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CONNECTIONS WITH EXOTIC HOLONOMY

LORENZ J. SCHWACHHOFER

ABSTRACT. Berger [Ber] partially classified the possible irreducible holonomy
representations of torsion free connections on the tangent bundle of a mani-
fold. However, it was shown by Bryant [Bry] that Berger’s list is incomplete.
Connections whose holonomy is not contained on Berger’s list are called exotic.
We investigate a certain 4-dimensional exotic holonomy representation of
SI(2, R). We show that connections with this holonomy are never complete
and do not exist on compact manifolds. We give explicit descriptions of these
connections on an open dense set and compute their groups of symmetry.

1. INTRODUCTION

Let M™ be a smooth connected n-dimensional manifold. Let (M) denote
the set of piecewise smooth paths y : [0, 1] - M, and for x € M, let £ (M) C
P (M) denote the set of x-based loops, i.e. paths for which y(0) = y(1) = x.

Let V be a torsion free affine connection on the tangent bundle of M . For
each y € (M), the connection V defines a linear isomorphism P, : T)o)M —
T,yM , called parallel translation along y. For each x € M, we define the
holonomy group of V at x tobe Hy:={P, |y € %} C GITM).

It is well known that H, is a Lie subgroup of GI(T,M), and that for any y €
P(M), P, induces an isomorphism of T,oM with T,;)M which identifies
Hy(O) with Hy(l) [KN].

Choose an xy € M and an isomorphism i : Tx,M — R". Then, because
M is connected, the conjugacy class of the subgroup H C Gl(n, R) which
corresponds under i to Hy, C GI(T,M) is independent of the choice of x, or
i. By abuse of language, we speak of H as the holonomy group and of the Lie
algebra § of H as the holonomy algebra of (M ,V).

The following is a basic question in the theory:

Which (conjugacy classes of) subgroups H C Gl(n, R) can occur as the holon-
omy of some torsion free connection ¥V on some n-manifold M ?

The condition of torsion freeness makes this problem nontrivial. In fact, it is
not hard to see that any representation of a connected Lie group can be realized
as the holonomy of some connection (with torsion) on some manifold.

A necessary condition on the holonomy algebra of a torsion free connection
was derived by M. Berger [Ber] in his thesis as follows.
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Let V' be a vector space and define for a given Lie algebra g C g/(V):

K(g) := {(ﬂ e A (V") ®9‘ Y 0oy s ho(2)Uoz) = 0 for uy, uz, us € V} ,
0€A;

and

K'(g) == {w ev” ®K(9)| Y W(o()(Uo(2) > Uo(3) = 0 for uy, uz, us € V}.

OEA;

Given (M, V) as above and xy € M, the curvature tensor of V at Xy,
i.e. the map Ry, : A’(Ty,M) — gl(Ty,M) defined by Ry, (u, v)w = V,V,w —
VoVuw — Vi, yyw, is known to have its values in the holonomy algebra by, C
gl(Tx, M), and to satisfy the first and second Bianchi identities. This is equiva-
lent to saying

Ry, €K(bhy,), and VR, €K!(hy,).

In this notation, Berger’s criterion is:

If ¢ C g is a proper subalgebra, and K(g') = K(g), then g
cannot be the holonomy algebra of any torsion free connection
on any rn-manifold M .

This criterion is a consequence of the Ambrose-Singer Holonomy Theorem,
which states that the holonomy algebra by, is generated by the image of the
curvature map Ry, and its parallel translations [KN, IL.8.1].

The study of locally symmetric connections, i.e. connections with VR =0,
can be reduced to certain problems in the theory of Lie algebras. We therefore
wish to exclude this case from our discussion. A second necessary condition for
g to be the holonomy of a torsion free connection which is not locally symmetric
is therefore K'(g) #0.

These two criteria are also referred to as Berger’s first and second criterion.
Using these, Berger [Ber] was able to partially classify the possible Lie algebras
of holonomy groups of torsion free connections which are not locally symmetric.
His classification falls into three parts:

(1) The first part classifies all possible Riemannian holonomies, i.e. con-
nections with holonomy group H C O(n, R). It turns out that the
possible holonomy groups of nonsymmetric connections are those sub-
groups which act transitively on the unit sphere in R”. In fact, it is
by now well known which elements in Berger’s list actually do occur
as holonomies of Riemannian metrics. We mention in this context the
work of Simons [S], Calabi [C], Alekseevskii [A] and Bryant [Brl].

(2) The second part classifies all possible irreducible pseudo-Riemannian
holonomies, i.e. connections with holonomy group H C O(p, q). In
this case, the question whether or not these candidates actually do oc-
cur as holonomies has been resolved except for the group SO*(2n) C
Gl(4n,R) for n > 3.

(3) The third part classifies the possible irreducibly acting holonomy groups
of affine torsion free connections, i.e. holonomy groups which do not
leave invariant any nondegenerate symmetric bilinear form. These con-
nections are the least understood. In fact, Berger’s list in this case is
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incomplete, conceivably omitting a finite number of possibilities. The
holonomies which are not contained in Berger’s list are referred to as
exotic holonomies. '

R. Bryant [Br2] showed that exotic holonomies do, in fact, exist. He inves-
tigated the irreducible representations of S/(2, R) which can be described as
follows:

For n € N, let V, := { homogeneous polynomials in x and y of degree n}
which is an n + 1-dimensional vector space. There is an S/(2, R)-action on
V, induced by the transposed action of SI(2, R) on R?, ie. if p € V, and
A € Sl(2, R) then

(A-p)(x,y):=p(u,v) with (u,v)(x,y)4.

It is well known that this action is irreducible for every n and moreover
that—up to equivalence—this is the only irreducible » + 1-dimensional repre-
sentation of S/(2, R) [BD].

Let H, C GI(V,) be the image of this representation and let b, C gl/(V,) be
the Lie algebra of H,. Bryant showed that h, does not satisfy Berger’s first
and second criterion if n > 4.

For n = 3, however, he proved the existence of torsion free connections
on 4-manifolds whose holonomy group is Hj, even though this group does not
appear on Berger’s list. We shall refer to these connections as Hj-connections.

Note that for n odd, there is no nondegenerate symmetric bilinear form
which is invariant under the SI/(2, R)-action on ¥V, . There is, however, an
invariant 2-form and hence we conclude that any Hz-connection must admit a
parallel symplectic form.

A diffeomorphism ¢ : M — M preserving the connection will be called a
symmetry of V.

It turns out that locally there are very few examples of Hj-connections. In
fact, the local classification given by Bryant can be summarized as follows:

(1) There is one example of a homogeneous Hs-connection whose symmetry
group is 5-dimensional.

(2) There is a finite set of Hj-connections with a 3-dimensional symmetry
group.

(3) There is a 1-parameter family of Hj-connections with a 1-dimensional
symmetry group.

Hs-connections with a 1-dimensional symmetry group will be called regular,
all others will be called singular Hs-connections.

Bryant’s classification is obtained by the methods of Exterior Differential
Systems. This approach, however, makes a concrete description of these con-
nections very difficult. In this article, we will describe the Hj-connections more
explicitly and will also investigate their global behavior.

(1) The homogeneous Hj-connection can be described globally.

(2) The singular Hi-connections can be described on the dense open subsets
on which the action of their symmetry groups is locally free.

(3) For the regular Hs-connections we can only give a description on some
open subset which will not be dense in general.

A global description of the homogeneous Hj-connection was given in
[Br2]. However, our description includes the symmetry group and presents the
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connection in a somewhat more explicit way. In fact, we will compute the Lie
algebras of the symmetry groups of all Hj-connections.

Furthermore, in the case of some singular Hz-connections we can conclude
that the parallel symplectic form must be exact.

Following this introduction, we will first give the descriptions of the singular
Hj-connections (§2).

In §3, we derive the structure equations for H3-connections, following closely
[Br2].

As a first global result we will show in §4 the

Theorem 4.1. Hj-connections are never complete.

In §5, we then solve the structure equations for the singular Hj-connections
under the generic assumption that the group action of the symmetry group is
locally free, as well as the structure equations for the regular Hj-connections
on some open subset. This will show that the examples given in §2 form in fact
a complete list of singular Hj-connections under these restrictions.

Finally, in §6 we shall be concerned with H;-connections on compact mani-
folds, and we will prove

Theorem 6.1. There are no Hj-connections on compact manifolds.

Note that Theorem 6.1 is not a consequence of Theorem 4.1 since affine
connections on compact manifolds are not necessarily complete.

