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A-SETS

R. W. KNIGHT

ABSTRACT. A model of ZFC is constructed in which there exists a subset of the
Moore plane that is countably paracompact but not normal. The method used
in the construction is forcing using uncountable sets of finite partial functions.
w; and w; are shown to be preserved using a fusion lemma.

1. INTRODUCTION

A topological space is said to be a A-set if and only if whenever {D, : n € w}
is a decreasing sequence of subsets of the space with empty intersection, there
exists a decreasing sequence {E, : n € w} of open subsets of the space, also
with empty intersection, such that for every n, D, C E,. A Gs-subset of a
space is an intersection of countably many open sets. An uncountable subset X
of R is a Q-set if and only if every subset of X is a Gs-subset of X .

The definition of a A-set is due to G. M. Reed and E. K. van Douwen; see
[R]. G. M. Reed proved that the tangent-disc space over a subset X of the
reals is countably paracompact if and only if X is a A-set. T. C. Przymusinski
showed in [P] that there exists a separable countably paracompact Moore space
that is not normal if and only if there exists a A-subset of R. A slightly different
question concerns the properties of Pixley-Roy hyperspaces. It is shown in [Lu]
that the Pixley-Roy hyperspace of a subset X of, for example, the reals is
countably paracompact if and only if every finite power of X is a A-set; the
relationship between such sets and the Pixley-Roy hyperspace is also mentioned
in [T].

A natural question is whether there is a tangent-disc space that is countably
paracompact and not normal, or equivalently, whether there is a subset of the
line that is a A-set but not a Q-set. (This question is asked in several of the
papers just mentioned; for a survey of questions relating to Q-sets and other
similar subsets of the real line, see [F].)

It was proved in [P] that no second countable A-set can have cardinality c.
Hence, under MA, every subset of the line that is a A-set is also a Q-set.

So, since neither V=L nor MA will separate real A-sets from Q-sets, the next
obvious approach is to try to distinguish them by forcing.
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It is easy enough to force to directly turn a subset X of R into a A-set, using
finite partial functions. All one has to do is to iterate c.c.c. forcing using finite
supports, and for every function f in any intermediate model from X to w,
to construct a function g from X to w such that for all x, g(x) > f(x),
and such that, for each n, {x: g(x) > n} is open; a decreasing sequence
(Dy : n € w) of subsets of a set X with empty intersection corresponds with
the function f(x) =min{n:x ¢ D,}.

One specific way of doing this is to iterate using partial orders K, for f €
“1, elements of K, being pairs (g, r) such that:

(1) geFn(X, w);

(2) if x € dom(q), then g(x) > f(x);

(3) re Fn(w x w, ) (£ being a countable base of open intervals for

the reals);

(4) forall m>gq(x),forall iew, x ¢ r(m,i);
then if G is K -generic, the g mentioned above will be the generic func-
tion U(q’,)ecq , and if R, is the generic function U(q,,)eGr, it will be the
case, because the set D(x, n) = {(¢q, r): x € dom(g) and either g(x) < n or
(3i)(x € r(n, i))} is dense, that

{x:g(x)=n}=J U Rp(m, i)

IEwm>n

and this set will thus be open.

However this seems not to be sufficient to prevent X from also being a
Q-set. The reason for this seems to be that one needs an infinite amount of
information to describe a Gjs-set, so that one cannot exert sufficient control on
the Gs-subsets of X using finite partial functions. Countably closed forcing is,
of course, completely useless for our purpose.

The development of the forcing poset relied on ideas borrowed from Laver
forcing (see [L and J, p. 19]) and from the poset used in [FM] to create a Q-
set concentrated around a countable set. The author would like to take the
opportunity to thank G. M. Reed, under whose supervision much of this work
was done, and A. Dow, W. G. Fleissner, A. J. Ostaszewski, W. S. Watson and the
members of the Toronto Set-Theoretic Topology group for useful conversations
and comments.

2. PREFATORY REMARKS

The method used is based on the method which the author used in [K] to show
it consistent that there existed a A-set that was not a Q-set. That method arose
from conversations that the author had with A. Dow and W. G. Fleissner at
the 1989 Spring Topology Conference, and consisted of forcing with countable
trees of finite partial functions.

The version in this paper uses refinements made in this other method by
W. S. Watson and the author in an attempt to solve a different problem, which
remains unsolved at the time of writing.

The most important part of the method used is the notion of description,
described in §7. To say that an element of the forcing partial order describes
a function is essentially to say that it imposes rigorous limits on its behaviour,
limiting its value at each element of its domain to a countable ground model
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set. In essence, a descriptor, or desribing condition, “knows about” the function
it describes.

3. THE FINITE PARTIAL FUNCTIONS

We assume ZFC+GCH in the ground model.

Let % be a countable basis for the -reals, consisting of all open intervals
with rational endpoints. We abuse notation by pretending that &% and all its
elements are absolute; we could imagine the elements of % as being coded
by pairs of rationals. Let (v, : n € w) be a sequence of natural numbers
mentioning each natural number infinitely often.

We define Q to be the set of all x = (p,, gy, rx) for which there exist
F € [w]%%, and G € [w,]<? such that

(1) px: F - %,
(2) re: G- <2F , (though we will write r.(y, i) for re(y)(i)),
(3) 4x € Fn(dom(px) x dom(rx), ),
(4) dx(a, ) <vp = px(a)Nre(y, k) =2.
We order Q so that x < y if and only if g, 2 gy, (Vy € dom(r,))(y €
dom(ry) A 1,(») € rx(»)), and (Va € dom(py))(a € dom(py) A px(a) C py(a)).
w, enumerates sequences (D, : n € w) of subsets of some set, the p(a)
are approximations to the elements of that set, and the r(y)(i) go to make up
open sets U, containing the D, ; the g(a, y) ensure that these U, have empty
intersection.

4. THE PARTIAL ORDER

If S is a subset of Q, and s is an element of S, then we define S | s to
be {teS:t<s}.

