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THE SPECTRA OF RANDOM PSEUDO-DIFFERENTIAL OPERATORS

JINGBO XIA

ABSTRACT. We study the spectra of random pseudo-differential operators gener-
ated by the same symbol function on different L2-spaces. Our results generalize
the spectral coincidence theorem of S. Kozlov and M. Shubin (Math. USSR-
Sb. 51 (1985), 455-471) for elliptic operators of positive order associated with
ergodic systems. Because of our new approach, we are able to treat operators of
arbitrary order and associated with arbitrary dynamical systems. Furthermore,
we characterize the spectra of these operators in terms of certain naturally ob-
tained Borel measures on R.

INTRODUCTION

The purpose of this paper is to compare the spectra of pseudo-differential
operators on different L2-spaces induced by the same symbol function. The
central question here is that do these operators have the same spectrum because
of their common symbol function? To illustrate what we will do, let us consider
the following problem. Suppose that we have an R"-flow on a probability space
(Q, #, u,ie., astrongly continuous measure-preserving map (w, t) — o +1¢
from Q x R” to Q. A differential expression

(0.1) > a.0°,

where a,’s are reasonably “nice” functions on Q, generates differential oper-
ators on L*(R") and L2?(Q, u). That is, on L?(R"), we have a family of
operators

aH )= Y upa@+1) 6¢'9s{1"(t+(assl -2 1))

Qj ..., Qn

Sy=--=85,=0

parameterized by . Similarly, on L2(Q), we have a family of operators
(A7) (@)= Y doya,(®)
[¢3] Qp

x 0% ...0% exp(—i<('sl 3 sy sﬂ)’ },>)é(w + (Sl 9 ey Sn))
osy'---0sp"

Sy=++-=5p=0
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parameterized by y € R". (Throughout the paper, R" denotes the dual of
R”. The benefit of making a formal distinction between R" and R” in this
paper will become apparent later on.) In the case where these operators are self-
adjoint, one asks what is the relation between the spectra g(4,) and a(A4?)?
Does a(A”) coincide with a(A4,)? Or, failing that, does one spectrum at least
contain the other? And of course one can ask such questions in the general
case where A4, and A4” are pseudo-differential operators generated by the same
symbol function. There are many articles in the literature which address these
questions [2, 3, 5, 10, 14, 16]. The roots of these questions can be traced
back to the study of Schrodinger operators with almost periodic coefficients.
But in recent years it becomes more and more apparent that the question of
the coincidence of these spectra should be understood in the context of the
representation theory of the group transformation C*-algebra (also known as
the crossed product C*-algebra) associated with the flow {(Q, #, 1), R*}. In
the case where Q is a compact Hausdorff space and the flow is topologically
continuous, the crossed product C(Q) x R” has natural representations 7, on
L%(R") and n” on L%(Q). For an elliptic operator of positive order, we have
(Ap — 2)7 ! € 1, (C(Q) x R") and (4” — z)~! € n?(C(Q) x R*) [9]. Therefore
the relation between a(A4,) and o(A") is determined by the representations
n, and m?. For example, if the flow happens to be free and minimal, then
it is well known that o(A4,) = o(A4”). This approach to the spectra of A4,
and A’ is heavily influenced by similar techniques employed in the study of
representations of Toeplitz C*-algebras [4, 5, 7]. Also see [12, 13].

But in the pure measure-theoretical setting, i.e., when (Q, %, u) is only
a measure space, the relation between o(A4,) and ag(A4”) is much less clear.
However, there have been a number of articles devoted to this subject. The
article that is most relevant to the present study is that of S. M. Kozlov and
M. A. Shubin [10]. In that article, the authors introduced the family of oper-
ators {4, : @ € Q} on the space L2(R"/T"), where I is the lattice of peri-
ods of the dynamical system. But of the family of operators {4” : y € ﬁ"} ,
only A° was considered in [10]. Under the assumptions that the measure
u is ergodic and that A,’s are elliptic, selfadjoint operators of positive or-
der, Kozlov and Shubin proved in [10] that ¢(4,) = 0(4°) for almost ev-
ery w € Q. The proof of this spectral coincidence relies on the fact that
when the order of A, is positive, for each ¢ € C*(R), there is a nice ker-
nel function K,(w, s) such that (¢(4e)f)(t) = [Ke(w+1t,s)f(t+5)ds and
(9(4%¢) () = [Kyp(w, s)é(w + s)ds. The ergodicity was used to show that
the time averages of both ¢(4,,) and ¢(4°) have [, K,(w, s)du(w) as a ker-
nel function on their respective spaces. Therefore ¢(4°) = 0 if and only if
9(Ap) = 0 for almost every w . Here, the use of time mean and space mean of
the operators is reminiscent of similar techniques used in the earlier studies of
C*-algebras of almost periodic Toeplitz operators [4, 5, 7]. Of course in Kozlov
and Shubin’s work, since they were dealing with measurable flows rather than
almost periodic flows, the computation of these means had to be handled more
carefully.

We will take one step further in the investigation of ¢(4,) and g(4?). In
this paper, we will not assume that the dynamical system {(Q, #, u), R"} is
ergodic, nor will we assume that the orders of our pseudo-differential operators
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are positive!. The techniques employed in [10] will not help as much. This is
because, first of all, if the operators A4, are not assumed to have positive order,
then it is not clear that one still has a kernel function for ¢(4,), ¢ € C*(R).
Secondly, even if the kernel function K, for ¢(4,) exists, without ergodicity,
its time average is only an invariant function and is not completely independent
of the w-variable. Therefore such an average has little use for the purpose
of analyzing o(A4,) and o¢(A4"). Our approach to the question of spectral
coincidence is completely different from that of [10].

Because our dynamical systems are not assumed to be ergodic in general,
we can no longer expect g(A,) to be independent of w almost everywhere.
In fact one can give trivial examples where ¢(A4,) varies in w. But one can
still ask what is the relation between d(4,) and a(A4”)? We approach this
question in the following way. We will first impose a mild assumption on the
dynamical system which will eventually be dropped. That is, we first assume
that there is a closed subgroup I"" C R” such that on any invariant set A € &
of positive measure, the joint spectrum of the n partial derivatives along the
orbits of the flow is I"" . This condition is automatically satisfied in the case u is
ergodic [10]. But in general this is a much weaker assumption than ergodicity.
Then we introduce I' = {t € R" : (t, y) € 2aZ for every y € I'}. We will
introduce an operator 4 on L2(Q x (R"/T")) = L*(Q) ® L*(R*/T), which is
unitarily equivalent to both the direct integral of {4, : @ € Q} and that of
{A? :y €I"}. In fact if 4, and A? are induced by the differential expression
(0.1), then

(AE) (@, )= ) ay.,(@)
Ay, e,
aal "'6a"§(w+('sl’ e ,s’l), t+(S|, .. asn))
X
syt ---9sp"

We will prove that if A4 is selfadjoint, then a(A4) = a(A4") for every y € I".
Actually it is quite easy to show that a(A4) D d(4”) for almost every y € I" with
respect to the Haar measure on I" and that (J,cry 0(47) = 6(4) with some
nullset N CI”. If y—9' is an eigenvalue of the dynamical system, i.e., if there
is a unimodular function & on Q such that &(w + ¢) = exp(i(t, y — ¥'))¢(w),
then obviously A” and A” are unitarily equivalent and, therefore, o(A?) =
o(A""). Recall the following elementary fact in operator theory: If {B,} is a
sequence of selfadjoint operators whose spectra are identical and B, — B in
the strong operator topology, then ¢(B) C a(B,). This simple fact of operator
theory tells us that if it happens that the eigenvalues of the dynamical system are
densein I, then o(A4”) isindependent of y and a(A4) = g(A4"). But the fact of
the matter is that the dynamical system may not have any eigenvalue other than
0. Nevertheless, we are able to find an acceptable substitute for eigenvectors
of the dynamical system which allows us to establish the fact that o(A4?) is
independent of y € I"". This substitute is what one might call approximate
eigenvectors of the flow. On the other hand, it is relatively easy to show that
d(A) D g(Ay,) for ae. w € Q. Therefore we can assert that o(A4?) D o(A4y)
for every y € I and almost every w € Q. This approach to the spectra of
random pseudo-differential operators is motivated by recent developments in

m

sy=--=5,=0

!One of the questions left open in [10] is what happens if the order of 4, is not positive.
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the study of Toeplitz algebras associated with topological dynamical systems
where the technique of approximate eigenvectors (in the topological setting)
was first introduced [13].

Our second objective is to determine g(A) analytically. Let dm denote the
Haar measure on I". For each R > 0,let Bg={y€I”:|y| <R}. Thereis a
finite Borel measure Vx on R such that

- 1
[ =270, namin = [ = avew

for every z € C\R. It is easy to see that if R < R, then Vg — Vy is a
positive measure. We will prove that o(A4) is the collection of A € R which
has the property that for each ¢ > 0 there exists an R = R(¢) > 0 such that
VrR((A—¢€,A+¢€)>0.