The main part of this article represents the author’s thesis and he wishes to
thank his advisor Wolfgang Ziller for his encouragement and support.

2. EXAMPLES OF SINGULAR H3-CONNECTIONS

We first introduce some notational conventions. Recall that V3 is the vector
space of homogeneous polynomials of degree 3 in the variables x and y, and
the action of SI/(2, R) on V3 is induced by the transposed action of S/(2, R)
on R? = span{x, y}.

We let p3 : SI(2,R) — H; C GI(V3) and (p3). : sl(2,R) — b3 C gl(V3)
denote the representation homomorphisms, and define a basis {E;, E,, E3} of
hs by E;:=(p3).(E;) where the basis {E|, E,, E3} of s/(2, R) is given by

(‘bl _Ca) = aE, + bEz + CE3.
Furthermore, we let {ep, ... , e3} with e¢; = x37y’ be a basis of V3, and
{e;] 0 < i< 3} be the standard basis of R*.
We fix once and for all a linear isomorphism
i Vs — R*
ei — gi'
Then b, := Ah3A~! C g/(4, R) has {E,, E;, E;} with E; = AE;A™" as a
basis, and one sees that

3a ¢
aE, + b, + cEy | 2 Efz 3¢
b -3a
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We shall from now on use A to identify h3 with b,

Recall that if M is a manifold with an Hj-connection V then a diffeomor-
phism ¢ : M — M preserving the connection V, i.e. satisfying

(1) 9. (VxY) =V¢.(X)¢*(Y)

for all vector fields X and Y on M, will be called a symmetry of V. We shall
call a vector field S on M an infinitesimal symmetry iff £5V =0, i.e.

(2) [S, VxY]=Vis 1Y + Vx[S, Y]

for all vector fields X and Y on M . Note that the flow along an infinitesimal
symmetry is a 1-parameter family of (local) symmetries.

In order to describe a connection on a manifold M, we shall in each case
give a frame on M and the connection form ¢ w.r.t. this frame which takes
values in h3. This form is the pullback of the connection form on the coframe
bundle of M under the section given by the frame.

Let Xy,..., X3 be the given frame and let wy, ... , w3 denote the dual
coframe. We define the V;-valued 1-form w by

a):Zwiei,
i

which establishes an isomorphism between 7,M and V; forall pe M.
Then we can describe the covariant derivative associated to the connection by

(3) o(Vx,Xj) = —¢(Xi) - o( X)) = —¢(X;) - €.
The connection being torsion free is equivalent to the condition that
4) d(Xi)-e; —d(X;)-ei =dw(X;, X;) forall i, j.

The holonomy algebra of these connections is contained in b3 by the Ambrose-
Singer-Holonomy Theorem mentioned earlier. In fact, we will show (Corollary
3.2) that the holonomy algebra of any such connection is actually equal to b3,
provided the connection is not flat.

As we shall see in §3, to every Hj-connection we can associate a pair of homo-
geneous polynomials a € V> and b € V3 as well as a constant ¢ € R. For future
reference we shall give these polynomials, called the structure polynomials, and
this constant in each particular case.

The description of these examples will be motivated in §5.

2.1 Example I : The homogeneous case (type 28 ). Let

X
G=ASl(2,]R)={( 4 J’)
0 0 1

be the group of unimodular affine motions of R* and let g be the Lie algebra
of G. Let A4;; stand for the 3 x 3-matrix with (i, j)th entry 1 and all other
entries 0. Then we define a basis of the Lie algebra g of G by

A€ SIl2, R), x,yeR}

Zo= § A,
Zy= -3 (Ai3-Ay),
Zy= -3(An —An),
Z3=-18 Ay,
Y = Az + 24y,
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and the subgroup H < G as H = {exp(tY) | t € R}. Furthermore, we decom-
pose g as g =hém with h =span(Y) and m =span(Zy, ... , Z3).
One checks that [, m] C m, i.e. the homogeneous space G/H is reductive.
Moreover, if we define
1t m —
Zi — g

then ad(Y) = (1) !0 Ejo01.
We wish to define an Hi-connection on G/H such that the canonical action
of G on G/H is an action by symmetries. To do this, we need to define a map

Arm— b3 Cgl(V3)

such that
)'([Y, Zi])[E3’ )'(Zl)] for i = 0,...,3

and
MZ;)-ej—AZj)-ei =[Z;, Zj}m)
with the isomorphism : defined above [KN, X 2.1, 2.3, 4.2]. The covariant
derivatives are then defined by 1(VzZ;) = A(Z;) - e; , where T,M is identified
with m.
One then checks that the following map satisfies these two conditions and
thus defines an Hs-connection on M .

MZo) =0, MZ)=-E3, AZ)=Ei, AZ;)=3E,.

The structure polynomials and the structure constant in this case are a = x2,
b=4x% and c=0.

Clearly, G acts transitively on the set of parabolas in R?. Also, one sees that
H is the group of unimodular affine motions which leave the standard parabola
y = x? invariant. Therefore, we can naturally identify M = G/H with the
space of parabolas in R?.

Let wg, ... , w3, ¢ be the coframe on G dual to the vector fields Z, ... ,
Z3, Y. Let 1;,:=w;A---Awsz for 0 <i < 3. t; isinvariant under the isotropy
representation of H , and therefore there are induced forms on G/H which we
also denote by 79, ... , 73.

One checks that these forms satisfy the Frobenius condition

dti=a;AN1; for some l-form q;,
and hence the flag of distributions &, C --- C Z; on the tangent space of G/H
given by 7,(%;) =0 is integrable [EDS, II.1.1].
Let L: ASI(2, R) — SI(2, R) be the homomorphism which maps an affine
motion to its /inear part. Then we can define an angle function

9: G/H — S!

o (1)
feo (]

This function assigns to each parabola its direction, and it is straightforward
to check that @ is a fibration over S' whose fibers are the maximal connected
integral leaves (m.c.i.l.’s) of 23, and that the fibers are totally geodesic. Also,
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since these fibers are all parabolas with a given direction it is easy to see that
they are diffeomorphic to R®.

Now let us investigate the level sets of 6. By homogeneity all level sets are
equivalent. Thus, let

Yi:i={(y=e’x*+bx+c)|a,b,ceR}).

Then the function r; : Y3 — R which assigns the size to a parabola, i.e.
r3(y = e°x? + bx + ¢) = a, satisfies dr; = w,|y, . Again, one can check that r;
is a ijration of Y; over R whose fibers are totally geodesic and diffeomorphic
to R°.

Next, let Y, be a level set of r;, e.g.

Y,:=r;'(0)={(p=x>+bx+c)| b, ceR},

i.e. a set of parabolas with given direction and size. We compute the con-
nection on Y, and obtain that Y, is flatz. Note that a curve y in Y, can be
described by the curve of the vertices of y(¢). Then we compute that—up to
parametrization—the vertices of a geodesic in Y, either move along a parabola
of size —2 or along a vertical line.

Also, the restriction |y, is closed, hence there exists a function r, : Y, = R
such that dryw|y,. One finds that the level sets of r, are the parabolas in Y,
whose vertices lie on a fixed vertical line. By the previous, these level sets are
geodesics.

Finally, if Y; isalevel setof r,,i.e. a geodesic, we find some parametrization
ri : Yy — R such that dry = wyly, .

Therefore, on every m.c.i.l. Y; of &;, i <3, we have a function r;: Y; - R
satisfying dr; = w;_1ly,, and all these functions are totally geodesic fibrations
of Y;.

2.2 ExampleII: Types X and X!. Let c € R be a given constant and define
the Lie algebra g = span(Z,, Z,, Z;) with the bracket relations

[Z,, 2] = c Z3,
[Z,, Z3] = -3 Z,,
[Z,, Z3] = £2¢ Z,.

One computes that gg = n3, the Lie algebra of the three-dimensional Heisen-
berg group N3, gf = su(2) if ¢ > 0 and gF¥ = sl/(2, R) in the remaining
cases. We let G* be a Lie group corresponding to g such that G(f = Ns,
Gf=SI2,R) or Gf =SU(2) if ¢>0.