We define the partial order P to be the set of all pairs (G, T) for which
there exists £ ((G, T)) such that

(P1) G € [wy]<*,

(P2) T e[Q]*,

(P3)Forall ¢t in T, dom(r;) C G,

(P4) Every finite compatible subset of 7" has a lower bound in T .

(PS) If x <s and s € T, then for each y € dom(r;) there exists y € T
below s such that p, = px and r,(y) = rx(y); in addition, (px, gs, 7)) €T .

(P6) €((G, T)) is aclub subset of {a x C:a€ w;, C€[G]<*}.

(PHIf xeT and Ax Ce &G, T)), then x | (4 x C), which we define
tobeequalto (px [ 4,gx [ (AXC),re [ C),isalsoin T.

PIfxeT, weT, AxCe (G, T)), w<x|(4xC), dom(p,) C 4
and dom(ry) C C, then there exists y € T below x suchthat y [ (AxC)=w
and py [ (w1 \ 4) =px [ (01 \ 4).

We will often abuse notation by identifying an element of P with the corre-
sponding subset of Q, and write T and (G(T), T) interchangeably. If S is
an element of P, then we define G(S [ s) to be equal to G(S) for any s.

(P4) is technically extremely useful and helps to ensure, amongst other things,
that w, is preserved, by ensuring that forcing conditions have the c.c.c.

(P5) ensures that the generic functions built out of the p’s and the r’s are
sufficiently generic.
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(P6)-(P8) are used in the proof that the constructed space is not a Q-set; one
can think of them as saying that {x [ (4 x C):x € T} isasubset of T and is
completely embedded in T for every 4 x C in &(T).

We order P by an order-relation < defined so that (G, S) < (H, T) if and
only if there exist a function 7 and a #(S) as above such that

(O1) HC G,

(02) dom(n) =S and ran(n) C T,

(O3) If n(s) =t and ¢ € T | t, then there exists s € S | s such that
n(s'y=1t,

(04) If 7t(s)=t"'hen t= (p.Ya qS [(wl XH), rS [H),

(OS5) Every finite compatible subset of S U T has a lower bound in SUT .

(O6) Suppose that s € S, t€ T, AxC € &(S), s| (A4xC)=s and
n(s) =t ] (A x C). Then there exists s’ € S such that s’ [ (4 x C) =s and
n(s')=t.

The motivation of (OS5) is that when we amalgamate conditions in the proof
of the Fusion Lemma, we shall be taking the set-theoretic union of the corre-
sponding subsets of Q, and we want to make sure that the result satisfies (P4);
we use (O6) to make sure that it satisfies (P8).

5. SOME LEMMAS

In this section we prove some technical lemmas which we shall use (usually
implicitly) throughout the rest of the paper, and we also begin to set up the
machinery that we will use in the Fusion Lemma.

5.1. Lemma. Q has the c.c.c.

Proof. This is a standard application of the A-system lemma and the Pigeonhole
Principle. O

5.2. Lemma. P is nonempty.

Proof. The pair T = ({s € Q : dom(r;) = @}, {0}) is an element of P; we
define &(T) tobeequalto {a x {0}:a€w;}. O

5.3. Lemma. The partial order is transitive; moreover, if S < T < U, the
composition of the functions witnessing S < T and T < U, witnesses S < U .
Proof. Suppose that S < T < U, that ny witnesses S < T and that =«
witnesses 7 < U .

Define n to be 7, o my. We show that 7 witnesses S < U .

Firstly, G(U) C G(T) € G(S), so (Ol) is satisfied.

Secondly, the domain of n is trivially the whole of S, and the range of =
is contained in U.

Suppose that n(s) = u. Then there exists ¢ € T such that my(s) = ¢ and
m1(¢t) = u. Suppose that ¥’ € U [ u. Then by condition (O3) on x;, there
exists ' € T [t such that n,(¢') = ¥'. Now by condition (O3) on m;, there
exists s’ € S | s such that mo(s’) =¢. But then n(s’) =u'.

Suppose that n(s) = u. Then there exists ¢ € T such that my(s) = ¢ and
mi(t) = u. Then u = (p, ¢ | (w1 x G(U)), r. | G(U)) and ¢ = (ps, g5 |
(wy x G(T)), rs | G(T)) by successive applications of (O4) to n; and 7y, and
since G(U) C G(T), we have that u = (ps, g; | (w; x G(U)), rs | G(U)) as
required.
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Now suppose that K is a finite subset of S and L is a finite subset of U,
and that K U L is compatible. Suppose that z is a lower bound for K U L,
and let XK' = {(p;, q,r):(p,q,r) € K}. Then K’' UL is compatible, having
z as a lower bound, and by (P5), K’ is a subset of S.

Let L' be the image of K’ under my. Then, by (O4), L' U L is compatible
with lower bound z. So, by (OS5) applied to =, it has a lower bound w in
T.

Then K’U{w} is compatible.

For, let y = (Pu, gw U Useg g5, 1) where for every 7, r(y) = ry(y) U
Usex 7s(?) . ry(») is a well-defined function for each y, because for any y €
dom(ry), either y € G(T), when r,(y) = ry(y) UUseg 7s(¥) = rw(y), or
y ¢ G(T), when y ¢ dom(r,), w being an element of T, and so r,(y) =
Usex 7s(7) » and this is a function because K is compatible. g, is a well-defined
function for similar reasons.

The only condition for membership of Q which might present problems is
condition (4). So suppose that (a, y) € dom(g,). If y € G(T), then (a, y) €
dom(q,,) . Since in that case p, = p,, and ry(y) = ry(y), condition (4) holds
because w is in Q. If, on the other hand y ¢ G(T), the (a, y) € dom(gy)
for some s in K, and r,(y) = Uy 7s(y). But K is compatible, with a
lower bound z, so that r,(y) C r:(y), gy(a,y) = g:(a, 7), and py(a) C
Dz(c) because of the way that K’ was used in the construction of y. So since
condition (4) holds for z, it holds also for y.

y 1is a lower bound for K’ U {w}, so K'U{w} is compatible. So by (O5)
applied to mg, it has a lower bound x in S. Then x is a lower bound for
K UL as required.

