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THE STRUCTURE OF HYPERFINITE BOREL
EQUIVALENCE RELATIONS

R. DOUGHERTY, S. JACKSON, AND A. S. KECHRIS

Abstract. We study the structure of the equivalence relations induced by the

orbits of a single Borel automorphism on a standard Borel space. We show that

any two such equivalence relations which are not smooth, i.e., do not admit

Borel selectors, are Borel embeddable into each other. (This utilizes among

other things work of Effros and Weiss.) Using this and also results of Dye,

Varadarajan, and recent work of Nadkarni, we show that the cardinality of

the set of ergodic invariant measures is a complete invariant for Borel isomor-

phism of aperiodic nonsmooth such equivalence relations. In particular, since

the only possible such cardinalities are the finite ones, countable infinity, and

the cardinality of the continuum, there are exactly countably infinitely many

isomorphism types. Canonical examples of each type are also discussed.

This paper is a contribution to the study of Borel equivalence relations on

standard Borel spaces. We concentrate here on the study of the hyperfinite ones.

These are by definition the increasing unions of sequences of Borel equivalence

relations with finite equivalence classes but equivalently they can be also de-

scribed as the ones induced by the orbits of a single Borel automorphism. They

include therefore a great variety of examples, some of them discussed in §6. For

instance, the equivalence relations: Fn on 2N (where xE0y iff x, y are even-

tually equal, i.e., 3«Vw > n(xm = ym)), Et on 2N (where xEty iff x, y have

equal tails, i.e., 3n3mVk(xn+k = ym+k)), E(Z,2) on 2Z (where xE(Z,2)y
iff x is a shift of y), Ea on the unit circle T (where a £ T and xEay iff

x is the rotation of y by na, n £%), F(R/Q) on R (the Vitali equivalence
relation, i.e., xE(R/Q)y iff x - y £ Q), are all hyperfinite.

Our main results in this paper provide a classification of hyperfinite Borel
equivalence relations under two different notions of equivalence. The weaker

one, which we call bi-embeddability, is the following: Given hyperfinite Borel

equivalence relations E, F (on X, Y resp.) we say that E embeds into F,

in symbols E C F, if there is a Borel injection /:I->7 such that xEy <¿>

f(x)Ff(y). Then E, F are bi-embeddable, in symbols E « F , if F C F and
F Ç E. As it turns out, except for the trivial class of smooth relations, i.e.,

those having Borel selectors, any two hyperfinite Borel equivalence relations are

bi-embeddable; i.e., we have
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Theorem 1. Let E, F be nonsmooth hyperfinite Borel equivalence relations.

Then E « F.

The strong notion of equivalence that we consider next is that of Borel iso-

morphism, where F, F (on X, Y resp.) are Borel isomorphic, in symbols

F £ F, if there is a Borel bijection /: X -> Y with xEy «• f(x)Ff(y). By
using Theorem 1 and recent work of Nadkarni [N2], as well as some classical

results in ergodic theory, such as Dye's Theorem and the Ergodic Decomposi-

tion Theorem, we are able to classify completely hyperfinite Borel equivalence

relations up to Borel isomorphism. For the nontrivial case of the aperiodic ones,

i.e. those containing no finite equivalence classes, this works as follows:

Theorem 2. Let E be an aperiodic, nonsmooth hyperfinite Borel equivalence

relation. Then E is Borel isomorphic to exactly one of the following: Et, Fn x

A(n) (the product of Fn with the equality relation on n elements) for 1 < n <

No, F*(Z, 2) (the restriction of F(Z, 2) to the aperiodic points of 2Z).

This theorem is equivalent to the following result providing a complete in-

variant for Borel isomorphism. Given a hyperfinite Borel equivalence relation

F on X, induced by a Borel automorphism T, we say that a probability mea-

sure p on X is E-invariant if it is F-invariant and E-ergodic if it is F-ergodic

(i.e. every F-invariant set has measure 0 or 1). It is easy to check that this def-

inition does not depend on T. Denote by %b(E) the space of nonatomic (this

is unnecessary if F is aperiodic), F-invariant, ergodic measures. Then we have

Theorem 2'. The cardinal number card(s?o(F)) is a complete invariant for Borel

isomorphism of aperiodic, nonsmooth hyperfinite Borel equivalence relations, i.e.

for any two such E, F,

E^F e> card(#o(F)) = card(r0(F)).

This was conjectured by M. G. Nadkarni (see [CN2]), who proved first in
[N3] the case when card(<3o(F)) = card(t§o(F)) is countable, by using his result

in [N2] and Theorem 1.
This paper is organized as follows. In §1 we discuss in general countable

(i.e., having countable equivalence classes) Borel equivalence relations, review

a representation result of Feldman-Moore [FM], and discuss some of its con-
sequences. In §2, we study the well-known notion of compressibility that plays

an important role in the sequel. In §§3 and 4 we present some basic facts about

invariant and quasi-invariant measures. The notion of hyperfinite Borel equiv-

alence relation is discussed in §5, and in §6 various examples are presented. In

§7, we prove Theorem 1 and some of its consequences. The hyperfiniteness of

tail equivalence relations is established in §8. The classification Theorems 2

and 2' are proved in §9, and §10 deals with an illustrative class of examples—

the Lipschitz automorphisms of 2N . Finally, § 11 collects miscellaneous facts

related to the results in this paper and other work in the literature.

There are several interesting open problems concerning hyperfiniteness. For

example:
( 1 ) Is the increasing union of a sequence of hyperfinite Borel equivalence

relations hyperfinite?

(2) (Weiss) Is an equivalence relation induced by a Borel action of a countable

amenable (or even abelian) group hyperfinite? (This is known to be true for the

groups Z"—Weiss.)
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(3) Is the notion of hyperfiniteness effective, i.e., if F is a Aj hyperfinite

equivalence relation on 2N , is F induced by a A¡ automorphism of 2N ?

There is an extensive literature on the subject of countable Borel equivalence

relations in a measure theoretic framework, as it relates to both ergodic the-

ory and the theory of operator algebras. The reader can consult the surveys

C. C. Moore [Mo] and K. Schmidt [S2] about this. There is also some recent

work in the Baire category framework; see Sullivan-Weiss-Wright [SWW]. In the

descriptive set theoretic Borel context that we are interested in, relevant to us

here is the work of Weiss [W2, W3], Chaube-Nadkarni [CN1, CN2], Nadkarni
[Nl, N2, N3], Wagh [Wa] as well as [Kl, K2, K3], while further references
can be found in the bibliography of these papers. Finally, for standard results

in classical descriptive set theory that we use in this paper, see [Ku] or [Mos].

(Two particular such results that are used often below are: The image of a Borel

set under a countable-to-1 Borel function is Borel [Mos, 4F.6]; a Gg subset of

a Polish space is Polish [Ku, §33, VII.)
In conclusion, we would like to thank both B. Weiss and M. G. Nadkarni,

for helpful discussions and correspondence on the subject matter of this paper.

1. Countable Borel equivalence relations

Let X be a standard Borel space, i.e. a set equipped with a cr-algebra (its

Borel sets) which is Borel isomorphic to the cr-algebra of the Borel sets in a

Polish space. A Borel equivalence relation E on X is an equivalence relation

which is Borel as a subset of X2 (with the product Borel structure). For each

Borel subset Y c X v/e denote by F \ Y := E n Y2 the restriction of F to Y.

We want to consider some basic comparability relations among Borel equiv-

alence relations.

Let (X, E), (X', E') be two Borel equivalence relations.

(i) We say that F is (Borel) reducible to E', in symbols F < E', iff there is

Borel f: X -> X' such that F = f~x[E'], i.e., xEy •»• f(x)E'f(y). Any such

reducing map / induces an injection /: X/E —> X'/E' of the quotient spaces

given by f([x]E) = [f(x)]F' where [x]e denotes the F-equivalence class of
x . We also use E »* E' :<&■ E < E' A E' < E for the bi-reducibility relation.

(ii) We say that E is (Borel) embeddable in E', in symbols F ç. E', if F
is reducible to E' by an injective Borel map. We also use F « E' :•«• E ç

E' A E' c. E for the bi-embeddability relation.
If we denote by E = E' the relation of (Borel) isomorphism between F

and E', i.e. the existence of a Borel bijection /: X —► X' such that xEy o

f(x)E'f(y), then it is clear (since a Borel injective image of a Borel set is Borel)

that
F Q E' & 3 Borel Y C X'(E a E' \ Y).

(iii) Finally, we say that F is (Borel) invariantly embeddable to E', in sym-

bols E Q' E', if E = E' \ Y, where F is a Borel subset of X' invariant under

E' (i.e., y £ Y, zE'y => z £ Y). By the usual Schroeder-Bernstein argument,

F £ E' «■ E Q1' F' A E' ç' E.

Our primary goal here is to study countable Borel equivalence relations, i.e.,
Borel equivalence relations E for which every equivalence class [x]F is count-

able.
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Let G be a countable group and X a standard Borel space. A Borel action

is an action (g, x) i-> g • x of G on X (i.e. a map from G x X into X

satisfying 1 • x = x, gh • x - g • (h - x)) such that for each g, g(x) := g • x is

Borel (thus a Borel automorphism of X). This is the same thing as saying that

(g, x) h-> g . x is Borel from G x X into X, with G given the discrete Borel

structure (and the product has as usual the product Borel structure). Given a

Borel action of G on X, we denote by EG the induced equivalence relation

xEGy o 3g £ G(y = g ■ x).

This is clearly a countable Borel equivalence relation on X. Conversely we

have

Theorem 1.1 (Feldman-Moore [FM]). Let E be a countable Borel equivalence

relation on a standard Borel space X. Then there are a countable group G and

a Borel action of G on X such that E = EG.

We would like to mention first some consequences of this result.

Given any standard Borel space X and a countable group G, denote by XG

the set of maps from G into X with the usual product Borel structure. (If

card(C7) = n , with n < No, then XG is Borel isomorphic to X" .) There is a

canonical Borel action of G on XG given by g -p(h) = p(g~xh) for p £ XG ,

g £ G. We denote by E(G, X) the corresponding equivalence relation. This

equivalence relation, for X = 2N , is invariantly universal among all Eg in the

following sense.

Proposition 1.2. Let G be a countable group and EG the equivalence relation

induced by a Borel G-action on X. Then Eg E' F(C7, 2N).

Proof. Let {{7,},6N be a sequence of Borel sets in X separating points. Define

f: X -* (2N)G by
f(x)(g)(i) = l&g-x-x£Ui.

Then / is injective. Moreover g-f(x) = f(g-x) so / maps X onto an invari-

ant Borel subset Y of (2N)G and shows, in particular, that EG £ E(G, 2N) \

Y.   D

By taking G = Fœ, the free group with countably infinitely many generators,

we obtain

Proposition 1.3. Let E be a countable Borel equivalence relation. Then E D

F(FW,2N).

Concerning the embeddability relation E, one can obtain some tighter re-

sults. Let us note the following propositions.

Proposition 1.4. Suppose G is a homomorphic image of H. Then E(G, X) D

E(H,X).

Proof. If n : H —> G is an onto homomorphism, define p £ XG i-+ p* £ XH by
p*(h) = p(nh). Then h • p* = (nh • p)*, so this map shows that E(G, X) rz!

E(H,X).   D

Proposition 1.5. If G ç H (i.e., G is a subgroup of H), then E(G, X) Q
E(H,X).
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Proof. Define p £ XG ̂  p* £ XH by

....     (p(h),   ifh£G,
P(h) = < -rujr[ x0,       ifh^G,

where Xo is some fixed element of X.   □

Proposition 1.6.  E(G, 2z-{°>) Ç F(G x Z, 3).

J^/. Define p e (2z-i°>)G h. p* e 3GxZ by

„       ,     iPig)in),    if « ^ 0,

[2, if n = 0.

