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DIFFERENTIAL EQUATIONS FOR
SYMMETRIC GENERALIZED ULTRASPHERICAL POLYNOMIALS

ROELOF KOEKOEK

Abstract. We look for differential equations satisfied by the generalized Jacobi

polynomials {/*« (jc)}J10 which are orthogonal on the interval [—1, 1]

with respect to the weight function

2^n,Vi^+i)(I-xr(1+<)#+1#*(*+l)+W(,-'1)'

where a > -1, ß > -\, Af > 0, and N>0.

In the special case that ß = a and N = M we find all differential equations

of the form
oo

5>(x)y<''>(x) = 0,       y(x) = K'"-M'M(x),
¿=o

where the coefficients {cfa)}^ are independent of the degree n .

We show that if M > 0 only for nonnegative integer values of a there

exists exactly one differential equation which is of finite order 2a + 4 .

By using quadratic transformations we also obtain differential equations for

the polynomials {PZ,±l/2'°'N(x)}%LQ for all a>-l and N>0.

1. Introduction

In the late thirties (see [10] and [11]) H. L. Krall classified all sets of orthog-

onal polynomials {Pn(x)}%L0 with degree[P„(x)] = n which satisfy a fourth-

order differential equation of the form

p4(x)yW(x) +Pi(x)yW(x) +p2(x)y"(x) +Px(x)y'(x) + p0(x)y(x) = 0

where {Pi(x)}f=0 are polynomials with degree[p,(x)] < i and {Pi(x)}4i=l are

independent of the degree n . These sets of orthogonal polynomials include

the classical Legendre, Laguerre, Hermite, Bessel, and Jacobi polynomials. He

also found three other sets of orthogonal polynomials satisfying a fourth-order
differential equation of this type. In [8] A. M. Krall studied these new sets of

orthogonal polynomials in more detail and named them the Legendre type, La-

guerre type, and Jacobi type polynomials. These polynomials are generalizations

of the classical Legendre, Laguerre (with a = 0), and Jacobi polynomials (with

ß = 0) in the sense that the weight function for these orthogonal polynomials
consists of the classical weight function together with a Dirac delta function at

the end point(s) of the interval of orthogonality.
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Later L. L. Littlejohn (see [12]) studied a generalization of the Legendre type

polynomials and named them after H. L. Krall: the Krall polynomials. These

Krall polynomials are orthogonal on the interval [-1, 1] with respect to the

weight function

\s(x + 1) + ^S(x - 1) + C,        A>0,B>0, andC>0.
A B

In general (A ^ B), these polynomials do not fit in the class of polynomials

which satisfy a fourth-order differential equation of the above type. The Krall
polynomials satisfy a sixth-order differential equation of a similar form.

A. M. Krall and L. L. Littlejohn did some work on the classification of higher-
order differential equations having orthogonal polynomial solutions. They tried

to classify all differential equations of the form

r

$>Wv(,)(x) = 0,        re {2, 3, 4,...},
;=0

where {Pi(x)}ri=0 are polynomials with degree^,(x)] < / and {Pi(x)}ri=l are

independent of n having orthogonal polynomial solutions {Pn(x)}%L0 with

degree[P„(x)] = n . See [14] and [9].
In [7] T. H. Koornwinder found a general class of orthogonal polynomials

which generalize the Legendre type, Jacobi type, and Krall polynomials. These

polynomials are orthogonal on the interval [-1, 1] with respect to the weight

function

2a+/,+T(a+/l|r(^ + 1)(1 - X)a(1 + X)' + MS{X +l) + NÔ{X - l) '

where a > -\, ß > -I, M > 0, and N > 0. For these generalized Jacobi

polynomials we will use Koornwinder's notation:  {P% (x)}%L0 .

As a limit case he found the polynomials {L^'M(x)}^0 which are orthogonal

on the interval [0, oo) with respect to the weight function

—-^——xae-x + MÖ(x),        a>-landA/>0.
r(a+ 1) v  "

These polynomials generalize the classical Laguerre polynomials.

In [5] J. Koekoek and R. Koekoek showed that the polynomials {L%'M(x)}™=0
satisfy a unique differential equation of the form

oo

M Y di(x)yW(x) + xy"(x) + (a + 1 - x)y'(x) + ny(x) = 0,
1=0

where {a,(x)}^0 are continuous functions on the real line and {a,(x)}^1 are

independent of n . It turns out that the coefficients {ai(x)}^0 are polynonials

and the differential equation is of infinite order in general if M > 0. However,

only for nonnegative integer values of a did the order reduce to 2a + 4.

We note that it is well known that all sets of polynomials named before satisfy

a second-order differential equation with polynomial coefficients depending on

n but of bounded degree. See for instance [7], [13], and [15].

In this paper we look for differential equations satisfied by the polynomials

^pa,ß,m,Nfx)}°c=o with ß = a and N = M. Until now, only two special cases,
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due to H. L. Krall and L. L. Littlejohn, are known. In [10] H. L. Krall showed

that the polynomials {Pn'°'M'M(x)}^=o satisfV the following fourth-order (if

M > 0) differential equation:

- ^M(l - x2)2yW(x) + 4Mx(l - x2)y^(x)

+ (6M + 1)(1 - x2)y"(x) - 2xy'(x)

+ ^n(n + l)[(n - 1)(« + 2)M + 2]y(x) = 0

and later L. L. Littlejohn found the following sixth-order (if M > 0) differential

equation for the polynomials {P„ ' ' • M'M(x)}™=0 :

¿A/(l -x2)Y6\x)- \mx(\ -x2)2y^(x)- ^M(\ - x2)(\ - 3x2)y(4)(x)
36 3 3

+ yAfjc(l - x2)yW(x) + (10M + 1)(1 - x2)y"(x)

- 4xy'(x) + ¿«(« + 3)[(« - l)(n + 1)(« + 2)(n + 4)M + 36]y(x) = 0
36

both in a different notation. The latter sixth-order differential equation has not

appeared in the literature yet.
In this paper we will derive all differential equations for the polynomials

{PZ'a'M'M(x)}Zo for every a > -1 and M > 0, which are of the form

X>(*)y(!)(*) = o,
i=0

where the coefficients {c,(x)}^0 are continuous functions on the real line and

{c,(x)}^j are independent of the degree n .