Finally suppose that we have chosen #(S) so that (O6) holds for S < T,
and that we have chosen #(T') so that (O6) holds for 7 < U . Suppose without
loss of generality that whenever 4 x C € €(S), A x (CNG(T)) € €(T).

Suppose that AxC € €(S), s€ S, ue U, dom(ps) C 4 and dom(r;) C C,
and that n(s) = u [ (4 x C). Then if ¢ = my(s), then by (O4), dom(p,) C 4
and dom(r;) C CNG(T) and m;(¢) =u [ (A x (CNG(T))). So by (06) for
T <U,thereexists ' € T | ¢t suchthat ¢/ [ (Ax(CNG(T))) =t and 7,(t) = u.
Now we apply (O6) to S < T tofind s’ €S [s suchthat s' | (4x C)=s and
no(s’) =t'; then n(s’) = u as required. O

54. Lemma. If SeP and s€ S,then S |s isanelementof P and S [s<S.

Proof. We define €(S | s) tobe {4 x C € F(S) : dom(ps) C 4 & dom(rs) C
C}. The appropriate function 7 is the identity. O

5.5. Lemma. The set of S in P with a single greatest element is dense.
Proof. Let s € S. Then S [ s has a single greatest element. O

5.6. Lemma. If n witnesses S<T and n(s)=t,then S|s<T|t.

Proof. The same function n will work, because condition (O4) tells us that if
s'<s and n(s’)=¢t,then ¢’ <t. O

We define an orderly sequence of elements of P to be a sequence (T, : a € u),
4 being some ordinal, such that
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(1) Whenever a < f, there is a function ng , witnessing T3 < T, , this
function including the identity function on 7, as a subset, such that
whenever a < <7y, My o =7g 407,y 5,

(2) Whenever 4 is a limit, T; = |J and for each a < 4, m o, =
Usea, 1 8.0

(3) There exists a choice of #(7T,) for each a such that if a < f, then
F(T,) ={Ax(CNG(T,)): Ax C e (Tp)}.

5.7. Lemma. Suppose that (T, : a < A) is an orderly sequence, and that A is
some limit ordinal less than w,. If we define T, to be |, , T,, and G(T;) to
be U,<; G(T.), then (T, :a < A) is an orderly sequence.

Proof. We first have to show that 7, is an element of the partial order. But
T, obviously has cardinality no greater than w,; , and conditions (P1)-(P5) for
being an element of P are properties of finite character.

Next, we have to construct #(7;). We define this to be the set of all in-
creasing countable unions of members of |J,_, #(T,). Then #(T;) is indeed
club, and if 4 x C € €(T}), then for each a <1, 4 x (CNG(T,)) is a count-
able union of elements of & (T,), and is therefore itself in &(T,). The other
properties of % (T;) are inherited from the #(T,).

Now define n; , to be |J pe(a, 2 Tp,a- Then m , inherits all the required

properties from the ng ,. O

a<d?

a<i

6. EXTENDING DOMAINS

In this section we devote ourselves to setting up the technology that we will
use to prove the Fusion Lemma in §7. The notion of amalgamation of two
conditions that we will use in the Fusion Lemma is set-theoretic union; this
allows us to amalgamate X;-many conditions without the difficulties attendant
on pruning a tree-like condition uncountably many times. All the results in this
section are essential, but Lemmas 6.3 and 6.5 are perhaps the high points.

If s is an element of Q, and y is an element of w,, define s — y to be
(ps, 45 [ (01 x (w2 \ {¥}), rs [ (w2 \ {7})) .

Suppose that S is an element of the partial order. Suppose that y is not in
G(S). Wedefine S?” tobe {(x e Q: (I eS)(t=x-y&qx =9 &y € dom(rx)},
with G(S?) being G(S)U {y}.

6.1. Lemma. S? is an element of P and lies below S .

Proof. First we have to show that S” is an element of the partial order.

Suppose that K is a finite compatible subset of S?. Then {s—y:s € K} is
a finite compatible subset of S, and thus has a lower bound w in S.

So, let x be defined to be (py, Usex g5, r) where r | G(S) = ry, and
r(7) = Usex 7s(¥) . Then x is a lower bound for K and is an element of S”.

Suppose that s € S7, and that x < s. If ' € dom(r;) and ' # y, then
by (P5) on S, we can find y in S below s — y such that p, = p, and
ry(y") = r«(y') ; we can then extend this to an element of S? below s. And, of
course, one can easily find z <s in S? satisfying p, = px and r.(y) =rx(7);
z=(py, gy, r) will do, where r [ (w2 \{y})=ry,and r(y) =r«(y).

We define Z(S?) tobe {Ax (CU{y}): AxC € €(S)}. Z(S”), thus
defined, has all the right properties.
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We define © so that for every s € S, n(s) = s —y. We prove (O5) in a
way similar to the way we proved (P4). O

6.2. Lemma. If s€ .S, then {t € S” :t—y =s} is predense below s in Q.

Proof. Suppose that x is an element of Q below s ; without loss of generality
y € dom(ry). We then define ¢ so that t —y =s, and r,(y) = r(y).
Then t€S” and x<t¢t. O

Suppose that S < T and that y ¢ G(S). Then we define S” & T to be
TuS?,with G(S*® T) = G(S?); we define F(S"® T) tobe F(T)U{Ax C:
AxCeB(S") & Ax(CNG(T)) e F(T)}.

6.3. Lemma. If it exists, then S? ® T is an element of P and lies below T .

Proof. Suppose that n* witnesses S? < T.

We show first that S? @ T is an element of the partial order.