Then # = g • p => q* = (g, 0) • p*. Conversely if q* = (g, n) • p* and

n = 0 then q = g -p. If « ^ 0, then <?*(g0, «o) = P*ig~xgo, n0 - n), so
q(go)(n) = q (go, n) = p*(g~xgo, 0) = 2, a contradiction.   D

Proposition 1.7.  F(G, 3) E F(C7 x Z2, 2).

Froo/. View 0 as encoded by 00, 1 by 01, and 2 by 11. Define p £ 3G h-> p* €
2GxZ2   by

p*(/j,0 = o,   ifpU) = o,
-0, ifp(s)=l,/ = 0,

= 1, if p(g) = 1, 1 = 1,

= 1,    ifp(g) = 2.

If # = g-p , then q* = (g, 0)-p*. Conversely, if q* = (g, i)-p* and /' = 0, then
q = g-p. If /' = 1 and q(g0) = 1 for some g0 , then q*(g0, 0) = 0, #*(g0, 1) =
1 but q*(g0, i) = p*(g~xgo, 1 + 0, thus p*(g~xgo, 0) = q*(g0, 1) = 1 , so

P(g~xgo) = 2, while p"(g~xgo, 1) = q*(go, 0) = 0, a contradiction. So we

must have that q £ {0, 2}G in which case it is easy to see that q = g • p .   D

Letting Fn := the free group with n generators, we have now from the

preceding results that E(F2, 2) is universal among all countable Borel E in

the following sense.

Proposition 1.8. Let E be a countable Borel equivalence relation.   Then E E

F(F2,2).

Proof. We have

F E E(FW, 2N),    by Proposition 1.3

9ÈE{Fa,2*-W)

E E(F2, 2z-{°>),    by Proposition 1.5

(as Fœ is embeddable in F2)

E E(F2 x Z, 3),    by Proposition 1.6

E E(F2 x Z x Z2, 2),    by Proposition 1.7

E E(FW ,2),    by Proposition 1.4

E E(F2 , 2),     by Proposition 1.5.    D
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We do not know whether every countable Borel E is of the form EFl, or,

even more, whether E E' E(F2, 2) (see however Proposition 2.4 for an affir-

mative answer in a special case).

2. Compressibility

Given a countable Borel equivalence relation F on X, we denote by [[E]]
the set of Borel bijections f: A -> B with A, B Borel subsets of X, which

have the property that Vx £ A (f(x)Ex). Note that f: A -> B belongs to

[[E]] iff, for any countable group G with F = EG , there are Borel partitions

A = U/ew A'> B = U/eN B> and g' e G with gi\.A'] = Bi and gi = / on A' ■
For Borel sets A, B C X we let now A ~ F :«• 3/ e [[£]](/: /i -» 5). This

means that for any F-equivalence class C,if^c = ^4nC, Bc = BnC, there

is a 1-1 correspondence of Ac with Bc depending in a "uniform Borel" way

on C. Let also
A X B :-» 3 Borel B' C B(A ~ B').

Note that by the usual Schroeder-Bernstein argument

A~B^A<BNB<A.

We discuss now the notion of compressibility of an equivalence relation aris-

ing in the measure theoretic aspects of this subject in the Hopf Theorem (see

e.g. Weiss [Wl] or Friedman [Fr]) and studied extensively in the Borel context

in Nadkarni [NI, N2], Chaube-Nadkarni [CN1, CN2].
Let F be a countable Borel equivalence relation on X. We call F com-

pressible if there is Borel A C X with X ~ A such that X\A is full (or a
complete section), i.e., meets every F-equivalence class. This just means that

each F-equivalence class can be mapped into a proper subset of itself in a uni-

form Borel way, i.e., every equivalence class is Dedekind infinite in a uniform

Borel way. We have the following useful reformulations of compressibility.

Proposition 2.1. Let E be a countable Borel equivalence relation on X. Then

the following are equivalent:

( 1 ) F is compressible.
(2) There is a pairwise disjoint sequence {A„} of full Borel sets with An ~ Am

for all n, m .
(3) X is E-paradoxical, where a Borel subset A ç X is E-paradoxical if

there are disjoint Borel B, C ç A with A ~ B and A ~ C.

Proof.   (1) =» (2). Let /: X -> B, f £ [[E]] with X\B = A full. Put A„ =
fn\A}.

(2) =► (3). Let /„ : A0 - A„ , f„ £ [[E]] and let E = EG, where G = {gn}
is a countable group. Define N : X -»• N by

N(x) = least n such that gn • x £ A0

(this exists since Ao is full). Clearly N is Borel. Define now ho, hi on X by

^o(-*) = flN(x)(gN(x) ' X) ,       hi (x) = flN(x)+\(gN(x) ' x).

If h0[X] = B , hi[X] = C then clearly h0: X -» F», A, : AT -» C are in [[F]]
and so X ~ F , X ~ C. But also F n C = 0 and we are done.

(3) =*• (1). If /: X - F is in [[F]] and g: X -» C is in [[F]] with
F n C = 0, then clearly C and thus X\B is full, so F is compressible.   D
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We call now a Borel subset A ç X compressible if E \ A is compressible. A

well-known basic fact (see [Nl, 5.7]) about compressible sets is the following.

Proposition 2.2. Let E be a countable Borel equivalence relation on X and

AC X a Borel set. If A is compressible, then A ~ [A]e where

[A]E = {x£X: 3y[y £ A AxEy]}

is the E-saturation of A. In particular, [A]E is also compressible.

Proof. By Schroeder-Bernstein it is enough to show [A]e <A. By 2.1, let {A„}

be pairwise disjoint Borel subsets of A full for F \ A and thus for F \ [A]E ,

with A„ ~ Am . Then exactly as in the proof of (2) => (3) of 2.1 (applied with

X = [A]E), we have that [A]E d U« An = A ■   □

This has the following immediate corollary.

Proposition 2.3. Let E, F be countable Borel equivalence relations. Then, if E

is compressible and E Q F, we have E =l F. In particular, for compressible

E,F:EkF &E^F.

Proof. Let F E F , so that F = F \ A , A a Borel set. Then A is compressible

(for F). So A ~ [A]F , thus F 2 F \ A £ F f [A]F , i.e., E E«' F.   D

Another corollary is the following.

Proposition 2.4. Let E be a countable Borel equivalence relation. If E is com-

pressible, then E E' E(F2, 2) and so in particular E is induced by an action of

F2.

We will provide now some further equivalents of compressibility. For each

set Q, let 1(d) := Q x Q be the largest equivalence relation on d. Put
^oo •= J(N) • For equivalence relations E on X and F on Y, E x F denotes

the product (on I x 7) where

(x, y)E x F(x', y') :<* xEx' A yFy'.

Call an equivalence relation F aperiodic if every F-equivalence class is infinite.

Finally, call a Borel equivalence relation F on X smooth if there is a Borel

function f: X —> Y (Y some standard Borel space) with xEy •» f(x) — f(y),
i.e. E <A(Y), where A(Í2) := the equality on d. For countable Borel F, this

is equivalent to the existence of a Borel selector, i.e., a Borel function S: X —> X

with xEy =* S(x) = S(y), S(x)Ex.
As usual, F c F means that F is a subequivalence relation of F (i.e.

xEy => xFy).

Proposition 2.5. Let E be a countable Borel equivalence relation.   Then the

following are equivalent:

( 1 ) F is compressible,
(2) E =■ E x /«,,

(3) there is a smooth aperiodic Borel equivalence relation F c F.

Proof. (1) => (2). Clearly £s(£x/M) f(Ix {0}) and so E ^ (E x /«,) \

[X x {0}]ExIaa =ExIO0, by 2.3.
(2) => (3). It is enough to show that (3) holds for ExI^ . Define F Ç Exl^

by (x, n)F(y, m) <$ x = y .
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(3) =>■ (1). Note that, since F admits a Borel selector and each F-equiv-

alence class is infinite, F is compressible. But it is also straightforward to check

that if F is compressible and F ç E, then F is compressible.   D

Note that in (3) =>• (1), one only uses the following:  F C F, F is smooth

Borel and every F-equivalence class contains an infinite F-equivalence class.

For each set d, Eo(d) is the equivalence relation on QN given by

xEo(d)y :«• 3«Vw > n(xm = ym).

We let F0 := F0(2). We also denote by Et(d) the equivalence relation on QN

given by

xEt(d)y :«• 3n3mVk(xn+k = ym+k)

and let again Et := F,(2).
Consider then the following examples of compressible E :

(a) Let X = NN and E = Fn(N) • To see that F is compressible, note

that F C E, where xFy :o x' = y', with x' = (xi, x2, ...) if x =

(xo, X\ , x2,... ).
(b) Let X = 2N and E = Et. Again F is compressible since F C F, where

jcFy :o [x , y are eventually equal to 1] V [x = 1""0V A y = lm~0~y' with

x' = y'].
We can also use the present ideas to provide some alternative characteriza-

tions of the notion of bi-reducibility E k.* F introduced in §1.

We call two Borel equivalence relations F, F stably isomorphic, in symbols

E =s F if there are Borel sets A, B full for E, F resp., such that F \ A =

F \B.
We then have

Proposition 2.6. L<?Z E, F be countable Borel equivalence relations on X, Y

resp. Then the following are equivalent:
(1) Em* F,

(2) E^SF,
(3) ExI^^F x /«,.

Froo/. (3) =M2). Let /: I x N ^ F x N be a Borel isomorphism of F x

Fo, F x /oo. Put ^ = {x € X: 3n3y(f(x, n) = (y, 0))}. For x £ A, let
N(x) = least n with 3y[/(x, n) = (y, 0)]. Put g(x) = the unique y with

/(x, V(x)) = (y, 0). Clearly g is Borel injective. Let g[A] = F. Clearly
^, B are full and g shows that E\A^F\B.

(2) => (1). Let A, B be Borel full with E \ A^ F \ B via f. Let E = EG
with 07 = {g„} a countable group. Define for each x £ X, N(x) = least n

with g„ • x £ A and g : X —> Y" by g(x) = f(gN(x) • x). Then g is Borel and
reduces F to F , thus E < F . Similarly F < F, so E &* F .

(1) => (3). Suppose f:X—>Y reduces E to F and g : 7 -> X reduces F

to E. Let /: X/F —► 7/F be the induced injection given by /([x]£-) = [f(x)]F

and similarly for g : Y/F —> X/F. By Schroeder-Bernstein applied to /, g,

we can partition X into F-invariant Borel sets A, B and Y into F-invariant

Borel sets C, D such that / maps A/E onto C/F and g maps D/F onto

B/E. Therefore f[A] is full in C and g[D] is full in B. Note that since
f, g are countable-to-1, f[A], g[D] are Borel sets.

We will show that (F x 1^) \ (B x N) = (F x 7^) f D', where D' is Borel
full in D x N, and (F x /„,) [ (C x N) = (F x /«,) [ A', where ^' is Borel
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full in A x N. Since E x Iœ , F x 7^ are compressible, this will imply that

(F x /«,) \ (B x N) S (F x /„) r (D x N) and (F x 7^) f (C x N) * (F x /«,) r
(ixN),so F x Ix S F x 7oo .

Let us work with (F x 1^) \ (C x N), the other case being similar. Let

(F x 7œ) = EH, with 77 = {hn} a countable group. Given z 6 C x N, let N(z)
be the least n with //„ • z = (y, 0) and y € /[/Í]. Put hN^ • z = (p(z), 0),

p Borel. Let /*: /[^4] -> ^ be Borel with f(f*(y)) = y, which exists since

/ is countable-to-1. Finally put q(z) = (f*(p(z)), N(z)). Then q is a Borel

injection, A' = <7[CxN] is full in AxN,and q shows that (Fxl^) \ (CxN) £

(F x 70o) r ¿'.   □

We close this section with the following question:

Let F, F be aperiodic countable Borel equivalence relations. If F «* F, is
it true that E kFI

Note that this is equivalent to asking whether £ x /„ ç £ for all aperiodic

F. A counterexample could be provided, for example, by finding a property

¡P(E) of aperiodic countable Borel equivalence relations, which is preserved

under restriction (i.e. 3°(E) => ¿P(E \ A)) but not extension from a full subset
(i.e., 0s (E \ A) does not necessarily imply 0(E), whenever A is full for F).