So we consider the polynomials {Pn'a'M'M(x)}^L0 which can be defined by

(see [7], in a slightly different notation)

(1) pa,a,M,M{x) = CoP^'a)(x) - CXX-^P„a'a\x) ,

where

(2)
Co=1+M(^TT)l       n       )+4M{    n-l    )  '

2M     in + 2a\       2M2   /n + 2a\(n + 2a+l\

I    1_(2q+1)V    n    ) + (a+l)\n-l ){       n       Y

As Koornwinder already remarked (see [7]) the case 2a + 1 = 0 must be un-

derstood by continuity in a.
Further we will show that for M > 0 these differential equations are of

infinite order in general and only for nonnegative integer values of a we find

exactly one differential equation of finite order 2a + 4. This answers one of

the questions raised in [4] by W. N. Everitt and L. L. Littlejohn.
Finally, we will also derive differential equations for the polynomials

{PZ'±l/2'°'N(x)}™=0 for all a>-l and N>0.
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2. Some classical formulas

In this section we give the definition and some properties of the classical

ultraspherical polynomials {Pna'a)(x)}%L0 . For details the reader is referred to

[2] and [16]. We will only give those properties we need in this paper. Further

we list some other classical formulas which we will use later on.

The polynomials {Pna'a\x)}^L0 can be defined by their representation as a

hypergeometric function as

(3) Pn     {x)-\   n    ]2Fl
-n, n + 2a + 1

a+ 1

1-x

« = 0, 1,2, ....

A simple consequence of this definition is the differentiation formula

(4)

DiPt'a)(x)= (n+na

n + a

n

\(   l\^(-n)k(n + 2a+l)k (\-x

A   V h    (k-i)l(a+l)k     v   2
k=i

i   oo

k-i

k=o

(~n)k+i(n + 2a + l)k+i (\m-k\(a+\)k+i

i = 0, 1,2.

Further we have the well-known symmetry relation

(5) Pna'a)(-x) = (-\)nPia'a)(x),        « = 0,1,2,....

The ultraspherical polynomials satisfy a second-order linear differential equa-

tion given by

(1 - x2)y"(x) - 2(a + l)xy'(x) + n(n + 2a+ l)y(x) = 0.

By using induction it is easy to show that this differential equation implies that

\i+2p{a,a)¡

(6)
(1 - x¿)D'+¿P¡,a'a,(x) - 2(a + i + l)xD'+xPF'a>(x))/'+! p(a,o)/

+ (n - i)(n + 2a + i + l)D¡PJ,a'a)(x) = 0,        i = 0, 1,2, ....

We also need the following formulas for the even- and odd-order ultraspher-

ical polynomials:

p(a.")
r2n (X)

{-\)n{2n:a)2Fi~n,n¡a+Í2\x2)>

(7)

and

(8)

« = 0, 1,2,...,

D(a,a),  n     /   lV/2n+a\n    ,      , ,-.     r f -n, n + a + i     2\
P2»U(x)=[-4)   [    n     )(2n + a+l)x2Fx [^ , 2  x2j ,

n = 0, 1,2,..

respectively. These formulas can be found in [3] in a slightly different notation.

We will often use the Vandermonde summation formula:

(9) 2^1 (""10-(c-b)n

(C)n
n = 0, 1,2,

and the Saalschütz summation formula:
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(10)
3-F2

-n, a, b
c, -n + a + b-c+ 1

\ = (c-a)n(c-b)„

J     (c)n(c-a-b)„

" = 0,1,2,

These summation formulas can be found in [3] for instance.

Finally, we remark that the Taylor series at the point zero of a hypergeometric
function of the form P+\FP has a radius of convergence 1 unless it terminates.

Moreover, such a series also converges absolutely at 1 if the sum of the numera-

tor parameters is less than the sum of the denominator parameters. For details
the reader is referred to [1].

3. The differential equations for P%'a'M'M(x)

In order to find all differential equations of the form

(11) Mj2ai(x)y{i)(x) + (l-x2)y"(x)-2(a+l)xy'(x) + n(n + 2a+\)y(x) = 0
;=0

for the polynomials {Pn'a'M'M(x)}^Lo^ where the coefficients {a,(*)}£o are

continuous functions on the real line and where {di(x)}°tx are independent of

n , we set y(x) = P^'a'M'M(x) in (11) and use the definition (1) to find

MCo1£ai(x)DiP!1a'a)(x) - MCx £ iai(x)DiPJ,a'a)(x)

=0 1=0

00

MClxYiai(x)Di+xPJla'a)(x)

(=0

1=0

+ (l-x2)

-2(a+\)x

+ n(n+ 2a+ 1)

d2  o(Q d2
Co5-;Pra)(x) - 2Cxi-2Pna'a)(x) - Cxx^-,PT'a,(x)(<*,<*)(• ¿3 >(«.«)/

dx2 dx2 dx*

Co^P^\x)-Cx^P^\x)-Cxx^P^(x

C0Pna'a)(x)-CxX-^PJ,a'a)(x)

Now we use (6) with i = 0 and 1 = 1 to obtain

MCo¿Zai(x)DiPJ,a'a)(x)
;=0

MCX Y,iai(x)DiP}la-a)(x) + xy£ai(x)Di+iPna'a)(x)

1=0 <=0

= 2Cx£-2P^(x).
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We consider both sides to be polynomials in M. Comparing the coefficients of
equal powers of M on both sides leads to

M: E^W^a'a)W-7^ri"t2a>l^iQ'a)W

;=0
(2a+l)V    n    )dx2'

*•■ can ("+2;+') g^^-w - <^ (" +„2")
oo oo

Y, iai(x)D'P¡r 'a)(x) + xY, ai(x)Dí+lP¡ia 'a) (x)

L/'=0 i=0

M3:4

_J_(n + 2a\{n + 2a+l\d^_{a,a)

(a+l)U-l/\       n        Jdx2"      [)

n-l

2   oo

Y,ai(x)DiPna'a)(x)

i=0

/« + 2a\ /« + 2a + 1\

'U-iJv   »   y(a+l)\n-l
oo

x   Y iai(x)DiP{na'a)(x) + ^a,(x)oí+lí!(,)W

L¡=0 í=0

It is clear that the third relation is a linear combination of the first two relations
which can be simplified to

oo

j=0

and
oo oo

Yiai(x)DiP¡r'a\x) + x,£iai(x)Di+lP¡r-a\x)

(13) '=° <=°

ga,w^..)w = _L_(»^)^P,..»M

'n + 2a+l\ d2 p(a,a)

¿X2

/n + 2a:+l\
Pna'a)(x).

