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KINEMATIC FORMULAS FOR MEAN CURVATURE POWERS OF
HYPERSURFACES AND HADWIGER’S THEOREM IN R?"

JIAZU ZHOU

ABSTRACT. We first discuss the theory of hypersurfaces and submanifolds in
the m-dimensional Euclidean space leading up to high dimensional analogues
of the classical Euler’s and Meusnier’s theorems. Then we deduce the kinematic
formulas for powers of mean curvature of the (m — 2)-dimensional intersec-
tion submanifold Sy N gS; of two C2-smooth hypersurfaces Sy, S, i.e.,
Je(J, Songs: H?*dg)dg . Many well-known results, for example, the C-S. Chen
kinematic formula and Crofton type formulas are easy consequences of our
kinematic formulas. As direct applications of our formulas, we obtain ana-
logues of Hadwiger’s theorem in R2" | i.e., sufficient conditions for one domain
Kp to contain, or to be contained in, another domain K, .

0. INTRODUCTION

Let M?P, NY be submanifolds of dimensions p, g, respectively, in a homo-
geneous space G/H and let I be an integral invariant (e.g., volume, surface
area, etc.) of the submanifold M? N gN?. Then many works in integral geom-
etry have been concerned with computing integrals of the following type

(0.1) I(M? N gN%)dg,

/{geG: MPNgNi#£a}
where dg is the normalized kinematic density of G. For example in the case
that G is the group of motions in an n-dimensional Euclidean space R*, M?
and N9 are submanifolds of R” and

I(MP N gN%) = Vol(MP n gN9)

evaluation of (0.1) leads to the formulas of Poincaré, Blaschke, Santal6 and
others (see [1]). R. Howard [10] obtained a kinematic formula for
I(MP N gN%) = Vol(M? N gNY) in a homogeneous space. If /(M NgN) =
x(MNgN), where x(-) is the Euler-Poincaré characteristic of the intersection
M N gN of domains M and N in R” with smooth boundaries, then (0.1)
leads to S. S. Chern’s kinematic fundamental formula [2]. Next, assume that
I(MP N gN9) = u(MP N gNY9) is one of the integral invariants from the Weyl
tube formula. Then (0.1) leads to the Chern-Federer kinematic formula [22]
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for submanifolds of R”. This integral also leads to the C-S. Chen kinematic
formula [15] if we take /(M NgN) = angN k*(MNgN)da , the total square of
curvature of the intersection curve MNgN of two compact closed surfaces M ,
N in R3. T. Shifrin [24] also obtained a kinematic formula of type (0.1) by
letting I(MP N gNY) be the integral of a Chern class. R. Howard [14] achieved
more general kinematic formula in the case that 7/(M?NgN?) is a homogeneous
polynomial of the second fundamental form of M? N gN? in a homogeneous
space.

As is evident by the above examples, many known kinematic formulas are in-
trinsic. Only a few of them deal with the extrinsic invariants, for example, C-S.
Chen’s formula. In fact, Howard [14] gives some extrinsic kinematic formulas.
In this paper, we will give kinematic formulas for powers of mean curvature
in the case that M, N are hypersurfaces of Euclidean space R”. One of our
results is the following.

Main Theorem. Let S; (i =0, 1) be compact smooth hypersurfaces of class C?
in R". Denote by H the mean curvature of the (n— 2)-dimensional intersection
submanifolds Sy N gS, and by k(S;) (defined in equation (4.15) below) the
rth integral of the principal curvatures of S;, respectively, where g € G, the
rigid motions in R". Then for any integer k with 0 <2k < n—1 we have the
kinematic formula

0y ( / szda) dg= Y ciunRi(Sy) REH(S),
G \Js,ngs, =
i,j,l
i+j+=k
| (even)
where dg is the kinematic density for R", do is the volume element and the
¢ ’s are constants depending on the indices.

In the first part of this paper we seek formulas for submanifolds of R” in
which the integrand in (0.1) can be expressed as a homogeneous polynomial
in the components of the curvature tensor of the submanifolds. If (M, N)
is a pair of hypersurfaces in R”, we obtain kinematic formulas in which the
right-hand side of (0.1) is expressed explicitly in terms of the total principal
curvatures of the given hypersurfaces. Many well-known results (for example,
the C-S. Chen formula [15] and Crofton type formulas) are easy consequences of
our theorems. It is possible to use the ideas of this paper to obtain the general
kinematic formula for p-dimensional submanifolds M? and g¢-dimensional

submanifolds N7, i.e., for integrals of type [ ( Jagon ZNa Hk da) dg, (0<k<

p+q—n), in which the right-hand side of (0.1) can be expressed as a polynomial
of the curvatures of the submanifolds.