Finally, after having obtained these results under the assumption imposed on
the dynamical systems earlier, we will work with arbitrary dynamical systems.
The trick here is that in the case where there is no such I" associated with
{(Q, #, 1), R"}, we will consider the infinite product space Q* = QxQx---
with the product measure u* = g x ux--- . The flow on Q naturally induces a
flow on Q*. As it turns out, if ' isAthe lattice of periods for the original flow
{(Q,F,un),R"}, then I" = {y e R" : (t, y) € 2nZ for every t € I'} is the
joint spectrum for the partial differentiations on every invariant set A* c Q*
of positive measure. In other words, there is always a I" associated with the
product flow on (Q*, #*, u*). In a natural way (0.1) is a differential expres-
sion associated with the product flow {(Q*, &*, u*), R*}. Therefore if we
replace {(Q, Z, u), R"} by the product flow and use (0.1) to define operators
A" on L2(Q*) instead of the space L%(Q), then we still have a(4*") D 6(A4y)
for every y € I” and almost every w € Q.

The rest of the paper is organized as follows. In §1, we prove the existence of
the “approximate eigenvectors” of the dynamical systems. This is the technical
preparation for the study of the spectra of our pseudo-differential operators. We
introduce the pseudo-differential operators and state the main theorems in §2.
These theorems are stated under the assumption about the dynamical systems
mentioned earlier. Section 3 contains the technical details of the proof of these
theorems. In §4, we show that for a dynamical system which is completely
arbitrary, the theorems stated in §2 are still valid if we replace Q by QF =
QxQx---.

1. DYNAMICAL SYSTEMS

Let (Q, %, 1) be a probability space; i.e., & is a g-algebra of subsets of
Q and px is a probability measure on & . Suppose that (Q, &, u) possesses
a group of measure-preserving transformations {a, : ¢ € R"}. For each ¢ €
R", u,f = f oo, defines a unitary operator on the Hilbert space L2(Q) =
L¥(Q, #, u). We make the following two assumptions on (Q, &, u) and
{a; : t € R"} which will be in force for the rest of the paper:

(1.1) The Hilbert space L*(Q, Z, u) is separable.
(1.2) The unitary group {%,; ¢t € R"} is strongly continuous.

By the second assumption, the unitary group {u, : ¢t € R"} has the spectral
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decomposition
Uy = /i" exp(i(t, y))de(y), teR"”.
Let %, be the o-subalgebra which consists of A € & such that
#([A\a: (A)] U [ (A)\A]) = 0

for every ¢t € R*. Then the collection of invariant functions in L2(Q) is
L2(Q, %, u). Alternately, L*(Q, Bo, p) ={f € LX(Q, B, pu) :u,f = f for
every ¢t € R"}. The orthogonal projection Py : L2(Q) — L*(Q, %y, p) is a
conditional expectation in the sense that Pygf = gPyf for g € L*(Q, %, 1)
and f € L*(Q). By the pointwise ergodic theorem, we have

Jim /B @) def|Brl = (B (o)

for a.e. w € Q. Here, Br = {t € R" : |t| < T} and |Br| is the Lebesgue
measure of Br. Hence P, has the property that if f € L>°(Q, %, u), then
Pof € L*(Q, %, u) and ||Pof |lo < ||f|loo - On the other hand, the mean
ergodic theorem tells us that limz_. |, B, Ut dt/|Br| = Py in the strong operator
topology.

Suppose that A € %, . Then the subspace L?(A) = xoL?*(Q, &, u) is invari-
ant under the unitary group {u, : ¢t € R*}. Therefore L%(A) is also an invariant
subspace for the spectral measure e and, consequently, e|L?(A) = xae is also a
spectral measure. Let S,y denote the support of the spectral measure e|L%(A).
(As usual, the support of a Borel measure is defined to be the smallest closed
set on which the measure is concentrated.)

Theorem 1.1. Let G C R" be an open set. Then the following are equivalent:
(i) For every A € By with u(A) >0, SANG# 2.
(i) The norm closure of C = {|{fiP+ -+ /il :k € Zy, fi,..., S €
e(G)L*(Q)} in LY(Q) =LY (Q, &, 1) contains the constant function 1.

Proof. (ii)) = (i). It follows from (ii) that for any invariant set A, xa is

contained in the L'-closure of {|g1|> + -+ |g&|*: k € Z,, &,..., 8 €
x4e(G)L2(Q)} . Hence if x5 # 0 in L%(Q), then e(G)L*(A) = yae(G)L*(Q) #
{0}.

(i) = (i1). Suppose the contrary. Then by the Hahn-Banach separation
theorem, there would be a real function h € L>*(Q) = L>*°(Q, #, u) and a

B € R such that
/hdu>ﬂ2/hwd/t
Q Q

for every w € C. Because 0 € C, we have f > 0. On the other hand, since
ry € C whenever v € C and r € R, we have [ohydpu < 0. Therefore we
can rewrite the above inequality as

/hdu>02/hy/du.
Q Q

Notice that if f € e(G)L3(Q), then foa, also belongs to e(G)L2(Q). Hence
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C is invariant under the composition with «a,, ¢ € R”. Therefore

/Q[/Brhoazdt/wrl] d“:/nhdll>0
> [ | v oaodu| dgnsn= [ | [ noadyina] v

for every y € C. Letting T — oo, we have
/hodu>02/hoy/du,
Q Q

where hg is the invariant function Pyh. Write hy = h, — h_, where both A,
and h_ are nonnegative invariant functions and A, h_ = 0. Since [, hodu >
0, we have [,h.du > 0. Hence there is an ¢ > 0 such that the measure of
A={weQ:h (w)>e} is positive. Because h, € L>°(Q, %, u), we have
A€ %, . By (i), there is an f € e(G)L?(A) such that ||f|, > 0. Hence

/Qho|f|2du= /Qh+|f|2du > el fI3 > 0.

This contradiction proves (ii). O

Recall that for any f € L!(Q), the set of functions {g : g is a rapidly
decreasing C* function on R", [;. g(f)f o a,dt = 0} generates an ideal in

Co(ﬁ") Here, 2(y) = [g. g(t)exp(i(t, y))dt. The zero set of this ideal is
the spectrum sp(f; a) of f with respect to the transformation group o =
{a; : t € R"}. For those who are not familiar with the spectral analysis of
functions associated with transformation groups, [1, 8, 11] are good references.
A function is invariant if and only if its spectrum is {0} . For any f € L*(Q),
we have

(1.3) fee(sp(f;a)LX(Q).
For any ¢ € L®(Q, %, u) and open set A C R",
(1.4) pe(A)LXH(Q) C e(A+sp(p; o)) L3(Q).

Let (R") denote the collection of C> functions on R” which together
with their derivatives are rapidly decreasing. For any f € S(R") and ¢ €
LX(Q, #, u), the convolution f x¢& is defined to be

(F+0@) = [ fOm-@@di= [ f-niee)dr

Here, the integral is convergent in the L2-norm. Let .%(R") be the collection of
f € #(R™) whose Fourier transform has a compact support. Define #4(Q2) =
AL, B, u)={f*p:9 € L*Q,F#,u), f € 5%R"}. Notice that for
@ € L>(Q), if sp(p; a) is a bounded set, then ¢ € A4(Q).

For j =1,...,n,let ¢; € R" be the vector whose jth component is 1
and whose other components are 0. Let J; denote the infinitesimal generator
limg_o(#se, — 1)/v/—1s of the one-parameter unitary group {us, : s € R}.
Alternately, J; = [z, (¢;, ) de(y). Therefore the joint spectrum of 51 yeeesOn
is the support of the spectral measure e. Similarly, for any A € %, the joint
spectrum of the restriction of d;, ..., d, to L2(A) is Sy.
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For §§2 and 3, we will assume that the dynamical system {(Q, %, u), {o:
t € R"}} has the property that there is a closed subgroup I" of R” such that
Sa =I" for every A € %, with positive measure. It was shown in [10] that
such a condition is satisfied by every dynamical system where the measure u is
ergodic. Let

F={teR":(t, y) € 2nZ for every y e I''’}.

For each A € %, let I'y be the collection of ¢ € R” such that ¥, = 1 on
L*(A, u). Forany t € T, we have u;, = Jexp(i(t, y))de(y) = 1. That is,
I'y DT forevery A € %y. On the other hand, if ¢y € ', then

/r' exp(i(to, ¥))d(e(»)|L*(4)) = us|L*(4) = 1.

Hence for a set A € %, of positive measure, the assumption that Sy = I”
implies exp(i(to, 7)) =1 on I, which means ¢y € I'. Therefore I'y =T for
every A € %, with u(A) >0.

Let dm and dt denote the Haar measures on the locally compact groups
I and R*/T respectively. For each f € #(R") and each u € L?>(R"/T) =
L?(R*/T, dt), we define the convolution f *u to be

(f*u)(t+F)=/Rnf(s)u(t—s+1’)ds, teR".

Again, the integral is understood in the norm convergence in L?(R*/T). Let
FARYD) = {f*u:feHR",uec L2(R"/T)NL*R"/T)}. Finally, for f €
F(R™) and & € L2(Q x (R*/T)) = L2(Q x (R*/T), du x dt), the convolution
f x €& is defined to be

(f+&)(w, z+r)=/ f()(as(w),t—s+T)ds, weQ,teR".
Rn
Let
Fo(Q x (R"/T))
={f*{: fe AR, L e LHQ x (R"/T)) N L*®(Q x (R"/T))}.

