z)| < d,, then by Theorem 3.2

(5.3) 0 < P;(g9 < 05,) = P(d9 < g5,) < P(19 < 0),

as desired. Define B = {{ € C: 0 < |[F({)| < 18,} and 75 = inf{s > O:
Z, € B}. Then for each z € C\{0}, P%(tp < 00) > 0. Indeed, for z in the
interior of C, this follows from properties of ordinary Brownian motion in C;
for z in the boundary of dC excluding the origin, reflecting Brownian motion
will enter the interior of C immediately and from there will have positive
probability of hitting B. Together with (5.3) and the strong Markov property,
this yields the desired conclusion for z satisfying |F(z)| >d,. O

6. PROOF OF THEOREM 2.1

Our plan of action is to define a function F explicitly enough to prove it
has the properties stated in Theorem 2.1. In essence we do the following. Open
the cusp via a conformal mapping to locally flatten the boundary near 0 so
that the tangent is well defined there. Then conformally map to the unit disc;
from there map conformally to the upper half-space S. This seems convoluted
because Warschawski [9] does have results on conformal maps from a cusp to
the unit disc. The trouble is, the results are too coarse for our purpose. On the
other hand, he has results on conformal maps from domains with continuously
turning tangents to the unit disc and they are good enough for us.

First we open the cusp. Below in (7.1) we give an explicit parametric repre-
sentation of C; and 8C, in polar coordinates. With this in mind, using the
principal branch of In z, set

0, z=0,
6.1) fi(z) = | o {-mimexl=( - Dinz}}, 240, 6=8,
exp{-gEpexp{-(B - DInz}-i3}, z#0, >4

We will show below ((7.2)-(7.3) and Lemma 7.3) that f; does indeed open the
cusp. Now for y € (0, 1) sufficiently small, f is well defined and one-to-one
on N ={z:|z] <y, Rez >0} nC. Moreover, f; and f; ', are conformal
on N\{0} and f(N\{0}), respectively, with

0, w=0,
62) f7'w) =] xe{-gtin (-2 mw)}, w#0, 6=,
exp{—ﬁln(—ﬂn;l[lnw+i§])} , w#0, d>8.

Notice

(6.3) f3(z) = e~ ™2 fp(2)> foré > B.
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In polar coordinates z =re®, 6 € [-%, %],
(6.4) { fﬂ(z) = Cxp {_2(ﬂn_1)r_(ﬂ_1) COS[(B —_ 1)0]} ei¢ﬂ ,
fs(2)=1fs(2)Peivs, 5> 8,

where

(6.5) { s = q=nr~ ¥~V sin[(B - 1)6],

0s=205-%, 0>8.
We leave the proof of the following elementary lemma to the reader.
Lemma 6.1. The following bounds hold

(6.6) 15(2) < Clfs(2)l1zI7#,  z e N\{0},

6.7) |5 W) < Clwl ™ (~Infw) 7T, we f(N\{0}).

Consider the set C N {z: |z|] < y/2}. Smooth out the corners located on
{z:]z| = y/2} and call the resulting set H. Define R; = f3(H).

Let g5 be the one-to-one conformal mapping (with conformal inverse g;° b
taking R;\{0} onto D\{0} where D = {{:|{— 1| <1} with g5(0) =0. Such
a map exists because dR;\{0} is C=. Moreover, g; and g; I are continuous
on R; and D, respectively. The proof of the following theoiem about g is
very technical, so we leave it for the next section.

Theorem 6.2. If 6 = B orif 6 > 2B — 1 then g5 on Rs\{0} has a continuous
extension to Rs; and g5 # 0 on R;. In particular, (g5 Y is bounded on D
and g5 is bounded on R .

Remark. When 6 > B and J < 28 — 1, using results of Warschawski [9] it is
possible to show Theorem 6.2 is not true.
In view of Theorem 6.2, if 6 = or § >28 -1,

(6.8) lg; (O < elll, (eD,
(6.9) |gs(w)] < clwl, w € Rs.
Next, map D\{(2, 0)} onto S = {£: Im¢ > 0} by the confor:nal mapping
_ Cein/z
p({) = ¢ ¢ e D\{(2, 0)}.
Also,
28

_l -
p (é)_é_'_em/za éGS,
is also conformal and we can choose ¢ > 0 such that
f5'ogyop™!(8SNB,(0) COC;

then
(6.10) (p~") is bounded on B,(0)N S ;

(6.11) el @l < clel foré € BO)NS;
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(6.12) p’ is bounded on p~!(B;(0) N S).
At last we can define H and F. Set
H=flogylop™!(B,(0)NS), F(z)=pogsofs(z), z€H.