Since we demand that the coefficients {^(x)}^ are independent of n , we

introduce the following notation:

f a0(x) := a0(n, a, x),        « = 0,1,2,...;

\ a¡(x) := a¡(a, x),        i= 1,2,3,....

In order to find the general form of the coefficients {û/(.x)}/f 0 we will prove

the following theorems.

Theorem 1. The polynomials {Pn'a'M'M(x)}^L0 satisfy the infinite-order differ-

ential equation given by

(15)

and

(16)

f>(x)y«(x) = 0
;=o

io(x):=i0(n,a,Jc)=2[1-(-1)"],        « = 0,1,2,...;

)/-i
bi(x) := ô,-(a, x) = —(-*)',        1 = 1,2,3, —
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Note that the coefficients {ô,-(x)}g0 do not depend on a.  The proof of

Theorem 1 can be found in the next section.

Theorem 2. The polynomials {Pn'a'M'M(x)}'^=0 satisfy the differential equation

given by

(17) MY/Ci(x)y(i)(x) + (l-x2)y"(x)-2(a+l)xy'(x) + n(n + 2a+l)y(x) = 0
;=0

where the coefficients {c,(x)}^0 are defined by

(18) co(x) :=c0(n, a, x) = 4(2a +3) (n+n2° + 2),        « = 0,1,2,...,

and

(19) d(x) = (2a + 3)(l-x2)cj(x),        1 = 1,2,3,...,

where

(20)
c*x(x) := c¡(a, x) = 0,

,     2i!^f   a+l   \fi-2a-5\fl-x\k
<   cî(x):=cî(a,x) = JY{i_k_2){      k       ) (—J   ,

[ 1 = 2,3,4,....

The proof of Theorem 2 will be given in §5.
Now we will show that the general solution {a,(x)}??0 of ( 12) and (13), where

{a¡(x)}°l0 are continuous functions on the real line and where {a((x)}^, are

independent of « , is

(21)
J aQ(n,a,x) = Oo(l,a, x)b0(n,a,x) + c0(n,a,x),        « = 0,1,2,...,

1 a¡(a,x) = a0(l, a, x)bi(a, x) + d(a, x),        /'= 1, 2, 3, ... ,

where ao(l, a, x) is an arbitrary continuous function on the real line and

where the coefficients {b¡(x)}°Z0 and {c,(x)}°f0 are given by (16), (18), (19),
and (20).

The proof is based on the following lemma.

Lemma. Let {a((x)}~0 be a set of continuous functions of the form (14) which
satisfies the homogeneous system

t  °°
Yai(x)DiPia'a\x) = 0,

¿=o
(22) Ioo oo

£ iai(x)DiP¡r'a){x) + x¿2Mx)Di+lPn^a)(x) = 0

í=0 í'=0

with ao( 1, a, x) = 0 for all real x. Then we have

a,(x) = 0,        / = 0, 1,2, ... ,

for all real x.

In order to prove this lemma we substitute small values of « in the homo-

geneous system (22). Then we obtain for « = 0 and « = 1 :

a0(0,Q,x) = 0     and     (a+l)[xao(l, a, x)+ ûi(a, x)] = 0
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for all real x. Since Oq( 1, a, x) = 0 and a > -1, we conclude that ax (a, x) =

0 for all real x. If we substitute « = 2 in (22), we obtain

a0(2, a, x)P¡a'a)(x) + a2(a, x)-^P^a)(x) = 0,

2a2(a, x)-^2P2{a'a)(x) + xoq(2, a, x)-^-P2{a'a)(x) = 0.

Hence

[2P2{a'a)(x)-x-^P2{a'a)(x)]a0(2, a, x) = 0,

fl2(a, x)^2P¡a'a)(x) = -a0(2,a,x)P2{a'a)(x).

Since

2/f >a)(x) - x-%-Pf'a\x) = -i(a + 2) ¿ 0,

we conclude that ao(2, a, x) = 0 for all real x and therefore that a2(a, x) = 0
for all real x, since

2i^a)(x) = i(a + 2)(2a + 3)^0.
dx2  2      y  '     2

In the same way we obtain for « = 3 :

" \3Pf'a\x) -x-^Pf'a)(x)]ao(3, a, x) = 0,

{ a3(a,x)-^P¡a'a)(x) = -0o(3, a, x)P3(a'a)(x).

Now we find ao(3, a, x) = 0 for all real x except for x = 0 being the only

zero of

3Pf-a\x) - x-¡Lp¡a>a)(x) = -\(a + 2)(a + 3)x.

The continuity of an(3, a, x) implies that ao(3, a, x) = 0 for all real x.

Then we also have a3(a, x) = 0 for all real x, since

^Pf'a\x) = \(a + 2)(a + 3)(2a + 5) # 0.

If we proceed in this way we also find for each « > 4 that ao(n, a, x) = 0

for all real x except for the possible zeros of nPJ,a'a\x) - Xj^PJ,a'a\x). The

continuity of ao(n, a, x) then implies that Oo(n, a, x) = 0 for all real x,

and finally we have an(a, x) = 0 for all real x, since

d" r?-°\X) = (2n+nla)1;to.
dx"

This completes the proof of the lemma.

For the moment we introduce the term continuous sequence. A sequence

{a,(x)}^0 is called a continuous sequence if {ui(x)}g0 are continuous func-

tions on the real line of the form (14).

In §4 (proof of Theorem 1) we show that the continuous sequence {¿>,(x)}£20

defined by (16) is a solution of the homogeneous system (22). This implies that

the general solution {<z;(x)}¿50 of (22), being a continuous sequence, is

a¡(x) = oo(l, a, x)bj(x),        z = 0, 1, 2, ....
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This can be shown by using the lemma as follows. We define

a*(x):=ai(x)-a0(l,a,x)bi(x),        i = 0, 1,2, ....