Notice that the spaces A (Q), F(R"/T), and F(Qx(R"/T")) are closed under
addition. This is because for any f;, f; € S (R"), thereis an f € S (R") such

that fi=fx*fi and fL=f* f.
. 2. RANDOM PSEUDO-DIFFERENTIAL OPERATORS
For j=1,...,n,let §; = 0, denote the partial derivative
.1
(0,)(0) = lim <[ (¢ +s8) = £(0)]

for functions on R”. (Recall that ¢; is the vector in R” whose jth component
is 1 and whose other components are 0.) If f is a function on R"/T", then we
define

(ajf)(t+r)=}%§[f(t+ss,-+r)-f(z+r)], teR".

As usual, for a multi-index g = (B, ..., Bn), |B| means |By|+---+|Bs| and
8 stands for 6,’?' -~-6,f" .
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Definition. A measurable function @ on Q x R” is in the class S™, m € R,
if there is a set A = A(a) € & of measure 0 such that for any multi-indices v
and S, there is a constant C, g > 0 such that

sup |928fa(ai(w), x)| < Cop(1+|x)" 1, teR", xeR".
wWEQ\A

Given a symbol function a € S™, we will define three sets of pseudo-
differential operators on the spaces L2(Q),

L*(Q x (R"/T)) = L>(Q x (R*/T), du x dt)
and L?(R"/T) respectively.
Suppose that an a € S™ is given. We have a family of convolution operators

@« )0 =@ry [ | [ exnlite=s. xatw, x = 1)1(0)ds| dx,

where w € Q,y € I, and f € & (R"). Notice that for each pair of fixed
t e R” and y € I, the function w — (a, * f)(¢) belongs to L>*(Q). And for
any fixed y € I, t — esssup,cq |(ah * f)(2)| is a rapidly decreasing function
on R". For fxg¢ € (Q), where f € HA(R") and ¢ € L>°(Q), define

(A4"(f *9))(w) = /R (@, * f)()9(a—i(w)) dt

=/n [(27:)-" /i [ /R exp(i(t - s, x))
xa(lw, x—7y)f(s) ds] dx] p(a_(w))dt,

where we consider the convergence of the integral in the norm topology of
L?(Q). In order for A” to be well defined as a linear operator from #(Q)
into L2(Q), we must establish that if fx¢ = g*y , then A7(f*xp) = A7 (g*y).
But this is routine; it is straightforward to verify that if Ax£ is another element
in #(Q), then

(A'(fx0), hx&) = (fxp, A" (h«)) = (gxy, A (h*8)) = (A7(g*y), h*S),

where

(47 (h x &) ()

= /" [(27:)"’ fﬁn [ /Rn exp(i(t —s, x))

xa(w+s—t,x—y)h(s) ds] dx] ¢(a—y(w))dt.

Hence we have a linear pseudo-differential operator A” from #4(Q) into
L2(Q) . The above also shows that the adjoint of 4” has a domain that contains
F(Q) and is, therefore, densely defined. This means that the closure of the
operator A’ defined on #(Q) is also a linear operator. We will denote the
closure also by A”. Naturally, we denote the adjoint of 4”7 by A*.
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For f*¢ € A(Q x (RYT)) with f € HA(R") and & € L2(Q x (R*/T)) N
L>(Q x (R*/T")), define

(A(f *E))w,y+T) = /Rn(af,’, * [)()é(a—(w), y —t+T)dt

= /Rn [(27:)"' /A" [/" exp(i{t — s, x))a(w, x)f(s) ds] dx]
x¢(a—(w),y—-t+T)dt.

As is the case for A”, the operator 4 has an adjoint whose domain contains
F(Q x (R*/T)). Therefore, the closure of 4 on A(Q x (R*/T)) is also a
linear operator and we denote the closure also by 4.

On the space L*(Q x (R"/T)), define the unitary operator

(W) (@, t+T) = E(ay(w), t+T), weQ, teR".

This is well defined because of the fact that for a.e. ¢ +I', the function w —
¢(ay(w), t+ 1) is independent of the choice of ¢ in its equivalence class. The
unitary operator W can also be defined in the following alternate way. If
we regard & € L2(Q x (R*/T)) = L*(R"/T, L*(Q)) as an L?(Q)-valued L?-
function on R"/T", then

WEE+D)=ul(+T), teR".
By straightforward calculation,
(WA(S + &)@, y +T) = (A(f * ))(ay(w), y +T)
= [ @ N O%(ers@), y =t + T

= /.. [(21:)‘” /\n [/nn exp(i(t — s, x))a(oy(w), x)f(s) ds] dx]
x &(ay_(w),y—t+T)dt,
= /" [(27:)"' %\" [/" exp(i(t — s, x))a(ay(w), x)f(s) ds] dx}

x (W& (w,y—-t+TI)dt.

This brings us to the definition of a third class of pseudo-differential op-
erators. For each w € Q which does not belong to the null set A = A(a),
define

(o) +T) = [ (@0« ) OU — t+T) dt

= /,. [(27:)“" f\" [ /"cxp(i(t—s, x))

x a(ay(w), x)f(s) ds] dx] uly —t+T)dt

2.1)

when u € S(R*/T"). Once more, A, is a closable operator on L*(R"/T") and
we denote its closure by the same symbol. Equation (2.1) tells us that for any
¢ € H(Q x (RYT)),

(WAS) (@, y) = (4du(WE)) (@, y).
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If we decompose the space L?*(Q x (R"/T")) as the direct integral
L@x ®/0) = [ DLIR/Mdu@),

then :

2.2) WA= [ /Q P 4o du(w)] W,

This formula should be interpreted in the sense that for each ¢ €
F(Q x (R*/T)), the function ¢+ T — (W¢)(w, t +T') belongs to H(R*/T)
for a.e. w € Q and for each such w, the function ¢+ I — (WAE)(w,t+ 1)
equals t+ T — (Ap,(W&)(w, t+T).

The operators A” are also related to A by a direct integral. Let % :
L?(R"/T") —» L*(I") be the Fourier transform

(Fu)(y) = / exp(i(s, 7))u(s + ) dz(s + T).
R"/T
Let us write
(F+xé)(w,t+1) = / F(w, s)é(a_s(w),t—s+T)ds
R"

when F € %(Q x R”) and & € %(Q x (R"/T")). Then
(1®F)F *&))(w, y)

=/ exp(i(t, 7)) [/ F(w, s)(a—s(w),t—s+T) ds] dt(t+7T)
R"/T R"
= [ Fl@, syexits, )
x [/ exp(i{t—s, y))(a—s(w), t —s+T)dz(t +F)l ds
R"/T

= /n» F(w, s)exp(i(s, y))(1 ®@ F)¢)(a—s(w), y) ds
=[F(w, -)x (18 F))(-, »l(@),

where
F'(w, s) =exp(i(s, y))F(w, s).
For f e S(R") and & € (Q x (R"/T")), we have
(1 F)A(f*E))(w, v) = (1 ®F)(Fr+&))(w, ?)
=[(ag* f) * (18 F))E)(-, V()

where, by the definition of A4,

Fr(w, t) = (a) = )(1).
Notice that

(ad  [)'(1) = exp(i(t, y))(ad = [)(2)
= 2n) " exp(ilt, 7)) A n [ /R exp(i(t — 5, x))a(@, X)/(6) ds] dx

=(2m)~" /i.. [/Rn exp(i{t —s, x +7))a(w, x)exp(i(s, y))f(s) ds] dx
= (al,* f7)(1).
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Hence

(1@ F)Af &))@, v) = [(ag * f) * (18 F)E)(+ , ¥))(w)
=@, x f7) x (1 F))(-, (@)
=[4(f7«(10F))(, 1)
=410 F)(f*))(+, N(@).

This implies that if we write
[(QxT) = / P LA(Q) dm(»),
r‘l

then A has the direct integral decomposition

(23) (18 F)4= [/P@Awm(y)] (1e5).

Before stating our theorems, we would like to give a more clear formula for
the operators 4, 4, ,and A4? in the case where the symbol function a is that of
a differential operator of order m . Suppose that a(®w, X) = 3 5<pm pp(w)x?,

Where (oﬁ € CEO(Q) and xﬂ = xfl---x'e" for x = (X|,...,xn) and ﬂ =
(Bl9'-~,ﬂn). Then

(Ae)¥ +T) = Y 9p(ay(@)dfu(y +5+ s,
[Bl<m

(A"m)(@) = D 9p(w)0f exp(~i(s, y))n(as())ls=0,
|BI<m

and
(AE)(@,y+D) = Y 9p()df&(as(w), y +5+T)ls=0.

[BI<m

We are now ready to state our theorems. The spectrum of a linear operator
T will be denoted by o(T). Recall that A € C belongs to the left spectrum of
T if there does not exist any bounded operator B such that B(T —1) =1 on
the domain of T . Let ¢;(T) denote the left spectrum of 7. If T happens to
be selfadjoint, then a(7T) = g;(T).

Theorem 1. (i) For every y €I, 0,(4?) = g;(A4).
(ii) The operator A is bounded if and only if A? is bounded for every y € I".
(iii) In the case A is bounded, ||A|| = ||A?|| for every y € T".
(iv) In the case A is bounded, a(A?) = a(A) for every y e I".

Remark 2.1. The crux of this theorem is the word “every”. If one replaces
“every” by “almost every”, then the proof of this theorem becomes much easier.
For instance, the “a.e.” version of statement (ii) is a simple consequence of
(2.3). But for our purpose, the “a.e.” version of the theorem has little value for
it would not pinpoint a single y for which the statements hold true.