3. Invariant and quasi-invariant measures

Let X be a standard Borel space. By a measure on X we will always mean a

o-finite Borel measure on X. If p is a measure on X and p(X) < oo we call

// finite; if //(X) = 1, // is a probability measure. For any Borel f: X -* Y,

we define fp to be the measure fp(A) = p(f~x[A]).

For any measures p,v on X, p « v means that p is absolutely continu-

ous to v (i.e., v(A) = 0 => p(A) = 0), and we let

p ~ v :-» p « v A v « p.

This is an equivalence relation on measures, whose equivalence classes [p]~ (or

just [//]) are called measure classes. Note that for any p there is a probability

measure v with v £ [p]. A measure /z is orthogonal to /^, in symbols p -Lv ,
if there is a Borel partition X = AU B with yu(yi) = i/(F) = 0.

Now let G be a countable group acting in a Borel way on I. A measure p

is called G-invariant if g-p = p (here g-p is the measure gp for g(x) = g-x

so that g • p(A) = p(g~x - A)) and G-quasi-invariant if g • p ~ p.

Suppose now F is a countable Borel equivalence relation on X and p a

measure on X. We call p E-invariant if p is G-invariant for any G acting

in a Borel way on X with E = EG ■ It is easy to see that this property is

independent of G and is equivalent to either of the properties below:

(1) If f£[[E]], f:A^B,then p(A) = p(B).
(2) If f£[[E]], f:X^X,then fp = p.
With the preceding notation, we call p E-quasi-invariant, if for any G with

E = EG, p is (7-quasi-invariant. Again it is easy to see that this is independent
of G and equivalent to the following properties:

(1) For any Borel ACX,if p(A) = 0 then p([A]E) = 0.

(2) If / £ [[E]], /: A -> B and p(A) = 0, then p(B) = 0.
A measure p on X is caled E-ergodic if, for any Borel invariant A , p(A) =

0 or p(X\A) = 0. It is called E-nonatomic if p([x]e) = 0 for each F-

equivalence class [x]^, i.e., p({x}) = 0 for each point x.
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Let us notice first a few simple facts:

Proposition 3.1. Let E be a countable Borel equivalence relation and p a mea-

sure. Then there is an E-quasi-invariant measure p* such that:

(1) If A is Borel E-invariant, then p(A) = p*(A).
(2) If p is E-ergodic, so is p*.
(3) p* is a least, in the sense of «, measure such that p* is E-quasi-

invariant and p « p*.

Proof. Let E = EG with G = {g\, g2, ...} . First, we claim that we can write

X (the space on which F lives) as X = \Jn A„ , with A„ Borel, such that for all

/', p(gi • A„) < oo. To prove this, call a Borel set A C X nice if p([A]E) > 0

and p(gj • A) < oo, for all /'. We claim that nice sets exist: Indeed, fix a

Borel set F with oo > p(B) > 0. Then write g¡ • B = \Jn B¡ „ , where the sets

Bin are Borel, increasing with n and p(B¡;„) < oo.. For each /', fix n — n(i)

such that p(g;x ■ Bt,„) > p(B) - p(B)/2l+2'. Put A = fl, g~l • £/,„(/) » Then
p(A) > 0, so p([A]e) > 0, and gi- AC. F(„(;), so p(g¡ • A) < oo . By a simple

exhaustion argument now, we can find a sequence C, of nice Borel sets with

\Ji[Ci] = X.Let {An} = {gj • d} .
Fix now such a sequence {A„} and choose a sequence {a,} of positive reals

such that a = ^a, < oo and ^2a¡p(g¡ • A„) < oo, for all n . Define then p*

by

p*(A) = a~xY^otiP(gi-A).

Clearly p « p* and (1), (2) hold. For (3), assume p « v and v is F-

quasi-invariant. We will show that p* « v : For any Borel A ç X, v(A) =

0 => Vg e G(v(g -A) = 0)^Vg£ G(p(g • A) = 0) =>» p*(A) = 0.   D

Proposition 3.2. Let E be a countable Borel equivalence relation and AC X a
full Borel set. Let p be a measure on A which is E \ A-invariant. Then there

is a unique E-invariant measure v on X with v(B) = p(B) for all Borel sets

B ÇA. If p is nonatomic or ergodic (for E \ A), so is v (for E).

(In general, v will not be finite even if p is.)

Proof. Let F = EG, G = {go, gi, ■..} a countable group, with go — 1 . Put

At — gi- A, Bi = Ai\ \Jj<¡ Aj, so that {F,} is a Borel partition of X. Put

oo

u(B) = ^ß(gfl'(BnB,)).
i=0

Clearly v(B) = p(B), for B ç A   {=A0 = B0).
To see that v is F-invariant, note that, if for Borel F C X, g £ G we

define

Bitk = {x£BnB¡: g-x£Bk},

then {B, k} is a Borel partition of B. So to show v(B) = v(g ■ B), it is

enough to show that v(Bik) = v(g • Bi<k). Equivalently, assume that F c F,

and g-BQBk. Now v(B) = p(gfx • B) and v(g • B) = p(g7x g ■ B). Define

h:gfx-B^ gkxg-B by h = g7xggt \ g7x-B, so that h £ [[E \ A]]. Thus by

the F f ̂ 4-invariance of p we have p(g¡~x -B) = p(gj7xg-B) and we are done.
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Assume now p is nonatomic. Then clearly so is v. If p is ergodic, let

B ç X be F-invariant. Then A n B is F f ^-invariant. Say p(A n F) = 0.
Then v(AnB) = 0, so v([A n F]£) = v(B) = 0. Similarly if p(A\B) = 0.   D

Proposition 3.3. Lei E be a countable Borel equivalence relation and A ç X

a full Borel set. Let p be a probability measure on A which is E \ A-quasi-
invariant. Then there is a probability measure v on X such that v is E-quasi-

invariant and v(B) = v(A) • p(B) for all Borel sets B ç A. If p is nonatomic

or ergodic (for E \ A), so is v (for E).

Proof. Let F = EG , G = {g¡} , go = 1. Define A¡, B¡ as in 3.2 and put

oo

v(B) = cß'£2-i-xp(g-X'(BnBi))

;=0

for F c X Borel, where cß is a positive constant such that v(X) = 1. It is

easy to check that v(B) = v(A) • p(B), for F C A .
We will check next that v is F-quasi-invariant. Let B C X be Borel with

v(B) = 0; we will show that v([B]e) = 0. We can assume that F C F, for

some /'. Since [B]E = [g~x • B]E , it suffices to show that

CCA Borel A p(C) = 0 =► v([C]E) = 0.

For that it is enough again to show that p(g7x • ([C^nF,)) = 0 for each j. But

g]~l • Í[C]e n Bj) c [C]E\A , and p{[C]E\a) = 0 by the F f yi-quasi-invariance

of p.
If p is nonatomic, clearly so is v. If p is F [ J-ergodic, then v is F-

ergodic as in 3.2.   D

In particular (from 3.2), if F E F and F has an invariant (nonatomic,

ergodic) measure, then so does F .

We now have the following result which is a special case of the theorem in

Harrington-Kechris-Louveau [HKL], but was already proved earlier in Effros

[El, E2] and Weiss [W2].

Theorem 3.4 (Effros [El, E2], Weiss [W2]). Let E be a countable Borel equiv-

alence relation. Then the following are equivalent:

( 1 ) F is not smooth;

(2) FoEF;
(3) F admits a nonatomic, ergodic, (quasi-)invariant measure.

Since it is easy to check that every smooth countable Borel F on an un-

countable space X admits a nonatomic invariant measure, it follows that every

countable Borel equivalence relation F on an uncountable space X admits a

nonatomic invariant measure.

Not every countable Borel equivalence relation admits a finite invariant mea-

sure. It is clear that if F is compressible it cannot admit such a measure. The

following basic result of Nadkarni shows that this is the only obstruction and

provides a fundamental relation between compressibility and existence of finite

invariant measures.

Theorem 3.5 (Nadkarni [N2]). Let E be a countable Borel equivalence relation.

Then the following are equivalent:
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(1) F is not compressible,

(2) E admits an invariant probability measure.

(In [N2], this is stated and proved only for hyperfinite F (see §5), but the

proof can be easily generalized to arbitrary countable F.)

§4. The spaces of invariant and quasi-invariant measures

Let X be a standard Borel space. Denote by J?(X) the space of probability

measures on X equipped with the Borel structure generated by the maps p •->

p(A), where A c X is Borel. This is a standard Borel space (see, e.g., [Va]). If

now F is a countable Borel equivalence relation on X, put

Jo(E) := {p £ J£(X) : p is F-invariant and nonatomic},

<§o(F) := {p £ JoiF): p is F-ergodic}.

Then Jo(E), io(F) are Borel subsets of J[(X) (see again [Va]). Let also

@Jo(E) := {p £ J?(X): p is F-quasi-invariant and nonatomic},

Éffo(F) := {p £ &fo(E): p is F-ergodic}.

Again SJ^(E) is Borel, a fact which can be seen as follows: Since any two

uncountable Borel spaces are Borel isomorphic, we can assume that X = 2N.

Let {C„} be an enumeration of the clopen subsets of 2N . Then if E = EG ,

with G = {go, gi, ■ ■ ■} , we have that a probability measure p on 2N is in

SJo(F) iff (1) ViVn3mVj[/i(Cj) < l/(m + 1) =*■ p(g¡ • Cj) < l/(n + 1)] and
(2) Vn3jl--jk[{CJI,..., Cjk} is a partition of 2N and p(Cjp) < l/(n + 1),

1 < p < k]. Although we do not need it, it can be shown that @%o(F) is also

Borel. (This has been proved by A. Ditzen, using the result in [KP] and the

method of [Va, Theorem 4.1].)
We will discuss J^, ^o (for hyperfinite F) in §9. Here we want to say a

few things about @J?o, @%?o • Clearly both of these are ~-invariant (where ~ is

equivalence of measures). For nonsmooth F, ~ on ¿ffo(F) is quite compli-

cated. The fact below strengthens results in Krieger [Kr2] and Katznelson-Weiss

[KW].

Proposition 4.1. Let E be a nonsmooth countable Borel equivalence relation.

Then there is a Borel injection F: 2N —> Jf(X) with range(F) ç é%o(F) and

xE0y ^ F(x) ~ F(y).

Proof. Since F is not smooth, we have by 3.4 that there is a Borel injection

/: 2N - X with xE0y & f(x)Ef(y).
For each p £ ^(2n), let fp £ Ji(X) be its image under /. So fp is a

measure on /[2N] = A. Applying 3.3 to fp (with X = [A]E there), we can

define an injective Borel map g: SJo(Eq) —> âUo(E) such that g[é%o(Fo)] E
â%o(E) and p ~ v <=> g(p) ~ g(v). So it is enough to show that there is a Borel

injection h: 2N -> J?(2N) with range(/z) C é%o(Eo) and xE0y o h(x) ~ h(y).
This follows easily by a standard argument applying a result of Kakutani (see,

e.g., [HS, 22.38]). For each x £ 2n, let px be the product measure on 2N,

where for x(n) = 0 the nth coordinate is given the (1/2, 1/2) measure, while

for x(n) = 1 it is given the (3/4, 1/4) measure. Then xFoy <=> px ~ py.

It is easy to check that px is Fo-quasi-invariant and is well known that it is

Fo-ergodic (see, e.g., [GM, 6.4.6]). Put h(x) = px .   D
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Finally we verify that the structure of &Jo(E), â%b(E) modulo ~ depends

only on the stable isomorphism type of F (recall =s and 2.6 here).