Since ao(l,a,x) is continuous, {a*(x)}?Z0 is a continuous sequence which is

a solution of (22) too where

flo(l, oí, x) = a0(l, a,x)-a0(l, a,x)b0(l, a, x) = 0

for all real x . Now the lemma gives us the desired result.

In §5 (proof of Theorem 2) we show that the continuous sequence {c,(x)}?f0

given by ( 18), ( 19), and (20) is a solution of ( 12) and (13). In order to prove that
the general solution {a¿(x)}~0 of (12) and (13), being a continuous sequence,

is of the form (21), we simply note that {a¡(x) - c;(x)}g0 is a continuous
sequence and a solution of the homogeneous system (22). Hence

di(x)-Ci(x) = flo(l, a,x)bi(x),        i = 0, 1, 2, ....

This shows that we have found all differential equations of the form (11),

where the coefficients {a/(x)}?f0 are continuous functions on the real line and

where {a¡(x)}^, are independent of « .

In [6] we conjectured that the polynomials {P%'a'M'M(x)}^=0 satisfy a dif-

ferential equation of the form (17) where the coefficients {c,(x)}¿f0 are given
by (18) and (19) where

(23)
,,        .      4(-l)'+1 fa+i\

C2>{a>x) = ^2Ï)T\i-i)2J
4(-l)'+1   fa+l\ ( -/-l-l.a-r-5 2

I
2

¿=1,2,3,

c\(a, x) = 0;

g(_l)/+i /   a   \ f-i+l,a + i-
c^x{a'x) = éïTW.{i-i)ia + l)X2Fl{ |

1 = 1,2,3,....

By using the formulas (7) and (8) we can prove that (23) is equivalent to

{c¡(a,x) = 0;

c*(a, x) = jP£2M'a-M\x),        1 = 2, 3, 4, ....

Here we remark that the parameters a - i + 3 in the Jacobi polynomial might

be smaller than -1. However, the ultraspherical polynomial P„'(x) is also
a polynomial in a. Instead of the definition (3) we may define

Pna'a\x) = ^Íz{^(n + 2a+l)k(a + k+l)n_k(^-')j   ,

« = 0,1, 2, ....

By using this definition of the ultraspherical polynomial we see that (24) is

equivalent to (20).

Since by using (21), (16), (19), and (23) we have

MO) := a2i(a, 0) = (2a + 3)4(~^+' (j + ¡ ) ¿ 0,        / = 1, 2, 3, ... ,
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if a is not a nonnegative integer, we conclude that if M > 0 the order of the

differential equation given by (11) can only be finite for nonnegative integer
values of a. From the form (23) we easily see that for nonnegative integer

values of a we have

f degree[c,(x)] = i,       i = 2,3,4,..., 2a + 4;

\c/(x) = 0, i>2a + 4.

Hence, for M > 0 the order of the differential equation given by ( 11 ) can only

be finite if we choose oq(1 , a, x) = 0 in view of (21) and if a is a nonnegative

integer. In that case the order of the differential equation given by (17), (18),

(19), and (20) equals 2a + 4.

4. Proof of Theorem 1

To prove Theorem 1 we have to show that

oo

Ylbi(x)DiPia'a)(x) = 0,
¡=o
oo oo

£ ibi(x)DiPna'a)(x) + x Y bi(x)Di+xP^a'a\x) = 0.

V   /=0 1=0

To do this we first note that we have in view of ( 16)

oo . oo

Ybi(x)DiPia'a\x) = V-[\ - (-l)"]P¡,a'a)(x) + Y,b<(x)Dip»a'a)(x)

;=0 i=l

and

OO . t 00

Y,bi{x)Di+lP!r>a\x) = i[l - (-l)"]-^-Pt'a)(x) + z2bi(x)Di+xPJ,a'a)(x).
;=o 1=1

21'    v   "' 'dx

Now we use (4), (5), and (16) to obtain

oo

YbiWD'PJr^ix)

(-n)k(n + 2a+l)k /l -x\

i=i
1     / \     oo        ;    oo
1   / « + QX

1-X+ q\ Y>(-«)fc(

1 fn + a\^(-n)k(n + 2a+l)k    (\ -x\

-2{    n    )L (a+l)kk\ v    2    ;    "V    2    ;

1 f n + a\ ^ (-n)k(n + 2a+ l)k

2 SO1

= 5^a,a)(-x) - Pt-a](x)] = -i[l - (-l)"]/><a'a)(x),
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^zA(x)Z)'i'ia'a)(x)

1=0

l/« + g\f     x'     vM-«M« + 2a+l)fc (l-x\k-¡
~2\   n    JZ.(/-l)!¿    {a+l)k{k-i)\     \   2   )

1 f n + a\^(-n)k(n +2a + l)k J^ fk- l\   , /l-x\
-2{   n    JL    ia+l)k(k-l)\    ÊfV'-1/     V   2   ;

1 /« + g\   f(-4(" + 2a + lWl + ̂ -'
U    «    y    fí    (a+l)k(k-l)\    \    2    )

k-i

-(-irx¿jf-»w.

and

oo

5^*i(x)Di+1^B'B)W

'« + a\y^ ^,   (_w)fc(w + 2a+ l)fc /l -x\

-    "    )h « ^.(a+l^-i-l)! V    2    ;

(=1
fc-i-1

1 Z'« + a
«

j=l       fc=/+i

oo
(-«)*(« +2a+l)fc

it-1
El)k V^ f /C - 1 N     , /I ~*^

(a+!)*(*-!)!    ¿I    ¿    J      U    j
k-i-l

fc=2
oo

1=1

__1 /« + a\ y> (-«)fc(« + 2a+ 1

A    "    )h    (<*+l)k{k-l)\
k=2

'¿X

This proves Theorem 1.

1+x
A;—1

(¥)

*: — 1"

+ (-in^ia'a)w-
i>

5. Proof of Theorem 2

In this section we will give a proof of the main Theorem 2.