In section 1 we give some basic concepts of differential geometry of hyper-
surfaces in R” which are generalizations of the results of classical differential
geometry (for example, Meusnier’s and Euler’s theorem). Some preliminaries
of integral geometry are introduced in section 2. The basic concepts are in
Santald’s book [1]. We obtain our kinematic formula ( Theorem 1) and its con-
sequences (for example, C-S. Chen’s formula, Crofton type formulas) in section
3 and the proof of Main Theorem is given in detail in section 4. The methods
used in this part are mostly based on those of Chern [26] and Howard [14].
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In the second part of this paper we derive the analogues of Hadwiger’s con-
tainment theorem. The general principle underlying this investigation can be
briefly described as follows:

Containment problem. Let K,, Kz be two suitable domains in the Euclidean
space R", for example, two convex bodies with interior points. Let G be the
group of rigid motions of R” and let m be its (suitably normalized) kinematic
measure. Then

m{g e G: gKg C K, or gKg O K,}

0.3
03) =m{geG: K,NgKp # 2} —m{geG: 0K,NgoKyp # o}.

(If K,, Kg are not convex, one assumes that their boundaries are connected.)
By integral geometric methods it is possible to estimate the measure m{g € G :
K, N gKg # @} from below and the measure m{g € G : 0K, N gdKp # &}
from above in terms of geometric invariants of K, and Kj . This will result in
an inequality of the form

(0°4) m{gEG: gKﬂCKa orgKﬂDKa}Zf(Atlra"' ’A{:;Aby"' :AIE)’

where each A4 is an integral geometric invariant of K, (y =a, B). One can
then state the following conclusion: If f(4., ... , 4%; Ag, -, A’Ig) >0, then
there is a rigid motion g such that either gKj; is contained in K, or gKpg
contains K, .

The first classical result is due to Hadwiger (see [1, 5, 6], 1941) who was
the first to use the method of integral geometry to obtain some sufficient con-
ditions for containment problem in Euclidean plane R? and later in projective
plane RP? and hyperbolic plane H?. Since then many mathematicians have
been interested in getting a version of the containment problem in space R”,
that is, getting sufficient conditions to insure that a given domain Kj of sur-
face area Fp, bounded by a piecewise smooth boundary 0Dg, of volume Vj
may be moved ‘inside’ another domain K, of surface area F,, bounded by a
piecewise smooth boundary 9K, , of volume ¥, . Grinberg, Ren and Zhou (see
[4, 28]) obtained a variation of Hadwiger’s theorem in the plane of constant
curvature € and reinterpreted those sufficient conditions by the isoperimetric
deficits of domains involved. But there was no general result or analogue of
Hadwiger’s theorem in space R” (n > 3) until works [7, 9, 10, 11, 12, 17] ap-
peared, even if some very strong restrictions are put onto the domains involved
(for example, the domains are supposed to be convex bodies and some topolog-
ical conditions are put onto their boundaries and intersection). The situation of
n-dimensional space R” (n > 3) is much more complex and difficult than that
of 2-dimensional plane R?. None of the formulas and methods in R? can be
parallelly carried out in higher dimensions. One also hopes that analogous re-
sults may be achieved for hyperbolic and projective spaces of higher dimension.
We have some results in a later paper [29].

By restricting the domains K, to the convex category, the author [9, 10, 11]
obtained some sufficient conditions in R” (n > 3) which are the generaliza-
tions of Hadwiger’s theorem to R”. Zhang [7] derived a sufficient condition in
R3 for the domains belonging to the convex category. Goodey [13] obtained
some related results by putting topological restrictions on the convex domains
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involved and their intersection 9K, N gKz. Later we removed the convexity
restrictions and obtained analogues of Hadwiger’s theorem in R3 [12, 17].

In section 5 of the second part of this paper we will give direct applications of
our kinematic formulas and obtain the R?" analogues (Theorem 4 and Theorem
5) of Hadwiger’s theorem. It is surely possible to obtain analogues of Hadwiger’s
theorem in R2"+! . But for this purpose we must seek new kinematic formulas.
In fact, we can only obtain kinematic “inequalities”.

I would like to express sincere thanks to my dissertation advisor, Professor E.
Grinberg, who guided me into this area and encouraged me with his teaching,
discussions, and suggestions. I would like to thank Professor R. Howard for a
great deal of valuable suggestions and discussions, especially his paper [14], and
for e-mail correspondence which benefited me a great deal and improved my
manuscript. I am indebted to Professor S. S. Chern and Professor P. Goodey
for sending me their papers and valuable comments, and to Professor E. Lut-
wak for some discussions during his visits to Temple. I would also like to thank
Professor Ren Delin and Professor Yang Wenmao for their teaching and con-
tinuing support while I was at Wuhan University during 1974-77 and 1984-87.
I appreciate G. Zhang’s comments. Finally I thank the referee for many useful
comments.