Proposition 4.2. Let E, F be countable Borel equivalence relations on the spaces

X, Y resp. If E =-s F, then there are Borel maps <P: ¿fL*o(F) -♦ SJo(F) and
*¥: &MF) -» SJo(F) such that p « v «• 0(/i) « 0(i/), p 1 v <* $>(p) 1
O(iv) and similarly for *¥, and ¥(«!>(//)) ~/i, <P(*F(//)) ~//. F//ms <P induces

a bijection «3>: SJq(E)/ ~-> SJo(F)/ ~ with inverse *¥. Moreover, <ï> maps

¿fëii{E)l~ onto ¿$W0(F)/~.

Proof. Fix full Borel sets ^4, F for F, F resp. and a Borel isomorphism g

of £ f ^ with £ f 5. It suffices clearly to show that there is a Borel map

g: ¿ÍJo(F) -» ¿fJo(F f ^) such that /* « // -o- g(//) « #(//), // J. <v ̂
#(//) 1 g(v) and similarly a Borel map h: &Jo(F \ A) -» ¿fJo(F) with the
same properties, such that gh(p) ~ p , hg(p) ~ p, with the further property

that g, h map ergodic measures to ergodic measures.

To define g, let p £ $Jo(E). Then p(A) > 0, as A is full, so define a
probability measure g(p) on A by g(p)(B) = p(B)/p(A) for Borel BÇA. It
is clear that g: €Jo(E) -» ^(F M). To define //, let // 6 éfJ^F f yl) and
let h(p) = v be defined as in the proof of 3.3. Note then that g(h(p)) = p.
We check next that hg(p) ~ p. If p(B) = 0, then p([B]E) - 0, from which
it follows that hg(p)(B) = 0. If hg(p)(B) = 0, then hg(p)([B]E) = 0, so
g(p)([B]E nA) = 0, thus p([B]E DA) = 0, and, as [[B]E n ¿k = [F]£,

M[^k) = o.
If // << v , clearly g(p) « g(v). If p « v , we verify that h(p) « h(v).

If h(v)(B) = 0, then (in the notation of the proof of 3.3) v(g~x • (FnF,)) = 0,

so v(AD[BnBj]E) = 0 (since [FnF,]£ = [g~x• (FnF,;)]£), thus //(^n[F]£) = 0,
p(A n [F]£) = 0, therefore h(p)(B) = 0.

Preservation of orthogonality is easy to check, as is the fact that both g, h

preserve ergodicity.   D

5. Hyperfinite equivalence relations

A countable Borel equivalence E is called hyperfinite if there is an increasing

sequence F0 C F» ç E2 C • • • of finite Borel equivalence relations with F -

U„ En (i.e., xEy <«■ 3«(xF„y)). A finite equivalence relation is one for which

all equivalence classes are finite.

Remark. The condition that the sequence be increasing is crucial. Every count-

able Borel equivalence relation F can be written as a union F = |Jn F„ , where

each F„ is a Borel equivalence relation all of whose equivalence classes have

cardinality at most 2. (This can be seen from the proof of Theorem 1.1 in [FM]:

It is shown there that there is a sequence of Borel automorphisms {f„} which

are of order 2, i.e., f2 = identity, such that xEy & 3n(fn(x) = y). Put now

En = {(x, y): x = y V f„(x) = y}.)
The next result gives a series of equivalent formulations of the notion of hy-

perfiniteness. The equivalence of (1) and (2) is due to Weiss [W2], the direction

(4) =► (1) to Weiss [W2], Slaman-Steel [SS] (see also Krieger [Krl, 4.1.1]), and
(1) =»• (4) to Slaman-Steel [SS].

Theorem 5.1. Let E be a countable Borel equivalence relation on X. Then the

following are equivalent:
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( 1 ) F is hyperfinite;
(2) E = U~ , E„ , where En are finite Borel equivalence relations, E„ C F„+1,

and each E „-equivalence class has cardinality at most n ;

(3) F = \J„E„, where En  are smooth Borel equivalence relations,  E„ C

Fn+\ ;

(4) E = Fz, i.e. there is a Borel automorphism TofX with xEy »3neZ
(T"(x)=y);

(5) There is a Borel assignment C >-»<c giving for each E-equivalence class

C a linear order <c of C of order type finite or Z. (That C i~+<c is Borel
means that the relation

R(x,y, z) :•» x <[z]e y

is Borel.)

Proof. First note that (4), (5) are easily equivalent. Indeed, if (4) holds and

assuming without loss of generality that X = R and letting < be the usual

ordering of R, we define for each F-equivalence class C,

x <c y :o x, y e C A [(C is finite A x < y)

V (C is infinite A 3« > 0 [T"(x) = y])].

Conversely, given C h<c , we define F by

F(x) :o (y is the successor of x in <[X]E) V (x is the last

element of <Me and y is the first element).

Using Theorem 1.1, it is easy to verify that F is Borel. We prove now the other

equivalences.

(1) => (2). Let F = iXi*». Rn E F„+1, Rx = A(X), Rn finite Borel
equivalence relations. Define E„ as follows: Ex = F» . For any n > 2, let
X„ = {x £ X: card([x]ÄJ < n}, X„_, = {x £ Xn: card([x]Ä„_,) < n},

Xn-2 = {x i X„ U *„_,. : card([x]Ä„_2) <//},..., X2 = {x i X„ U *„_, U

•■■Ul3: card([x]Ä2) < n} , Xx = X\(X„ U X„„i U • • • U X2) and put F„ = F„ f

X„ U F„_» r I„-iU; • • U R2 \ X2 U F, r *i .
(2) => (3). This is clear, since any finite Borel equivalence relation is smooth.

(3) => (1). Let F = U^Lo^n wiïh F„ smooth Borel equivalence relations,

F„ c En+i, Eo = A(X). Let sn be a Borel selector for En, i.e., s„(x)Enx,

xEny => s„(x) = s„(y). Let G„ = {gnk^}k^ be a countable group with F„ =

EGn. Define the relation F„ on X by

xFny :o 3m < n{xEmy

A 3ko, ki, ... , km

<n[x = g0%)sog\kl)sx---g(Jim)sm(x)]

A3l0,h,...,lm<n[y = g{ok)sog[li)Si ■ ■ ■ gim)sm(y)]}.

The proof will be complete from the following claims:

(a) F„ QFn+i,
(b) FnCE„,

(c) EC[JnFn,
(d) F„ is an equivalence relation,

(e) Fn is finite.
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(k (x)
Claims (a), (b) are obvious. For (c), note that VxVj3kj(x) x = gj ' s¡(x).

If xEy, say xEmy, let n = max{m, ko(x), ... , km(x), ko(y), ... , km(y)} .

Then xF„y . For (e), assuming (d), note that if x e [y]Fn, there is m < n with

xEmy and hence sm(x) = sm(y). So x is completely determined by numbers

ko,... , km < n and sm(y), so it can only take finitely many distinct values, i.e.,

\y]Fn is finite.

Proof of (d). Clearly Fn is symmetric and reflexive. We prove now that it is

transitive. Assume xFny, yFnz. Let p, q < n be such that xEpy, yEqz and

there are ko, ... , kp, Iq, ... , lr   (r = max(p, q)) and mo, ... , mq such that

x = g^so ■ ■ ■ g{Pkp)sp(x), y = g^so ■ ■ ■ g{rl']sr(y), z = g^so ■ • • gt<\(z).

Assume p < q. If p = q, we are done. So assume p < q. Let v =

gp7i+t)sP+i ■ ■ ■ g{qm']sq(y) and note that vEpy , since y = g(0mo)so ■ ■ ■ g¡?p)sp(v).

Since also xEpy, we have sp(v) = sp(x) and so

x = g0%)s0--gpk')sp(v)

= gpW--gpk'\gp?i+\+i---gt'\iy)

= grí°\---g^\gñ+l)Smu---dm\M

since Sq(x) = sq(y). So xF„z .

(1) =s> (5). Assume F = \Jn E„ with E„ increasing finite Borel equivalence

relations. We will find Borel assignments C >-><£• of linear orderings to each

F„-equivalence class C, which are increasing, i.e., if C = [x]e„ , D = [x]e„+í

(so that C c D) then <cE<d (i»e. for x, y £ C, x <G y ■& x <d y) and
<d is an end extension of <c, i.e., for a £ D\C, either c <p a, Vc £ C or

a <d c, Vc £ C. Then we will put, for each F-equivalence class C = [x]F ,

<c= Un <c where C„ = [x]F„. Then <c is a linear order of C and has

order type finite or co (={0, 1,2,...}) or w* (={..., -2, -1, 0}) or Z.

In the two middle cases we can easily rearrange the order in a Borel way to

make it also of order type Z, so the proof is complete, modulo the definition

Of <£.

Again without loss of generality we can take X = R and we let < be the

usual order of M. For n = 0 let <c=< Í C . Assume now <£. has been defined.

Let C be an F„+. -equivalence class and let C¡, ... , Ck be the F„ -equivalence

classes contained in it, arranged in order so that (the <-least element of C¡) <

(the < -least element of C,-) iff i < j. Then let

x <c+x y :<* 3k(x, y £ Ck A x <Ck y) V 3fc < l(x £ Ck A y £ C,).

(5) => (1). Assume without loss of generality X = 2N and each F-equiva-

lence class is infinite, and hence ordered by <c in order type Z. For each

F-equivalence class C, let xc be the lexicographically least element of the
closure of C. The map y i-* x^E is Borel. Put

S% = {x £ C : x \ n = xc \ n}.

Define now the equivalence relations E„ C F as follows: If (x, y) £ E with

[x]e = [y]£ = C are such that (a) xG £ C, then let

xEny :o [x = y V the distance of xc from x, y in <G is at most n].
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If (a) fails, but (b) 3m[SG is bounded below in <c], let wo be the least such

m and zq the <c-least element of SG0. Then put

xEny :o [x = y V the distance of zc from x, y in <c is at most ri\.

If (a), (b) fail but (c) 3m[SG is bounded above in <c] proceed as in (b).

Finally, if (a), (b), (c) fail, so that {Sc} form a decreasing sequence of subsets

of C with SG unbounded in both directions in <c and C]nSG = 0, then let

xE„y :<(=> 3a3b[a, b are consecutive (in <G) members

of SG and a <G x <G b and a <c y <c b].

It is now clear that the relations F„ are increasing finite Borel equivalence

relations with \Jn En = E, so F is hyperfinite.   D

Here are also some basic closure properties of hyperfiniteness.

Proposition 5.2. Let E, F be countable Borel equivalence relations on X, Y

resp.

( 1 ) X = Y AE is hyperfinite A F c F =» F ¿s hyperfinite;
(2) E is hyperfinite A F < F => F is hyperfinite;
(3) F is hyperfinite A A is Borel => E \ A is hyperfinite;
(4) AC X is Borel, full for E and E \ A is hyperfinite => E is hyperfinite;
(5) E, F are hyperfinite => E x F is hyperfinite.

Proof. (1), (3), and (5) are immediate consequences of the definition. For (4),

let E = EG, with G = {g„} a countable group, and let for each x £ X, N(x) —

least n with g„ • x £ A . Let F \ A = \JnFn , with F„ finite Borel equivalence

relations on A, F„ C F„+I . Define F„ on X by

xEny :<=> [xEy A JV(x), N(y) <nh gN{x) • xFngN{y) .y]vx = y.

Then En C En+X, \J„En = E, and the equivalence relations En are finite.