Let M* :=R* x G and let ¢ : M¥ — R* be the projection onto the first
factor. Regarding M* as a subset of the Lie group R x G we can define left
invariant vector fields Zy, ... , Z3 such that

for 1<i,j<3, [Z, Z;] is given by the equations of gF,
[Zo,Z]1=0for i=1,2,3,
Zo(to)=1,and Z;i(ty) =0, i=1,2,3.
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We then define a frame on M* by

2
Yo LGz,
0
X = %(Zt%ﬂ:C) Zy -227
2
X, F —Z
Io

X3 = F3 Zo
Now we give a connection w.r.t. this frame by the h3-valued 1-form

¢F = ¢1E\ + 92E2 + $3E;3

where
61 = , - 2ty wy, )
25 ¢ dt5xc
=c ) - w,, and
%2 41, 0 2ty 2
613+ c 1
= - [0 + — .
?3 2 @0 o

The covariant derivative is defined by (3). Moreover, one checks that (4) is
satisfied, i.e. V is torsion free. Also, V is not flat, thus by Corollary 3.2 we
conclude that V is an Hs-connection.

The natural left action of G on MZ is an action by symmetries as it leaves
all Z; and the function ¢, invariant, hence preserves the frame Xj, ... X3 and
therefore satisfies condition (1).

The structure polynomials are

23+
a=+x2+ %(Zté +c)y?, and b=ty (q:x2 + %yz) )
We shall see later that M{' and M with ¢; € {+} are equivalent iff ¢; =

&, and sign(c;)sign(c;). Thus the M* give six different examples of Hi-
connections.

2.3 Example III : Type 2. Let k € R\{0} be a given constant and define
the Lie algebra gif = span(Z;, Z,, Z;) with the bracket relations

[Z,, 2] = Zy,
[Z1,25]= F 2,
[Z2, Z3] = 3k Z,.

One computes that g; = su(2) if k >0 and gf =s/(2, R) in the remaining
cases. We let Gi¥ be a Lie group corresponding to gi such that Gi = SI(2, R)
or Gf = SU(2) .

Let M :=R* x G and let 1o : M;f — R* be the projection onto the first
factor. Define the vector fields Z;,...Z3 on M,f as in the previous section,
ie. the relations of gi determine [Z;, Z;] for 1 < i,j <3, Zy(to) = 1,
Zi(ty) =0, and [Zy, Z;]=0 for i=1,2,3.
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We then define a frame on MF by

Xo = tg(kt(z):i:l) Z, + 12 Z3,
0
X1=(3ktg’-'Fl) Zy -4 7,,
X, = 2z,
lo
X; = -3 Z,.

Now we give a connection w.r.t. this frame by the hs;-valued 1-form
¢i = $1E1 + $2E2 + $3E3

where
¢, = 3 - 2kty wy, .
$2 = —(£3k3 — 1) wo - ~(2ki5£1) @y, and
0 0
3 1
0 lo

Again, the covariant derivative is defined by (3). Moreover, one checks that
(4) is satisfied, i.e. V is torsion free. Also, V is not flat for k # 0, thus by
Corollary 3.2 we conclude that V is an Hj-connection.

The natural left action of G,f on M, ki is an action by symmetries for similar
reasons as in the previous section.

The structure polynomials and the structure constant are

alktoy) + k(x? £y2), b= %ktoy((ktoy)z “3k(x*4)?) and c=+6k2.

We shall see later that M,il‘ and M,Z with ¢; € {£} are equivalentiff ¢, = ¢
and sign(k,) = sign(k;). Thus the M,f give four different examples of H;-
connections, and we will also show that they are indeed different from the
connections given in the previous section.

3. THE STRUCTURE EQUATIONS

In this section we will mainly recall the results of Bryant [Br2] on Hj-
connections and introduce a notation convenient for our purposes.
First, we shall define the bilinear parings

(, )p:KI@Vm_’Ver—Zp
by

p 0%u oPv
(u,v), = ,Z( 1) ( )akxal’-kyal’-kxa"y for ueV,,vevVy,.

It can be shown that these pairing are S/(2, R)-equivariant and therefore are
the projections onto the summands of the Clebsch-Gordan formula.

We can establish an S/(2, R)-equivariant isomorphism p : h; — V; by the
equation

A-v=(p(d),v), with 4ebh3,vel;,
and we will from now on use p to identify h; and V;.
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Now we describe the spaces K(h3) and K!(h3) defined in §1. Straightforward
calculation yields that we can define S/(2, R)-equivariant isomorphisms

1:K(h3) = V2 and 1 :K!(h3) = V3
by the equations

p(u, ) = (19), 4, V)s) ~ 13 H(9), (, v)1),

and
Wy (u) = (u(y), u),

where ¢ € K(h3), v € K!(h3) and u, v € V3, and we will from now on use
these to identify K and K'(h3) with ¥, and V; resp.
The following lemma is very simple but will be useful later on.

Lemma 3.1. Every ¢ € K(h3)\0 is surjective.

Proof. Let ¢ = apx? + ajxy + apy? € V; = K(b3), and suppose ay # 0. Then
p(ey, e3) = —36apy?, thus y2 € im(¢p). Also, ¢(e;, e3) = —36agxy + 18a;y?,
thus xy € im(¢p). Finally, ¢(ey, e3) = —18agx? + 36a;xy — 18a,y?, thus
x2 € im(p) . Therefore, ¢ is surjective if ag # 0. Similar arguments show that
@ is surjective whenever ¢ #0. O

Corollary 3.2. If the holonomy group of a torsion free connection V on a mani-
fold M is contained in Hj then either the holonomy group of V is equal to H;
or V is flat.

Proof. Suppose V is not flat. Then there is a p € M at which the curvature
map Q,: A2T,M — b3 isnot 0. By Lemma 3.1, Q, is surjective and thus by
the Ambrose-Singer-Holonomy Theorem, the holonomy group of V is equal to
H;. O

Suppose M is equipped with a torsion free Hs-connection V. Let n:§ —
M denote the total coframe bundle of M which is a principal G/(4, R)-bundle.
On F, the tautological 1-form o takes values in R*, the connection 1-form ¢
takes values in g/(4, R) and both are GI/(4, R)-equivariant [KN].

Then there exists a reduction F of § whose structure group is isomorphic
to SI(2, R) [KN, I1.7.1] and such that ¢|r takes valuesin b, C g/(4, R). Such
a reduction will be called an hs-reduction of §.

By abuse of notation we will denote the restrictions w|r, ¢|r and n|r also
by w, ¢ and n resp.

Of course, h3-reductions are not unique. In fact, one sees that F, F' are
hs-reductions iff there is some g € Norm(h,) C Gl(4, R) with F' = Lg(F),
where L, denotes the principal action of g on §. Now one computes that

Norm(h,) = H3 x N
with

t e R\{0}, & = +1
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It follows that any two hs-reductions F, F’ satisfy F = Lg(F') for some
g € N, and two such structures are called homothetic to each other.

Clearly, homothety is an equivalence relation on the set of h3-reductions of
&, and it is not hard to see that there is in fact a 1-1 correspondence between
Hj-connections and homothety classes of hs-reductions with a torsion free con-
nection [Br2, 2.1].

Let M be as above and fix an h3-reduction F of the total coframe bundle
§. On F, we have the 1-form w + ¢ with values in R* @ ®h, = V30V, and
may hence regard w + ¢ as an S/(2, R)-equlvanant V; @ Vz-valued 1-form. It
is well known that this form gives a coframe on F , i.e. the real-valued 1-forms
@y, ... , W3, ¢0’ ¢l, ¢2 giVCn by

o(X) =) wi(X)e; and $X Z¢, (X)x*>~'y!  forall X e TF

are linearly independent.

The frame of F dual to the coframe wy, ... , w3, ¢o, ¢1, ¢, will be de-
noted by Xp, ..., X3, Yo, Y;, Y, and will be called the canonical frame on
F.

A tangent vector X € TF will be called vertical if w(X) =0 and horizontal
if ¢(X)=0. Thus, X; is horizontal and Y; is vertical for all i.