In view of (12) and (13) we have to show that

(25)

and

(26)

oo oo

5] ic,(x)D'^a'a)(x) + x 5>(x)LV+1/>ia'a)(x)

1=0 1=0

/« + 2a+l\     ¿2   p(a,a),r^~A    «-1     A*2 [X)-
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Now we write by using (18), (19), and (20)

Yci(x)DiPJ,a'a)(x)

;=0

= 4(2a + 3) (n+n2"2+2)pna'a)(x) + Yci(x)DiPJr'a)(x),
x ' ¿=2

oo oo

£ iCI(x)Z)'JPiQ'a)(x) = £ ici(x)DiPJ,a'a)(x),

1=0 J=2

and

±Ci(x)D^P!?>°\x) = 4(2a + 3) i"*2^2) Jx"^'^
i=o x '

+ YCi(X)Di+lpna'a)(x).

i=2

Now we obtain by using (20)

oo

Yc¡(x)DiPJla'a)(x)

i=2

-Eïi:(,-"t+2î)('-ï-,)(ifs)^-,w
1=2        A:=0  V 7    X 7    X 7

-ff ï(,f^2)('-*-5)(T£)t,,,JÎ-,w
fc=0l=A:+2 V 7    V /    \ /

= VV     2'+fc+2      /a + A // + ifc-2a-3\ /l -Jc\fc

¿£.(/ + fc + 2)!v    l    A * A    2    ;
k=0 1=0

x Dí+fc+2PÍa'a)(x)

>i+2
_v/a+A    2'+2    Nr(-2a + ¿-2)<: v*7y+*+2p(<*.<»)/rN

By using (4) we find

Z)í+fc+2i>ia'a)(x)

■(-:;) H)
V        (-«)w(» + 2a+ l)m     /l -x\

,à+2^-'-fc-2^+1^v 2 ;

f« + a\ /   iy+*+2 ~  (-n)m+i+2(n + 2a+\)m+i+2 (l-x\

\    n    ){   2) f-       (w-fc)!(a+l)m+l-+2       V    2    j

i+k+2

m—i—k—2

m=k
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Now we use Vandermonde's summation formula (9) to see that this leads to

E(-2a + j-2)k       _     ,kni+k+2p(a,a)(    ,

=o    k\(i + 3)k    (1    X)D       Fn     W

_ /n + a^v^ (-2a + ; - 2)k

A   »   Jtotk    kl« + Vx
(-n)m+i+2(n + 2a+l)m+i+2    u¡+k(l-x)m

(m-k)\(a+l)m+i+2      {     '      2<+'»+2

_ fn + a\ y' y> (~2a + ' ~ 2)fc
A   «   / ~~    fc!(/ + 3)it

v ' m=0k=0 K 'K

„ (-n)m+i+2(n + 2a+\)m+i+2(-m)kl   1uVl

2«+/+2(a+1)m+.+2 m!   I   »Ml    *)

_ /« + a\ ,     y-A (-«)m+,+2(« + 2a+l)m+l+2(l -x)m

A   »    / ¿S        2<+'»+2(a+l)m+,+2 m!

„ / -m, -2a + 1-2   . \
x2F^ . + 3 Ij

_ / « + a \ , A (-«)m+l+2(« + 2a + l)w+l+2 (1 - x)m (2a + 5)m

A    "    ){     ' ¿i        2™+<+2(a+l)m+(+2 m!    " (i + 3)M

=("r)(-')'^
f^ (-«)w+l+2(« + 2a + l)m+i+2 (2a + 5)m /l-x\m

¿j    (m + / + 2)!(a+l)M+i+2 m!       I   2   j   '

Hence

oo

J2cí(x)DiP¡la'a)(x)

i=2

E'/a+lN    2'+2    ^(-2a + i-2)k k   i+k+1   (o,a)    .
oV    «    J(7T2)!¿     *!(/ + 3)k    (1_X)Z)        ft      W

x ^ (-«)m+,+2(« + 2a + l)m+,+2 (2a + 5)m (Y-x\m

¿J    (m + / + 2)!(a+l)m+I+2 m!       i   2    j

f« + a\^(-«)m+2(» + 2a+l)m+2(2a + 5)m /l-s\w

A   »   y¿o     (w + 2)!(a+l)m+2 m!      \   2   )

„ /-« + «t + 2,-a-l,« + 2a + m +

X32l^ m+ 3, a+ m + 3
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Now we use the well-known fact that

3-^2
a, b, c

d, e c-a      V      d, e

c -a

(a+\,b,c    \
\      d,e       z)'
( a+l,b,c

3-^2 c-a^0,

and the Saalschütz summation formula (10) to find for « > m + 2

3-^2
-« + «î + 2,-a-l,« + 2a + «î + 3

w + 3,a + m + 3

(« + 2a + «? + 3)   „ /-« + m + 2,-a-l,« + 2a + «z + 4"3^2

+

(2« + 2a+ 1)

(« - m - 2)
"3^2

m + 3,a + «t + 3

-« + «î + 3,-a-l,« + 2a + «i + 3
«î + 3,a + «î + 3(2« + 2a+ 1)

_ (« + 2a + m + 3) (a + m + 4)„_m_2(-« - 2a - l)„-m-2

(2n + 2a+l) (m + 3)„_m_2(-n - a)„_m_2

|    (n-m-2)  (a + m + 4)„_w_3(-«-2a)„_m_3

(2« + 2a + 1) (m + 3)„_m_3(-« - a + l)„-m-3

_r(« + 2a+l) 1_(m + 2)\

«! (a + «i + 3) T(«J + 2a + 4)

x [«(« + 2a + 1) + (a + l)(2a + m + 3)].

Note that the same result also holds for « = m + 2. For n < m + 2 we have

(-«)m+2 = 0 and the 3^(1) exists since

(-« + w + 2) + (-a - 1) + (« + 2a + m + 3) < («z + 3) + (a + m + 3).