Finally, for (2), let f'.Y-*X be a Borel map reducing F to F, so that /
is countable-to-1. Then A = f[Y] c X is Borel and E \ A is hyperfinite (by
(3)). Let g be a Borel inverse to / (i.e., g: A —> Y, f(g(x)) = x) and let

F = g[A]. Then F is full for F and F f ̂  s F [ F, so F \ B is hyperfinite
and so is F by (4)).   D

Before we proceed we would like to mention some open problems:

( 1 ) Is the increasing union of hyperfinite Borel equivalence relations hyperfi-

nite? (It is well known [FM, 4.2] that, if F„ are increasing Borel hyperfinite on

X with F = \Jn E„ and p is a measure on X, then there is Borel F-invariant

ACX with p(X\A) = 0 and F \ A hyperfinite.)
(2) Is the notion of hyperfiniteness effective? More precisely suppose X = NN

and E £ A\ is a hyperfinite equivalence relation. Is there a A| automorphism

T of X inducing F?
(3) What is the complexity of the class of hyperfinite Borel equivalence rela-

tions, i.e. what is the complexity of the set

{x: x codes a Borel equivalence relation on NN which is hyperfinite}.

It is clearly ~LX2 . If (2) has a positive answer which relativizes, then it is 11}.

6. Some examples

We will discuss here some examples of hyperfinite (and nonhyperfinite) Borel

equivalence relations.
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If F is a Borel automorphism of a standard Borel space X and we denote by

ET the equivalence relation generated by T, then, by 5.1(4), ET is hyperfinite.

Of particular importance will be the case of F = 5, the shift on the space

2Z (s(x)(n) = x(n + 1)). In this case Es = F(Z, 2) in our notation of §1.

It will turn out (see §9) that F(Z, 2) is invariantly universal for hyperfinite

Borel F (with no finite equivalence classes), i.e., for every such F we have

FE'F(Z,2).
For any set d, recall that we defined in §2 the equivalence relations Eo(d),

Et(d) on dN by

xE0(d)y « 3«Vm > n(xm = ym),

xE,(d)y o 3n3mVk(xn+k = ym+k).

Then, for any countable set d, E0(d) and Et(d) are hyperfinite. In fact, these

are special cases of the following more general situation:

Let X be a standard Borel space and U a Borel map on X such that U is

countable-to-1. Define the equivalence relations Eq(U) , Et(U) on X by

xE0(U)y :&3n>0 [Un(x) = Un(y)]

xEt(U)y x* 3n > 03m > 0 [Un(x) = Um(y)].

Then E0(d), E,(d) are just E0(U), Et(U) with U:dN -> dN defined by
U(x)(n) = x(n + 1) (i.e., the one-sided shift). Since E0(U) = \JnE„ with
xEny & Un(x) = U"(y), we see by 5.1(3) that E0(U) is hyperfinite. We will
see in §8 that E,(U) is hyperfinite as well.

All the Fz are hyperfinite. How about more general EG ? One has the

following measure theoretic result.

Theorem 6.1 (Connes-Feldman-Weiss [CFW]). Let X be a standard Borel space,

E a countable Borel equivalence relation on X, and p a measure on X. If E
is of the form EG with G a countable amenable group, or (more generally) if E

is p-amenable, then there is a Borel E-invariant set Y ç X with p(X\Y) = 0

such that E \ Y is hyperfinite.

It is an open problem (see Weiss [W2]) whether every EG with G amenable
is hyperfinite. This is already open in the case G is abelian, but has been proved

for G = Z" by Weiss.
There is an even stronger result in the case of category instead of measure.

We need a definition first. Let F be a countable Borel equivalence relation on

a Polish space X. We call F generically ergodic if every F-invariant Borel set
is meager or comeager. We call F generic if for each Borel meager set A , [A]F

is also meager.

Theorem 6.2 (Sullivan-Weiss-Wright [SWW]). Let X be a perfect Polish space

and E an arbitrary countable Borel equivalence relation on X. If E is generic

and generically ergodic, then there is an E-invariant dense G¿ set XoQ X and

there is an E0-invariant dense G¡ set To E 2N such that E \ Xo = Fo \ To by

a continuous isomorphism. In particular, E \ Xo is hyperfinite.

The following corollary is due to Woodin.

Corollary 6.3 (Woodin). Let E be a countable Borel equivalence relation on a

perfect Polish space X. Assume E is generically ergodic. Then there are a dense
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Gô XqÇX and an E0-invariant dense Gô Y0 E 2N such that E \ X0 = E0\ Y0
by a continuous isomorphism. In particular, E \ Xo is hyperfinite, and thus

there is an E-invariant comeager set Zq (namely [Xo]e) such that E \ Zo is

hyperfinite.

Proof. Let E = EG, with G = {gn} a countable group. Write gn(x) = gn • x .

Let {V„} be a basis for X . For each pair (n, i) £ N2 for which it is possible,

choose a comeager-in- V„ set P„j such that gi[Pnj] is meager. Put Xi =

X\ Un i g'[Fn,i] ■ Then Xx is comeager, so let X2 ç Xx be a dense G¿ .

Claim.  E \ X2 is generically ergodic and generic.
Then, by 6.2 (since F \ X2 satisfies all its conditions), there are dense C7¿

Xo E X2 and a dense Gs F0-invariant set Y0 E 2N such that E \ X0 = E0\ Y0
via a continuous isomorphism. So it remains to prove the claim.

Clearly F \ X2 is generically ergodic. To show that it is generic, it is clearly

enough to show that, if B c X2 is meager in X2 (or equivalently in X), then

[B]E\x2 is meager in X. For that, note that [B]E\Xl = [B]E n X2 and [B]E =

U, gi[B], so it suffices to show that g¡[B] n X2 is meager in X2, i.e., gj[B] is

meager in X. Let j be such that gj = g~x. We can of course assume that F

is Borel. If gi[B] is not meager, let V„ be such that g¡[B] is comeager in Vn .

So there is a comeager-in- V„ set F such that g~x[P] = gj[P] is meager. Then

F„ j and g\B] are both comeager in V„ , so they intersect. Let x £ PnjC\gi[B].

Then gj(x) £ B n gj[P„j] = 0 (since BçX2çXi= X\{JnJ g,[Pn'i]).   G

As an application, we see immediately that, for any countable group G,
E(G, 2) is generically hyperfinite, i.e. for some Borel comeager F-invariant

X E 2G , E \ X is hyperfinite. (On the other hand E(F2, 2), for example, is
not hyperfinite.) For that it is enough to check that E(G, 2), for infinite G,

is generically ergodic. By 1.1 of [SWW] it is enough to see that E(G, 2) has a

dense orbit, and this is easy to verify using the fact that G is infinite.
For another example, consider the equivalence relation =F of Turing equiv-

alence on 2N (x =t y :<=> x is recursive in y and y is recursive in x). Again

=t is not hyperfinite (see below). However, =F is easily generically ergodic,

so =t is generically hyperfinite.
Also, as was shown by Mycielski (see, e.g., [MU, 1.6]), if F(R/Q) denotes

the Vitali equivalence relation on M (xF(R/Q)y :o- x - y G Q) then (in our

notation) F(R/Q) «* F0, so F(R/Q) is hyperfinite. This can also be seen

by noticing that F(R/Q) is an increasing union of smooth Borel equivalence

relations, namely F(R/(«!)_1Z). (Actually, from the results in §9 it will follow

that F(R/Q) S Et.)
Finally, in some sense, all equivalence relations induced by flows, i.e., Borel

actions of R, are "hyperfinite". More precisely, let X be a standard Borel space

and g • x a Borel action of R on X. Let FR be the corresponding equivalence

relation. Then by Wagh [Wa] (see also [K3]) FR is Borel and there is a Borel

set A E X such that A is full for FR and FR f A is hyperfinite. (Thus, using
also [Mos, 4F.6], FR «* FR [ A .)

We conclude this section with a couple of examples of nonhyperfinite count-

able Borel equivalence relations. The standard example is E(F2, 2) (for a proof

see, e.g., [Kl]). Since (identifying 2* with 2N) E(F2, 2) ç =T, it follows that

=t is not hyperfinite as well.
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7. The bi-embeddability of nonsmooth hyperfinite relations

Our goal is to classify hyperfinite Borel equivalence relations up to the equiv-
alences w*, «, = . We will deal with «*, « here and with = in §9.

First notice that it is easy to classify smooth relations up to w*, «. Indeed,

given a countable Borel equivalence relation F, let for 1 < n < No,

cn(E) = card{[x]£: card([x]£) = «}.

Then we have for any smooth countable Borel £,£ on IJ resp.

(A) E** F iff card(X/F) = card(T/F).
(B) F « F iff V«[Em>„ cm(E) = £„,>„ cm(F)].
So it is enough to look at nonsmooth hyperfinite Borel equivalence relations.

For those the answer is given by the next result.

Theorem 7.1. Let E, F be nonsmooth hyperfinite Borel equivalence relations.
Then E « F (and thus E «* F).

Proof. It is enough, of course, to show that, for every nonsmooth hyperfinite

Borel equivalence relation, we have E & E0. That F0 E F follows from 3.4.

We will prove below that F E F0. Recall from 1.2 that F = Fz E F(Z, 2N).
So it is enough to prove that F(Z, 2N) E F0. Denote below F(Z, 2N) by F.

Call an F-invariant Borel set X C (2N)Z smooth if E \ X is smooth, i.e.,

there is a Borel selector on X for E. We claim that it is enough to show

tht F E F0 modulo smooth sets, i.e., that there is smooth X such that E \

(2N)Z\X E F0. Indeed let Y = (2N)Z\X and /: Y -+ 2N embed F [ Y
into Fo. Let g: X —> 2N be Borel such that xEy <& g(x) = g(y). Also let
h : X ->• N be Borel such that h \ [x]E is injective for any x G X. Finally

let p: 2N —> 2N be Borel such that x ^ y => -i(p(x)F0p(y)). Then define
F:(2N)Z-2N by

F(x) = (/(x),l°°>, ifxGT

= (pg(x), 1/!WA0°°),    ifxGX

where for a, ß £ 2N , {a, ß) £ 2N is given by

(a,ß):=(a(0),ß(0),a(l),ß(l),...)

and i°° :=(/',/',/',...). Clearly F embeds F into F0.

So in the proof below we will ignore smooth sets. Note that the collection of
smooth sets is closed under countable unions.

For each n £ N, n > 1, let (2")n be the set of all sequences {w0, ... , wn-i)

with Wj £ 2" , i.e., Wj = (w¡(0) ■ ■ -w¡(n - 1)) is a binary sequence of length

n. If w £ (2n)n and m < n let w \ m denote the sequence (wo \ m, Wi \

m, ... , wm-i \ m). For each n £ N, n > 1, fix an ordering <„ of (2n)n such

that, given id.ijé (2"+i)"+1 ,

w \ n <„ v \n=>w <n+i v.

For w £ (2n)n and x G (2N)Z, we say that w occurs in x at k £ Z if, for all

i < n w,■ = xk+i \ n . We say that w occurs in x, in symbols w C x, if w
occurs in x at some k .
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Note first that the set of x G (2N)Z for which there is w £ \jn(2n)n occurring

in x but for which {k £ Z: w occurs in x at k} is bounded above or below is

F-invariant and smooth, so it can be neglected, i.e., we can assume we work on

the set X ç (2N)Z of all x G (2N)Z with the property that, whenever w ç x,

w occurs in x at k for unboundedly many k £ Z in both directions.

Put now, for x £ X,

fn(x) := the <„ -least element of (2")" occurring in x .

Then note that f„+i(x) \ n = f„(x). Note that xEy => f„(x) - f„(y). So we

can define f:X—> (2N)N by f(x) = (uo, ui, ...) with (uo, Ui, ... , un-i) \ n

= fn(x). Note again that xEy =>- f(x) = f(y).
Given u £ (2N)N , we say that u occurs in x £ (2N)Z at k £ Z if «,- = xk+i,

V/' G N, and that u occurs in x if it occurs in x at some k .

The set of x for which f(x) occurs in x and [k g Z: f(x) occurs in x at

k} is bounded below is clearly F-invariant and smooth, so it can be neglected.