Then F is conformal from H\{0} into B,(0)NS\{0} with conformal inverse
F = f;'og; op~! and parts (i)-(iii) of Theorem 2.1 clearly hold.
By (6.9) and (6.11)

(6.13) g5t op™ @) 2ckl,  £eB,(0)NS.

Hence for ¢ € B;(0)N .S, by (6.7), Theorem 6.2 and (6.10)
IF'E = 15" 085 op™ &) I(g5") ep™ &I 10~ (&)
<lelg; o™ (&) (= Inlg; " o p™ (©)N) 7]+ [c] - [c].

Since x — 1(—Inx)=#/6-1) is decreasing for x small and positive, by (6.13)
we get

\F(&)] < el (- g1 for & € B,(0)NS.

This gives (iv) in Theorem 2.1.
If z € H\{0}, then by (6.12), Theorem 6.2 and (6.6)

|F'(2)] = |p" 0 g5 0 f3(2)] - 185 © f5(2)| - 1/3(2)]
<c-c-clfs(2)-|2|7*
and by (6.4) the latter is bounded. This gives part (v).
All that remains is part (vi). By (6.11) and (6.8)-(6.9)
1
(@I < |F(2) < cfs(2)l, zeH.
Thus for z € H\{0}

‘F’(z)
F(z)

A clfs(2) -z 7# b
(=In|F(z))"7 SW(—lnclﬁ(Z)l) 7

<clz|A(~In|f3(z)) 7

— —(B—1)1— 2=
< clz|PLelz|"P-D1TFT (by (6.4))
=C.

Here too we are using that the neighborhood N is chosen small enough so that
0 = arg z is sufficiently small that cos((f —1)0) >c¢’ >0 in (6.4). O

7. PROOF OF THEOREM 6.2
We need the following result of Warschawski [10].

Theorem 7.1 (Warschawski). Suppose % is a closed rectifiable Jordan curve with
a continuously turning tangent. Furthermore, assume that the tangent angle t(s)
as a function of arclength s is Dini continuous. If G maps D° conformally and
injectively onto the interior of % then G' has a continuous extension to D and
G#0onD. O
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Here 7(s) Dini continuous means for some nondecreasing continuous func-
tion k(2), t € [0, o], with
% x(u
/ K () du <
0 u

we have
[t(s2) = t(s))| < k(ls2 = s1l),  Is2—s| <o,
Theorem 6.2 immediately follows from Theorem 7.1 and the next theorem.
Theorem 7.2. If 6 = B or 6 > 2B — 1 then ORs has a continuously turning
tangent. The tangent angle 1(s) is Dini continuous as a function of arclength s .

Proof. Since dRs\{0} is C*, we need only consider R in a neighborhood
of 0. Near 0, R consists of two arcs, call them I';(d) and I';(d), separated
by 0. We parametrize as follows. Let

{ ri(t) = t(1 + 2O-H1/2 6,(t) = —tan~! o1

7.1
(7.1) ra(t) = t(1 + 2B-1)1/2 0,(¢) = tan~! A1,

These give parametric representations (in polar coordinates) of 4C), 0C,, re-
spectively, for ¢ > 0. Then for some J; > 0, in polar coordinates pe'? for
k=1,2,

L (9): p = pi(2), 9 = pi(2), te(0,4d),
where (cf. (6.4))

Pi(t) = | f5(re(2)e® )],
72 { e = ot
Then
wi(t) = pi(=0)e=0,  te(-d1,0),
(7.3) w(t) = wa(t) = pa(t)e'®V), t€(0,4),

0, t=0,

is a continuous parametric representation of 8 Rs near 0.
We need the following expansions.