1. DIFFERENTIAL GEOMETRY OF THE HYPERSURFACE IN R™

Let M be an n-dimensional submanifold of R™. The second fundamental
form of M at x € M is a symmetric bilinear mapping
(1.1) hy : My x My, — M},
where M, is the tangent bundle of M and M; is the normal bundle of M at
x.If e, --- , ey is a orthonormal basis of R™ such that ¢, --- , e, is a basis
of M, and e,,;, - , e, is abasis of M, then the components of A, in this
basis are the numbers (hx);"j = (hc(ei, €j), ), 1<i,j<n,n+1<a<m,
where ( , ) is the usual inner product in R”. Associated to the bundle of
orthonormal frames {e,} over M we have the coframes, which consist of m
linearly independent linear differential forms {w,}, such that the metric in M
is

(1.2) ds* =) " ok

Restricted to M, we have w, =0 and 0 = dw, = ) ; W.; Aw; . By Cartan’s
lemma, we get

(1.3) Wia =Y hEw;, hE=h,
J

the second fundamental form of M with respect to frames {e,} and coframes
{wi} is
(1.4) 1= )" (hfww))e,.

i,j,a

The mean curvature vector is defined by

(1.5) H':Z(%Zhg) Ca.
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The square of mean curvature of M is

2
1
(1.6) H2=FZ<Eh;’;) :
a i
Let X" C Y™ C R**” be two submanifolds. If we choose the frame

(1°7) (x;ela"' s €nsCnyls 5 Cms €myl st aen+p)
such that e¢;,--- ,e, € T(X") and e, --- , e, € T(Y™), then we have the

mean curvature vector H x of X", the mean curvature vector ﬁy of Y™,
respectively, are

(1.8) T{'X=% ij (Zh;"i)ea+% % (Zhg)eﬁ=6’w+ﬁym,

a=n+l \ i B=m+1 \ i
1 n+p n
(19 Ao-t 5 (S o= 2N
p=m+1 i

—) . .
where Gy~ is defined as the mean geodesic curvature of Y™ at x € X" and
ﬁym is the mean normal curvature of Y™ at x € X". Their lengths, i.e.,

|6ym| = Kg(Y™), |Nym| = k,(Y™), are called, respectively, the geodesic cur-
vature, normal curvature of Y™ (at x € Y™ in the direction X"). Of course
they are invariants. It is obvious that two submanifolds X and X' of same
dimension which are tangent at x have the same normal mean curvatures. This
actually is the classical Meusnier’s theorem when X is a smooth curve in a
surface Y2 of 3-dimensional Euclidean space R3.

Let X be a hypersurface in an m-dimensional Euclidean space R™. For
each point x € X, choose the frames {x;e;, e, -, eém—1, €m} such that
e, ,em_1 € Ty(Z), and e, € Ny(X), the normal vector at x € £. Then we
have the fundamental equations

m—1
dx = Z w;e;,
i=1
m—1
(1.10) dei = 0;j€j+ Oimem, ij=wji,
j=1
m—1
dey, = — z Wimé;i ,
i=1
and the integrability conditions
m—1 -1
ZwiAwim=0, dwi=ijAw,~j,
i=1 j=1
m—1
(1.11) dwj =) 0j A g+ Oim A Opj,
k=1

m
doim = Zw,‘j ANWjm.
Jj=1
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From the above equations, there are functions 4;; such that

m—1

(1.12) Wim =Y _ hijw;, hij=hj.
j=1
Now we get
m—1
(1.13) I=(dx,dx) =Y (),
i=1
m—1 m—1
(1.14) I=—(dx,den) = 0joim= Y hjwo;,
j=1 i,j=1

which are called, respectively, the first and second fundamental form of X (Il
is only defined up to a sign). The principal directions are the directions which
diagonalize (h;j), i.e., the eigenvalue directions of (4;;). It is known that at
each point of a hypersurface £ in R™ there are m — 1 principal directions and
m — 1 principal curvatures ki, --- , K;y—_1 -

Assume that e;,--- , e,_; are m — 1 principal directions, for each unit
vector v € Tx(X), v = Y v;e;. Then we have the normal mean curvature at
x € X along the direction v,

) m—1
(1.15) Ks(v) = 111((:)) = %Kwaz)l(f:)}) =3 k.

This is Euler’s formula for higher dimensional hypersurface. In particular, the
normal curvatures along the directions of frames e; are
Ii(e))

(116) K}:(ej)=l(—ej)=hjj=Kj, j=1,--- ,m-1.

i=1

If v € Tx(X), a unit vector, then v can be expressed by the spherical coor-
dinates

(1.17)

v = (COS | COS 3 - - COS Ppy—3 COS Prp—2 , COS P} COS P2 - -+ COS Ppy—3 SIN P2 ,
COS 1 COS Py -+ COS P4 SIN D3, -+ , COSP; Siny, singy),

with

(1'18) 0S¢]<27[, 03¢2a”'s¢m—2§n’

where ¢; are the angles between v and the principal directions e;. Then we
have

Kkz(v) = K| cos? @) oS> B3 - - - COS® Ppy—3 COS% Ppy_2
+ Ky c0s2 ¢y cos? ¢y - - - COS2 Ppy_3 SN P2

1.19
(1.19) + k3082 ¢ COS2 Py -+ COSZ P4 SINZ Pz + -+ -

+ K2 c0S2 ¢ Sin® ¢ + Km— sin® ¢y.




KINEMATIC FORMULAS AND HADWIGER’S THEOREM IN SPACE 249

This is Euler’s formula in classical differential geometry when m = 3. The
mean curvature of X is

1 1 m—1 1 m—1
(1.20) Hs = m_lTr(II)=m§hii=m—_—1§xi.