If f(x) occurs in x and {k £ Z: f(x) occurs in x at fc} is unbounded

below, then x is periodic, so [x]F is finite. These x 's form an F-invariant
and smooth set as well and can be neglected.

So we can assume that we work on the set Y ç X of all x G X for which

f(x) does not occur in x. For such x £ Y and n G N, define kx £ Z as

follows:

k2n+x = the least k such that k > k^ and f2„+i(x) occurs in x at k,

k2n+2 = tne largest k such that k < fcfn+i and fin+i(x) occurs in x at k.

Note that if either {k£n} or {kjn+x} is bounded, f(x) occurs in x.   Also

note that A^n+i is not between fc^-i anc* k2n , since this would contradict the

definition of k2n . Similarly for k2n+2. So we have

• • • < k% < k¿ < ka = 0 < kï < kl < ■ ■ ■

and kxn -> -oo, k^n+l -> +oo.

Instead of working with 2N below we will work with F(N) = {^:^CN},
identifying A ç N with its characteristic function. Under this identification,
the equivalence relation F0 on 2N corresponds to the equivalence relation (also

denoted by F0) on F(N) given by

AE0B :& AAB is finite.

Fix also a bijection ( , ):NxM-»N where M := the set of all finite sequences

(uo, ... , um-i) with each u¡ a finite binary sequence.

We define now G:Y -* F(N) as follows:
For each n , let txn = \k¿+i -k*\ + 1 and let rxn = ((rx)0, ... , (rx)m), where

m = tx - 1, be the sequence given by

irn)i = ^min{fc;,Jt;+l}+/ \ "

for 0 < / < tx . Put G(x) = {(n,rx):n£N}CN.

Note that G is injective, since knowing C7(x) we can easily reconstruct x.

We will show that G embeds F \ Y into Fo .
Assume xEy and say, without loss of generality, m > 0 is such that xm+, =

y i, for all /'.   Let n0 be such that k$n   , > m.   Then, since the functions
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/„ are F-invariant, we have k^n +1 = m + kln¡¡+x, so, for all n > 2«0, kx =

m + k„ . It follows that G(x)AG(y) is finite, i.e., G(x)EoG(y). The converse,
i.e., C7(x)FoG(y) =$■ xEy, is even easier, and we leave it to the reader.   D

An immediate consequence of 7.1 and 2.3 (using the fact that Et is com-

pressible and, as shown in 8.2 below, hyperfinite) is the following strengthening

of 3.4.

Corollary 7.2. Let E be a countable Borel equivalence relation on a standard

Borel space X. Then the following are equivalent:

( 1 ) F is not smooth,

(2) Et a E.

It follows also from 7.1 that, for any two nonsmooth Borel hyperfinite equiv-

alence relations E, F on X, Y resp., there is a "Borel" bijection between the

quotient spaces X/E and Y/F . (Here "Borel" can be interpreted in terms of

the quotient Borel structures on these quotient spaces, but of course more is

true.)
Applying this in particular to Fo, F(Z, 2) provides a solution to a problem

of Mycielski; see [MU, 1.6].
Another corollary is that the structure of measure classes of nonatomic, quasi-

invariant, (ergodic) probability measures for any nonsmooth hyperfinite Borel

equivalence relation is the same (using 2.6 and 4.2).

Finally, in view of the fact that all equivalence relations induced by Borel

R-actions have full Borel sets on which their restrictions are hyperfinite (see the

end of §6), it follows that any two nonsmooth such equivalence relations are

bi-reducible. (Actually, it turns out that, if they have uncountable equivalence

classes, they are Borel isomorphic.)

8. Tail equivalence relations

We are going to use here ideas similar to that of the proof of 7.1 to study the

tail equivalence relations Et(d). It will be convenient to introduce a further
notion here.

Let F be a (not necessarily countable) Borel equivalence relation on X. We

call F hypersmooth if F = (jn E„ , En ç En+X, En smooth Borel equivalence

relations. Thus, for countable E, hypersmooth = hyperfinite. Moreover, if F <
F with F hyperfinite, then F is hypersmooth.

Consider F0(2N) (as defined in §2). Then easily F0(2N) is hypersmooth,

but it is well known (see, e.g., [K3]) that Fo(2N) ¿ F for any countable Borel

F . It is also easy to see that every hypersmooth F is embeddable in Fo(2N).

Indeed, let F = \Jn F„ witness that F is hypersmooth with Fo = A(X), and

let /„: X -> 2N be such that xFny <& f„(x) = f„(y). Then, fixing a Borel
isomorphism ( ): (2N)N -> 2N, the Borel map f(x) = (f„(x)) embeds F to

£o(2N).
The following result has been proved recently by A. S. Kechris and A. Louveau

(unpublished): If F is Borel hypersmooth, then exactly one of the following

holds: (I) F « F0(2N) or (II) E < Eq. (For results along this line in a measure
theoretic context, see [Ve2].)

Consider now an arbitrary Borel map U : X —> X and define the equivalence

relation Eq(U) as in §6, and similarly for the tail equivalence relation Et(U).
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The relations F0(2N), F,(2N) are obtained by taking: U: (2N)N -» (2N)N to be

the shift U(x)„=x„+i. Clearly Eq(U) is hypersmooth.
The next theorem extends results of Vershik [Vel], Connes-Feldman-Weiss

[CFW, Corollary 13].

Theorem 8.1. Let U:X^X be Borel. Then Et(U) is hypersmooth.

Corollary 8.2. If U: X —> X is Borel and countable-to-1, then Et(U) is hyper-
finite. In particular, Et(d) is hyperfinite for any countable d.

Proof. First note that E,(U) < E,(2N). To see this, assume that X = 2N and

define /: 2N -» (2N)N by f(x) = (x, U(x), U2(x),...). Then / reduces
E,(U) to F,(2N). So it is enough to show that F,(2N) can be reduced to

F0(2N). As in the proof of 7.1, it is easy to see that we can neglect smooth sets

for F,(2N).
Using again the terminology and notation of the proof of 7.1, given any

x = (x„)G(2T,let

sx — the <„ -least s £(2n)n which occurs infinitely often in x .

Then xF,(2N)y ^ sx = syn . Let

kx = least k such that sx occurs in x at k.

Clearly kx < kx+x. The set of x's for which there is yF,(2N)x with kyn

eventually constant is smooth, since, for such x,sx = (uo, ui, ...), where

(uo, ■■■ , m„-i) \ n = sx , is a Borel selector.

So we can work in the F,(2N)-invariant set X E (2N)N of x 's such that, for

all yFr(2N)x, ky -+ oo. Let ( ): U„(2N)" -> 2N be a Borel bijection (with

U„(2N)" having the obvious "direct sum" Borel structure). For x G X, let

an(x) = (x,, x/+i, ... ,Xj), where *' = kx_x, j = kx - 1, with kx_x = 0, and

put

g(x) = (ä0(x),5,(x),...)G(2N)N.

Clearly g is a Borel injection and g(x)F0(2N)g(y) => xF((2N)y. Conversely,

assume that xF((2N)y. Let p, q be such that xp+n = yq+„, V« G N. Let r

be such that kx > p, k? > q. Then, for t > r, kf - p = kyt - q and so
5((x)=ä,(y) for t> r ; therefore g(x)E0(2N)g(y).   D

We have just seen that F,(2N) E Fq(2N). IUs easy to see also that F0(2N_) E

F,(2N). (Just send x G (2N)N to ((Ü,x0), (l,xi), ...) G (2N)N where 7 =

OiAl°° .) Thus F0(2N) « F,(2N).
We conclude this section with an open problem concerning hypersmooth re-

lations:
Let F be a hypersmooth Borel equivalence relation on X and U : X -> X

a Borel map, such that xEy => U(x)EU(y). Define the equivalence relation

xEvy :o 3« > 03m > 0(Un(x)EUm(y)).

Is Eu hypersmooth? In particular, if F is hyperfinite and U is countable-

to-1, is Eu hyperfinite? In [CFW], such a result is proved in the measure

theoretic context.

Let us point out some consequences of an affirmative answer to this particular

case of the problem. So, for the following remarks, assume that all such Eu

are hyperfinite.
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First note that, if E0iu is defined by

xE0,uy «• 3n[Un(x)EUn(x)],

then Fo, [/ Ç Eu , so Fo, u is hyperfinite as well. From this we can derive

that the increasing union of a sequence of hyperfinite equivalence relations is

hyperfinite (see problem (1) at the end of §5). Indeed, if {F„} is such a sequence

on the space X, consider the equivalence relation F on X x N given by

(x, n)E*(y, m) <& n = m A xE„y.

Then F* is the "disjoint union" of the E„ , so it is hyperfinite too. Define

U on X x N by U(x, n) = (x, n + 1). Then clearly U is injective and

(x, n)E*(y, m) =$■ U(x, n)E*U(y, m), since the F„ are increasing. So F¿* v

is hyperfinite. But if E = {JnEn , we have xEy & (x, 0)F¿* v(y, 0), so F is

hyperfinite.
Further, it follows that any EG with G countable abelian is hyperfinite (see

remarks following 6.1). Indeed, G = (JG„ with G„ finitely generated, G„ C
Gn+X , so EG = \JnEGn, an increasing union, and thus it is enough to show,

by the preceding remarks, that each EG with G finitely generated abelian is

hyperfinite. We proceed by induction on the number of generators. It is clear

for one generator. Assume it is true for n generators and let G have n +

1 generators, say ax, ... , a„+i. Let 77 c G be the subgroup generated by

ai, ... , an and put E = Eh . If Í7 is the automorphism corresponding to

the generator an+i, then xEny => U(x)EnU(y) and EG = (En)u, so EG is

hyperfinite.

9. Classification up to isomorphism

The main result of this section is the following classification theorem for

aperiodic, nonsmooth hyperfinite Borel equivalence relations up to Borel iso-

morphism.

Theorem 9.1. Let E, F be aperiodic, nonsmooth hyperfinite Borel equivalence

relations. Let £ó(F), <§o(F) be their sets of invariant, ergodic probability mea-
sures. Then

E^F «» card(gó(£)) = card(ÍT0(F)).

(Note that because F is aperiodic, invariant probability measures are non-

atomic.)

This classification was conjectured by M. G. Nadkarni (see [CN2]), who

proved first (see [N3]) the case when card(i?o(F)) = card(e§ó(-f )) is countable,

on the basis of his result (3.5 in this paper) and Theorem 7.1.

Before we proceed to the proof of 9.1, we would like to mention some corol-

laries.
First, for each countable Borel equivalence relation E, let

cn(E) := card{C G X/E: card(C) = n),        1 < n < N0 ;

s(E) := 0,     if F is smooth; 1, otherwise ;

t(E) := card(go(F)).

Corollary 9.2. The sequence {(c„)i<„<n0 , s, t} is a complete list of invariants

for Borel isomorphism of hyperfinite Borel equivalence relations.

Note that c„ , t can take only the values 0, 1, 2, ... , N0, 2S°.
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Denote next by A(n) the equality relation on a set of cardinality n , 1 < n <

N0 and by F*(Z, 2) the restriction of F(Z, 2) to its aperiodic part, i.e., to the
F(Z, 2)-invariant Borel set {x G 2N: sn(x) ^¿ x, \/n ¿ 0}, where s is the shift

map. Let also

F d F :»£E F A i(F C* E)       («*• E E'' F A -.(£ S F)).

Corollary 9.3. .4«y aperiodic, nonsmooth hyperfinite Borel equivalence relation is

Borel isomorphic to exactly one of

Fi,F0xA(n)(l<«<N0),F*(Z,2).

Moreover, we have

Et d F0 d F0 x A(2) E'' ■ • • d F0 x A(N0) E1' F*(Z, 2).