Recall that the symbol function a(w, x) is said to be formally selfadjoint if
for a.e. w € Q, the operator A4, is symmetric.
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Theorem 2. The following are equivalent:
(1) There is a y € I such that A? is a symmetric operator.
(i1) For every y €I, A? is a symmetric operator.
(iii) The operator A is symmetric.
(iv) Ay is symmetric for a.e. w € Q.

Recall that the symbol function a € S™ is said to be elliptic if there exist C >
0,R>0,and aset E € # with u(E) =0 such that 1/|a(w, x)| < C|x|™™
whenever |x|] > R and w € Q\E. It is well known that if a is formally
selfadjoint (i.e., if any of (i)-(iv) of Theorem 2 is satisfied) and elliptic, then
for almost every w € Q, A, is a selfadjoint operator [10, 15]. Hence in
this case (A4, — i)(Ap + i)~ is unitary for almost every w. We claim that
A is selfadjoint. To verify this claim, it suffices to show that the deficiency
indices of 4 are both zero. For this purpose, we think of L?(Q x (R*/I)
as L2(Q, L*(R"/T"), the collection of L?(R"/T’)-valued L2-functions on Q.
Suppose ¢ € L2(Q, L*(R"/T")) = [, L2(R*/T)du is a vector orthogonal to
n(w)(Ay, — i) f forall n € S(Q) and f € F(R"/T). Then

/Q N(©)(Aw — ), &) du(w) = 0.

This means ((4y — i) f, &(w)) = 0 a.e. Since (A4, — i) FA(R"/T) is dense in
L*(R*/T) when A, is selfadjoint and since L?(R"/T) is separable, we have
¢(w) = 0 for a.e. w € Q. Similarly, if £ is orthogonal to n(w)(A4e + i)f
for all n € A(Q) and f € HA(R"/T), then £ = 0 a.e. By (2.2), this means
the deficiency indices of A are both zero. It is known that for y € I", A? is
selfadjoint if the symbol function a is elliptic and formal selfadjoint [6].

Theorem 3. Suppose that the symbol function a is elliptic and formally selfad-
joint. Then a(A?) = a(A) for every yeI".

Proof. Since A’ and A are selfadjoint operators, we have ¢(A4?) = 0;(A4?) and
0(A) = g/(A). By Theorem 1(i), g;,(4?) =a,(4). O

Theorem 4. Suppose that the symbol function a is elliptic and formally selfad-
Jjoint. Then:

(i) Forae. w € Q, a(Ay) Ca(A4).

(ii) If A is bounded, then so is A, and || Ayl < ||A|| for a.e. w € Q.

(iii) Suppose that the measure u is ergodic. Then a(Ay,) = o(A) for a.e.
w € Q. And in the case A is bounded, ||Ayl|| = ||A|| for ae we Q.

Proof. Suppose that U is an open disc such that UNa(A4) = @. Then there is
a continuous function 0 < ¢ <1 on C suchthat p =1 on Uand ¢ =0 on
a(A). Hence p(A4) = 0. By (2.2), thereisaset E(U) € & of measure zero such
that ¢(A,) = 0 forevery w € Q\E(U). This means that ¢(4,)NU =2 if w €
Q\E(U). Since C\a(A4) is covered by such U’s and since C\o(A4) is second
countable, we can find a sequence of discs {U,} such that |J;2, U, = C\o(4).
Let E(U,) be the null set corresponding to U, . If w € Q\[U;<, E(U,)], then
0(A,)NU, =2 for every n, i.e., d(4,) N[C\dg(A4)] = @. This proves (i). (ii)
is an immediate consequence of (2.2).

To prove (iii), we first show that there is a set E € & of measure zero such
that for any f € Co(R) and u, v € L*(R*/T), the function @ — (f(A4,)u, v)
is measurable on Q\E. Let z € C\R, and let B, = W(A4 — z)"'W*. If we
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think of L?(Q x (R*/T")) as the collection of L?(R"/T’)-valued L?-functions on
Q, then it follows from (2.2) that W (4 — z)W* commutes with the operators
of multiplication by functions in L>*(Q). It follows from the identity
B,W(A - z)W* =1 that B, also commutes with such multiplication oper-
ators. Hence there is an .#(L?(R"/T))-valued strongly measurable function
B;(w) on Q such that B; = [, @ B.(w)du(w). Since

| BB o - 2)du(w) = B (A- )W =1,
Q

there is a set E, € & of measure zero such that B,(w) = (4, —z)~! for every
weQ\E,. Let {zy,..., zn, ...} beacountable dense subset of C\R, and let
E=U;2,E;,. Then for n=1,2,3,..., the function @ — (4, — z,)7! is
strongly measurable on Q\E . On the other hand, since the linear combinations
of {(t— z,)~'}2, are dense in Cy(R), for every f € Co(R), the function
® — f(Ay) is strongly measurable on Q\E .

Let & be the collection of pairs of open intervals {(a, b), (a’, b')} where
the end points a, b, a’, and b’ are rational numbers satisfying the relation a <
a < b <b. For each pair P = {(a, b), (a’', ')} € &, choose a continuous
function 0 < gp <1 on R such that gpp =1 on [d’, b'] and ¢p = 0 on
R\(a, b). Forany P € &, if ¢p(A) # 0, then the set Gp = {w € Q\E :
¢p(Ay,) # 0} is measurable and has positive measure. For each s € R”, let
U; be the unitary operator (Usu)(i +T) = u(t +s+T) on L}R"/T). It
follows from the definition of A, that Usd,U_s = A, ). If f € G(R),
then f(Ayw) = f(UsAwU—s) = Us f(A,)U_s . Hence ag(Gp) C GpUE , where
E is the null set introduced in the previous paragraph. Since the measure u
is now assumed to be ergodic and u(Gp) > 0, we have u(Gp) = 1. Let G
be the intersection of all Gp’s where P € & and ¢p(A4) # 0. Since £ isa
countable set, G is measurable and u(G) = 1. Suppose A € g(4). We can
find a sequence P, = {(an, bn), (a,, b,)}, n=1,2,...,in & such that 4
is contained in every (a,, b;) and b, —a, — 0. Since A € o(A4) and ¢p, =1
on a neighborhood of 4, ¢p (A) # 0 for every n. This implies that if w € G,
then ¢p,(4y) # 0 forevery n. Fix an wy € G. Since gp, =0 on R\(ay, b,),
we have 0(Aw,) N(an, bn) # @. Because o(A4y,) is a closed set, we have
A€ 0d(Aw,). Thatis, d(4,) Da(A4) if weG. O

Remark 2.2. Unlike Theorem 1, this theorem is obviously not true if one re-
places “almost every” in the statement by “every”.

Remark 2.3. That a(A,) is independent of w for ae. w € Q was proved
in [10, Corollary 1 in §3] under the assumptions that the dynamical system is
ergodic, that the symbol a € S™ is elliptic and formally selfadjoint, and that
the order m of A, is strictly positive. As commented in [10], the results of
[10] also yield the independence of a(A4,) in the case m < 0 if a is invertible.
However the techniques employed in [10] cannot be used to treat the case m =0
and the case m < 0 if a is not invertible. By contrast, Theorem 4(iii) states
that the independence of a(A4y) is valid as long as the dynamical system is
ergodic and A is selfadjoint. As far as our proof is concerned, the order m
of the operator and the invertibility of the symbol a are irrelevant. The main
reason for this improvement is that we do not rely on the kernel function of
9(Aw) (9 € F(R)), which was the main technical tool in [10].
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Remark 2.4. The main result of [10] is that if u is ergodic, a is formally
selfadjoint and elliptic, and m > 0, then ¢(4%) = 0(4,) for ae. w € Q.
By comparison, our results are much broader. The operators A and A4? with
y # 0 were not even introduced in [10]. If u is not ergodic, then obviously it
is not true in general that o(A4°%) = o(4,) for a.e. w € Q. The right theorem
is that g(A”) D g(Ay) for every y and almost every w € Q.

Our next theorem gives a characterization of the spectrum ag(A4) in the case
A is selfadjoint. For R > 0, let Bg = {y € I" : |y| < R}. Consider the analytic
function

Fr(z) = /B (A7 = 2)7'1, 1) dm(y)

on C\R. (Here, (4" — z)~!1 is the image of the constant function 1 under
the operator (A4” — z)~! and ((4” — z)~'1, 1) the L?(Q)-inner product of
(A” = z)~'1 with the constant function 1.) There is a positive Borel measure
Vr on R such that

Fr(z) = / _dVa().

The existence of such a measure Vi can be proved using function theory and
the properties of Fr. On the other hand, V; can also be obtained explicitly.
Let

ga(, 1+T) = gelt+T) = [ exp(-ilt, Mo, (I dm(r),
which is a function in L?(Q x (R*/T)). It follows from (2.3) that
Fr(z)=((4-2)""gr, &r)-
Therefore if 4 = fRAdE,I is the spectral decomposition of A4, then

Vr(A) = (E(A)gr, &r)

for every Borel set A ¢ R. For R' > R, we have Im Fg/(z) > Im Fg(2)
if Imz > 0. Hence for any Borel set A C R, we have Vg/(A) > Vr(A).
Our next theorem asserts that g(A4) is completely determined by the action of
{(4” = z2)7':y eI, z € C\R} on the single vector 1 € L?(Q).