Now for the frame e;, --- , e, and e}, --- , e, attached to Sy and S; the
mean curvature vectors of Sy, S, respectively, are

n—14¢%

1 n—1

! !

1= —n — 1 Zh,-,-e,,.
i=1

The mean curvature vector of Sy N gS; is
1 n-2 n—2
ﬁ = p— [Z h{’,."e,,_l + Zh,-;e,,l
i=1 i=1

1 n-2 | n-2
n—
L [E W+ th,»e{,] .
i=1 i=1

Let U, V be an orthonormal basis of the normal space of Sy N gS; and
Hy, H; be the mean curvatures of Sy, ), respectively. We choose U in the

direction of H , the direction of the mean curvature of Sy N gS;. Then

N 1 n—1
(1-21) Hy= Zhiiena
i=1

Tl

(1.22)

(1.23)

(1.24) Tr(U, d*x) = (n - 2)Hy, Tr(V,d*x)=0.
Let
(1.25) en=cosf U +sinfV,
then
(1.26) (en, d*x) = cosO(U, d*x) +sin0(V , d%x).
Hence
(127) Tr{e,, d’x) =hy + -+ hp_2n_2
=k(er) + - +k(en—2) = (n—1)Hy — x(en_).
Thus
(1.28) (H, en) = (H - €x) = ——[(n — 1)Ho — x(en_1)]

n-2

is an invariant, where k(e,_,) is the principal curvature of Sy in the direction
en—1 . Similarly,

(129 (H, ey =(H )= —5l(n- DH ~x'(€} )]

is also an invariant and where k’(e/_,) is the principal curvature of S; in the

direction e]_, .

n—1
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By the following formula

| . ) .
P_ 2: —P' i glm-2 gim—
(ar+--+am-) = PR a'---ayjan")

i1+"'+im_|=P
(1.30) i

= _ i, .,
- Z Ciyoviim—y @y Ap—28m-1>
iy s dmei

we have
P 2i Qi g iy i im—
(1.31) KEW) = ) Cipoi U U KRG K
il"" ,im—l
where
P! . .
(1.32) Cijovipg_y = W+ +ipm1 =P

FYRERT

If do denotes the area element of X, we define the rth homogeneous mean
curvature as

. m—1\"" ~ j
(1.33) M’,.~~im_.(z)=( . ) /):(x;n...x,’;;;)da,

where (x{' . -~x::,";i) denotes the rth homogeneous polynomial of the principal

curvatures. In particular, M? is the area and M! is the total mean curvature
of X.

When m = 3, all the results here agree with those in classical differential
geometry.

2. PRELIMINARIES ON INTEGRAL GEOMETRY

Let Sp and S; be two piecewise smooth hypersurfaces in R” of class C2.
We assume Sy fixed and S| moving under the rigid motion g of R" with the
kinematic density dg. Consider generic positions gS5; so that the intersection
So N g8 is an (n — 2)-dimensional manifold. Let x € Sy N gS; and con-
sider the orthonormal frames (x; e, --- , e,) such that span{e;, --- , e,_2} =
Tx(So N gS1), the tangent (n — 2)-space to SoN gS, at x. Let e,_,, e, be
the unit vectors that are, respectively, tangent and normal to S; at x, so that

(x;e1,--- ,en-2,€,_,,ep) is a second orthonormal frames of origin x. We
denote the kinematic density d7p on Sy (i.e., the density for sets of frames
(x;er, -, ey such that e, is the unit normal to Sy ) by
dTo= \(dx-e) \ (en-de;) N (dx-e,_;) A(dey - e,_))
(2.1) i h<j
Ao N(dep—z-€5_y), i,h,j=1,2,--- , n-2.

Similarly, the kinematic density on S; (density for frames (x; ey, --- , €5—2,

e;_,,ep) such that e, is the unit normal to S; ) is denoted by

(2.2) dT = N\dx-e)\(en-dej), i,h,j=1,2,---,n-1,

i h<j

so that the kinematic density for R” is
(2.3) dg=dTi N(dx-e,) N(dey-ey)N--- A (dey— - €n).
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The kinematic density on Sy N gS; (i.e., density for frames (x; ey, - - , e,-2)
attached to Sy N gS; ) is defined by

(2.4) dTy = /\(dx e)\(en-dey), i, h,j=1,2,---,n-2.

h<j
Then we have the basic formula (see [1, pp. 262, (15.35)])
(2.5) dToy Adg =sin"' ¢dp ANdTy AdT;,

where ¢ is the angle between Sy and S (i.e., between e, and e}, ).