The curvature 2-form Q on F takes values in h3 = ¥V, and vanishes in
vertical directions which means that for every u € F, there is a unique linear
map ¢, : A2V3 — b3 such that

QX,Y)=9y(0(X), w(Y)) forall X,Y €T,F.
Furthermore, the first Bianchi identity implies that ¢, € K(b3), and this
defines an S/(2, R)-equivariant map
a: F — W
u g ¢u.
For u € F , we define a linear map y, : 3 — Hom(A?V3, b;) by the equation
vu(e)(w(Y), @(Z)) = (£x, (Y, Z) — gu(¢(Y) - €, (2Z))
—pu(w(Y), d(Z)-e;) forall Y,Z e T,F.
To see that this is well defined note that the right-hand side is tensorial in Y
and Z and vanishes if either Y or Z are vertical. Moreover, the first Bianchi

identity implies that y,(e;) € K(h3), and finally, the second Bianchi identity
implies that , € K!(h3) = V3. Therefore, we get a map

b: F — I
U — Y,

Now we can describe the structure equations on F .
The first structure equation—using that V is torsion free—yields

(5) do=-¢rw=—(p, v),.
The second structure equation is
dp=-9pNp+Q

(6)

= -%(fﬁ, ¢)y +(a, (®, w)3)y - '1%( (@, @)p); -
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Next, we compute the exterior derivatives of a. For this, let X;, X; and Xj
be horizontal vector fields of the canonical frame on F . Then, at some point
uerF,

Xi(Q(X;, Xi)) = (£x.Q)(X;, Xi) + Q([X:, X;], Xi) + Q(Xj, [Xi, X))
= yu(e)(e), ex)
= <<b(u) 5 ei)z s <ej ’ ek>3>0 - 1_12 <(b(u) ’ ei)z s (ej ) ek)])z .

Here we used the fact that the Lie bracket of two canonical korizontal vector
fields is always vertical since the connection is torsion free.
On the other hand,

XI(Q(XJ ’ Xk)) = <<Xl(a) ’ e,-)2 s (ej ’ ek>3>0 - _112' <Xl(a) 5 (ej ’ ek)1>2 .

Setting these two equal, we get the horizontal derivatives of a. The vertical
derivatives follow from the S/(2, R)-equivariance of a, and we obtain

(7) da= (b, w),+(a,d),.

Taking the exterior derivative of this equation and solving for db, we can
compute that there exists some function ¢ such that

1
(8) db=(b,¢)1+(c—(a,a)2)w+—l—§((a,a)0,a))z.
Taking exterior derivatives once again, we find that
9) dc=0,

i.e. ¢ is a constant.

Definition 3.3. Let #: F — M be a principal S/(2, R)-bundle over a four-
dimensional manifold M . Suppose there exist 1-forms @ and ¢ on F with
values in V3 and b3 resp. and functions a and b with values in V5, V3 resp.
such that the structure equations (5)-(9) are satisfied for some constant c.
Moreover, assume that w(ker(n,)) = 0 and ¢((E;)*) = E; where {E;} is the
basis of s/(2, R) described earlier and (E;)* denotes the fundamental vector
field corresponding to E; [KN, Vol I, p. 51]. Then (n, F, M, w,¢,a,b,c)
is called a solution structure over M .

By the previous discussion we know that any hs-reduction of an Hj-connec-
tion on M gives rise to a solution structure over M .

Now suppose that F' = L,(F) with g € N is an bhs-reduction homothetic
to F. Thenif welet @ = Lgoa, b= Lgob and ¢ = Lgoc where Ly denotes
the action of g on V3, V3 resp., then (F', (Lg-1)* (@), (Lg-1)*(¢), @, b, €) is
also a solution structure.

If we define the components of the polynomials a and b by a = ¥, aix?~'y!
and b =Y, bix3~'y’ then we compute that if
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then
ar?* = (apx?* + earxy + ay?),

(10) b = P(eboy® + bix?y + ebyxy? + bsy?),
é=th.

Definition 3.4. Two solution structures (z, F, M, w, ¢, a, b, c) and (%, F,
M,®,¢,a, b, ¢) over the same manifold M are called homothetic if there
exists a bundle isomorphism L : F — F such that w = L*(®), ¢ = L*(d),
and moreover (a, b, c¢) and (a, b, ¢) satisfy (10) for some ¢t #0, ¢ = +1.

Clearly, homothety is an equivalence relation of solution structures and ho-
mothetic h3-reductions give rise to homothetic solution structures. Therefore,
by our discussion earlier, to any Hz-connection on a manifold M we can as-
sociate a homothety class of solution structures over M .

We will now show that this correspondence is in fact bijective. In particular,
we need to show the sufficiency of the structure equations (5)-(9).

Proposition 3.5. Let M be a 4-dimensional manifold and let n : § — M de-
note the total coframe bundle of M . Suppose there exists a solution structure
=, F,M,®,¢,a,b,c) over M.

Then there exists a unique Hs-connection V on M and a unique embedding
1: F — § such that

(1) F:=uF) is an bs-reduction of §,
(2) the diagram
" F
N
M
commutes and
3) "(w+¢) =@+ ¢, where w and ¢ denote the restrictions of the
tautological form and the connection form to F .

F

Proof. Let F,@, ¢, a and b be as above. By hypothesis, 4o @ with the
identification A: V3 — R* as before (§2) is a coframe of ThuwM forall ue F,
hence a point in §. Therefore, we define the map
10 F —
U — Ao®
By construction, we have 1*(w) = @. Moreover, the structure equations and
the condition ¢((E;)*) = E; imply that @ and ¢ are S/(2, R)-equivariant
w.r.t. the actions of S/(2, R) on V3 and b3 induced by p;. This means that
e 1 is an embedding whose image F is an h3-reduction of § w.r.t. the
connection defined by . _
o if we define on F := i(F) the hi-valued 1-form ¢’ := (i7!)*(¢) then
there exists a unique g/(4, R)-valued GI(4, R)-equivariant connection
I-form ¢ on § such that ¢' = ¢|F,

It is then straightforward that the map : satisfies the desired properties and
is uniquely determined by them. O
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From the construction above it is clear that the images of the embeddings 1,
and 1, associated to two homothetic solution structures (%;, F;, M, @;, $,~ R
@;, bi, ci) over M are in fact homothetic bhs-structures. In particular, the con-
nection V on M only depends on the homothety class of the solution structure.

We summarize the discussion so far, including Corollary 3.2, in the

Corollary 3.6. There is a 1-1 correspondence between Hj-connections on a 4-
manifold M and homothety classes of solution structures over M for which
a, b do not vanish identically.

For the rest of this section, let F be an h;-reduction of an Hj3-connection
V on a connected 4-manifold M. If welet V =V, ® V3, we get a map
K: F — vV
u — a(u)+b(u)

The structure equations (5)—(9) imply that w.r.t. the canonical frame Xy, ...,

X3, Y,Y,,Y, on F and the components ag, a;, a; and by, ... , b3 of the

polynomials a and b resp. we can write the differential of K
K..:TF-TV

as

6b2 —4b1 6b0 0 2a1 —2(10 0
1 8b3 -—2b2 —2b1 1 8b0 4a2 0 —4(10
0 6b3 —4b2 6b1 0 2(12 —2a1

K, = D1 —apa, ag 0 2by —3by 0
3(11(12 D2 0 303 4b2 -—bl —6b0
3(1% 0 D2 3(10(11 6b3 b2 —4b1
0 a  -—aa  p 0 3b; -2b,

where p; = ¢ + 3a} — 3aga, and p, = ¢ + $a} — Sapa; .

We compute that det(K,.) = 0, i.e. rank(K,) < 6. Let L be the cofactor
matrix of K, , consisting of the 6 x 6 minors of K,. L has the property that
LK, = K,.L = 0, and L has rank at most 1. Thus, there are polynomials
ro, ... , ’6, 80, ... , 8¢ in the variables agy, a;, a,, by, ... , b3 such that

o
L= ( ) (50, -+ 5 S6)-
Ts

Furthermore, if we define the polynomial

1 1
Re= 7 (pe, pc)y + 5(a, a*),

with
pc=(2c—(a,a)2)a—(b,b)2 and q=(a,b)2:

then it turns out that
_OR,

. OR.
P 60[

~ 8bi;

for 0<i<2, and s

for 3<i<6,
and

ri = k,'S6_,' where (ko, cee s k6) =

(1,-3, 3,-1, 3, -6, 3).
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This means that

e d(R.oK)=0, hence K maps F into some level set of R,
o for ue F, rank(K.(u)) =6 iff L(u)#0 iff (ro(u), ..., re(u)) # 0 iff
(So(u), ... , s¢(u)) # 0 iff K(u) is a regular point of R..
We now turn our attention to the set X. C V' of critical points of R.. Using
the S/(2, R)-invariance of X., we compute that

o for c#0, . =Xl UXZ, where
Il ={(a,b) eV |p.=q=0}
and
2={(v+u?, du@®-3v) eV ueV,vel with (v,v),=%c}.
o for c=0, Xo=XfUZ;, where
I3 ={(xv?+u?, Ju(F3v? +u?) eV |u, v e W}
We also define
Z°:=Egn}:5={(u2,%u3)€V|ueVl}.