Theorem 5. Suppose that A is selfadjoint. Then a(A) is the collection of 4 € R
which satisfies the condition that for every ¢ > 0, there isan R = R(g) > 0 such
that Vp((A—¢,A+¢€))>0.

3. THE PROOFS OF THEOREMS 1, 2, AND 5

By Theorem 1.1, the L!-norm closure of {|f,|>+---+|fi|>:k € Zs, fi, ...,
fr € e(G)L3(Q)} contains the constant function 1 if G isopenand GNI" # @.
Consequently if H is a dense subset of L2(Q), then the L!'-norm closure of
AP+ +fil?:k€Zy, fi,..., fr € e(G)H} also contains the constant
function 1 We claim that for every y € I” and every positive integer k,
there are functions f |, ..., f,'f,p € [e(=7 + By k) F(Q)1NH(Q) (recall that

={yel":|y|< r}) such that

=17 2= =R Pl < 1k
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This is simply because

le(=7 + By ) A(Q)]1 N F(Q) O /r 8(4) de(A)F(Q) D e(—y + B1u)A(Q),

where 0 < g <1 isa C>-function on R” such that g=0 on ﬁ”\(Bz/3k -7)
and g =1 on By — . Itis easy to see that forany y € I" and n € L*(Q),

Dk 143
fim 317 i = Jim [ (Z |ﬁ,j(w)|2) In(@)P? du(e) = linl.

Let L be a Banach generalized limit on /*°(Z,). Suppose that T is a
bounded operator on L2(Q) and 7, ¥ € L*(Q). Then it follows from the
above equality and the well-known properties of L that

Dk °
L ({Z(Tﬁ:,,n, fz,,w} )
J=1 k=1

Therefore there is a bounded operator ®?(T) on L?*(QQ) such that

P °°
(@(T)n, y) =L ({Z(Tf}{,,-n,f,?,jw)} ) :

J=1 k=1

< ATl Inll20lwll2 -

It is obvious that the map T — ®?(T) is a linear transformation on .Z(L?(Q))
whose norm equals 1. In fact the argument in the previous paragraph shows
that ®?(1) = 1, an important fact to bear in mind. It is also obvious that ®”
maps selfadjoint operators to selfadjoint operators and nonnegative operators
to nonnegative operators.

We will next define and compute ®?(4”). Suppose that n € (). Then
there is a bounded open set G such that 7 € ¢(G)L*(Q). By (1.4), I GNE
e(—y+ By x + G)L?(Q) . Hence there is a C*-function f whose Fourier trans-
form has a compact support on R” such that R = f(f] ;1 for all possible
k and j. Hence

(4 17 1)(@) = (41 (7 m)(@)
= [ (@ NOU mle-dw)dr,

where

(an* f)(t) = (2mn)™" /ﬁ" [/nexp(i(t—s, x))a(w, x—v)f(s)ds| dx.

The map ¢(w) — Jg.(akxf)(t)(¢)(a—(w))dt is abounded operator on L2(Q).
Hence there is a constant C(n) > 0 such that [|4"f] nll2 < C)If ;nllz-

i *
(esen])
j=1 k=1

Therefore

< Cmlimll2liwll2
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for every y € L>°(Q). Hence there is an element which we denote by ®(4")n
in L2(Q) such that

Pk *®
(@"(4")n, ¥) =L ({Z(A”f;’,,-n, fz,,w)} ) :

J=1 k=1

Thus we have a linear transformation ®’(4”) from #(Q) into L?(Q). For a
bounded linear operator T on L2(Q), we similarly have a linear transformation
@?(TA") from H(Q) into L2(Q) such that

Dk *
(@ (TA")n, y)=L ({Z(TA"/ZJU, fZ,jW)} )

J=1 k=1

holds for all n € (Q) and y € L>(Q). Following the same line of rea-
soning, we can also define ®?(4**) and ®¥(TA**). It is clear that (Q) is
contained in the domains of ®7(4”)* and ®?(4"*). Therefore both operators
are closable. We will use the same symbol to denote the closure of ®?(4”). On
the other hand, we treat ®?(4"*) only as an operator defined on (). This
is because in general we do not know whether the closure of ®(A4"*) coincides
with the adjoint of ®?(A4").

Lemma 3.1. (i) Let b(w, t) be a measurable function on Q x R" such that the
Sunction t— ||b(-, t)||e belongsto L'(R"). Let T be the (bounded) operator
on L*(Q) such that (To)() = g b(w, t)p(a_,(w))dt. Then

ON(T)=T"
where

(T7p)(w / b(w, 1) exp(ilt, 7))p(a—(w))dt

for 9 € L2(Q).
(ii) Let T and T’ be as above. Let B be a bounded operator on L*(Q).
Then

@'(BT) = &(B)T" .

Proof. (i) Let y € L*(Q). Then
(3.1)

(T )@ = [ b, 0f (a-iw)yla i) d
= [ 5@, DA (a-iw) - explile, I (@wla—(w))dt
+ 17 (@)(TW)(@).
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Let C = [, [Ib(+ , )lloo d2. We have
(3.2)

2
/Qi/k,. b(w, O j(a-(w)) —exp(i(t, ) j(@)y(a—i(w))dt| du(w)
< [ [ 16, DI fa-i(@) - explite, WA, @Rt
* /R 1b(@, 1)| ¥ (a—(®)) dt d ()

< Wl [ 160 Ollllu-ef],, —exolitt, M .

Let
Ci (1) = max{|1 — exp(i(t, 4))| : |A| < 1/k}.
By our choice, f] ; € e(-y+ By k) L*(Q) . Hence
(3.3)
lu—cf} ; —exp(i{t, YA 2

[, texa-ite, ) - explitt, Mded s,
—V+DByk
It follows from (3.1)-(3.3) that

TS v =7 TR < ClV e [ 1C- Ol Ce0) NS 13-

Because Ci(?) <2 and lim;_,,, Ci(¢) =0 for every ¢ € R", we have

Jim /R 1B, Dlloo( Celt))? e = 0.

< GOl
2

Hence

Pk
klinc}oz ”sz,j'// - fz,jTy'//“%
j=1

)43
< CllY oo lim /R IB(, Dlloo(C(0))* de IS 513 =0.
Jj=1

Therefore for any ¢ € L>*(Q),

143
Jim (T7y, 0) =Y ATR v, K 9
j=1

= lim
k—o0

Pk
Z((fz,jTyW’ f/‘(y,j(o) - (Tf];y,j'//a fz,ﬂ’))
j=1

Pi
< lim 3 NS ;v = R TR ol
j=1

1/2 1/2
Dk Pk
< lim (ZHTJZ,,W-/Z,,TWII%) (Z IIfZ,,¢II%) =0.
j=1 j=k
This means ®’(T) =T7.
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(i1) Let v and ¢ be as above. Then

143

143
D (BR T, 00 =3 (BTR v, 1] ;o)
j=1

j=1

lim
k—o00

= lim
k—o0

Dk
Z((B(f;cy’jTyW - Tf;cy’j'//)s fz,](o))
j=1

143
<|BI Yim Y NTH w-f Tl 0l=0. O
J=

Lemma 3.2. (i) For any y,v € I'" and n € #(Q),
Q'(A4)n = A"y
(i) If B is a bounded operator on L*(Q), then for any n € %4(Q),
@'(BAY)n = D'(B)A+7y.

Remark. This lemma implies that ®?(4”) = 4”*?. But it does not necessarily
mean that the closure of ®(A*)|A(Q) is (4*?)*. The fact is that A(Q)
may not be a core for (4”*?)* when the operator A fails to be elliptic.

Proof of Lemma 3.2. (i) Let n € () be a function which belongs to
e(BRr)L?*(Q) with some R > 0. Let S=1+|y/+R. Let 0 < g <1 be
a C*-function on R" such that g=1on Bs and g =0 on ﬁ"\Bs+1. It
follows from (1.4) that f! nee(=y+Byx+ Br)L*(Q) . Therefore

= [ swded g n= [ goudif .
where g(A) = [g. &(¢) exp(—i(t, A)) dt. By the definition of 4", we have
Al m=Tf mn,
where
o)) = [ (@, Dolaiw)dr
with

blw,t)=(2rn)™" /ﬁn [/Rn exp(i{t—s, x))a(w, x —v)&(s) ds] dx.

That a € S™ ensures that [p, [|b(-, 1)l dt < co. Applying Lemma 3.1(i), we
obtain that for any ¢ € L>°(Q),

Pk ©
(@"(4")n, 9) =L ({Z(A"f;',jn, fZ,jco)} )

J=1 k=1

Dk *
-L ({zmz,jn, f,;{,.a»)} ) = (@ (T)1, 9).

k=1

J=1
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By Lemma 3.1(i), we have

(¥ (T)n)(w) = /R b(w, t)exp(i(t, y))n(a—(w))d!

= /Rn [(27:)"" /i» [/Rn exp(i(t—s, x))a(w, x —v)g(s) ds] dx]
x exp(i(t, y))n(a—(w)) dt

= /" [(27:)'"/\" [/nexp(i(t—s, x))a(w,x—v-—17y)

< expli(s, 1)2(s) ds] dx] Na—d(w))dt

= [ Jear [ | [ etitc—s, 2

xa(w, x —v —1y)g(s) ds] dx] N(a—(w))dt
= (4"*7(8 * n))(w),

where
&7(s) = exp(i(s, 7)) &(s).