If L, is a hyperplane, assume that dL,_;x is the density of the (n — 1)-
plane about x and that dL,_, is the density for sets of (n — 1)-plane in R”.
Then we have (see [1, pp. 244, (14.64)])

(2.6) do(x)AdL,_ =sin"'¢dp AdaO(x) AdL,_ 11y,

where do(x) is the volume element of the intersection submanifolds SoN gL,
and do(©(x) is the volume element of Sy.
Denote by

Kn(S0) = (H , ea) = ——5[(n — )Ho — k(ea-1)],

2[(” - I)Hl - K/(erll-—l)]a

the normal mean curvatures of Sy, S, respectively. Then by the laws of sines
and cosines we have

(2.7) B
kn(S1) =(H , e,) =

Lemma 1. Let H be the mean curvature of the intersection manifold Sy N gS;
of two compact hypersurfaces Sy and S,. Denoted by ¢ the angle between S,
and S, i.e, cos¢ = (e,, e}). Then we have

(28  Hsinf’¢= (H -e,,)2 +(H -e,’,)2 —2(H -e,) (H - ) cos¢
= K7 (S0) + K3(S1) — 2kn(S0) Kn(S1) cOS B,
or

(2.9)  Hsing = (k2(So) + k2(S1) — 2kn(So) kn(St) cos$)*; 0< ¢ <.

When n =3, (2.8) becomes a formula of classical differential geometry in
R3.
Lemma 2. Let k.’ (i =0, 1) be the normal curvatures of surfaces S; in 3-
dimensional Euclidean space R®. Denoted by x the curvature of the intersection

curve SoNgS, of two compact surfaces Sy and S, and by ¢ the angle between
So and S, i.e, cosd = (e3, e3). Then we have

2
(2.10) iesing = [(€9) + (kM) = 2Okl cos $]1/2.
From the formula
2.11 a+a+a k_ T gh -’Za
21D (@102 % a3) z 11'12'13 !
Ji5J2,5J3

Jrtiati=k
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for 0 <2k <n-—1 we have
Hsin™ ¢ = (k2(So) + k2(S}) — 2kn(So) Kn(S1) cos §)

(2.12) (2K a2iggy i42) :
: = Z l!]!l! Kn (SO) Kn (Sl) Cos ¢'
i1
i+j+l=k
From (2.5) and (2.12), we come to
(2.13)

H*dTy Ndg

-2)k! . i
Y LT i) k(s cos' ¢ sin ! gdg A d Ty AdT,

O]
7,
i+j+l=k
with
(2.14) 0<p<m,
the angle between Sy, and S; and dg the density for R”. Also
(2.15)
— 1 (n =2k =2\
u 13&'(’1. 2{6 23' -n, [leven, nodd;
. e (m-k—-i—-j-1"
in"—2k— - —1(n =2k =2
/0 cos ¢ sin ¢de (in _l;((_nl _ZJk_ 12)2' -2, leven, neven; "
0, ! odd.
Let
2k - 1)N(n — 2k — 2)!! _
iln—k—i—j—nn " nodd;
(2.16) Cijikn =

21k — 1) (n — 2k — 2)N
Min—k—i—j— DI’

n even.

Then we have

Lemma 3. Let S; (i =0, 1) be smooth compact hypersurfaces of class C? in
an n-dimensional Euclidean space R". Then for any k with 0 <2k < n-1

we have
/ (/HdeTm)dg
{g:SongSi#2}
(2.17) = Y Cijten / K+2(Sp) d T / Kk42(8,)dT.
i;}-{-l’ik
| even

3. KINEMATIC FORMULAS FOR HYPERSURFACES

Let S be a smooth hypersurface of class C? in an n-dimensional Euclidean
space R"” and k,(S) be the normal mean curvature of S. Denoted by &/(S)
the rth total normal mean curvature of S, i.e.,

(3.1) #(S) = [ () do,
S
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where do is the volume element. Let
C(n)=0?_,04—3-+- Oy,

(32) I = (o) e T o,
T/ (St IS TNy )

(3.3) I+t =14+2i, ji++jum1 =1+42],

(3.4) Iy, s inet) = Ops (i = DN+ (2igey — DN

(n-1)(n+1)---(n+2p-3)°

where p = Y{Z| ix. On is the surface area of the m-dimensional unit sphere
and its value is
2 p(m+1)/2
TT((m+1)2)’
where I" denotes the gamma function. Then we have the following kinematic

formula (3.6) which can be explicitly expressed as integrals of the principal
curvatures of Sy and S, i.e.,

(3.5) On

Theorem 1. Let S; (i = 0, 1) be two compact smooih hypersurfaces of class
C? in an n dimensional Euclidean space R". Then for any integer k with
0 < 2k < n—1 we have the following kinematic formula

()
G SoNgs

(3.6) =C(n) Y Cipan >, IV, MIE_(S)

i1 iy yinm

©) ~1+2)
x Z le"‘jn—l Mfl"'l'n-l(SO)'

Jise s dnmt

Let X be a C2-smooth hypersurface in R”, and let Rs, Hs be, respectively,
the scalar curvature, the mean curvature of £. Denote by Ry and HY the
total scalar curvature and the total square of mean curvature of X, i.e.,

(3.7) Ry = / Ryds, H® = / HZ do.
z z

If kK =1 then we have

Corollary 1. Let S; (i =0, 1) be C%-smooth closed hypersurfaces in R" . Denote
by F; the surface area of S;. Then we have

02 ,0,_3---0
sz)d A T Ao
(3.8) /c(/sgs 7) %= T Dn-1D

x {3(n =17 (RAP + FAY) - 4 (FoRy + FiRo)}

When k£ =1 and n = 3, the scalar curvature is Gaussian curvature. Then
C-S. Chen’s kinematic formula [15] is an easy consequence of our Corollary 1.
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Corollary 2. Let S; (i =0, 1) be compact C*-smooth surfaces in R*. Denote

by H;, R;, H® and R;, respectively, the mean curvature, Gaussian curvature,
the total square of mean curvature and the total Gaussian curvature of S;. Then
we have!