This implies that

00

YicJ(x)DiPt'a)(x)
i=2

« + g\ T(« + 2a+ 1) y^ (-«)m+2(« + 2a+ l)m+2     (2a + 5)m

n    ) n\ Z^ m\(a
m=0

x [«(« + 2a + 1) + (a + l)(2a + m + 3)]

+ l)M+3 T(«i + 2a + 4)

l-xN"

_        1        / « + a \ in + 2a\

= (2a+l)A    n    A     n     )

„ v^ (-n)m+2(n + 2a + l)w+2

m=0
«t!(a + l)m+3

(m + 2a + 4)

x [«(« + 2a + 1) + (a + l)(«i + 2.+3)1 (^y
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«(« + 2a + 1) + (a + \)(m + 2a + 3)

= (a + m + 3)(«i + 2a + 3) + (« - m - 2)(« + 2a + m + 3)

and

(m + 2a + 3)(m + 2a + 4) = m(m - 1) + 2(2a + 4)m + (2a + 3)(2a + 4)

we obtain

oo

Ycl(x)DiPta)(x)
1=2

_        1 / « + a \ / « + 2a \

"(2a+l)4V    n    )\     n     )

[^ (-«)m+4(« + 2a+l)m+4 (\-x\m+2

X L¿o m\(a+\)m+A \    2    )

j. ?/"5~ -L 4Ï V" (-")m+3(« + 2a+l)m+3  f 1 -X^m+1

+ 2(2a + 4) £-m!(a+l)m+3-{—)

+ (2a + 3)(2a + 4) £ ^^ + f° + ̂  f A^Y
¿o rn\(a+\)m+2 \   2   )

_ ^ (-«)m+4(« + 2a+l)m+4 (l-x\m+l

¿J m!(a+l)m+4 v    2    ;

_ (2a + 4)f;(-"W3(n + 2a+lW3 /Wj"
¿o w!(a+l)m+3 V    2    ;

4     _ /« + 2a\

"(2a+l)4V     »     J(2,

x

-4(2„ + 4)(-^)¿/í-°>W

+ (2o + 3)(2a + 4)^ji*"»(*)

-4(i^)^-»(x) + 2(2« + 4)¿/.í-»W

4        /« + 2rt\

(2a+1),

-(1 - x2)-^P^a\x) + 2(2a + 4)x^Pna'a\x)

+ (2a + 3)(2a + 4)-^2P¡1a'a)(x)  .
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Now we use (6) for i = 2 to find

2(a+l)x¿3/>ia'a)(x)

d2
+ [(« - 2)(« + 2a + 3) + (2a + 3)(2a + 4)]~PJla'a)(x)

Hence, by using (19) and (6) for i = 1 and / = 0 we find

oo

£c;(x)ß<>ia'o)(x)

1=2

_ _1_ /«+2a\, 2.

" (a+l)(a + 2)(2a+l) V     "     )[      *'

2(a+l)x-^PJr'a)(x)

d2 o(«.«)/+ [(« - 2)(« + 2a + 3) + (2a + 3)(2a + 4)]j-2-Pi?'a,(x)

1       _f« + 2a\
a+l)v     «     )(a+l)(a + 2)(2

x   4(a+l)(a + 2)x¿-^2P¡la'a>(x)
2  d     „(a,»).

d2
- (« - 1)(« + 2a + 2)(1 - x2)¿=/><a'a,(x)

- «(« - 1)(« + 2a + 1)(« + 2a + 2)PJ,a'a)(x)

+ [(« - 2)(« + 2a + 3) + (2a + 3)(2a + 4)](1 - jc2)^/>Ja'a,(x)

d2

\d_j}(<*.<*)<

- 4       (n + 2a\   d2    (a,a)

~(2a+lA     «     A*2 {X)
«(«- l)(« + 2a + l)(« + 2a + 2) /« + 2a\ _(„,„),  .

(a+l)(a + 2)(2a+l) V     "     A

- 4       (n + 2a\  d2    (a,a)

~(2a+lA     «     A*2 W

-4(2a + 3)("+n2Q2+2)pi-^(x).

Finally, this implies that

4
^c/Wö?]°'a)(^) =

1=0

which proves (25).

(2a+1)

« + 2a\  d2 D(a,a

« ¿x2^      W'
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The proof of (26) is much easier. We start from

63

oo

Y/ic*(x)DiPJla'a)(x)
1=2

_v^/g+lN    2'+2   y^(-2a + i-2)k        ^kni+k+2P(a,a)(,

We use Vandermonde's summation formula (9) again to obtain

E(-2a + i-2)k        Y.)kni+k+2p(<*,a),  s
=o     jk!(/ + 2)fc    {l~X)D       Pn      {X)

_ fn + a\ y y-v (~2a + i - 2)k

A   "    )^J-^    k\(i + 2)k

v (-«)m+i+2(« + 2a + \)m+i+i (~m)k ,   1U/1 _

2™+<+2(a+l)m+;+2 m!   (   1)U    X)

(n + a\,   .y y (-n)m+i+2(n + 2a + 1 )m+i+2 ( 1 -x)m

A    «    r     ' H        2'"+'+2(a+l)m+1+2 m!

r / -m, -2a + 1-2  A
X2jFi( / + 2 V

_ /« + a\ ,_1V- y (-«)m+,-+2(« + 2a + l)m+i+2

A    «    y1     ' ¿>        2«+'>2(a+l)M+l.+2

x(l-xr(2a + 4)m
«j!       (/ + 2)m

= (n + a\(     y-(i + l)! y (-«)m+l+2(« + 2a+l)m+,+2

\    n    ) 2i+2    ¿o    {m + i +1)!(«+ 1W/+2

(2a + 4)m /1-xV

m!       v   2    J

m

This leads to

oo

YJici(x)DiPia'a\x)

1=2

y (-«)m+,+2(« + 2a + 1W+2 (2a + 4)w fl-x\m

•f*    («i + /+l)!(a+l)m+/+2 m!       I   2    j

(n + a\y(-n)m+2(n + 2a+l)m+2(2a + 4)m ( 1 -x\m

A    »    /¿,     (w+l)!(a+l)„+2 m!        I    2    j

„/-« + «i + 2,-a-l,« + 2a-l-«J + 3   .\
X3*A m + 2,a + m + 3 l)'
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Now we use the Saalschütz summation formula ( 10) again to find for « > m + 2

3-^2 1
-« + m + 2,-a-l,« + 2a + «j + 3

«i + 2,a + «J + 3

_ (a + m + 3)„_m_2(-« - 2a - l)„-m-2

(m + 2)„_m_2(-« - a)„_m_2

_ T(« + a + 1) (m + 1)! T(« + 2a + 2) T(a + m + 3)

_r(a + «j + 3)    Y(n)    Y(m + 2a + 4) Y(n + a+ 1)

_ (m+l)\ Y(n + 2a + 2)

Y(n)    Y(m + 2a + 4) '