Proof of 9.3. Recall that F, is compressible, so fo(F,) = 0. It is easy to check

that Fo is uniquely ergodic, i.e., card(ef(Fo)) = 1, and therefore

card(fo(Fo x A(n))) = n

for 1 < n < N0. Finally, card(£ó(F/*(Z, 2))) = 2*° (take for example the
product measures on 2Z with each coordinate having the (p, 1 - p)-measure,

0 < p < 1). Since ¿§o(F) is a Borel set in a standard Borel space, card(»§o(F))

is always one of 0, 1, 2, ... , No, 2N° so the first result follows from 9.1.

That F, c1 F0 follows from 7.2, and Fo x A(n) d E0 x A(m) forn<m
is obvious. That F0 x A(No) E1 F*(Z, 2) will follow immediately from the
ergodic decompostion, see 9.5 below.   D

For the proof of Theorem 9.1 we will need two further results from ergodic

theory: Dye's Theorem (see Dye [D], Sutherland [Su], Weiss [Wl], or Hamachi-

Osikawa [HO]) and the Ergodic Decomposition Theorem. Let us state first Dye's

Theorem.

Dye's Theorem 9.4. Let E, F be hyperfinite Borel equivalence relations on
X, Y resp., and let p £ ¿§ó(F), v g ^ó(F) . Then there are invariant Borel

sets X0CX, Y0CY such that p(X0) = v(Y0) = 1 and E \ X0 = F \Y0 via a

Borel isomorphism that sends p to v .

Next we will state the Ergodic Decomposition Theorem as formulated in

Varadarajan [Va]. (The result actually holds, as proved in [Va], even for Borel

actions of arbitrary second countable locally compact groups.)

Let F be a countable Borel equivalence relation on X. Denote by J*(E),

%(E) the sets of F-invariant, resp. F-invariant ergodic, probability measures.
Since E = EG for some Borel action of a countable group G, <f(E) and

W(E) are Borel sets (see [Va]). It is also proved in [Va] that J(E) ¿ 0 iff

W\e) ± 0. If F is aperiodic, then clearly J"(E) = J^{E), W(E) = %>(E).
We have now:

Ergodic Decomposition Theorem 9.5 (Varadarajan [Va]). Let E be a countable

Borel equivalence relation on a standard Borel space X. Assume ^(E) ^ 0

(thus ë'(E) t¿ 0). Then there is a Borel surjection x ^ ex from X onto ¿?(F)

such that:
(1) xEy =>ex = ey.
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(2) If Xe := {x: ex - e} for any e £ %>(E), so that Xe is Borel and E-

invariant by (1), then e(Xe) — 1 and e is the unique invariant, ergodic proba-

bility mesure for E \ Xe (i.e., g(E ] Xe) = {<?}).
(3) For each p £ J*(E), we have

p(A)=     ex(A)dp(x)

for AC X Borel.

Proof of Theorem 9.1. We consider first the case card(l?o(F)) = card(<§ó(F)) =
0. Then by Nadkarni's Theorem 3.5 and the fact that Jo(E) = Jq(F) = 0, we
have that E, F are compressible. Then, by 7.1 and 2.3, E = F .

So we can assume that card(^>(£)) = card(go(F)) > 0. Since Sh(E\, %¡(F)
are Borel sets in standard Borel spaces and have the same cardinality, there is

a Borel bijection e .-> e' from Wq(E) onto <§o(F). Let x i-> ex, y i-> fy be

ergodic decompositions of F, F resp. by 9.5. Let Xe, Yf be the corresponding

sets. Then, by Dye's Theorem 9.4, we can find invariant Borel sets Xe, Ye<

with Xe C Xe, Yei E Yei, e(Xe) = e'(Ye>) - 1 and Borel isomorphisms he of

F \ Xe, F \ %'. Since the proof of Dye's Theorem is "effective" enough, the

following uniform version actually holds:

(*) If X := \JeXe, Y := \Je %i, then X, Y are Borel (and of course in-

variant) and also h := [)ehe is Borel (and provides a Borel isomorphism of

E\X,F\Y).
Granting (*), we have of course that E \ X = F \ Y. Consider now

F \ (X\X), F \ (Y\Y). By shrinking Xeo, % for some fixed Co if necessary,

we can assume that F f (X\X), F \ (Y\Y) are nonsmooth. (We are using

here the fact that if F is a nonsmooth countable Borel equivalence relation
on Z and p £ t§ó(F), then there is a Borel F-invariant set W ç Z with

p(W) = 1 and F \ (Z\W) nonsmooth. This follows, for example, from 7.2.)

By property (3) of the ergodic decomposition, F [ (X\X), F \ (Y\Y) have

no invariant probability measures, so by the argument in the beginning of the

proof, F r (X\X) Si F \ (Y\Y). So F =< F .
We now make some comments on the proof of (*). The proof of Dye's

Theorem on which it is based (see, e.g., Sutherland [Su] or Hamachi-Osikawa

[HO]) proceeds by showing that, if À is the canonical product measure on 2N

(with each coordinate having the (1/2, l/2)-measure), then for any hyperfinite

Borel equivalence relation F on X and p £ Bo(E) there are invariant Borel

sets X0ÇX, 70 E 2N such that p(X0) = A(T0) = 1 and F r ̂ o = F0 f T0 (via
a Borel isomorphism sending p to X—which is of course the unique element

of §ó(Fo)) • By going in detail through the proof of Dye's Theorem, one has a

parametrized version which in the case we are interested in can be formulated

as follows.

Lemma 9.6. Let E be an aperiodic, hyperfinite Borel equivalence relation with

t§ó(F) ^ 0. Let x i-> ex be an ergodic decomposition of E with Xe the

corresponding sets. Then there are Borel invariant sets Xe C Xe, Ye ç 2N with

e(Xe) = X(Ye) = 1 and Borel isomorphisms ge of E \ Xe with F0 \ Ye sending

(necessarily) e to X such that X = \JeXe is Borel, and g: f x X —> 2N given

by g(e, x) = ge(x) if x £ Xe, 0°° if x <£ Xe is Borel as well.
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In earlier handwritten circulated versions of this paper we have carried out

the detailed calculations needed to extract this lemma from a proof of Dye's

Theorem. Mercifully, however, we found out since then that these have been

written up in the literature in Krieger [Kr3], §2 and also [HO], II-4 (in some-
what different formulations), so we will refer the reader to these papers for the

detailed proof.

From Lemma 9.6 it is easy to derive now (*) : Let Xe, pe work for F and

Yf, qf work for F according to Lemma 9.6. Put pe[Xe] n qe'[Yei] = Ze C 2N ,

so that Ze is Fo-invariant and X(Ze) = 1 . Put Xe = p7x[Ze], Ye< = q~,x[Ze].

Again these are invariant and e(Xe) -= e'(Yei) = 1. Finally he = q~x o (pe \ Xe)

is a Borel isomorphism of E \ Xe with F f %>. Let X = \Je Xe, Y = \Je Ye>,

h = \Jehe. We will check that X ,Y ,h are Borel. Take first X (Y being
similar). We have

X G X «■ X G X Apex(x) £ q(exy[%xy]

«• x G X A 3y[fy = (ex)' A y £ Y A p(ex , x) = q(fy, y)}

«• x G X A 3\y[fy = (ex)' A y £ Y A p(ex , x) = q(fy, y)].

Since the 1-1 projection of a Borel set is Borel, X is Borel. Finally,

h(x)=y<*x£XAy£ Y A fy = (ex)' Ap(ex, x) = q(fy , y).

So h is Borel as well.   D

Theorem 9.1 also has the following corollary, which gives a variant of 5.1

(2):

Corollary 9.7. Let E be a hyperfinite, aperiodic Borel equivalence relation on

X. Then for any sequence {m„} with m„ > I, mn+i/mn G N, m„ —> oo, there

is a sequence {En} of finite Borel equivalence relations such that E„ c E„+x,
(Jn En = E and every E'„-equivalence class has cardinality m„ .

Proof. We can assume that mn+x/mn > 2. Identify k„ with {0, I,..., k„ —

1}, and consider the compact product space Y = F[ kn E NN and the equiv-

alence relation F = F0(N) \ Y. The product measure p on Y, where each

k„ has the uniform measure, is the unique invariant probability measure for

F. If now card(go(F)) < 1, then E ^ F \ Z, with Z an F-invariant
Borel subset of Y. Since the conclusion of the corollary holds trivially for

F (let xF„y ■& Vw > n(xm = ym)), it holds for F as well. In the case when

card(^o(F)) > 1, let A be the equality relation on a standard Borel space of

cardinality equal to card^í-E)). Then card(ió(F x A)) = card(#o(F)), so
F x A = F. Again, the conclusion of the corollary is clear for F x A (using

F„ x A), so the proof is complete.   D

Choosing a Borel set X„ that meets each F„-equivalence class at exactly one

point in the above corollary, we can find a Borel automorphism T„ £ [[E]] such

that X„ , Tn[X„], ... , Tn"~x[Xn] is a decomposition of X . Moreover, we can

of course take X{ D X2 D ■ ■ ■ , and make sure that for x G Xn+i, F*+1 (x) =

T„(x), for k < m„ . Thus 9.7 can be viewed as a Rohlin-type lemma for ape-

riodic hyperfinite Borel equivalence relations. (For a discussion of the classical

Rohlin lemma, see for example [Wl].)
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Let us conclude this section by pointing out that Theorem 9.1, even in the

case cardi§o(F)) = 1, can be viewed as a purely descriptive set theoretic ver-
sion of Dye's Theorem (which of course was one of the key ingredients in its

proof). Indeed, given F, F, p, v as in Dye's Theorem 9.4, let by the Ergodic

Decomposition 9.5 Xo ç X, Yq E Y be invariant Borel sets of measure 1 for
the corresponding measures, such that p is the only F-invariant measure with

//(X0) = 1 and similarly for Y0, v . Of course we can also assume that E \ Xo,

F \ T0 are aperiodic. Thus, by 9.1, F \ X0 = F \ T0. But any isomorphism
must send p to v by the uniqueness of these measures, so we have recovered

Dye's Theorem.

10.  AN EXAMPLE—LlPSCHITZ AUTOMORPHISMS OF  2N

In order to illustrate some of the ideas involved in §9, we will analyze a class

of examples of hyperfinite Borel equivalence relations, namely those induced by

Lipschitz automorphisms of 2N .

As usual, 2" denotes the set of binary sequences of length n . Given permu-

tations n, p of 2", 2m resp. with n < m , we write n < p if

p(s) \ n = tc(s f n)

for any s £ 2m. If nx < n2 < n^ < ■■ ■ , where nn is a permutation of 2",

then /: 2N —► 2N given by f(x) = \Jn nn(x \ n) is a homemorphism of 2N.

(Note that n„ is uniquely determined by /.) These are called the Lipschitz

automorphisms of 2N.

We will analyze a Lipschitz automorphism / in terms of its orbit tree Tf.

Given n and an orbit tf of nn on 2" , say (f = {si, ... , sk} with nn(si) — s¡+x

if /' < k and 7i„(sk) = Si , we say that an orbit tf' of nn+i on 2n+l, say

tf' - {s[...s'm}, extends tf if s\ \ n £ tf for i = I, ... , m. Then it is easy

to check that either tf has one extension tf' of twice the size of tf or else tf

has two extensions tf', tf" of the same size as tf. (In particular, every orbit

tf has size a power of 2.) The tree Tf is the tree consisting of the orbits (of

the 7in 's), where the children of each orbit of 2" are its extensions in 2n+x .

More precisely, Tf has a root (by convention). The children of the root are the

(1 or 2) orbits of 21. The children of each one of these are the (1 or 2) orbits

of 22 extending it, etc. We denote by [Tf] the set of all infinite paths through

Tf, i.e., a £ [Tf] iff a = (tfx, cf2, ...) where tfn is an orbit in 2" and tfn+i
extends tfn.

Given any x G 2N, denote by ax the unique a £ [Tf] for which x \ n £

ax(n), V« > 1 . Finally, for each a £ [Tf], let

Xa = X[:={x£2n:ax = a}.