(3.9) /G ( /S S ds> dg = 21 BH® — Ro) Fy + 22°(3H® - R) o,
083

where K is the curvature of the intersection curves SoNgSy, ds is the arc element
of SoN g8, and F; are the surface areas of S;.

Let

n
C,,k=/ sin" * g d¢
0

2% -2 n-2k-4 4 3
3.10 n Jposk=a 82,
310 no2k—1 n-2k-3 '3'2'% "evem
n-2k-2 n-2k-4 3

n-2k-1 n-2k-3 4 2

, o (n=1\ Q) (= D Qi — )
(I ‘( 2k )i, el (= D+ 1) (n+ 4k~ 3)”

we also have

Theorem 2. Let L, be a hyperplane and let Sy be a closed hypersurface in R" .

Denote by M| ..  the rth homogeneous mean curvature of So and H the
mean curvature of submanifold of SongL,. Then forany k (0<2k <n-1),
we have
/ ( / H* da) dg
G SoNgL,
(3.12)

= 3_20,,_3 - O "kz Z C,,'I...inl 1, cip_ ,(SO)

N P
I+ tigo =i

Theorem 2 can be restated as follows:

Corollary 3. Let AG(n,n — 1) be the Grassmannian manifold of all affine
hyperplanes in R". Then for any compact hypersurface S in R" and for
k (0 <2k < n—1), we have the following Crofton type formula

/ ( H’-kda> dL
AG(n,n—1) \JSnL

(3.13) = 20n 3 012 E C;I"’in IMII tin— I(S)'

i [FRREEEI P )
n+~~~+z,,_.=z

! The formula was first proved by C-S. Chen in 1972 (see [15]) and reproved by this author in
1992 (see [12]) by a different method.
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4. PROOFS OF THEOREMS
Proof of Theorem 1. Equation (2.2) may be written as

dT, = /\(dx -e)) \(ex-dej) =daV ndgy,
(4.1) h<j
l,h9j=132’°" an_ls

where do() is the volume element of S; at x and dg; is the kinematic density
for S, i.e., for SO(n — 1). Then for any positive integer p we have
(4.2)

/Kf,’(Sl(v))dTl = /xf,’(Sl(v))da(”/\dgl

= Z cil"'in—l/(’c{l" K;"—]) da-(l) / ,U1211 21,, Idg]

ikeetin1=p 5, 50(n-1)

=Vol(SO(n-2) ¥ (";l)ci,...in P (SO, i),

il"" ’ill—l

n—1\" ; .
M50 =("01) [ (i) dot
1

are the pth homogeneous mean curvature of S,

where

D! . . .
(4.3) Cipigy = 77 73> U + o lp—1 =Dy
et lp—q.

2 2'" 1 — 2i 2in—l
(4.4) /SO(n l)v1l 41 = Vol(50(n=2) MRS 4o

=Vol(SO(n—2)) I(ix, -+, in-1).
Equality (4.4) follows from the fibering of SO(n — 1) over S"~? with the fiber

SO(n — 2), and the values of the integrals are known (see, for example, H.
Weyl [18]),

. . 21 20
I(’l}"'aln—l)=/ |I"'vn_nl]da
Sn—-2

(2iy = DN 2igey = DI
"Xh—1)(n+1)---(n+2p-3)°

(4.5)

where p = Y72 i .
So we have
(4.6) / K2(S1(v))dTy = Vol(SO(n-2)) Y JW, M. (S1),

ip-edp—y Ilp—1
Ly yln—t

where
n-—1 . .
(4.7) Ji(ll.,).,-"_, = ( » )Cil-ni,,_. I(iy, -+, 1),
Similarly, for any ¢ we have

@8 [ ST, VOIS0 =2) T I, M (5

vy dn=1

Jrn=1
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where

n-1 . .
(4.9) 550 = (" ) e T e
4.10 q! . . .
(4.10) S =TT Nt =6
and the I(j,, - -, jn—1) are computed as in (4.5). Also we have
(4.11) Vol (SO(n — 2)) = Op—2--- Oy.