Since (-«)m+2 = 0 and the 3F2(l) exists for « < m + 2, this implies, by using

(4),

YJic*(x)DiPia'a)(x)

¡=2

_ fn + a\ y^ (-n)m+2(n + 2a+ l)m+2 (2a + 4)m

A    "    /¿i     (w + l)!(a+l)m+2 m\

M

(2

m=0

(m+1)! T(« + 2a + 2)

T(«)    Y(m + 2a + 4)

n + a\ Y(n + 2a + 2) y, (-«)m+2(« + 2a + l)m+2 (1-xV

«    A(")r(2a + 4)^o m!(a+l)m+2 V    2    J

4 /« + 2a+l\    ¿2    p(a,a)ry^

a + 3)V     "-1      A*2 W'

and therefore we have

¿ic,-(x)D'-¿t'a)(x)

í=2

= 4(" + 2_71)(l-^e«'W

Now we look at the second sum on the left-hand side of (26). Now we have

Yc!(x)Dl+xPJ?>a\x)
1=2

= £ ("Il) T^vE (Í".+/."2)fc(1 -^'^"A*)-
,</ + 2J!É-    «(i + 3)t
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As before we find by using the Vandermonde summation formula (9)

E(-2a + i-2)k        ^kni+k+ipia.a), %
k\(i + 3)k    [l    X) U       tn     (X)

_ /« + a\ y> y (-2a + i - 2)k

-{   n    )Z^2^     k\(i + 3)k
v ' m=0fc=0 v JK

w  (-")m+;+3(« + 2a + l)m+,+3 (~m)k ,     .,j+1,. ,„,

2^+3(a+l)m+|.+3 w!     I    lJ      I1      *>

f« + a\ r_n,+i y (-«)m+i+3(ft + 2a + l)w+,-+3 (1 - x)m

A   »   y1    ^     ¿,       2«+'+3(a+l)w+i+3 m!

_   / — m    — ?yv -I- ; — 7: I   \

65

X2-fl
+ 3 0

_ /« + a \ ,_ v+1 y (-«)m+,-+3(« + 2a + 1)„
A » ;l  j  ¿    2-+'+3(a+1W;+3

= f"+QV i)'+'(¿+2)!

« + 2a + l)w+f+3 (1 - x)m (2a + 5)m

(r*+ '   (i + 3)mml

,    n    J^l)     -^77T-

. y, (-n)m+i+3(n + 2a + l)w+l-+3 (2a + 5)w /l-jrAw

¿0    (m + i + 2)\(a+l)m+i+3 ml       \   2   )    '
*£    (

m=0     v

and therefore we obtain

oo

j2cî(x)Di+xpjr'a)(x)
i=2

a+ 1

I=i("r)B-'),+\.,v 7 i=0 x /

(-n)m+i+3(n + 2a + l)w+,-+3 (2a + 5)m f\ -x\

4-2)!(a+l)m+i+3 m!       V    2    y!

2 V   »   /¿o     (m + 2)!(c

3^2 ( "

x y (-«)m+i+3(« + 2a + l)w+¡+

^    (#w + i + 2)!(a+l)m+i+3 V    ¿    /

(-«)m+3(« + 2a + l)m+3 (2a + 5)w /1-xV

(m + 2)!(a+l)w+3 ml       \   2   )

-« + «î + 3,-a-l,« + 2a + «J + 4   .\

m + 3,a + m + 4 / '

By using the Saalschütz summation formula (10) we have for n> m + 3

F(-n + m + 3,-a-l,n + 2a + m + 4  .\

32\ m + 3, a + ra + 4 )

_ (a + m + 4)„_m_3(-« - 2a - l)„-m-3

(m + 3)„_w_3(-n - a)„_w_3

_ r(« + a + 1) (m + 2)! T(« + 2a + 2) T(a + m + 4)

~r(a + «î + 4)    T(«)    T(«i + 2a + 5) T(« + a+l)

_ (m + 2)! T(« + 2a + 2)

T(«)    T(«z + 2a + 5)
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which gives us by using (4), since (-«)m+3 = 0 and the 3/2(l) exists for

n < m + 3:

Yc*(x)Di+xPÍa'a\x)

1=2

1 /« + a\ y (-n)m+3(n + 2a + l)m+3 (2a + 5),

m=0
(m + 2)!(a+l)m+3 m\

(m + 2)! T(« + 2a + 2) (l-x\
+ 5){   2   JY(n)    Y(m + 2a

1 (n + a\ T(« + 2a + 2) ^ (-«)m+3(« + 2a + l)m+3 /1-xV

2\    n    )Y(n)Y(2a + 5)±<n ml(a+l)m+3 \   2   )
m=0

(2a + 3)(2

This implies

(n + 2a+l\dlHa,a)
a + 4) V     n-\     ) dx3 v

4

1 = 2

(2a + 4)

(2a + 4)

« + 2a + 1

« + 2a + 1 \
«-1     )

¿3
x2)^PlT'a)(x)

n-\
d2   -,(a,a).

2(a + 2)x-^r2P^'a!(x)

-(n-l)(n + 2a + 2)-^Pna'a)(x)

Now we have found

oo oo

YiCi(x)DiPJ,a'a)(x) + xYci(x)Di+xP!la'a)(x)

1=0 1=0

= *("+„277,)(l-x2i£-2Ü°'°)w

+ 4,2(» + 3,(»+n2_«2+2)^,í-M

4x      / « + 2a + 1 \

+ (2a + 4) ^     « - 1     )

d2 >(<*>") (a,a).
2(a + Vxf^Pn ' '(x) - (n - 1)(« + 2a + 2)^/T' '(x)

(n + 2a+l\   d2 p(a,a)(,~A «-i  A*2     {)

which proves (26) and therefore Theorem 2.