Lemma 7.3. For 0<t<d;,
oo
P1() = =5 + 078 Y ap(@)rme-D,
m=0

02) = 3+ bm(@EmFD, by(8) <05

m=1

{ ap(0) =0, a;(d)>0whend=p,
ay(6) <0 whend > B,

P10 _ 51 ¢ 2mEE—1) (@) =0 ifd=48,
Tl e @eme, {00(5)760 if6>8,

93(0)p2(8) _ 35— = 2m(B-1)
o0 =t > dm(d)t , do(d) # 0.

m=0

m=0
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Proof. Since tan~! z is analytic on |z| < 1 and sinz is entire, sin(ytan~! z)
has a power series on |z| < 1 in odd powers of z. Thus for y >0 and a >0,

(7.4) (1+u?)sin(ytan™ ) =u Y _am(a, p)u*", -l<u<l
m=0

where

(7°5) aO(ay y) =7, al(a’ y) <0.

Hence by (7.1) and (6.5)

¢ﬂ(rl(t)ei01(t)) - _ z(ﬂ —(B-1) t& 1 z am ( , 1) t2m(6—l)

=t6-ﬂ[-g—2am<ﬂ ,ﬂ—l)tz’"(‘“], a; <0.
m=1

When é = B, by (7.2) this gives

¢1(1)=—g+§:am(ﬁ)t2m(ﬂ_l), ai(B) > 0;

m=1

when J > B we get

91(1) =21°7F [—-’25 - i am (E—ZT—I B- 1) 12'"“’-1)] -

m=1

[T

T s g _
= =3+ an(@)PmY, a(8) <0,

as desired.
By (7.1), (7.4) and (6.5)

. > -1
n(e®) = =" 3, ('B_ _ 1) 2m(B=1).
Together with (7.2) this gives for § = 8,

p2(t) = 5+ D bm(@P™FD, by(9) < 0;

m=1

for 6 > B,

pa(1) =2 [anﬁ 3" an (”—;—‘ B- 1) zme—n] -1

+ Z bm(8)2™E=D | by(8) <0,

m=1

Nla

as desired.
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By the chain rule

pi() =@ - prF! i (812761

m=0
(7.6) +07F(6 - )OS ap(8)2me@m=DE-D
_ s-p-1 N am(G—1) e(d)=0 ifd=4,
t ,,;e"’(é)t ’ { eo(d) £0 ifS> B,
and
93(t) = 972 3" (B — 1)2mby(8)e2m =B
(7.7) =l
=171 fu(@)PmED L £(8) £0.
m=1

An argument similar to that giving (7.4) shows for y and a >0,

(7.8) (1+u)coslytan~' u] = 3 b(a, Y2, -l<u<l,
m=0
where
(1.9) boa, 7) = 1.
Thus by (6.4) and (7.1)
|f,9(r|(t)ei0'(’))| = exp{ 2(/3 t (B-1) Z bm ( 1) t2m(6—1)}

= exp {t“'g“” > gmtz'”("‘”} ,  &<0;
m=0

moreover, by the chain rule

d i0,() o0
7i1Sp(ri (D)’ )| (B 1P guitmo=
i0, = - - 8ml

| fp(r1(2)ei® @) o

+ - B=D(§ — 1) i 2m gy t2m=1E=1)

m=0
=17 " hn(8)AmEN | hy(8) #0.
m=0

Together with (7.2) and (6.4) this yields

(7.10) ”‘ ’) =1# Z &)= jo(8) £0

Similarly,

(7.11) LAONY i K (3)22"B=1 | ko(8) # 0.
m=0

pa(t)
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The formulas (7.6), (7.7), (7.10) and (7.11) yield the desired representation of
gipilpi, i=1,2. O

We continue with the proof of Theorem 7.2. Write
xi(t) =Re pp (1)’ y,(t) = Im py(1)e’®).
Then
xi(1) 008 pk(t) - Sdoi (1) sin gy (1)
Vi) singg(t) + fﬁ%(o;((t) cos i (1)

(1.12)

By Lemma 7.3, as ¢t — 0%,

cos ¢, (t) = sin [t"’ﬁ > am(8)2meh

m=0
[ @(0)BD 4 o(2F-N) if =4,
B { ag(0)t0=F + o(19-F) if o> 8,
sing;(f) = —1+o0(1),
pi(t) O(3¢-D) if 6 =48,
4 (t) i) = { ()P~ +o(P~Y) ifé > B,