We wish to determine the topology of the X’s. Of special interest for us
is the number of connected components in each case. To determine this we
introduce the S/(2, R)-equivariant maps

el VixW,. — X2
(u,v) +r— (v +u?, Ju(u? - 3v)),

(l)g' : V] X Vl — Z(:)t
(u,v) +— (202 +u?, tu(F3v? +u?)),
e )
u — (u?, Ju),

where V5 . :={v e V3| (v, v), = 3c}.

One computes that ¢? is a diffeomorphism for all c. It follows that X2 is
smooth 4-dimensional and has one or two connected components depending on
the sign of c¢. In the case ¢ > 0 we let V;*. = V5 N {£(u? +v?) | u,v € 1}
be the connected components of V, ., and therefore 2% .= @2(V; x Vfc) are
the two connected components of Z% . On the other hand, if ¢ < 0 then V; .
and therefore X2 are connected.

¢5t is a branched double cover: in fact, let

S*ti= ()X = {(u, v) e Vi x V1 |v=0o0rv?=3u’}, and
S™:=(pg)7"(Z) = {(u,v) e Vi x V1 |v =0}

Then @7 |y xy)\s+ is a double cover of £F\Z3 whose nontrivial deck transfor-
mation in either case is given by (u, v) — (u, —v).

It follows that Zo\Z) is 4-dimensional and smooth and has two connected
components, namely ZTF\ZJ.

Next, ¢3|y\(0} is a diffeomorphism onto X3\{0}, thus ZJ\{0} is a smooth
connected surface.
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Note that X! is smooth by the implicit function theorem. Let (a, b) €
X! with (a,a), > 0. By the S/(2, R)-invariance we may assume that a =
ao(x? + y?) for some ao € R\{0}. We compute that b = by(3x2 — y2) +
byx(3y? — x?) with b; € R and that ao(2a3 — ¢) = 18(b? + b?). Therefore if
¢ >0, then either —/§ < a9 <0 or /5 <ay. Thus, a(Z!) and hence X} is
disconnected for ¢ > 0.

One can show that these are the only components, i.e. X! is connected if
¢ < 0 and has two components X!'* if ¢ > 0 where + stands for the sign of
ap in the notation above.

We will refer to the regular parts of the level sets of R. and to the manifold
parts of the sets X. as strata.

For the ranks of K, we have:

rank(K,(u)) =4 forall u € F with K(u) € X, and c #0.
rank(K,(4)) = 4 for all u € F with K(u) € Zo\XJ,
rank(K.(u)) =2 forall u € F with K(u) € ZJ\{0},
rank(K,(u)) =0 forall u e F with K(u) =0.

Theorem 3.7. The image of the map K : F — V lies always in a single stra-
tum. In particular, the differential K, has constant rank on F, and rank(K,) €
{0,2,4,6}.

We start with the following lemma whose proof is left to the reader:

Lemma 3.8. Any two points in F can be joined by a piecewise differentiable path
y such that y'(t) = £X; or y'(t) = £Y; for some i, wherever y' is defined.

Proof of theorem. We define vector fields Xy, ... , X3, Y, Y2, Y3 on V by

9 9 96 o _3_)’
300,301’3a2,3b0’""ab3 )

Thus if y is an integral curve of X; (Y; resp.) in F then the curve K(y) is
an integral curve of X; (Y; resp.) in V. Now one observes that these integral
curves always stay inside the same stratum in V. This together with Lemma
3.8 finishes the proof. 0O

(YOa .o a73’Y|’?23Y3)t=K*<

Of course, if K(F) = {0} then the connection form ¢ is flat, i.e. the
holonomy group is not equal to Hj.

Note that the stratum containing K(F) is an invariant of the homothety
class of F, hence indeed an invariant of the Hj-connection. Therefore, we will
refer to this stratum as the type of the Hz-connection. E.g. we will talk about
connections of type I}t etc.

4, NONCOMPLETENESS
The purpose of this section is to prove the

Theorem 4.1. Hj-connections are never complete.

Proof. Let M be a manifold with an Hj;-connection V,andlet (n, F, M, o,
¢,a, b, c) be an associated solution structure over M . By [KN, II1.6.3.], the
geodesics on M are precisely those curves y in M with the property that if ¥
is a horizontal lift of y then w(j') € V3 is constant.
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Now suppose that V is complete. Let # be an integral curve of the vector
field X; in F which projects down to the geodesic y = n(y) in M and
therefore by hypothesis is defined on all of R. From the structure equations
we get that X;(a;) = 6b; and X;(b3) = a3, hence 6a, satisfies on § the
differential equation

(%) y' =2

We shall see that the only solution of (x) which is defined on all of R is
y =0 and therefore a, =0 along 7.

Since $ was an arbitrary integral curve of X; we conclude that a, = 0
on F. But then the structure equations easily imply that a = b = 0 on F
which means that the connection is flatz, hence not an Hj-connection, and this
contradiction will finish the proof.

It remains to show that () has no nontrivial solution. Note that any global
solution y is convex and hence either constant or unbounded. Suppose that y
is a global nonconstant solution, i.e. y’(¢y) # 0 for some f,. Replacing y(z) by
y(—t) if necessary, we may assume that y’(¢) > 0 and hence y'(¢) > y'(¢y) > 0
forall t>1¢,.

We get
d "2 2 3) _
hence 5
(J")z =C+ §y3

for some constant C.
As y is unbounded, i.e. lim,,.,y = co, we may assume that y(t)3 > 3|C|
for all ¢ >ty by increasing f, if necessary. Then we get for all ¢ > ¢,

which implies

Thus we get for all ¢ > ¢

-4 _
yi) i< Gy 2\/31

for some constant C; . But this is a contradiction as the left-hand side of this
inequality is always positive whereas the right-hand side is negative for large ¢,
and this finishes the proof. O

5. THE SINGULAR H3-CONNECTIONS

5.1 Immersions of solution structures. We will begin with the following

Definition 5.1. We call (F, w, ¢, a, b, c¢) a pseudo solution structure if

(1) F is a 7-dimensional connected manifold, w + ¢ is a coframe on F
with values in V3®b3, a, b are functions on F with valuesin V,, V;
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resp. and the structure equations (5)—(9) are satisfied for some constant
ceR.

(2) there is a locally free S/(2, R)-action on F such that if we define vector
fields E; by (E}), := g;l,=0(e’5"(p)) with the basis {E;} of h; as
before, then ¢(E}) = E; for all .

Consider the canonical projection 7 : F — g g)\F =: M. In general, M
will not be a manifold. We shall call a pseudo solution structure holonomic over
M if the SI(2, R)-action is globally free and M is a manifold. In this case,
(n,F,M,w, ¢,a,b,c) is a solution structure.

Definition 5.2. Let (F, w, ¢, a, b, c) a pseudo solution structure. A (local)
vector field S on F is called a (local) infinitesimal symmetry of F if £s(w) =

L£s(¢)=0.

Proposition 5.3. The local infinitesimal symmetries on F form a Lie algebra
g C X(F) whose dimension equals the corank of K. where K :==a+b:F — V.
In fact, they span ker(K,) at each point p € F .

Proof. It is immediate that infinitesimal symmetries are closed under Lie brack-
ets and hence form a Lie algebra. Next, any S € g vanishes either everywhere
or nowhere. To see this note that along an integral curve y of X; (Y; resp.),
[S, y'] = 0, hence S vanishes either everywhere or nowhere along y. Then
apply Lemma 3.8.

Moreover, it is obvious from the structure equations that K, (S) = 0 for all
S € g, hence dim(g) < corank(X,).

It remains to show that any tangent vector S, € ker(K,) at some point p € F
extends to an infinitesimal symmetry. This follows essentially from the unique-
ness result of solutions to the structure equations (cf. [Br2] for details). O

Of course this means that every Hz-connection admits at least one 1-param-
eter family of (local) symmetries. In fact, the (local) symmetry group G of M
is a Lie group whose dimension equals the corank of K.

Definition 5.4. Let (F, w, ¢, a, b, c) be a pseudo solution structure.

(1) F is called saturated if the map K : F — K(F) C V is a principal G-
fibration where G denotes the symmetry group of F . This is equivalent
to saying that every local symmetry of F extends to a global symmetry.

(2) F is called maximal if it is saturated and K(F) is an entire stratum.

The following proposition can be shown using the standard techniques to
prove generalizations of the second Cartan lemma (cf. e.g. [Br2]). We will leave
the proof to the reader.