Suppose that K is a finite compatible subset of S?@®7T . Then, since S? < T,
K has a lower bound in S? @ T by condition (O5).

When it comes to checking the properties of % (S? ® T), we notice that it is
certainly clubin {AxC:4€w, & C € [G(S? & T)]<*'}.

To prove (P7), we suppose that x € S”@® T andthat AxC € # (S’ T).
If xeT and Ax C € #(S?), thensince AxC € Z(S"aT), Ax (Cn
G(T) €e#(T),and x | (AxC)=x | (Ax (CNG(T))), which isin T by
(P7) on T. So now suppose that x € S?, and that 4 x C € &€(T). Then
X[ (AxC)=n*(x)[ (4xC), because C C G(T). Now zn*(x) € T, so by
(PY)on T, x[(AxC)eT.

The difficult case of (P8) is when x € S, AxC € &(T), we ST,
dom(py,) € 4 and dom(r,) C C. Then, since C C G(T), y ¢ G(T) and
y € dom(r;) for every s € S?, w € T. Similarly, x | (4 x C) € T. Also,
x[(AxC)=mn*(x) [ (AxC),and so by (P8) on T, there exists y € T | n*(x)
such that y [ (AxC) =w and py [ (w1\A4) = Pz+(x) | (01\A) . Finally, by (O3),
there exists z € S? | x such that n*(z) = y; then using (O4), z | (AxC) =y |
(AxC)=w,and p; | (w1\4) =py [ (W1\4) = Pr-(x) | (W1\4) = px | (01\4).

If xeT, AxC € #(S?”) and w € S’, with w | (4 x C) = w and
w<x[(AxC), then also n*(w) < x [ (4 x C). We find y < x such that
yeT,yl(AxC)=n*(w), and py | (w; \ 4) =px | (w1 \ 4). Now we use
(O6) to find z € S” such that z | (4 x C) =w and #n*(z) = y. Then by (0O4),
Dz [ (w1 \A) =px | (w1 \ 4). So z is the element of S” ® T below x that we
were looking for. '

We now observe that S? @ T < T. For, let © be defined so that n(s) =1 if
and only if either s=t€ T or n*(s)=t¢.

Then (O4) holds because if n(s) =¢t,and s ¢ T, t = (ps, qs | (W X
G(T)), rs | G(T)) by (O4) for S? and T'; whereas if s € T, then t = s =
(ps, 45 | (w1 x G(T)), rs [ G(T)), as required.

(OS) holds because of (P4) for T and (O5) for S” < T, and (06) holds
because of (06) for S* < T. O

6.4. Lemma. Suppose that (T, : a < B) is an orderly sequence, and that S <
Tg. Then if y ¢ G(S)U G(Tp), and Ty, is defined to be S” @ Ty, then
(Ty:a < B+ 1) is also an orderly sequence.
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Proof. We use the n defined in the proof of Lemma 6.3, and the &(S” & T)
defined above. O

6.5. Lemma. Suppose that s€ S”. Then S"® T |s=S8"|s.

Proof. y isin dom(r;) for every s in S”, butis not in dom(r;) forany 1€ T .
So,if te T and s€S?,then t £5s. O

7. THE FusioN LEMMA

In this section, we prove that the partial order preserves w; and w,. It
turns out that it preserves all cardinals because it has cardinality w;, but this
is unimportant for the purposes of this paper.

Suppose that f is a name for a function from the ground model to itself.
Then we say that a condition T describes f, or is a descriptor of f , if whenever
7 witnesses U < T, and U I+ f (a) = b, there exists ¢ in the range of 7z such
that T [t f(a)=b.

Descriptors enable us to prevent functions from collapsing w; and ®, ; they
will also be useful in proving that the space X we will construct in the generic
extension is a A-set and not a Q-set; to prove it a A-set we will use a descriptor
of a function coding a countable collection of subsets of X with empty inter-
section; to prove that it is not a Q-set we will use a descriptor of a function
coding a Gjs-set.

We construct the descriptor of a function by amalgamating into an element
of the partial order other elements which decide values that the function takes;
we use the methods of §6.

7.1. Lemma. Suppose that T I+ fiu—V, where u € w,. Then there exists
T' < T such that T' describes f .

Proof. We construct 7" as the last element of an orderly sequence (T, : a <
u+ 1), with Ty = T'. We construct 7,,, by constructing an orderly sequence
(Tap : B € Aq), with A, being some countable ordinal and T, o being equal
to T,, as follows:

For each B < 4,, we look for some S, s < T, with greatest element
Se,p Which is incompatible with s, s for all 6 < B, such that S, g de-
cides the value of f(a). If such an S, p exists, choose some ordinal y, s €
w3 \ G[S, g1V G[T, g], and define T, g,y to be S, 3""* & T, 5. Lemma 6.5
tells us that we do obtain an orderly sequence this way. If it is not possible to
find suchan S, g,put A, =f+1 and Toy =T, 5.

Having constructed 7', we show that it describes f .

Suppose that U < T', that © witnesses this. Suppose that U I+ f(a) = b,
and that U has greatest element u which is compatible with s, g. (For, if
it were the case that ¥ was incompatible with all of them, we would have a
contradiction to the definition of A, .)

Suppose that n* witnesses 7’ < T, g1, and that n! is equal to 7o n*.

Now u and s, g are compatible. So, by Lemma 6.2, there exists § in S, g’
which is compatible with u, and so by (O5) there exists w € S, g™* UU
which is below both. Without loss of generality w € U. For if w € S, g’ ,
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then because w < u, w < n'(u), so that there exists w’ € U | u such that
at(w') =w. So use w’ instead of w .

Now suppose that n(w) = x and n*(x) =y. Then nf(w)=1y.

Now, Ulw<T' [x<T,p4 [y. But y<§. Hence y, 4 € dom(ry), so
that y € S, g’ , and by Lemma 6.5, T, g, | y =S, g'** I v, and this in its
turnis <8, 4.