B { o(PB-D) if5 =4,
“lo(#F) ifé> g,
cos@y(t) = —sin Yy b ()2~ = —by (§)2F~D 4 o(FFD),

m=1

sinp,(t) =1+ o(1),

”233 03(1) = do(8)PP~ + o(£*# ).
P

Then as ¢t — 0*,

—T+o(D)7o(l)

x(8) _
(1) ) 2@l ot F)—o(P~F)(~ L+o(1))
i(®) —T¥o(D+o(D) J>p,

(7.13) —-a ()= ifg =8,
~ { —ap(0)*~F  ifo > B,

0, é=48,

- { 0t, &>8,

{ a1 (0)2#~ Vo(2 8~ ) —o(r?# V) (— L+o(l)) s=4

and
x3(8) _ =b (0)2B=1) 4 o(£2B=1)) — dy(6)13B—1) 4 o(£3(8-D)
¥5(0) T+o(D) +o(D)

~ —by (8D

- 0*.

(7.14)

These show that the tangents to w(¢) in (7.3) for ¢ # 0 turn continuously
to a vertical line as ¢t — 0. Thus OR;s has a continuously turning tangent.
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Let s(t), t € (—d,, &), denote arclength; to prove Dini continuity of 7(-) as
a function of s it suffices to find a continuous nondecreasing function x such
that for 6(¢) = 1(s(2)),

(1.15) /0 "S‘)du <

and

H&tell, 51),
(7.16) 18(11) — 8(12)] < k(|s(t1) —s(22)]), { OR
&t € (—51 s 0]

By (7.13)~(7.14) and (7.3)
[tan! %h(—11) ~tan (-n)|, 1 &b (=61, 00,

18(t1) — B(8)| =
]tan % (1) - tan”! }2([2)[, Hh&nel0,d)

Writing tan~!a — tan~!'b = | ab (1 +x2)~1dx for a, b both positive or both
negative, we have

tan“%—tan“%‘ <|lu-v| foru&v>0 OR u& v <O0.
Then to prove (7.16), it suffices to show

[5)
gx(/ ,/x;(u)2+y§(u)2du) R 0<H<tH<a.
131

For typographical clarity in the next few lines we drop the i subscript. By
(7.12) for

x! x!
)Tz(tl) - J-/?(IZ)

h(u) = sin p(u) + ' (u) ;’»)({z?) cos p(u),

we have

x' x'
}7(11) - '—,(12)

<{ [1 + 10 (1) B sinp(e) — o)

"(t)p'(12)
p(t2) p(t) _
| [o 502 - g/ L costotn) - pte| } - e

By the formulas after (7.12), |h| is bounded below away from O for &, small
and 1+ ¢'(t))e'(t2)p(t1)p(t2)/p'(t1)p'(t2) is bounded. Therefore

B ’ P(tz) ! p(tl)
sc[ko(tz) ¢<t1)|+]¢(tz> “’(")p'(mﬂ‘

p'(t2)
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Now we examine each term separately. By Lemma 7.3

5— 14—
lp1(22) — @1 (t1)| = Zam ) A He s |

lp2(t2) — @2(t1)| = Z b (8)[£2™ A1) M(ﬁ—l)]\ ’
(7.19) mozl
m=0

i d,,,(é)[tgz'"”)(ﬂ_” _ 152m+3)(ﬂ—1)]l .
m=0

Choose r € (0, 1] so small that 6 — (28— 1)—-r(f—-1) >0 if 6 > B;
otherwise let r = 1. Here is where we use the hypothesis 2 — 1 < § whenever
0 > B. This particular choice of r does not come into play until the end of
this section. Define

k(u) = (—Inu)~0+7 O<u<i.

'”Z(tz) - %Q(m

Then x(u) is increasing and satisfies (7.15). We need the following lemma to
examine the right side of (7.17).

Lemma 7.4. Assume a,p,n,b > 0. Then for some by, c > 0 independent of

! su;l)(l —x7P)(n—1In[l —e =D <nveh
x>
whenever b > by .
Proof. Call the function to be maximized k(x). If 2 > "—;—‘, the function
xP+le=bx=1) s decreasing for x > 2. Hence for such b,
(7.20) sup xPtle=bx—1) = pp+lp=b,
x>2
Consider the function
1 —x~

(721) kl(X)=m, 1 <XS2.