Since g =1 on Bg = By,+r, the function

g()= [ &) ex(-ils, H)ds = g4 -7)

equals 1 on By,r. This implies 2? xn = n. Therefore
D7 (A4)n =D (T)n = A" (8" xn) = A"
(ii) Let T, n, and y be as above. According to Lemma 3.1(ii),

Pk o
(®"(BA")n, 9) = L ({Z(BA"fz,,n, fz,,-m} )
1

Jj=1 k=

43 =
=L({Z<BTfZ,j”’ fz’j(o)} ) =((Dy(BT)’7a ¢)

J=l k=1 _
= (P (B)®'(T)n, y) = (P'(B)A"""n, y). O

Proof of Theorem 1. (i) Suppose that S is a bounded operator on
L*(Q x (R"/T)) such that S(4 — z) = 1. It follows from (2.3) that

(3.4) (10F)S(1eF)! [/r P« -2 dm(y)] =1

on L2(QxT"). Fixa ypeI". Let n € #4(Q) such that [, |n|*du = 1. Then
y — A’n is a continuous map from I into L2(Q) (see the definition of A’ in
§2). Let E, ={y €I":|y —yl| < 1/n}. Then nxg,/\/m(E,) is a unit vector
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in L2(Q x I"). It follows from (3.4) that

1= H(l F)S(1eF)™! [/F P’ - Z)dm()’)] nxE,/V/m(En)
[ @ - 2] mas V)|

m(lE,,) fE ( /Q (47 - Z)n)(w)lzdu(w)) dm(y).

Letting n — oo, we see that
/IS < (4™ = 2)n]i5.

This shows that z ¢ g;(4™). Hence we have shown that g;(4) D g;(4") for
every yeI”.

On the other hand, if z ¢ g;(4Y), then there is a bounded operator B
on L2%(Q) such that B(4” — z) = 1. By Lemma 3.2(ii), ®(B)(4"*? — z) =
@7 (B)AYt? — z®?(B) = ®?’(B(A” — z)) = 1 for every y € I". Hence for any
n € H(Q), we have

Inll2 = 197 (B)(A"*" = z)nll2 < [|BIH (A" = z)nll2
for every y € I'". It follows from this inequality and (2.3) that
ISH2/11BIl < 1I(A4 = 2)Ell2

for every £ in the domain of A. Hence z ¢ 0;(4). Thus we have shown
g/(A) C 6;(A4") forevery vel”.

(ii) It follows from Lemma 3.2(i) that if one A? is bounded, then every A4’
is bounded. On the other hand, by (2.3), A4 is bounded if and only if A” is
bounded for almost every y.

(iii) If A4 is bounded, the pseudo-differential operator B = A*A4 is self-
adjoint. It is easy to see that B” = (A?)*A”. By (i), therefore, we have
o(B) = 0/(B) = /(B") = o(B?) . This implies ||4||*> = ||B|| = ||B|| = ||47]]*.

(iv) If A is bounded, we can apply Lemmas 3.1 and 3.2 to 4* and (47)*,
since these operators are now closures of bounded pseudo-differential operators
induced by their common symbol function ga* on the respective .#j-spaces.
Hence, by (i), 0,(4) = 6/(4") = 0,((47)*) = 0,(4"). O

Proof of Theorem 2. Suppose that A4 is symmetric. Let n € () and f €
F(R*/T). Then nf belongs to the domain of A. It follows from (2.3) that

L. miE Do) dmy) = anf, 1 e R.

Hence (4”1, n) € R for almost every y € I". Since the map y — (477, n) is
continuous (see §2), (4”n, n) € R for every y € I". Hence if A4 is symmetric,
then so is every A4”. Conversely, it follows from (2.3) that if 47 is symmetric
for almost every y € I, then A4 is symmetric. Therefore (ii) and (iii) are
equivalent. If we take the identity (2.2) and apply a similar argument, we see
that (iii) and (iv) are equivalent. Obviously (ii) implies (i). On the other hand,
that (i) implies (ii) follows from Lemma 3.2(i). O

2
2

<|Is|?

= |IS|1?

We will now turn our attention to the proof of Theorem 5. Recall that, in
a natural way, the space L2(Q x (R"/T)) is identified with L2(R"/T’, L*(Q)),
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the collection of L?(Q)-valued L2-functions on R*/I'". Let & denote the
collection of functions in L>(R"/T", L*(f2)) whose supports are bounded in
R"/T'. Obviously Z is a dense linear subspace in L?(R"/T", L2(Q)). Since
u; = 1 for every t € I', we may use the expression u; for s € R*/T". Let
% denote the collection of bounded linear operators K on L?(Q x (R"/T")) =
L*(R*/T', L*(Q)) which has a kernel function k € L*(R*/T", L%(Q)) in the
sense that

KW= [ Ksuse(t=9)de(s)

forevery £ € D . If K € %, then K* € % . Indeed it is straightforward to
verify that K* has k*(s) = u_sk(—s) as its kernel function. Furthermore, for
(e L*R"T, L*(Q)) and ¢ € D,

(KO = (. K8 = [ <c<z>, / n/rk*(S)u-sE(t—S)dT(S)> d(r).

R"/T
u

(Here, to avoid ambiguity, we use (-, -), to denote the inner product

on L%*(Q).) Since the function ¢ — [, /rlk*(s)u_sé(t—s)|d1(s) belongs to

L*R"/T, LX(Q)),

(2, 5) — L(Ok*(s)u-s&(t - 5)
is an L!(Q)-valued L!-function with respect to the measure 7 x 7. The oper-

ators {u; :s € R"/T'} are also isometries on L!(Q) in the obvious way. With
this in mind, we define

(VF)(S7 t) = u—SF(-'s9 t—S)
for F € L'((R*/T) x (R*/T"), L'(Q).) Then V is an isometry on that L!-space
and preserves the integral. If we set F(s, t) = {(¢t)k*(s)u—_s&(t —s), then

(VF)(s, t) = k()E(@)u—s{(t - 5).

Hence, if we set
6= [ kisu_iL(e-5)dz(s),
R"/T
then by Fubini’s theorem,

ke &= [ (GO, E0ndn0.

Since G belongs to L!(E, L!(Q)) for every bounded measurable set E C
R"/T" and £ is an arbitrary element in &, the above inequality implies that
Uz IG@)IZ ,dt(t)]V/2 < |[K{ll2. Since E is arbitrary, G € L2(R"/T’, L}(Q)).
This means (K{, &) = (G, &) . Hence we have established the following:
Lemma 3.3. Suppose that k is the kernel function for K € % and
(e L2(Q x (R"/T)) = LXR"/T, L}(Q)).
Then
KOW = [ ksu-iL(e=s5)de(s).
R"/T

Let /7" be the closure of %, in the weak operator topology.
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Lemma 34. % is an ideal in .#". More precisely, if k is the kernel function
for K € &, then forany T € #°, Tk is the kernel function for TK .

Proof. Suppose that K € % with kernel k, and suppose that H € % . Let
&, n € . Define [En](s) = fnn/r n(tu—_s&(t —s)dz(t). With Lemma 3.3
in mind, it is easy to verify that (HK¢, ) = (Hk, [¢n]). This shows that
HK belongs to % and has Hk as its kernel function. Suppose now that
T is an operator in .#°. Then there is a sequence {H,} € % such that
lim,—oo(Hrk, [En]) = (Tk, [{n]) and lim,_o(H,K¢, n) = (TKS, n). Since
(H,K&, n) = (Hyk, [En]), we have (TK&, n) = (Tk, [€n]). It follows from
Fubini’s theorem that

(TKE, ) = Tk, [&n])
- / / (Th)(S)u—sl(t ~ 5), 1(0))u da(s) d(z).
R*/T JR7/T

Since ¢ € Z, the function ¢t — [, ;r(Tk)(s)u-s&(t — s)dz(s) belongs to
L?(R*/T', L*(Q)). Hence (TKE)(t) = Jror(TK)(s)u—s&(t — s)d1(s). There-
fore Tk is the kernel function for 7K. O

For each s € R*, let U, be the unitary operator
(U)(w, t+T) = {(a—s(w), t—s+T)
on L?(Q x (R*/T)).
Lemma 3.5. (i) Let f € #(R"). Then the operator

(FO@. 141) = [ fO)(a(@), t-s+T)ds, {eLX®/T, L),

belongs to &, .

(ii) Suppose that g is a measurable function QxR"* such that [, ||g(-$)|lco ds
< oo. Then the operator G : H(Q x (R*/T)) — L*(Q x (R*/T)) defined by the
formula

(GO (@, t+T) = / 2(@, $)(a_s(@), t — s +T)ds
extends to a bounded operator orl: L*(Q x (R"/T)) which belongs to A" .
Proof. (i) Let
Us = %\n exp(i(s, y))a'l:fy
be the spectral decomposition of the unitary group {I~Js :s € R"}. Since U, =

1 for every s € I', the spectral measure dfy is actually supported on I". It is
easy to see that

F= [ 1©0ds= [ j0)dE, = [ fndE,,

where f is the standard Fourier transform of f and, therefore, belongs to
Z(R"). Consider f as a function on I". Recall that & denotes the Fourier
transform from L?(R"/T) to L?(I"). We also have

F= (F ' )s+D)Udr(s +T).
R"/T
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That is,

35)  (FO(w,t+T)= /R &7+ Dl =5 +T)de(s + 1)

for { € L*(R"/T’, L*(Q)). Hence F € %,.
(i) First of all, it is trivial that G extends to a bounded operator on
L?(Q x (R*/T")) and that

161 < [ leC- 5o ds.