Proposition5.5. Let (n, F, M, w, ¢, a, b, c) beasolution structure over some
manifold M and suppose that F is saturated. Let (', F', M', ', ¢', a’, b', ')
be another solution structure over a simply connected manifold M’ such that
K(F') C K(F). Then there exist immersions ) : F' — F and 1: M' — M such




CONNECTIONS WITH EXOTIC HOLONOMY 311

that 3*(0' +¢') =w+ ¢, a’' + b = (a+ b) o and such that the diagram

F 1

s
M — M
commutes. In particular, 1 is connection preserving, i.e. 1,(V%Y) =V, x)L.(Y)

for all vector fields X and Y on M', where V, V' denote the covariant deriva-
tives on M, M’ resp.

Therefore, if we have a maximal solution structure then every other simply
connected H;-manifold of the same type can be immersed into M by a con-
nection preserving map. It also illustrates the significance of the examples given
in §2 which will be discussed now.

Let us first determine the subset of an Hs-manifold on which the symmetry
group of the connection acts locally free.

Lemma 5.6. Let M be an Hs-manifold and let U C M be the set on which
the local symmetries of M act fixed point free or—equivalently—where the in-
finitesimal symmetries of M do not vanish. Let W™ C V be the points in
V =V, ® V3 on which the group SI(2, R) acts locally free, i.e. W™ is the
union of all regular SI(2, R) orbits of V. Then

U = n(K~Y(Wre)).
In particular, U is an open dense subset of M .

Proof. For p € M, the infinitesimal symmetries on M do not vanish at p
iff the infinitesimal symmetries on F do not lie in the kernel of n, at all
points x € #~!(p). If we let Y;, Y,, Y3 denote the vertical vector fields of the
canonical frame of F, then this is equivalent to saying that K.(Y;), # 0 for
all x € #~'(p). Finally, the S/(2, R)-equivariance of K implies that this is
satisfied iff K(x) € W' for all x € ~!(p). Now W™ is open dense in V,
hencesois U in M. O

We now consider the examples from §2. For each one of them, the structure
polynomials a, b as well as the constant ¢ were given. These polynomials
gave the restriction of the map K : F — V to the section of F given by the
particular (co)frame. Therefore, the image set K(F) equals the S/(2, R)-orbit
of the structure polynomials in each example.

(1) In Example 2.1, we have the structure polynomials a = x?, b = {x3
and ¢ =0. Thus,

K(F) = SI(2, R)(a, b) = {(u*, §u*) | u # 0} = Z{\{0}.

Also, it is not hard to show that the map K is a principal 4S/(2, R)-
fibration and hence F is maximal. Thus, we have a maximal solution
structure of type zg and from Proposition 5.5 we get

Corollary 5.7. Let M be a connected 4-manifold with an Hs-connection V of
type X and let M denote its universal cover with the induced connection V .
Then there exists a connection preserving immersion

1:M - G/H
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with G/H asin$§2.1, i.e. .(VxY) =V, x).(Y) for all vector fields X ,Y on
M , where ¥ denotes the connection on G/H

(2) Consider the connections on M~ described in §2.2. The structure poly-
nomials in these cases are (a, b)(o(‘,t(toy x) and hence

K(F)=SI2,R)(a, b) = o5 {(u, v) € 1 x V1 | (u, v), #0.}

which is precisely (Z5\Z3)NW™ . Again, we can show that the map K
is a principal G-fibration where G = N3 is the 3-dimensional Heisen-
berg group which acts via symmetries on M(jt . Hence F is saturated.
We will show that there exist maximal solution structures of types I3
and they therefore contain M as the dense open subset on which the
symmetry group acts locally free.

(3) Consider the connections on M* described in §2.2 and suppose that
¢ # 0. The structure polynomials in these cases are

28 +
(a,b)= (:I:x2 + %(2&2) +0)y?, toy (:Fx2 + %yz))
which is seen to lie in X!. We find that

ZINW™E={(a,b) €Tt | (b, b),, (b, b)y), # O}

Consider first the case ¢ > 0. Then recall that X! has two compo-
nents, and we check that MZ is of type X}'* if ¢ > 0. Moreover,
in each case K(F*) =X!'* n W where F* is the solution structure
associated to ME. We also check that F* is saturated and therefore,
as a consequence of Proposition 5.5 we have

Corollary 5.8. Let M be a connected 4-manifold with an Hs-connection V of
type TLE with ¢ > 0. Let U C M be the subset on which the symmetry
group of M acts locally free and let U = | |; U; be the decomposition of U into
its connected components. Then there exist connection preserving immersions
1: U —» MZ with M from §2.2, where U; denotes the universal cover of U;.

Now assume ¢ < 0. In this case, both examples M* have type X!.
One checks that X! N W™ has two connected components, and they
equal K(F)UK(F7) with F* as above. Again, we check that FF is
saturated, hence Proposition 5.5 yields

Corollary 5.9. Let M be a connected 4-manifold with an Hj-connection V of
type Tl with ¢ < 0. Let U C M be the subset on which the symmetry group
of M acts locally free and let U = | |; U; be the decomposition of U into its
connected components. Then there exist connection preserving immersions

1:U - MFuM;

with M from §2.2, where U; denotes the universal cover of U; .

The difference between these two results is that in the case ¢ > 0 an
H;-connection of type XZ!'* on M is either locally equivalent to M
or locally equivalent to M since these connections are of different

type.
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In the case ¢ < 0, however, it is very well possible that an H;-
connection is locally equivalent to M7 in some neighborhood, but
equivalent to M in some other neighborhood on the same manifold
M . In fact, this will happen if a maximal solution structure of type X!
exists.

Also, we can conclude that connections of type Z!°* with ¢ > 0
have (local) symmetry group SU(2), and connections of type X.'~
with ¢ > 0 or of type X! with ¢ < 0 have (local) symmetry group
SI(2, R).

(4) Consider the connections on Mki described in §2.3 for k # 0. The
structure polynomials in these cases are

(a,b)= (u2 +v, %u(u2 - 3v))

where u = ktgy and v = k(x2 £ y?). Also, the structure constant ¢ =
+6k%. Thus, M is of type X2. Note that Z2N W™ = {p2(u, v) | u
does not divide v }.

By an analysis similar to the previous case, we obtain from Proposi-
tion 5.5

Corollary 5.10. Let M be a connected 4-manifold with an Hj-connection V of
type 2% with ¢ > 0 and let k such that sign(k) = + and ¢ = 6k?. Let
U C M be the subset on which the symmetry group of M acts locally free and
let U =J;U; be the decomposition of U into its connected components. Then
there exist connection preserving immersions 1: U; — M} with M} from §2.3,
where U; denotes the universal cover of U; .

Corollary 5.11. Let M be a connected 4-manifold with an Hs-connection V of
type X2 with ¢ <0 and let k such that ¢ = —6k?. Let U C M be the subset
on which the symmetry group of M acts locally free and let U = | J; U; be the
decomposition of U into its connected components. Then there exist connection
preserving immersions

1: Ui - M7 UM,

with ML, from §2.3, where U; denotes the universal cover of U .

The difference between these two results is as in the previous case.

Also, we can conclude that connections of type X'+ with ¢ > 0 have (local)
symmetry group SU(2), and connections of type £2°~ with ¢ > 0 or of type
X2 with ¢ < 0 have (local) symmetry group S/(2, R).

Of course, these corollaries are not ideal statements. The main question
which they answer only partially is

For which (connected) strata do maximal pseudo solution structures exist? If
they do, are they holonomic?

We already answered these questions affirmatively for Hi-connections of type
29 and will also obtain an affirmative answer for the types X . In the remaining
cases, however, the above statements are the best we can do.

5.2 Reductions of H;-connections. We will now construct further reductions
of the h3-reductions of singular H3-connections. These reductions are equipped
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with another connection with a 1-dimensional Holonomy group. However, these
connections will have torsion.

5.2.1 Hj-connections of type X3. Let M be a connected 4-manifold with an
Hj-connection V of type 28. This means that we have an hs-reduction F of
the total coframe bundle § of M and an S/(2, R)-equivariant map K : F —
Z\0}C V.