Now S, g decides the value of f(a): But Ul w isacommon lower bound
for S, 5 and U,and Ul f(a)=b. So S, 4+ f(a)=b.

Finally we observe that x is in the range of 7, and T' | x < S, 5, and so
forces f (a) = b as required. O

7.2. Lemma. P preserves w; and w;.

Proof. Suppose that u isone of @ and w; and that f is a name for a function
from p to u*. We show that f is not a name for a collapsing function.

For, f has a dense set of descriptors, and if 7 describes f, then because
T has the countable chain condition, for every element o of u, there exists a
countable ground model set A, such that T I+ f(a) € A,. Then, T IF f: u —
Uee Ao ; that is to say, T forces the range of f to lie in some ground model

set of cardinality no greater than . So f does not collapse ut. o

8. THE SPACE

In this section, we construct the space X which we shall prove is a A-set and
not a Q-set. If S is an element of the partial order with greatest element s,
the ps(a) is an approximation to the ath point in the space.

Let H be P-generic. Let H be the set of all x for which there exists
T € H such that x is the greatest element of 7. (Lemma 5.5 tells us that
the set of T with a single greatest element is dense.) Let P: w; — Z(R) be
defined so that for each «, if there exists x € H such that a € dom(p,), then
P(0) = Neerr Pxla) .

8.1. Lemma. P(a) is defined for each «.

Proof. Let T ¢ P and let ¢t € T. Construct s < ¢ with o € dom(ps). Then
there exists z € T such that z <t and p, = p;. Then T | z is an element of
P with a greatest element z for which a € dom(p,).

So we see that the set of U , with a single greatest element u with a €
dom(p,), is dense. So o € dom(P). O

8.2. Lemma. If T and U are compatible elements of P with greatest elements
t and u respectively, then t and u are compatible.

Proof. Suppose that S is below both. Then, if s € S, by using order condition
(O4) we can easily show that s <¢ and s<u. O

8.3. Lemma. Suppose that T has greatest element t and that o € dom(p,).
Then the set D(T, o) of all U, with a greatest element u having the properties
that p,(a) C pi(e) and that the measure of p,(a) is less than half the measure
of pa), is dense below T .
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Proof. Suppose that S is below 7. Without loss of generality, S has a greatest
element s. Construct x <s such that p,(a) C p;(a) and that the measure of
Px(a) is less than half the measure of p,(«a).

Then there exists z € S such that p, =p,. Then S| z€ D(T,a). O

8.4. Lemma. For each o, P(a) has a unique element.

Proof. Let T be an element of the generic filter H, with a greatest element ¢
with o € dom(p;). We construct a sequence (T, : n € w), such that T = Ty,
and for each n, T, is an element of D(7,, a) in H. Let I, = p,(a); then
(In : n € w) is a sequence of intervals with widths tending to zero, the closure
of each being contained in its predecessor. Clearly, the intersection of the I,
is a single point. (We appear to have fudged the issue of the absoluteness of
the closure operation; in this particular case this does not matter.) Finally, if
S is an element of H, and if S has a greatest element s with a € dom(p;),
then because S is compatible with each of the T,,, for each n, p;(a)NI, # @.
Now, the only way that p;(a) can fail to contain the single point in ), , I, is
if that point is an endpoint of ps(a). But in that case there exists some element
S’ of D(S, a) in H, and if s’ is the greatest element of S’, then that single
point is not an endpoint of py (), so that for some n, py(a) NI, = @, which
is impossible. O

We denote this unique element by either P(a) or x,, and let X be equal
to {xo:a € w;}. X is our example.

8.5. Lemma. If a # ', then P(a) # P(a'), and for any «, P(a) is not in the
ground model.

Proof. Suppose that a # o/, and that y is a ground model real. Let 7 be an
element of P and ¢ be an element of 7. Then we construct x < ¢ such that
a, o’ edom(py), px(a)Npx(c/)=2,and y ¢ px(a).

Then there exists z € T suchthat p, =p,. Then T [zIFy # X, # Xo. O

9. X 1S A A-SET

In this section we show that X is a A-set. We do this by taking descriptor
of a function coding a decreasing sequence (D, : n € w) of subsets of X with
empty intersection. Choosing some y ¢ G(T), we construct a new condition
S out of T in such a way that the various r,(y, i), for s € S, are forced to
union up to form a sequence (U, : n € w) of open subsets of X ; the various g
compel this sequence to have empty intersection, and D, C U, by genericity.

Suppose that (D, : n € w) is a decreasing sequence of subsets of X with
empty intersection. We define g so that g(a) =min{n:a ¢ D,}.

Now let T be an element of P describing g, and let y € w, \ G[T]. For
each a € w, let 4, be a maximal antichain in T, having the property that if
a€ A,,then T | a decides the value of g(a). Each A4, is countable.

Define S to have as elements all elements x of Q for which x—y € T, and
such that if (a, y) € dom(gy), then for some a € T above x —y, a € A, and
Tlalk g(a)=k for some k < g,(a, y). We define G(S) tobe G(T)U {y}.

9.1. Lemma. SeP.
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Proof. Suppose that K is a finite compatible subset of S. Let x be a lower
boundin P for K. Let K' ={{px,q,r):(p,q,r)eK}.Let L={s—y:s¢€
K’} . Then L is a finite compatible subset of 7', and thus has a lower bound
yin T.

Now define z to be equal to (p,, g, UU,ck G5, 1), Where 7 | (w2 \{7}) =1y,
r(v) = Usex: 5(7) -

Then z € Q.

For, suppose that (a, y) € dom(q,), and that q,(a, y) = k. Then (o, y) €
Usexr dom(gs), because (a, y) cannot possibly have been inherited from
dom(gy) .