Since lim,_,+ ky(x) = {;’ and k;(2) < (1 —e~b)"1,

sup ki(x) = 7V —— Vsup{ki(xo): 1 <x <2, ki(xo) = 0}.
1<x<2 1-

But if k{(xo) =0 then

o—b(xo=1) — pxg"”!
pxy 7~ l+b(l—x0“’)
and so el ,
X, P+ b(1 — xy +b
k](xo)-:p 0 b( 0 )<pb .
So we get
p+b 1
< —= .
(7.22) 12‘:22k'(x)“ 5 V1 o5
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Using (7.20)-(7.22), for some by,

(1 — x~p)at! p+l,—b(x—1) _ :
(723) ili[l) m_—l)x e =c<oo ifb> b().
Since
lim k(x) =0, lim k(x) =1,
x—1t X—00
we have

supk(x) = nV sup{k(xo): xo > 1 and k'(xq) = 0}.

x>1

If xo > 1 and k'(xp) =0 then
b
_ o —b(xo—1) p+l—b(xo—=1) 1 X0~
n—In[l —e "%~V = apx e [ o ba-T)
and so
(1=x")"*" b P+ p=b(xo-1)
1 — e—bx0-1) gp™0

c )
< — >
< apb provided b > by,

k(xo) =

by (7.23). Thus

supk(x)<nveb, b > by as desired. O
x>1

By (7.10)(7.11), (7.2) and (6.4), for some y; >0, if ¢ is sufficiently small,
1pi(2)| > ct~F exp(—yit~F~Y),

@R + i) = 19w [«», ,<u>]

> cuP exp(—yu~FY),

and since

it follows that

t t e
[ty duz e [ uten au
9] n

_ c[e"""z_(p_l) (61
= ce 7 1 — ey

— e_)’i

]

(= B—I)]]
Thus
t
K xj(u)? +yj(u 2du>
024 (/ Xl + i)

> (=Inc+y;t; ™0 —In[1 — =7t 7= TNy = e,
For g > 0 (where RHS = Right-hand side), with 0 <t <1,

tq _ tq tl g\ 1/(1+1) (1
RHS(7.24) ~ ¢ [(1 } <E) ) (-tne+ i #0
I+r

—In[l - e—y,t;(ﬂ—|>[(¢,/;z)—w—n_1])

< B{l-Inc+yt; P v en 7Y for £ small,
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by Lemma 7.4 (setting a = 1/(1 +r), n = —Inc + y;it, B-1 " p = Vit, el
p=q/(B—1),and x = (t;/t;)~B=D > 1). Then for 1, small

45—t g—(147)(B—1)
. —_—
(1.25) RES(729) = ¢4

where ¢ > 0 and C is independent of ¢, and ¢, .
Finally, we prove

lp1(22) — @1(21)l

(7.26) LHS(7.24)

<C for0<t<ty, t, small

Similar arguments prove similar bounds for |¢;(t,)—¢;(¢;)| replaced by the left
hand parts in the 3 remaining equations in (7.19). Then together with (7.18)
we see that (7.17) holds with x replaced by Cx and we will be done. So on
to (7.26).

Lemma 75. If p>1 then (1-xP)/(1-x)<p for 0<x<1. 0O
Corollary 7.6. If p > 1 then
|57 — %] < plta| @~V —ef|. D

Choose g > 1 such that

(7.27) g-(1+r(g-1)>0.
Then choose M > 1 such that
(7.28) 2m(B—-1)—g>1 form>M.

By Corollary 7.6, (7.19) and (7.25)

91(82) — @1 (t1)] _ |91(22) — 9:1(21)]
LHS(7.24) = RHS(7.24)

|E am (@) 258 tzm(a-1)+5_,;]|
RHS(7.24) —
et lan(@)| ™00 070 [0t 1y — g
RES(7.24)

M
<c Z |am( 2m(§ +d—B—(B-1)(1+r) ctg—(ﬂ—l)(l+r)

(by (7.25))

where we have used (7.28) and (7.25) to bound the second summation. The
last term on the RHS is bounded for ¢, small by (7.27). If 6 > S then
2m(d-1)+(6-B)-A+nNB-1)26-02-1)-r(f-1) >0 by
choice of r. When J = B then since g, = 0 we are only concerned with
me {1,2,..., M} in the first summation and then 2m(d — 1) + (6 — B) —
(14 7r)(B—1) >0 by choice of r. In any event the first summation is also
bounded for #, small. This gives (7.26) and we are done. O
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