Putting formula (4.6), (4.8) and (4.11) into (2.17) we obtain

0,,_3---01/ (/ Hz"da) dg
G SoNgSs,

(4.12) =(On2 -0 Y Cin Y, Jii M (S1)

i,j,1 By sy

x Y IO, M (s,

Jidn=1 7 vt dn=1

jl ER 9jll—l
1.e.,
/ (/ H* da) dg
G SoNngS
(413) = 0'%_2 ) O""3 O Z Cijkl” Z Jln “Jn-1 M1|+2:u 1(S1)
i,j,l ' .ln 1
() crl+2)
X E Jll Jn—1 Mf:“j'n—l(so) ’
15" ’Jn 1
with
(4.14) i+t =142, i+t =142).
We complete the proof of Theorem 1.
Let
Cijkin = C(n) Cijkin »
k£,+2i(S1) Z Jl(ll “In—1 M’ll-tz‘ »in—1 (Sl) >
(4.15) iy, inm
L 142] 0
K£'+21(S0) = ) Z Jj(l )Jn 1M111+»2] ojn—l(SO)’
Js s Jn—1

and we obtain our Main Theorem.

Proof of Theorem 2. If S; = L is a hyperplane, then all principal curvatures of
L vanish. Then (2.9) becomes

(4.16) H?sin’ ¢ = k2(S),

where H is the mean curvature of submanifold S N L and ¢ is the angle
between S and L. From (2.6) we have

(4.17) H*dg AdL,_; = k2(S) sin" * ' ¢dp Ado® AdL,_yy,
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(] )
G SngL

(4.18) - nk03_20n—3'“01z Z ¢ M (S).

! [TSEEN | i
it tip_y =i

and thus

This proves Theorem 2.
In particular, we have the following kinematic inequality.

Theorem 3. Let S; (i =0,1), F;, R;, H;, R;, and I?,.(z) be as in Corollary
1. Then we have
(4.19)

/ (/ Ha'a) dg <mA, {B,,FOFI [(3(n - l)zl:léz) - 4Ro) F
G SoNngs)
+ (3(n —1)2H® - 4R.) Fo] }%
= Ay {BFoFy [3(n — 12 (B Fy + BPRy) — 4 (RoFi + RiFy)] }% ,

where A, = 0,_20,_3---0; and B, = 0,0,_ 20’ l/ -1).
Proof of Theorem 3. By Holder’s inequality we have

4 4
/ Hdo < (/ Iz-da) (/ szcr>
SoNgSs, SoNgS) SoNgs)

= (Vol(Sp N gS1))? - (/S sza)%.

0NgS

(4.20)

The Santal6 kinematic formula [1] for the volume of intersection SoNgS; reads

O,---0,0,—

(4.21) / Vol(So N gS))dg = > 2 FoF,.
G On—l

Integrating (4.21) with respect to kinematic density dg and using Holder’s
inequality, (3.8) and (4.22) we come to
(4.22)

Jo ([ 1)
< L(VOI(SOOgSl))% . (/songs, H? da)% dg

<([rosousra) ([ ([, ) a)

=nA, {BnFoFl [3(?1 - l)z(ﬁéz)Fl + HI(Z)F()) - 4(ﬁ0F| + RlFo)] }% .

This proves Theorem 3.
When n = 3, we have the following
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Corollary 4. Let S; (i =0, 1) be two simply closed surfaces of class C?* in R3.
Assume that F;, R;, H;, R; and H® are as in Corollary 1. Then we have

(4.23) /G (/songsl de) 9%

<2’ {FOF, [(31?((,2) ~Ro)F, + 3H? - RI)FO] }% .

5. ANALOGUES OF HADWIGER’S THEOREM—SUFFICIENT CONDITIONS FOR
ONE DOMAIN TO CONTAIN ANOTHER IN R?”

It is known that at each point of a hypersurface £ in R” there are n — 1
principal directions and »n — 1 principal curvatures «;,--- , k,_;. Let do
denote the volume element of X, then the rth integral of mean curvature

(5.1) My(Z) = (":1>_l/z{x,~,,--. i, }do,

where {x; ,---,k;} denotes the rth elementary symmetric function of the
principal curvatures. In particular, M, is the area, M,_ is a numerical multiple
of the degree of mapping of X into the unit hypersphere defined by the normal
field and M, is the total mean curvature of X.

In this section, we will use indices o and S for the two domains and their
integral geometric invariants. We assume that K, and K are bounded by the
simple hypersurfaces 0K, and 9Kp, respectively, which we assume to be of
class C2. One restriction we put on domains is that for all g € G, the group
of rigid motions in R?", the Euler-Poincaré characteristic x(K, N gKj) of the
intersection K, N gKp is at most nog, a finite integer, i.e., (K, N gKpg) < ng.
Denote by M7, Mf the ith integrals of mean curvatures of 9K,, 0Kg,
respectively. Then Chern’s kinematic fundamental formula [1, 2] reads

(5.2)
/Gx(Ka NgKg)dg

(1
.
— h+1 "

where x(-) is the Euler-Poincaré characteristic and ¥, (y = a, B) are the
volumes of K, .