Because y is a lower bound for L, p,(a) C p;(a) for all ¢+ in L. But
for each ¢t € L, p;(a) = px(a), and for every t € K, px(a) C p/(a). Also
r2(?) = Useg 1s(?) - Now K’ is compatible, with lower bound x . Soif (a, y) €
dom(g;), then for some s € K’, (a, y) € dom(g;s), and so (a, y) € dom(gy),
and gx(a, y) = g:(a, y) = k. Now if i € dom(r,(y)) and v; > k, then
i € dom(rx(y)), and px(a)Nr(y, i) = 2. Now py(a) C px(a) and r,(y, i) =
r<(y, i), soalso p.(a)Nr(y,i)=2.

Also z € S,because z—y=y € T, and if (o, y) € dom(q,), then for some
tekK, (a,y) edom(q), and T | al+ g(a) = k for some k < g,(a, ) and
some a € A, above t—y. Now y=z—y <t-7y,and g;(c,y) = q(a,?).
So T lal-g(a) =k for some k < g;(a, y) and some a € 4, above z — 7,
as required.

To prove (PS5), suppose that s € S and that x <s. Then x < s -y, and
sosince s—y €T, (px, gs—y, rs—y) € T. But now, (py, gs, rs) is a permitted
element of S; the only thing that would need to be checked is that it is an
element of Q, and that is straightforward enough.

In addition, if y’ € dom(rs) \ {7}, we can find ¢ € T below s, such that
DP: = px and r,(y') = ry(y') ; we then observe that (p,, ¢;Ug;, r) isin S, where
rtwy\{y}=r,and r(y) =ry(y).

We now need to find an element ¢ of S such that p, = p,, r(y) = ri(y),
and ¢t <s. Well, let ¢t = (px, g5, r), where r | @y \{y} =rs,and r,(y) =re(y).
Then ¢ is an element of Q, because s and x are. Now all we need to observe
is that it is a permitted element of S.

Next, we construct € (S). Let * = {4 x (CU{y}): Ax C € €(T)}. Then
&* isclubin [w; x G(S)]®. We define Z°(S) to be the set of all Ax(CU{y}) in
&* such thatif a € 4, then forall a in 4,, dom(p,) C 4 and dom(r,) C C.
Clearly, #(S) is club.

Now suppose that x € S and 4 x (CU{y}) isin #(S). Then we have to
show that x [ (4 x (CU{y})) € S. Suppose that (o, y) € dom(gx}(ax(cuiy}))) -
Then for some a € 4, above x, T [ al+ g(a) = k for some k less than or
equal to gx(a, y). Butsince a € 4,, dom(p,) C 4 and dom(r,) C C. So, a
is also above x | (Ax(CU{y})). Since x [ (Ax(CU{y}))—y = (x—7y) | (AxC),
and AxCe@(T), x| (Ax(CU{y}))—y isin T,andso x | (4x (CU{y}))
isin S as required.

Suppose that w < x | (Ax(CU{y})), and that dom(p,,) C 4 and dom(r,) C
CU{y}. Then w—y < x| (Ax(CU{p})-y=x—-7](4xC), so there
exists ' € T suchthat y' | (AxC)=w -y, py | (w1 \A4) =px | (@01 \A4),
and ' < x—y. Solet y = (py, quw Ugx Ugqy,r) where r(y') = ry(y)
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for Y # y and r(y) = ry(y). Then y is an element of S, is below x,
pyl(wi\A)=px(w1\4),and w=y[(4x(CU{y}). O

9.2. Lemma. S<T.

Proof. Suppose that x € S ; then we say that #(x) =y ifandonlyif y =x—7y.
Clearly, in this case, y € T .

We now show that 7 has the right properties.

To prove (O3), suppose that n(s) =¢. Suppose that ¢ € T | . We exhibit
s’ € S | s such that n(s’) = s. We define s’ to be (py, qr Ugs, r), where
riwy\{y} =re,and r(y) =ry(y). Then s’ €S, is below s, and is sent to ¢’
by n.

To prove (O5), suppose that K is a finite subset of SUT. Let x be a
lower bound for K, and let K' = (KNS)U{(p,q,r):(p,q,r ! (wx\{y}) €
KNT & r(y) C re(y)}. Then K’ is a finite subset of .S, and is compatible,
since it has x for a lower bound. So, by (P4) for .S, it has a lower bound in
S.

To prove (06), suppose that 4 x C € Z(S), that s € S, dom(ps;) C 4 and
dom(r;) C C, and that ¢t € T satisfies n(s) =¢ [ (4 x C). Then we define s’
sothat s’ —y =1, re(y) =rs(y), and gy I (@01 x {}) = ¢s [ (@1 x {7}). Then
s’ € S,andis below s,and n(s')=¢. O

Given a generic filter H , we define a function Q in the corresponding generic
extension so that Q(a) = k if and only if, for some element U of H with top
element u, g,(a, y)=k.

9.3. Lemma. Sl Q: o, — w, and SIF (Va)(Q(a) > £(a)).
Proof. For suppose that U < S decides the value of g(a), and either decides
the value of Q(a) or forces it to be undefined.

Let ny witness U < S, n; witness S < T, and let # be their composition;
7 witnesses U < T .

Since T describes £, there exists ¢ € ran(n) such that T | ¢ decides the
value of g(a); without loss of generality (using (O3)), ¢t < a for some a for
which T | a I+ g(a) = k, so that U also forces g(a) = k. Suppose that
n(u) =t, and that ng(u) =s and n,(s) =¢.

Then there exists s’ € S | s such that (a, y) € dom(gy); if (a,y) ¢
dom(g;), then a suitable s’ can be defined just by adding (a, y) to the domain
of dom(gy), and setting gy (a, y) =/ for some sufficiently great / for which
[>k.So, S|s'IFQ(a)=1.

Now we find ' € U | u such that np(v/) =s";then U/ <S[s'.