Note that Xa is invariant under /. There are two possibilities for each Xa :

(1) From some point on, say «o, the orbits a(n) have two extensions, so

card(a(n)) = card(a(« + 1)) for n > n0. Say card(a(«0)) = 2m°. Then

card(Xa) = 2m° and Xa is a finite orbit of /.

(2) For infinitely many n , a(n) has only one extension, a(n +1); thus in

particular card(a(« + 1)) = 2card(a(«)). Then Xa is a perfect set.

In case (1), denote by pa = pi the unique /-invariant probability measure

living on Xa.   We claim that in case (2) there is also a unique /-invariant
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probability measure on Xa which we also denote by pa = p{: Indeed, let

Ta be the tree of the closed set Xa, i.e. {s G 2": n £ N, s G a(n)}. If

s £ Ta n 2", define pa(Ns) = 2~p, where p = card(a(n)) and Ns = {x £

2N: x Í « = s}. For s $ Ta, let pa(Ns) = 0. Since clearly we have that

Pa(Ns) - Pa(Ns-0) + Pa(^s'i) > this defines a probability measure on 2N . It is

clearly /-invariant and easily unique.

Now put for each x G 2N , ex = ex := p{x.

Proposition 10.1. The map x i-> ex is an ergodic decomposition for Ef (— the

equivalence relation induced by f) whose components are the sets Xe := Xa,

where pa = e.

Proof. We have to verify the properties stated in 9.5. First we will check that

x >-* ex is surjective.

Let e £ £?(Ef). For each orbit tf of some 2" , let N@ = [js€tf Ns. Thus JV>
is an /-invariant clopen set, so e(N#) = 0 or 1. So »? determines a unique path

a £ [Tf] with e(Na{n)) = 1, V« . Since Xa = f]n Na{n), we have e(Xa) = 1, so

e = pa.

Clearly (1), (2) of 9.5 hold. We want now to verify (3). So let p be f-
invariant, A C 2N Borel. We want to show p(A) = Jp0x(A)dp(x). For that it

is enough to show that p(Ns) = Jpax(Ns) dp(x) for each s £2" , n £ N. Now

s belongs to a unique orbit tf of 2" . So clearly

P(NS) =   "<"'>card(tf) '

Also

pax(Ns)dp(x)= /   pax(Ns)dp(x)
J JNj

= [   card((f)-xdp(x) = -^±r.   D
Jn* card(if)

Let us denote now by Cf(2") the cardinality of the set {a £ [Tf]: card(Xa) =

2"} and by C/(oo) the cardinality of the set {a£[Tf]:Xa is perfect}. Finally,

for any two Borel automorphisms /, g on standard Borel spaces X, Y resp.,

let f = g iff there is a Borel bijection n : X -> Y such that n o / = g o n . We

now have:

Theorem 10.2. Let /, g be Lipschitz automorphsims of 2N . Then the following

are equivalent:

(i) f = g;
(2) Ef*Eg;
(3) C/(2n) = Cg(2n), Cf(oo) = Cg(oc) for all n ;
(4) f, g have the same cardinality of finite orbits of any given size and the

same cardinality of nonatomic, ergodic, invariant probability measures.

Proof. By 10.1, (3), (4) are equivalent.  Clearly (1) => (2) => (4).  We prove
now that (3) => (1).

Let Pf, Pg be the sets of periodic points for /, g resp.  These are Borel

invariant sets and by (3)  / r Pf = g \ Pg ■   Since Kf := {a £ [Tf]: x[
is perfect} and Kg are Borel and have the same cardinality, there is a Borel



HYPERFINITE BOREL EQUIVALENCE RELATIONS 221

bijection a ^ a' between them. It is thus enough to find, in a uniform Borel

way from a, a Borel isomorphism of / \ x[ with g \ X%,.

Fix «o, «Ó such that card(a(«o)) = card(a'(n0)) = 2. Let also %n, pn be

the permutations of 2" determining /, g resp. Let «o < «i < »2 < ■ • • be the
numbers for which card(a(nk)) = 2k+x for the first time, and similarly n'0 <

«'.<■•• for a'. By induction we can then easily define bijections Tk : a(nk) —>

a'(nk) such that Tk o n„k = p„< o Tk and Tt(s) \ k = Tk(s \ k) for I > k,

s £ 21. Then the map x >-» \Jk Tk(x \ nk) is a Borel isomorphism of / \ x[

and g \ Xga,.   U

In the preceding result, one actually obtains a classification of Lipschitz au-

tomorphisms themselves up to Borel isomorphisms. The general problem of

classifying arbitrary Borel automorphisms up to Borel isomorphism is open

(see, e.g., Weiss [W2]).
It is clear that F0 = Ef, "except on eventually constant sequences," where /

has an orbit tree of the form o-o-o-o • • • , i.e., every orbit has only one extension.

It is easy to construct orbit trees of aperiodic /, which have any prescribed car-

dinality C/(oo) G {1, 2, ... , No, 2**°} , and thus represent any noncompressible,

aperiodic, nonsmooth hyperfinite F up to Borel isomorphism by such an Ef.

11. Miscellanea

We would like to collect here various remarks related to the results in this

paper and other work in the literature.

(1) Let F be a hyperfinite Borel equivalence relation on X and p £ éW0(E).

Then it is well known (see e.g. Weiss [Wl, p. 93] or Schmidt [SI, 8.15]) that
there is v £ éHo(Fo) and a Borel isomorphism n of F \ X0, F0 \ T0 where

Xo, To are invariant Borel sets with p(Xo) = v(Yq) = 1, such that np = v.

This can also be seen as follows: If there is p! ~ p with p' £ Jo(E), then

we are done by Dye's Theorem. Otherwise, by the Hopf Theorem (see, e.g.,

[Fr, 3.2]), there is Borel F-invariant X0 of /¿-measure 1 on which E \ Xo is

compressible. Then, by Theorem 7.1 and Proposition 2.3, F \ X0 = F0 \ Y0,
where Y0 is an Fo-invariant Borel subset of 2N . If n is the Borel isomorphism,

put v = np .

(2) If G is a countable group and g • x a Borel action of G on a standard

Borel space X, we say that the action is free if Vx G XVg G G(g ^ 1 => g • x /

x).

There are countable Borel F which cannot be represented as EG for a free

action of a countable group G; see Adams [A]. However, it is not known

whether, for any countable Borel F and any p £ éfÜo(F), we can write F f

X = EG for a free Borel action of a group G on a Borel invariant set X with

p(X) = 1 (ergodicity of p is important here by the example in [A]). We also

do not know whether any compressible countable Borel equivalence relation can

be represented as EG for a free action of a countable group G. Also, even if a

compressible F can be so represented, it is not clear for what countable groups

G we can write F as EG for a free action of G. Here is one relevant fact

(whose proof uses an argument due to Mackey).

Proposition 11.1. Let E be a compressible countable Borel equivalence relation.

If E = EG for a free Borel action of a group G and G C 77 (77 countable),

then E = EH for a free Borel action of 77.
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Proof. On the space X x H consider the following action of G :

g • (x, h) = (g • x, gh).

Denote by ~G the corresponding equivalence relation. Note that (x, h) >-> h

is injective in each ~G-equivalence class, so ~G is smooth and thus we can

consider (X x 77)/ ~G as a standard Borel space. Consider then the following

action of 77 on (X x 77)/ ~G :

f-[(x,h)UG = [(x,hf~x)UG.

It is easy to check that it is free. Now T(x) = [(x, 1)]~0 is injective and

xEy •» T(x) ~# T(h), where ~# is the equivalence relation induced by the

action of 77 on (X x 77)/ ~G. Thus F E ~h so, as F is compressible,

F E' ~h and hence F is induced by a free Borel action of 77.   D

In the case where F is compressible hyperfinite, one can actually induce F

by a free action of an arbitrary infinite group.

Proposition 11.2. Let E be a compressible hyperfinite Borel equivalence relation.

Let G be any infinite countable group. Then E is of the form EG for a free

Borel action of G.

Proof. Consider E(G, 2) and let IC2C be the free part of the action of G
on 2G, i.e., X = {x £ 2G:Wg £ G(g ^ 1 => g • x ^ x)}. First it is easy to

check that X is a dense G¿. Since E(G, 2) is generically ergodic (see §6),

it follows that E(G, 2) \ X is not smooth, so by 7.1 £C E(G, 2) \ X, so
F E' E(G, 2) \ X, thus F can be induced by a free Borel action of G.   D

This fact provides an affirmative answer to a question mentioned in [S2, p.

16]: Does every countable infinite group have a free, nonsingular, ergodic hy-
perfinite action? In our terminology, this asks whether for any infinite countable

G there is a hyperfinite E = EG induced by a free Borel action of G, which

has an ergodic, quasi-invariant measure. Since the existence of such a measure

is equivalent to the nonsmoothness of F, this follows from 11.2.

(3) Our final remarks deal with the concept of a generator for a Borel au-

tomorphism. Given a standard Borel space X and a Borel automorphism F

of X, a generator for F is a partition {A¡}iei of X into Borel sets such that

{T"[Ai]}içlnei generates the Borel sets, i.e., the Borel sets form the smallest

cr-algebra containing A¡ and closed under F, T~x. Weiss [W3] has shown

that every aperiodic T has a countable generator (i.e. 7 = N) modulo smooth

sets (i.e., {F"[^,]} generates the Borel sets modulo smooth sets), and in fact

{F"L4,]},eN>„6N suffices (this is sometimes called a strong generator). We can

prove here (by a different method) the following:

Proposition 11.3. Let T be a Borel automorphism of a standard Borel space X.

Then T has a countable generator iff T has only countably many finite orbits.

Proof. If T has a countable generator {yt,},eN, then the map tp: X —► Nz

given by tp(x)(i) = n •» T'(x) £ A„ is a Borel injection, and if s is the shift

on Nz then tp o T = s o tp . So tp shows that F is Borel isomorphic to the

restriction of 5 onto a Borel invariant subset of Nz . Since 5 on Nz has only

countably many finite orbits, so does F.
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Conversely, assume T has only countably many finite orbits. Let Xq = {x £

X : the orbit of x is finite}, Xx = X\X0. Clearly F f X0 has a countable
generator. So it is enough to show that T \ Xx has a countable generator. By

9.3, if Ex = Et\xx , the equivalence relation induced by F on Xx, then there

is a shift-invariant Borel set T. C 2Z with F» £ F \ Yx, where F = F(Z, 2).
Note that the shift on 2Z (and thus its restriction to Yx) has a 2-generator (i.e.,

a generator with 7 = 2). It will therefore be enough to prove the following

lemma.

Lemma 11.4. Let Z be a standard Borel space and V, U two Borel automor-

phisms of Z . If V, U induce the same equivalence relation E and U has a

countable generator, then V has a countable generator.

Proof. Partition Z into Borel sets {F;},eN such that U \ B¡■ = VN^ \ F, and

[/-' \Bt = VM® \B¡, for some iV,A/: N-»N. Consider a generator {An}n&

for U and the countable partition {Ck}k€n = {F, n An}¡t„en . It is enough to

show that UJ'[An] belongs to the smallest cr-algebra â§ containing all the Ck

and closed under V, V~x. Without loss of generality, assume j > 0, and

proceed by induction on j. For j = 0, Í70[^„] = An = U,(F; n A„). Assume

UJ[An] = B £ 3S . Then U>+x[An] = U[B] = U[\J¡(B n F,)] = (J, U[B n F,] =
U, v^''[B n Bi] = Diiv^'iB] n U„ vN^[B¡ n a„]\ .  o

Note that by the preceding, if T is any aperiodic Borel automorphism, there

is a Borel automorphism V generating the same equivalence relation which

has a 2-generator. As pointed out in Weiss [W3, p. 324], there are aperiodic
T which have invariant probability measures with no finite generators. But,

as mentioned in the same paper, it is not known whether every F with no

invariant probability measures has a 2-generator.
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