It follows from (3.5) that if g(w, s) = ¢(w)f(s) with ¢ € L*(Q) and f €
Z(R"), then G € % . For an arbitrary g, thereisan M > 0 such that for any
e>0,thereisa g = Ej;l p;f; with ¢; € L>°(Q) and f; € S(R") which
satisfies

[ Ve lwds <

and
[ [1a@,9-g@,9)lduw)ds <.
R* JQ

Each g, generates an operator G, € %, by the formula
GO, t+T) = [ g0, i(a-s(@), =5 +T)ds.

Clearly, lim,_,o G, = G in the weak operator topology. O

For each natural number k,let 0 < A, <1 be a C*-function on [0, o0)
such that 4, = 1 on [0, k] and Ay =0 on [k +1,00). Then h(ly]) is a

compactly supported C*°-function on R”. Let

()= 20" [ exp(=ift, Ml dy.
Then g, € #(R") and

mlyl) = @~ [ explitt, m)ge(o)dr.

Define
He= [ mo)dE;.
It is obvious that
He = @n) " [ gu(s)Tids.
R"
That is,

(HD)(@, t+T) = (2m)™")2 /R g(){(as(®), =5 +T)ds

for { € L?(Q x (R*/T)). By Lemma 3.5(i), Hy € % .
For the rest of the section, the symbol function a of the pseudo-differential
operator 4 will be assumed to be elliptic and formally selfadjoint.
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Lemma 3.6. For any ¢ € Cyo(R), ¢(A) € # . Consequently for any interval
ICR, x(A)es.

Proof. Let us first show that for any 7 € S4(Q x (R/T)),
Jim || Ay — HyAHjnl2 = 0.

Since the sequence {H;} strongly converges to the identity operator, it suffices
to show that limy_,, ||An — AHin||2 = 0. Suppose that

n@, t+1) = (£ + 0@, t+T) = [ fs)(ams(@), 1=s5+D)ds,

where f € %(R") and { € L*(Q x (R"/T)) N L®(Q x (R*/T)). Then
(Hin)(w, t+T)

= (2m)"? /R &) [ /R f)(asr®), t=5=r+T) ds] dr

= /R" f(s) [(27:)"'/2 /Rn g (NC(a—s—r(w), t —5— r+I’)dr} ds

= (f*(H))(w, t+T).
Hence by the definition of the operator A, we have
(AHn)(w, y +T) = (A(f * (H )@, y +T)
= [ @ NOED-@), -1+ T,
where
@ * £)(t) = (27:)"'/A [/ exp(i{t — s, x))a(w, x)f(s) ds] dx.
Rr Rn
Since f € HA(R") and a € S™, it follows from Lemma 3.5(ii) that ad « f is the
kernel function of a bounded operator in .#". Because limy_, . ||Hx{—-{|l2 =0,

we have limy_,o [|AHxn — Anlly = limy_ o [|A(f * (Hi$)) — A(f * {)]l2=0.
Since Hi(f *{) = (2n)~"2g, » (f * {), we also have

(AHi(f + )@, y) = (2m)~"" /Rn(a?u * &) (O)(f * ) (a—i(w), y —t +T)dt.

Because g, € S(R") and a € S™, by Lemma 3.5(ii), the function (w, ?)
— (ad * g)(t) is the kernel of a bounded operator in .#°. That is, AH
extends to a bounded operator which belongs to .#". Hence if z € C\R, then
(HyAH,—z)~' € # . To complete the proof, it suffices to show that (4—2z)~! €
A for every z € C\R. For any 5 € #(Q x (R"/T")), we have

(4 - z)"" — (HeAHy — z)”')(A = 2)7ll2
= |ln — (HxAHy — z)" (HAHy — z + A — H AHn|l2
= |(HxAHy — z)” (4 — He AHi)n |2
< |Imz|~'||(4 - HeAH)n|l2

Since A is selfadjoint and A(Q x (R"/T")) is a core for 4, we have that
(A - 2)H(Q x (R*/T)) is dense in L?>(Q x (R*/T)). Therefore the above
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estimate implies that (4 —z)~! is the strong limit of {(HyAH; —z)~'}. Hence
(A-z) e if zeC\R. O

Lemma 3.7. Let
2t + 1) = [ exp(=ile, )hly) dmy).

Suppose that H € /", and suppose that Hg, =0 for every k. Then H=0.
Proof. Let U; denote the unitary operator (U;f)(t+T) = f(t—s+T) on
L?(R"/T). Then the unitary group {U; :s € R"} has the spectral decomposi-
tion

U= [ exnlis, 1) dE,.

Again, because U; = 1 for every s € I, the spectral measure dE, is supported
on I". Hence

B+ DIV de() = [ melir) dE, = [ i) dE,.
R"/T I R
Since Ax(|y|) — 1 forevery y, the sequence { [g, r & (s+IUs; d(s)} converges
to the identity operator strongly.

To prove the lemma, let us first assume that H € % and that & is its kernel
function. We have

(Hg)(w, t+T) = /Rn/rh(w, s+t —-s+D)dt(s+T)

= / &G +Dh(w, t—s+T)dr(s+T)
R*/T

= ((l ® [/ g'k(s+l“)Usdr(s+l“)l) h) (w,t+T).
/T

Hence limy_, . |H& — hl2=0.If Hg, =0 for every k,then h=0.

Suppose now that H is an arbitrary element in .#". Since the operators
Hy = i h(]y])dE, converge to 1 strongly, if H # 0, there is a p such that
H,H # 0. Since H,H € % (Lemma 3.4), by the previous paragraph, this is
possible only if there is a g, such that H,Hg #0. O

Proof of Theorem S. Let I be an open interval in R. Then INo(A4) # @ if and
only if x;(A4) # 0. By Lemmas 3.6 and 3.7, this happens precisely when there
is a k such that (x;(A4)8k, &) > 0. Let v, be the measure vi((—o0, t)) =
(X(=c0,0)(A) 8k, &) . Then I'Na(A) # & if and only if v (I) > 0 for some
k . So the proof will be complete once we show Vr(I) < vy (I) < Vr/(I) for
R<k<R -1.

We have

(A-2)7'%, &) = (18 F)A4-2)"'(18F) (18F)&, (18 F)&).
Since ((1®F)&)(w, y) = (F &) () = (7)), it follows from (2.3) that

[ A dno = (-7 g, &)
= [ =27 D) dmy).

RI—Z
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Suppose that z = x + iy lies in the upper half-plane. Then

/R (t— xJ)}2 T2 )

1 1 1
= [At_zduk(z)—At_Edvk(t)]
- 2ii<[(A — 27— (4-2) &, &)
= [ (G =27 = @ =271, 1) el dmy)

= [ 7 = %7+ 57, Dl dm()

Similarly, we have
; — Y _ y)2 2\—1
L= 0 = [0 = X2 4557, () dm).

Since xp,(?) < (h(|7]))? < X8, (y) for R < k < R' -1, we have Vx(I) <
() <Vr(I). O

4. OPERATORS ASSOCIATED WITH ARBITRARY DYNAMICAL SYSTEMS

In the previous sections, we assumed that the transformation group {o,: ¢ €
R"} on (Q, #, u) has the property that there is a closed subgroup I C R"
such that for any invariant set A € & with u(A) > 0, we have S, =I", where
Sa is the support of the spectral measure of the unitary group u,f = fo o,
on the subspace L2(A, du) of L*(Q, du). As we have mentioned earlier, if
4 is ergodic, then the dynamical system automatically has this property. But
obviously x need not be ergodic if the dynamical system has this property.
From now on we will drop this assumption. In other words, for the rest of the
paper, we assume nothing about the measure-preserving transformation group
{as:t€R"} on (Q, F, u) except that it is strongly continuous, i.e., t — foa;
is a continuous map from R” into L?(Q) for every f € L*(Q). The space
L%(Q) is still assumed to be separable.

Let (Q*, #*, u*) be the product measure space of denumerable copies of
(Q, Z, n). Define of(wy, w;,...) = (@), ar(®),...). Then {of : t €
R"} in a strongly continuous group of measure-preserving transformations on
the space L2(Q*) = L2(Q*, #*, u*), which is again separable. For each ¢ €
R", define uff = foaf, f € L2(Q*). Then {u! : t € R"} is a strongly
continuous group of unitary operators on L2(Q*). Let

I={teR": forevery f € L*(Q), foa, = f a.e.}.
Define

I"={yeR":(t, ) € 2nZ for every t € T}
Theorem 4.1. Suppose that

ut = [ exp(i(t, 7)) de
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is the spectral decomposition of the unitary group {u? : t € R*}. Then the
support of the spectral measure de;',’ is I,

Proof. Since uf = 1 for every t € T, it is clear that the support of de} is
contained in I". It remains to be shown that the support of de;’ contains I".
In other words, we must show that if ¢ € C§’°(§") and fi,, o(y) de;’ =0, then

@ vanishes on I". Let such a ¢ be given, and let (27)*/2¢ be its inverse
Fourier transform. That is,

p(7) = /Rn exp(i(t, y))@(t)dt.