We said that U either decides the value of Q(a) or forces it to be undefined;
clearly it forces Q(a)=1. So, UlF Q(a) = >k =g(a). O

Now let E, = {x € X : Q(x) > n}, and let U, = JU{R(i) : v; > n}, where R
is the generic function constructed from the r.(y).
9.4, Lemma. (1) SI+ D, CE,. '

(2) SWFHE, = U,, so that S forces E, to be open.

(3) SkFNpew Un=2.

It is in the proof of this lemma that we use the full power of (PS5).
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Proof. That S I+ D, C E, is a trivial consequence of Lemma 9.3.

We now prove that S forces E, and U, to be equal.

First we show that S I+ U, C E,. For, suppose that U < S, and that
Ul Qla) =k < n, sothat U IF x, ¢ E,. Suppose that u € U has the
property that (a, y) € dom(qg,).

Then, whenever v < u, (a, y) € dom(g,) and g¢,(a, y)=k. So, if v; >k,
po(@)Nry(y, i) =o. ) )

Hence, if vi >k, Ululr X, ¢ R(i),andso U | ul- x, ¢ U,. Because
the set of such U [ u is predense below U, U I x, ¢ U, . A density argument
now allows us to see that S IF (Va)(X, ¢ E, — X, ¢ U,). Thus S U, CE,.

Now we prove that S I+ E, C U,. For, suppose that u € U, and that
qu(a,y) =k >n,sothat U | ul- %, € E,. Then, construct z < u such that
(Vo € dom(p,) \ {a})(p;(a) Np,(c’) = @), and such that for some i for which
vi=k, r;(y,i)=p;(a). Clearly such a z can be found.

We now use (P5) to find x € U | u such that p, = p,, and such that
re(y, i) =ry(y, i) = pz(a) = px(e). Then U | x I+ X, € R(i), so that U | x It
Xo € U,.

So, SIE,cU,.

Finally we prove that S forces the U, to have empty intersection.

But U, is forced to be equal to E,, and if Q(x) =n, then x ¢ E,.;, by
definition of the E;. Since Q is forced to be a total function, U, = @ as
required. O

9.5. Theorem. X isa A-set.

Proof. We have put around the D, a sequence (U, : n € w) of open sets with
empty intersection, as was required. O

10. X 1s NOT A Q-SET

We prove this by starting with a particular subset L' of X, and proving that
out of any descriptor of a function coding a Gs-subset of X, we can construct
a new condition which forces that Gj-set to be different from L’. The way
this works is that a Gjs-set is determined by a countable function, so that if T
describes a Gj-set, then only countably many elements of 7T are involved in
the description. So, take two elements a9 and «o; of w; not mentioned in
any element of T" which takes part in the description; one of x,, and x,, will
be in L’ and the other will not. Now construct a new condition U out of T
in such a way that U treats ag and «; exactly the same; that is to say, there
is a symmetry on U which interchanges the roles of ay and o, and which
leaves the part of U which describes the Gj-set unaffected. It turns out that
the symmetry is so great that if U forces x,, to be in the Gs-set, then it does
not force x,, to be outside it; and so we show A that the G;-set is different
from L'.

Let w; be divided, in the ground model, into two disjoint uncountable sets
L and M. We show that in the generic extension, L' = {x, :« € L} is not a
Gs-set. In particular, we show that if, in the generic extension, (), ., U, is a
Gs-set, then L' # ,c, Un -

For, let ¢ be some name for a function from w x w to %, such that for
each n, I U, &(n, k) =U,.

new
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Let T € P describe ¢ and have a greatest element ¢. For each » and k, let
Ap i be a maximal antichain in T such that for each a € 4, ;, T | a decides
the value of g(n, k). Let o* and C C G(T) be such that for each a* x C €
Z(T), and for all a in any of the A4, ,, dom(p,) C o*, and dom(r,) C C.
Let ap € L and a; € M be greater than o*.

Let wy: w1 — w; be defined to fix every element of w; except ag and
a1, which it switches, and let @, be a self-inverse bijection on w;, with the
property that @ [G[T]]N G[T] = @. Let w! be the isomorphism on Q, and
w* be the isomorphism on P, induced by wj x @, . Notice that w! and w*
are self-inverse. (% is meant to suggest the double-sharp sign.)

If seT, s’ €w™(T) and ps; = py, we define the amalgamation [s, s'] of
s and s',tobe (ps, qsUqy, rsUry).

Define U tobe {[s,s']:s€ T, s € w*(T),s | (a*x C) = wh(s) |
(o* x C) & ps = psy}, with G(U) being G(T) U w,[G[T]].

We define Z(U) tobe {Ax(CUw[C]):(AxC)eB(T) & a* CA&CC
C}.

10.1. Lemma. UeP, ULT,and w*(U)=U.

Proof. To prove (P4), suppose that K is a finite compatible subset of U . Let
K' ={s:(3s)s,s'] € K)}. Then K’ is a compatible subset of 7. Let u
be a lower bound in T for this set. Let K; = {(py,q,7): 3p){(p,q,r) €
K)} = {[(pu, q, r>’ (pu, q,a r/)] : (Ep,p’)([(p, q, r)’ (pl9 ql’ rl)] € K)}’ then
K, is a compatible subset of U, and K| = {s: (3s’)([s, s'] € K;)} has lower
bound u. Now, since o* x C € €(T), v = u | («* x C) € T. But then,
since s | (a* x C) = w!(s') | (a* x C) whenever [s,s'] € K, if K| = {s:
(3s)([s, s'1 € K1)}, then K U{w!(v)} is compatible and so has a lower bound
w in w*(T). Let v’ = (py, qu, r,); then &' isin T and lies below u, and
since w < w!(v), whw) | (a* x C) < ' | (a* x C) < v. Finally, by (P8),
there exists x in T such that x < #' and x | (o* x C) = wl(w) [ (a* x C).
Since x <u', p, extends p, = p, . Let w’' = (px, qu, r'y); this is an element
of w*(T) and lies below w .