Let
. 2l - R - 2k = 2)n

(53) Coiin = —FANGR—k—i=j— TN

fG, )k, 1, n, Mé+2i’ M2y = E Cijkin Z JB -yl (0Kp)

Iyeelan—1 Il2n—)
i, Iy dan—y

(a) Srl+2j
x Z le"‘jZn—I Mjl"'jln—l (aKa)’

Jus s Jan—1

= n—2"'0I [On—l(KrX(Kﬂ) + Vﬂ X(Ka)) +%

Denoted by k,(0K,) the rth integral of homogeneous mean curvature of 9K, .
As a direct application of our kinematic formula (0.2) or (3.6) we have an
analogue of Hadwiger’s theorem as follows
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Theorem 4. Let K., Kg be domains in 2n-dimensional Euclidean space R?"
bounded by connected hypersurfaces 0K, , Kg, respectively, which we suppose
to be C2-smooth. We assume that for all g € G, the group of rigid motions in
R?", the Euler-Poincaré characteristic satisfy x(K, N gKg) < no. Then either
of following inequalities gives a sufficient condition for K, to enclose Kz or for
Kp to enclose K, :

2n-2
Oon—1(Vax(Kp) + Vg x(Ka)) 2 Z (h_'_l)M"an 2-h

(5.4)
-0 Y Cijin kf,“'(aKa> kL (0Kg) > 0;
i, j,l
1 2n-2 2n s
(5.5) OZn—l( (Kﬂ)+VﬂX(K )) 2 hz (h-l-l)M M2n 2—h

—no f(i,Jj, k.1, n, M52, M) > 0.

Moreover, if V, > Vg, then K, can enclose Kg .

Proof of Theorem 4. Let M be an n-dimensional closed submanifold in Eu-
clidean space R™ and H be the mean curvature of M. Then B-Y. Chen’s
formula (i.e., the generalized Fenchel’s theorem) [8] says

(5.6) / \H|"do > O,
M

the equality of (5.6) holds if and only if M is imbedded as an n-sphere of R™.
Now, we estimate integral

(5.7) dg.

Ag : 0K,NgoKg#2}

For almost every rigid motion g € G in R?”, the intersection submanifold
0K, N gdKpz may be composed of several components, i.e., 9K, N gdKz =
Ufg‘l Z;, where X; is a connected imbedded closed (2n — 2)-dimensional sub-
manifold and N, is always finite and only depends on g . By using B-Y. Chen’s
formula (5.6) to the generic (2n — 2)-dimensional submanifolds 8K, N gdKp
we have

(5.8) / H™2dg > Oy_s.
9K.NgdKy

The above equality holds if and only if 9K, N gdKy is composed of only one
component and is a (2n — 2)-sphere in R?". If the equality in (5.8) holds for
almost all rigid motions g € G, that is, the intersections 9K, N gdKy of the
boundaries of two domains K, and Kj are always balls (or empty). Then the
two domains K, and Kz must be balls (a consequence of a result of P. Goodey
[13, 25]). Therefore

(59)  Omes / dg < / ( / HZ"-Zda) dg,
{g: 0K.NgAKp#2} G 0K,NgdKy
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and thus by (0.2) we have

(5.10) dg < Cp Y Cijrn kL (0K,) kL2 (0Kp),

/{g: 0K.NgoKp#2} ik

where C, = Gy,_>--- 0;. From

(5.11) [ dg <o [ 1(Ka gKy)d,
{g: KaNgKp#2} G
(5.2), (5.10) and (5.11) we have the kinematic measure of one domain moving
into another under the group G of the rigid motions in R?" | i.e.,
(5.12)
m{geG: gKg C K, or gKg D K,}

/ dg - / dg
{8 : KaNgKp#2} {g: 0K.NgdKs#2}

2n-2
1 1 2n o
> n_OCn |:02n-—l(VaX(Kﬁ) + VﬂX(Ka) + H hz:_o (h + I)Mh Mg,_z_hjl
—Cn Y Cijn Ry (0K,) Ryt (0Kp).
ij,l

Equality holds above if and only if the two domains are balls. Hence a sufficient
condition for K, to contained, or to be contain in, Kjp is
(5.13) m{geG: gKgC K, or gKg>DK,}>0.
Therefore (5.2) or (5.3) is a sufficient condition for K, to enclose, or to be
enclosed in K. We have proved Theorem 4.

If K, and Kj are convex bodies in R?", then we have x(K,) = x(Kp) =
X(KyN gKg) =ng =1 for almost all g € G. So we have
Theorem 5. Let K,, Kz be two C2-smooth convex bodies in 2n-dimensional

Euclidean space R*". Then either of the following inequalities is a sufficient
condition for K, to contain, or to be contained in, Kpg:

1 %222/ 2n
Oon_1(Va+ V) + o Z < )Ml‘:Mﬁ—z—h

h+1
(5.14) o VP
= 3" Cijum ktH(0Ka) Ryt (9Kp) > 0;
i, j,l

2n-2
1 2n o asB
(5.15) O (Vo + V) + n h%% (h + I)M" M, _,

—fG, ik, 1, n, MFH, M) > 0.
Moreover, if V, > Vg, then K, can contain Kg.

Remark. Of course, these conditions are not necessary. It would be very in-
teresting to remove the ‘smoothness’ restriction to the convex bodies involved
in this paper. All the notations except k,(0K,) (or M; ) are well-defined for
nonsmooth convex bodies. If we could find substitutes for &}(6K,) (or My’ )s
the conditions in this paper can be interpreted for arbitrary convex bodies. This
is definitely worth investigating.
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