We define functions r; and r, by K(u) = ¢Q(ri(u)x + ry(u)y) where ¢f is
the map defined in §3. Then the structure equations imply that

drni=3r7 wo-2nrnw + riw,+2r ¢o—r 1,
dr, = r22 w) — 2riry wy + 3r|2 w3+ 1 ¢ — 2r ¢

rank(K,) = 2, and therefore K is a submersion. Since SI(2, R) acts tran-
sitively on XJ\{0} it follows that K is surjective. F := K~'(p}(x)) is a 5-
dimensional submanifold of F which intersects all fibers 7~!(p), p € M, and
the intersection with each fiber is connected; for n(u,) = n(uy) iff uy = Ly(uy)
for some h € H where

A= {0 1)

which is connected. It follows that F is a principal H-bundle.
Let 1 : F — F be the inclusion map. We compute that the l-fon_n_s Wy, ... ,
@3, ¢ with @; :=1*(w;) and ¢ := 1*(¢3+%w1) yield a coframe of F , satisfying

t€R}§H3

dwgy = 3wy A O, -2 w; /\2),
do, = Yo AD3 +3W AWy — 4D AP,
do, = 9w, A @3 —6w3N g,
dw; = 6w, A @3,

dp = -3 (3@ A3 — @ AD ).

Let o be the (up to multiples) unique parallel symplectic form on M . One
computes that

n*(0) = 3 Wy A D3 — O /\@:—% dé,

and—using that the restriction n : F — M is a homotopy equivalence—we
arrive at the

Proposition 5.12. Let M be an H;-manifold of type X2, and let o be the parallel
symplectic form on M. Then ¢ is exact.

We denote the frame dual to the coframe on F by Xp, ... , X3, Y. We have
L£y(¢) = 0, and this implies that ¢ is the connection form of a connection on
the principal bundle n : F — M . Its curvature is given by the symplectic form
o . However, this connection has torsion.

5.2.2 Hj-connections of type Z(T. Let M be a connected 4-manifold with an
Hj-connection V of type Zf)". This means that we have an hs-reduction F of
the total coframe bundle § of M and an S/(2, R)-equivariant map K : F —
fo\}:g cV.

Recall the double covering ¢ : P¥ — zg\zg defined in §3. Here, P* =
{(u,v) e Vi x Vi |v#0and v?# 3u?} and P~ = {(u,v) € Vi x V;|v #0}.
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Let Py :={u€ Vi |(u, x) € P*},ie. P*=W\{£zx} and P~ =V;. Let
F:=K'({pF(u,x)|ue P} CF.

Since @7 is a double cover and K has constant maximal rank it follows
that F is a smooth 5-dimensional submanifold of F. Moreover, the S/(2, R)-
equivariance of K implies that F is a reduction of F with structure group

{(i ?)"GR}QSI(z,R),

In particular, F is connected. We then define a function r: F — Py by the
equation
K(u) = p3(r(u),x) forall ueF.
Let : : F < F be the inclusion map. We compute that the 1-forms @y, ... ,
@3, ¢ with @; :=1*(w;) and ¢ := 1*(¢3—3r,wo+r w,) yield a coframe of F,
satisfying

dwg = 12r, WoA@; — 6r; Wy A @ —261/\§,
dwy, = 18r,WoAw, — 181y @WoAw3 — 614 51A62—452/\_(é,‘
(11) dw,= 18n WoNW3 + 6r; WA AWy — 18ri Wy A3 — 63N,
dw_:;: 6r, @y A3 — 12r; W, A3,
dp=F6 (3w ND; — WA, ),
where r = ryx + ry, and the functions r; and r, satisfy
dr = 9"% wo — 6rir; Wy — s @y + 2n, 5,
dr2 = 37‘% W, — 61‘1"2 Wy — 3s w3,
with s = —=3r £ 1. Note that r € P{f implies that r, and s cannot vanish
simultaneously.

Like in the previous section—using that the restriction 7 : F — M is a
homotopy equivalence—we obtain the

Proposition 5.13. Let M be an Hs-manifold of type X, and let o be the
parallel symplectic form on M. Then o is exact.

Again, we see that ¢ is the connection form of a connection on the principal
bundle n : F — M whose curvature is given by the symplectic form o. As
before, this connection has torsion. A

We will now show the existence of maximal saturated holonomic solution
structures of types Z(f which we mentioned earlier. Note that if such a struc-
ture exists then r : F — P must be a principal G-fibration where G is the
symmetry group of the connection.

Recall Example Moi from §2.2. Performing the construction above we obtain
a solution to equations (11) on the set G x U — UF where G is the 3-
dimensional Heisenberg group and UE = {u € Py | r, # 0}. In this case,
r:Gx Uf — Ut is simply projection onto the second factor.

We will now give a second explicit solution to the equations (11). This time,
we will consider the set G x U with G as before and U} = {u € Pf | s # 0}.

Let g be the Lie algebra of G. On G x Uzi we define the g-valued 1-form
a = p*(wg) where wg is the left invariant Maurer-Cartan form on G, and
p:Gx U2i — G 1is the projection map. We can decompose « into three real
valued 1-forms a;, a;, a3 satisfying da; =da; =0 and daos =da; Ada;.
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Then one can check that the following forms are a solution to the structure
equations (11) on G x U :

wo = ) - 6sas,
1+ 6r2—3r? 24
W) = #al— Trlaz+ 36rira;s,
_ 2 6 211 12
By=  Zdn _enniED, 0 2n L 18,
4r ri 2 S g
—_ 1 2
w3 ——-S2—dr|+ gdr2+ r22a1 s )
- 1+ +1
= 6r.( S r')a.—6(9rls )azi 36ra;.

G actson Gx UZi in a canonical way from the left, and this action preserves
w and r, i.e. is an action by symmetries.

It follows now that these two solutions of (11) can be regarded as local triv-
ializations of a principal G-bundle over PO*. Of course, since U, = Py the
second solution is already the entire bundle. On the other hand, for Py we
know that the bundle is oriented by the volume element @y A --- A ¢. There-
fore, the bundle must be trivial as well, hence in either case we conclude that
there exists a solution to equations (11) on G x P§ =: F.

It is not hard to see that a solution to (11) completely determines a solution

structure on F* := G x (Z3\ZJ), i.e. we can ‘reverse’ the reduction to F*
described before. It remains to show that these solution structure are holonomic,
i.e. the quotient space M* := SI(2, R)\F* is a manifold. 3

This can be seen as follows. Let us denote the frame dual to @g, ... , W3, ¢
by Xp,...X3, Y. Then the R-actign on F* defined by the flow along thf
vector field Y is proper. Thus, R\F_ is a manifold, and clearly M* = R\F
as desired.

As a result of our discussion we conclude:

Corollary 5.14. Let M be a simply connected connected 4-manifold with an H;-
connection V of type Z(T and let M* be the manifolds described above. Then
there exists a connection preserving immersion 1: M — M* .

5.2.3  Hj-coninections of type X*. Let M be a connected 4-manifold with an
Hj-connection V of type X2 where ¢ € R\{0} . This means that we have an b;-
reduction F of the total coframe bundle § of M and an S/(2, R)-equivariant
map K:F—-3X2CV.

Recall the diffeomorphism ¢? from §3. Recall also that V5 . has one or two
connected components depending on the sign of c.

V3, contains a polynomial k(x2+y?), where “ +” = sign(c) and k% = {|c|.
In the case ¢ > 0 the choice of sign of k determines the component V,*. .

If we let Fy := K~'({92(u, k(x*£y?))|u € V}) C F then F; is a smooth
5-dimensional submanifold of F and moreover a reduction of F with structure
group

SO(2)C SI2,R) if ¢>0,

and

SO(1,1)C SI(2,R) if c<0.
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We then define a function r: F;, — V] by the equation
K(u) = ¢2(r(u), k(x*+y?*) forall ueFy.

Let 1 : Fy — F be the inclusion map. We compute that the 1-forms

@, ..., @3, ¢ with @; := 1"(w;) and ¢ = 1rr(dr F 3 - nBws £ wy) +
r(+3wo + wy)) yield a coframe of F , satisfying

dwy= 12r, o A@; — 61, Wy A\ Wy + 2w, /\E,
do, = 18r, @y AW, — 18r, Wy A3 — 6r @ A+ (—660:|:462)/\?,
do, = 18r,WyA®@3 + 6r, Wy AW, — 18ry @, A @3+ (—4@; + 6@3) /\Q,
d§3= 6ry W) A3 — 12r; @, A @3 - 20, AP,
do = +6k(3 Wg N3 — @ \NW,),

where r = rjx + r;y, and the functions r; and r, satisfy

dri =332 Fk) @y - 6rir, @y + (3r} — k) @, F2n ¢,
dry = (3"22 Fk)wo, - 6rir, @, + 3(3"12 —k) @3 + 2r; ¢.