Then w’ is a lower bound in w>(T) for K|, x is alower bound in T for
K|, w' and x are compatible, p,,, = px and x | (a*xC) = wh(w’) [ (a*xC),
so [x, w'] exists as a member of U and is a suitable lower bound for [s, 5]
and [z, V'].

Now we show that U < T. Define n so that n([s, t]) = s. We show that
this works.

If [s, #] exists, then certainly s = (ps 4, g5, | (01 X G(T)), 115, | G(T)) .

Suppose that K is a finite subset of 7" and {[s;, ¢;]: i € k} is a finite subset
of U, and that their union is compatible. Then if ¢ = w!(t | (o* x C)) and
"= (pt, qr , rt’) ’ then by (PS) and (P7) on wx(T) s {[ta w”(t [ (a* x C))] :
t € K} C U, and its union with the set of [s;, ;] is compatible. So there is in
U a lower bound for all of them.

Suppose that [s, ] € U; then n([s, t]) = s. Suppose that s” € T | s. Let
s’ = (psn, g5, 1s), and let ¢’ = (py, q;, r;); then [s', '] is an element of U
below [s, f]. Then s” | (a*xC) <s§' | (a*xC) =w!(t') | (a*xC). So, by (P8)
on T, there exists w!(¢") < w!(t') such that w!(t") | (a* xC) =s'| (a* x C)
and py = pgr . Then [s”, "] € U, and =n([s", t"]) =s".

To prove (06), suppose that [s, {] € U,and AxC € € (U), that dom(ps, )




A-SETS 59

C A and dom(r ) C C, that s’ € T, and that #n([s, f]) =s=s"[ (4 x C).
Then we use (P8) and (PS)on T tofind ¢ € w*(T) | ¢ suchthat ¢ [ (a*xC) =
wh(s’ | (a* x C)), and such that p, = py. Then [s', ¢'] is an element of U
below [s, t], and =n([s’, t']) =s’, as required.

We also observe that U is fixed by w!. 0O

102 Lemma. Suppose that W < U, and that W I+ %o, € U,. Then

w*(W) Ik Xa, € Npee Un

Proof. Suppose that W < U, and that W IF X, € (\,¢, Un - Then for each n,
there is a dense set of Y below W, for each of which there exists I € & such
that Y I+ X, € I C U,.

We show that for each such Y, there exists Z below w*(Y) such that
ZI%e €ICU,.

Without loss of generality, Y has a greatest element y .

Suppose that my witnesses Y < U, that 7; is the function defined in the
proof of Lemma 10.1 witnessing U < T, and that n is their composition.

We are given that Y IF X,, € I. But this can only mean that o € dom(py),
and that p,(a) C I. But then, w!(y) is the greatest element of w*(Y), and
pwl(y)(al) =Py(ao)-§ I,s0 w*(Y) I+ Xo, €1.

We are also given that Y I I C U,. Well, T describes &, so there exists ¢
in the range of n such that T | ¢I- I C U,. Suppose that my(z) = u and that
m(u)=t.

Thensince T | ¢ I+ I C U, , by the definition of o* and C, there exists s € T
compatible with ¢ such that dom(p;) C o*, dom(r;) CC,and T | sk I C U,.

Now since u € U and m;(u) = t, there exists ¢ such that u = [t, ¢']; ¢
necessarily satisfies ¢ [ (a* x C) = w!(t') | (o* x C). So w!(s) is compatible
with ¢. (Note that [s, w!(s)] is an element of U.) Hence [s, w!(s)] is
compatible with u.

But, [s, w!(s)] = w!([s, w!(s)]), and so is compatible with w!(u) =
[w!(t), w'(1)].

Now, if = is the function induced by 7y under the map w?!, then 7}
witnesses w>*(Y) < w*(U) = U. Since nj(w'(z)) = wh(u), and w!(u)
and [s, w!(s)] are compatible, w!(z) and [s, w!(s)] are compatible (using
condition (O4)) and so there exists v in w*(Y) which is a lower bound for
[s, w!(s)] and w!(z).

Then w*(Y)[v<U |[s,w!(s)]<T's,s0 w>*(Y)|vItICU,.

Since w*(Y) [v <w*(Y), @>*(Y) v Ik %o €I C U,.

w>*(Y) | v is therefore the element of P below w*(Y) that we were looking
for. O

new

10.3. Proposition. U ¥ L' =(,c,, U

Proof. By Lemma 10.2, if U IF X,, € ﬂnew Un, then U ¥ X0, ¢ Nyew Un
Hence, if U L' c,., Us,then UW¥N, ., U, CL'. O

new new

10.4. Theorem. X is not a Q-set.

Proof. We have shown in this section that if () . U, isaname fora Gs-set and

new

T is a descriptor of it, then there exists U < T which does not force the G;-set
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equal to L’. Since the set of descriptors of a Gs-set is dense, IF L' # ¢, Un -
Since this is true for every name for a Gs-set, L’ itself is not Gs. Since X
has a subset which is not Gy, it is not a Q-set. O

11. CONCLUSIONS

The proof that it is consistent that there exists a A-set that is not a Q-set
is now complete. The method presented can be easily modified to yield a set
whose every finite power is a A-set, but which is not a Q-set, thus answering
D. J. Lutzer’s question. In this model, 2% = 2% . A model in which there
was an uncountable A-set and in which the continuum was less than 2® would
contain a subset of size 2% of the set of all functions from w; to w, which
dominated under the product partial order, and hence under the partial order
of eventual dominance; this is because if X is a A-set, then the set of functions
from X to w corresponding to decreasing countable sequences of open subsets
of X with empty intersection, is a set of size 2% and is a dominating family
in ?@. (The question of the existence of such a model was investigated in [S]
and [JP], and certain restrictions were placed on models in which one existed,
for example, that in such a model, the continuum must be greater than or equal
to Ry, and cannot be real-valued measurable.) However it seems to be difficult
to modify the partial order used in this paper to simultaneously add a large
number of reals and preserve cardinals greater than ;.
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