We have
4.1) F()ut di = /A p(y)de? = 0.
R" R"

Suppose that #;, ..., 7, &, ..., & € L*(Q). Define

’7((01, coe s Wpy Wiy s Wiy, "°) = "l(wl)“'”k(wk)
and

é(wl s eee s Wy Wpyy s Wiy, "') =él(wl)"'ék(wk)'
Then

Ui (@y, ..., 0, Ogy1, Okyz,s -..)
=&(au(w1), ..., (@), eu(@ps1), ar(Wpy2), --)
= &1(ar(@1)) - - - Ei (s ()
= (1) (1) -+ - (Ui ) (i) -

Hence, by (4.1), we have

@2) [ o m)--- ke mdde= [ gt nde=0.

Let &/ be the subalgebra of C,(R") generated by the functions {(u,f, g) :
f.8€ L?(Q)} in the t-variable. Because the complex conjugate of (u.f, g)
is (u,f,g), the algebra & is symmetric. It follows from (4.2) that

4.3) /R BOG() =0

for every G € & . Suppose that t —s ¢ I'. We claim that there exist
f, g € L¥Q) such that (u,f, g) # (usf, g). For otherwise, we would have
(w—sf, 8) = (w(u—sf), &) = (us(u—sf), g) = (f, g for every pair of func-
tions f, g € L%(Q). This contradicts the definition of I'. Therefore the
functions in &/ separate the points of R"/T".

“Fixa yp € I, and let F(¢) = sin({t, y0)). Let 1 > & > 0 be given. Let A
be the continuous function on R such that A(f) =t for -2 <t <2, h(t) = -2
for t<-2,and A(t)=2 for t >2. Let R >0 be such that

(4.4) /R 9O ds <ef6,
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where Bg = {t € R" : |t| < R}. Since F isa I'-periodic function, by the Stone-
Weierstrass approximation theorem, there is a real-valued function Fr € &
such that

&
—F < :
max |F(1) -~ Fr(0)| < 7 2[5, 19(5)]ds

Since |F| <1, we have |[Fg| <1+ 1/4<2 on Bgr. Hence ho Fgr(t) = Fr(?)
for every t € Bg. Therefore

&
(45) g FO e B0l < T T o

Applying the Stone-Weierstrass approximation theorem once more, we see that
h o Fg belongs to the sup-norm closure of &/ . Hence it follows from (4.3) that

(4.6) ho Fr(s)p(s)ds =0.
Rn
Therefore it follows from (4.4), (4.5) and (4.6) that

/ sin((s, 70))9(5)ds| < [ 1F(5) — ho Fr(©)][(s)| ds
R? R"

< [ 1F(s) = ho Fr(s)] #(s)| ds + 3 / 16(s)|ds < e.
Br R"\BR

Since ¢ € (0, 1) is arbitrary, we have [g,sin((s, 70))¢(s)ds = 0. A similar
argument shows that [, cos((s, y0))@(s)ds = 0. Hence

() = /R" exp(i(s, y0))@(s)ds =0.

This shows that ¢ vanisheson I". O

Theorem 4.2. Let D € B* be a set such that u*(D) > 0 and p*([D\a#(D)]) =
u*([e¥(D)\D]) = 0 for every t € R". Then the restricted spectral measure
de?|L2(D) also has T" as its support.

To prove this theorem, we need the following simple measure-theoretical
lemma. For a measurable function f on the measure space (Q*, &*, u*),
define

Sy, ..., @, 01,02, ...,0q,...)=f(w1,w2,...,0,...)

for k =1,2,3,.... Itisclear that for every 1 < p < oo, S; maps L?(Q¥)
isometrically to itself.

Lemma 4.3. Let E € #* and f € LY(Q*). Then limy_ [pSkfdu* =

W} (E) fou fdu*.
Proof. First let us consider the case f € L®(Q). Let Z be the algebra of sets
generated by 4, x --- x Ay x Q x Q x Q x --- , where k is an arbitrary natural

number and A4;,..., A, € & . Let ¢ > 0 be given. By the definition of the
product measure u*, there is a sequence {E;} C Z such that E; O E and
limy_, o, u*(Ey) = u*(E). That is, limy_ [|xg, — xelli = 0. Hence there is a
Ppo such that

<e

/Skfdﬂ#_/ Sifdu*
E Ey,
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for every k and u*(Ep\E) < ¢. Suppose that E,) = BxQxQx--- , where B
is a subset of the product of mq copies of Q. Then u*(E,,) = ux---x u(B).
Furthermore, if k > my, then

/ Si.fdu*
EPO

= /B |:/Q><Qx--~f(wk, Okt s .- ) AU(Omgr1)

X oo X (@) X P(@pqy) X -+ | dp(@r) X -+ X U(Wmy)
=u><-~><#(B)/Q (@ ) i) x (@) x -

= W(Ep) [ Fau’.

Hence, for k > mg, we have

‘ [sraut-we [ raut

<

/ Sefdu* - / Sef dut
E E,,0

<e+elflh.

+ (WHER) - W E) | [ rd*

Hence limy_, [ Sifdu* = p*(E) [0 fdu* when f € L®(Q*). Suppose
now that f is an arbitrary function in L!(Q*). Let g € L*(Q*). Since
1Sk8 = SkS Il = lg = fll1, we have
|[scrant - e [ rant
E Q
< ’/ Skfdu*—/Skgdu*
E E

w| [ raut- [ edut
QF Q*
<f -l + | [ Sceaut - ut(E) [ gaut

+‘/ Skgd#*—u*(E)/ gdu*
E Q*

.

Hence the desired result follows from the case f € L>*°(Q¥). O

Proof of Theorem 4.2. Suppose that ¢ is a function in Cc°°(ﬁ") such that

/in 9(y)de}|L*(D) = 0.

To prove the theorem, it suffices to show that ¢ vanishes on I". In view of
Theorem 4.1, we only need to show that [ ¢(y)def = 0. Let (27)"/2p be the
inverse Fourier transform of ¢, i.e., ¢(y) = [z, exp(i(t, y))@(t)dt. Then for
every f e L}(Q*),
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o [ outfdi=o [ ondels = [ p(delios =0.

By the preceding lemma, for any f, g € L2(Q*), we have
w@) ([ ondess. g)=ut0) ([ pofoatdr, g)

=) 109) kl_iglo(XD(Skf) oaf, Skg)dr.

Here, we used the fact that S (foaf) = (S,.f)oa?. By the dominated conver-
gence theorem, we have

W@ ([ ondets. g) = lim [ 50o(Ss) ot Sce)dt

- Jim <xD HOutScSdt, Skg> —0.
—00 R7
Therefore [5, ¢(7)de} =0. O

It follows from Theorem 4.2 that {(Q*, &*, u*), {of : t € R"}} satisfies
the condition that we imposed on our dynamical systems in §1. Therefore the
theorems stated in §2 are valid for the pseudo-differential operators associatgd
with this new dynamical system. Suppose now that a is a function on Q x R”
which belongs to S™ for some m € R. That is, there is a set A € & of
measure 0 such that for any pair of multi-indices » and §, thereisa C,5 >0
such that
sup 10797 a(au(@), %) < Cop(1+ Ix|y™ M.

WEN\
Define
a(wy, ..., w,...), x)=a(w, x)
for x € R" and (wy,...,w,...) € Q* = Qx---xQx---. Then a*

belongs to the class S™ on Q* x R”. In exactly the same way we defined
A on L?(Q x (R*/T)) and A” on L*(Q), we can now define the pseudo-
differential operators 4* on L?(Q* x (R*/T)) and 4*” on L?(Q*) using the
symbol function a*. Therefore if we apply Theorems 1-5 and 4.2, we have the
following theorems on the spectra of various pseudo-differential operators with
a* or a as their symbol.

Theorem 1*. (i) For every y € I, g;(A*") = a;(4%).
(ii) The operator A* is bounded if and only if A*' is bounded for every y € I .
(iii) In the case A* is bounded, ||A*| = || A*| for every y € I".
(iv) In the case A* is bounded, o(A*") = a(A*) for every y €.

Theorem 2% . The following are equivalent:
(i) There is a y € I such that A* is a symmetric operator.
(ii) For every y €', A* is a symmetric operator.
(iii) The operator A* is symmetric.
(iv) Ay is symmetric for a.e. w € Q.

Theorem 3*. Suppose that the symbol function a is elliptic and formally selfad-
joint. Then a(A*") = a(A*) for every y € I".
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Theorem 4* . Suppose that the symbol function a is elliptic and formally selfad-
joint. Then:

(i) Fora.e. w € Q, a(Ay) C a(4%).

(ii) If A* is bounded, then so is A, and || Ayl < ||4*| for a.e. w € Q.

Theorem 5*. Suppose that A* is selfadjoint. Let Br = {y € I" : |y| < R} for
R > 0. There is a positive Borel measure V§ on R such that

(4" = 2)711, 1y dm(y) = / L avtw.

Bg R A - Z

Furthermore, a(A*) is the collection of A € R which satisfies the condition that
for every e >0 there is an R = R(e) >0 such that V§(A—¢,A+¢€))>0.
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