As before, we get the

Proposition 5.15. Let M be an Hi-manifold of type X5, andlet  be the parallel
symplectic form on M .

(1) If ¢ > 0 then the element of H*(M , R) represented by o is a multiple
of the Euler class of a circle bundle over M .
(2) If ¢ <0 then o is exact.

Proof. The first case follows from the Gysin sequence for circle bundles.

In the second case, we may assume that F, has two components by passing
to a double cover of M if necessary. The restriction of 7 to one connected
component of F is then a homotopy equivalence. Finally, one can show that
for a double cover a : M — M, the induced map o* : H*(M , R) — H*(M, R)
is injective. 0O

Again, we see that ¢ is the connection form of a connection on the principal
bundle 7 : F — M whose curvature is given by the symplectic form o. As
before, this connection has torsion.

Remark. Since the description of X! does not give a parametrization by an
SI(2, R)-equivariant map as in the other cases, we cannot get a reduction of it
as easily. Therefore, it seems more difiicult to make any statement about its
symplectic form.

Remark. We will now give a hint how we obtained the examples in §2. Given a
stratum X, it is not hard to find a smooth curve in X N W€ which intersects
every orbit exactly once. These curves are the parametrized structure polyno-
mials (a, b) given for each example. Once we have this curve, say o(t), we
consider S := K~ !(a) which is a smooth submanifold of F and intersects
every fiber of 7 : F — M at most once. This means that S is the image of a
smooth section on some subset U C M . Then we let @; : 1*(w;) for 0<i <3
where 1:.5 — F is the inclusion map. The structure equations yield equations
for d®; and these can be solved explicitly.
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5.2.4 Regular Hj-connections. In this section we will discuss those Hjs-
connections on M for which the map K : F — V' has maximal rank 6.

Unfortunately, in this case the structure equations involved are so complex
that they cannot be solved explicitly on an dense open subset of M. A (not
very illuminating) description of the connection on some open subset, however,
can be obtained.

Let U:= {pe M |(a,a), <0, and a does not divide b on n~!(p)}. For
p € U there is a unique coframe u € n~!(p) such that

byu)=1, a(u)=f(u)xy with f(u)*=~(a(u), a(u)), >0

Using this section, we can describe the connection w.r.t. some coordinate
system on U as follows where the constants ¢ and R, are given.

Let xp, ..., x3 be local coordinates and define the functions
1 X x2 x3 _xx 1
lh=—, L= Iza = ;+ 5 and t3 = 1+3l—2-—x0+6+—r
X0 Xy X5 X0 x4 x3 X0
where

r= :|:2\/x13 — X3 + cx1X2 + Re.
Furthermore, let

—(xot;) forall i.

§j =
! 8x0

Then we define a frame as follows:

Xo= 3xolo aio,

0
X = Xoty @‘F loXx,
X = —Xxpby B_XO + 24 71 + 72,
X3 = =3xpt3 i + 3t X1+ 3xt; X2+ X3,
aXO
with
— 0 ou 0
Xl B r 8x2 + 6_x2 3X3
X, = 9 _bu o
2= Bgl 5 dx, 9x3’
X3 =203x —cx1) =— 3 + 2(3x +¢x3) — o
and where u = u(x,, x;) is some function satisfying X 3(u ) 1.
This frame is defined on {(xo s eer 5 X3) | X0#0, xl - x2 +cx1x2+ R, > 0}

for the given constants ¢ and R..
The connection form is then given as

¢ = E\+ 02Er + $3E;
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where
3
1 =—Z Si; ,
i=0
3
==Y iti;,
i=0
3
$3= Y (3- il
i=0
and where @y, ... , w; denotes the dual basis of Xp, ..., X3.

One can check that this connection is indeed torsion free and is a regular
Hj-connection. Note in particular that the 1-dimensional symmetry group is
given as the flow along the vector field 9/9x; .

6. H3-CONNECTIONS ON COMPACT MANIFOLDS
The purpose of this section is to show the

Theorem 6.1. There are no Hj-connections on compact 4-manifolds.

Proof. We will show that any compact 4-manifold M with an Hj-connection
must be of type ZJ. This together with Proposition 5.12 will finish the proof
since symplectic forms on compact manifolds cannot be exact.

Suppose M is compact and has an Hj-connection, and let {n, F, M, a,
b, c} be an associated solution structure. Consider the function

f: F — R
u +— (a(u), a(u)), = -—discr(a(u))

Since f is constant along the fibers of F there is a unique function f :
M — R suchthat for=f.

We shall now use that f must have both a maximum and a minimum on
M . Therefore, we shall investigate the critical points of f.

Using the structure equations (5)-(9) we find that -

3a;, -2ag wo
-4
df ==4(3bs, ~by, by, 3b0) | O J 0 T4 ()
2a, -3a w3

The determinant of the matrix in this equation is 9f%. Soif u € F is a
critical point of f and f(u) # O then b(u) = 0. We wish to compute the
Hessian of f at a critical point p € M w.r.t. some appropriate coframe.

If f(p) <O at a critical point p € M then there is a coframe u € n~!(p)
with ag(u) = ay(u) = 0 and a;(u) # 0. We compute the Hessian w.r.t. this
coframe as

—9a;(2¢ + 3a?)
ai(2c + a?)

a,(2c + a?)
—9a,(2c + 3a?)
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We see easily that this matrix has some negative eigenvalue regardless of the
values of a; and c. Therefore, f cannot have a negative minimum, and we
conclude that f>0.

Let € :={a € V,]|(a,a), >0}. We find that &€ = & UE. with &, =
{£(v? +v2) | v, v, € V1}, and & N& = {0}. Moreover, % is invariant
under the S/(2, R)-action on V5.

If f(p) > 0 at a critical point p € M then there is a coframe u € n~l(p)
with a;(u) = 0 and ag(u) = ax(u) . We compute the Hessian w.r.t. this coframe
as

9a3 0 —3ay(5a% - ¢) 0
0 ao(13a3 — 2¢) 0 —3ap(5a3 - ¢)
—3ay(5a3 - ¢) 0 ao(13a3 - 2¢) 0
0 —3ay(5a% - c) 0 9a3

The characteristic polynomial of this matrix is r(4)?, where
r(A) = A% — 16ay(11a3 — c)A — 576a3(2a — c)(6a3 - c).

If a(u) € € \{0}, i.e. ap(u) >0, then r has at least one positive root since
either r(0) < 0 or r'(0) < 0. Therefore, f cannot have a positive maximum
in n(a~'(Z\{0})).

Similarly, if a(u) € #-\{0}, i.e. ap(u) <O, then r has at least one negative
root since either r(0) < 0 or r'(0) > 0. Therefore, f cannot have a positive
minimum in n(f~'(Z-\{0})).

Suppose that f(p) = 0 for some p € M and a # 0 on n~!(p). Since
f >0, p is critical. There is a coframe u € n~!(p) with a(u) = +£x%. From
df(u) = 0 we conclude that b(u) = bx? for some b € R. Computing the
Hessian of f at u we get

0
0 +3c
F2c N
+3c —-9(9h% 1)

The characteristic polynomial of this matrix is
AA £ 16¢)(A% + 72(95% F 1)A — 576¢2)

The Hessian must be positive semidefinite, i.e. this polynomial cannot have
any negative root. It is easily seen that this is satisfied only if a(u) = x2, ¢ =0
and b2 < }.

We conclude that f(x) = 0 implies a(u) € %, .

Suppose now that a(U) C %,\{0} for some open set U C F. From the
above we conclude that f(U) = 0. It follows that K(U) C {(v?, bv3) | v €
V:\{0}, b € R} . Since this set is 3-dimensional we get rank(K.) < 3 on U . But
then Theorem 3.7 implies that M is of type X3 . In particular, a(F) C %.\{0}.

Thus, either M is of type X3 or a(F) C €. .

But in the latter case we conclude that a(u) = 0 for some u € F. Since
a(F) C &, hence ag, a; < 0, this means that u is a maximum for both g




CONNECTIONS WITH EXOTIC HOLONOMY 321

and a,, hence dayg(u) = day(u) = 0 and therefore b(u) = 0. Computing the
Hessian of ap at u yields the matrix

0 6¢
—4c
6¢ 0
0

This matrix must be negative semidefinite which is satisfied iff ¢ = 0. Thus,
a(u) =b(u) =c=0,ie K.(u) =0, and again Theorem 3.7 implies that the
connection is flat, violating our assumption. This contradiction shows that M
is of type X0, and this finishes the proof. O
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