6. Differential equations for P^'±[/2'°'N(x)

In this section we will derive a differential equation for the polynomials

{Pn'~l/2'°'N(x))Zo and another one for the polynomials {/£,1/2,0,"(jc)}~0

for all a > -1 and N >0. These differential equations can be obtained from



(27)
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our results by applying the following quadratic transformations (see [7]):

P^a'M'M(x) _ PZ'-l/2'°>2M(2x2-l)

pa,a,M,M^   ~ pa,-lß,0,2M^

and

nR) *&;,"'"(*) _ xpri/2'°'(4a+6)A/(2x2-i)

^      ' pa,a,M,Mns Da, 1/2,0, (4a+6)M,, n
r2n+l \L) rn \i)

Note that (27) and (28) reduce to (7) and (8) if M = 0.
If we set y(x) := /(2x2 - 1), we can prove by induction that

?(2"M = t uXsw-w*11-11^*1 - ».      '- »• ' •2.

and

v(2/+i)f x      yp _(2/+l)!23^-2'-1_ 2/-2Í-I fU)(2x2 - n
*        W      2^i(2y_2/-l)!(2/-; + l)!X /    lZ*      1J'

1 = 0,1,2,...,

or written in one formula

y(i)(x) =     V     o- Ú7\u-     ...x2J-ißJ)(2x2 - 1),
(29) M(^)/2,(27-Z)!(/-;)!

i = 0, 1,2,....

Note that (27) and (29) substituted in the differential equation given in The-
orem 1 leads to a triviality, since

oo oo        i {-wi-yîj-i

5><*),<o(,)-£  E   (2- L,)!^^2-')
1=1 i=l 7=[(i+l)/2] v  J        J'K       JJ'

■¿^wtf-ng   '-;;;   -o,

in view of

v>       (-1)' (-,x
]FE(!)(-^^        J-l.2.3.^(2;-0!0-;)!

By using (27) and (29) we obtain from Theorem 2 the following equation:

"2>W     E     ñT^T77T7)í^-'A(2x2-l)
i=o HkM)P\KJ      M     J)'

+ (1 - x2)[16x2/"(2x2 - 1) + 4/'(2x2 - 1)]

- 8(a + l)x2/'(2x2 - 1) + 2«(2n + 2a + l)/(2x2 - 1) = 0

with

c0(x):=c0(2«,a,x) = 4(2a + 3) Í   "2« - 2+    )'        « = 0,1,2,...,



68 ROELOF KOEKOEK

satisfied by

/(x):=^'-1/2'°'^(x).

Since

!.. M(l+D/21 (  ;       M       "'

= ¿2^(2^ - .)I (2. _'|; _ .^»-cW.

we obtain

00

Mj2dj(x)ßj)(2x2 - 1) + (1 - x2)[16x2/"(2x2 - 1) + 4/'(2x2 - 1)]
(30) j=0

- 8(a + l)x2/'(2x2 - 1) + 2«(2« + 2a + l)/(2x2 - 1) = 0,

where

í do(x) = 4(2a + 3) (^^ 2) .        « = 0,1,2,...,

dM) = E (2i-m¡-i)ix2J"Ci{x) '    j -x •2 '3.
«=j

By using (19) and (23) we easily see that c(/(x) is an even polynomial with

degree [dj(x)] < 2j for each j = 1,2,3,.... Now we set 2x2 - 1 = t and

AT = 2M in (30) to find a differential equation of the form

00

NYdj(t)yU)(t) + (l-t2)y"(t)
7=0

- i[(2o + 1) + (2a + 3)t]y'(t) + i«(2« + 2a + l)y(t) = 0,

for the polynomials {P£'~1,2,0'N{t)}'?=o , where

d0*(i) = \(2a + 3) (2"2+„2_a2+2) ,        « = 0, 1, 2, ... ,

and

dW = ldjUW)>        J = U2,3,....

We remark that d*(t) is a polynomial in t with degree [£f*(i)] < j for every

y = 1, 2, 3..... By using (19) and (23) we see that

^(-l) = ̂ (0)=(2;)J"3c2;(0)

= (2a + 3)(-iy+1^ + j)2A^o,        7 = 1,2,3,...,
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if a is not a nonnegative integer. This implies that the order of the differential

equation is infinite in that case if N > 0. For nonnegative integer values of a
we have dj(x) = 0 for j > 2a + 4 and

d2a+4(x) = 24a+8x2a+4c2a+4(x) * 0

since degree[c2a+4(x)] = 2a + 4. This implies that the order of this differential

equation equals 2a + 4 if a is a nonnegative integer and N > 0.

And if we set y(x) := x/(2x2 - 1), we find by using Leibniz's rule

- V_(2*'+l)!23;-2'_   2y-2i+l fij)(2x2 _ I) i _ n    1    2
- Z.(27_2/ + 1)!(2/-;)!X J   [ j'    i"u'1'z'---'

and

2i+l

+P-+Dg(2^^J),^/"W-.)

or written in one formula

vd)(x) =   V^  _('+ !)!237   _x2j~i+x fij)(2x2 - 11
(31) *  '     ¿*   (V -/+!)!(/-;)!

i = 0, 1,2,....

If we substitute (28) and (31) in the differential equation in Theorem 1, we find
a triviality, since

oo

y(*) + j>(*)y(0W
i=i

= x/(2x2-l) + E É   (^t^)!)-!^^+'A(2^-l)
i=iy=[i/2]v ■* />v     ■""

2/+1
(i+!)(-!)'

y 23>-iJC2^+i/o-)(2jc2 _ 1} £ ...^'"V   .„ = 0,

y'=l i=J



70 ROELOF KOEKOEK

in view of

2y7       (i +!)(-!)'        _y\(i + j+l)(-iy+J

^(2j-i+l)l(i-j)l     ¿-     (;-/+ l)!f!

= 0,        ; = 1,2,3,....

By using (28) and (31) we obtain from Theorem 2 the following equation:

,=0 ;=[i/2] V   ^ ' V        7 '

+ (1 - x2)[16x3/"(2x2 - 1) + 12x/'(2x2 - 1)]

- 2(a + l)x[4x2/'(2x2 - 1) + /(2x2 - 1)]

+ 2(2« + l)(n + a + l)x/(2x2 - 1) = 0

with

Co(x):=c0(2«+l,a,x) = 4(2a + 3)^2w2+2a1+3) ,        « = 0, 1,2,...,

satisfied by
f(x):=P^'l/2'°'{4a+6)M(x).

Since

¡=o ;'=[i/2]v 7 ' v     7 '

j'=0 i=y   v  J ' v       J/

we obtain, after division by x,
oo

M^^(x)/(^(2x2 - 1) + (1 - x2)[16x2/"(2x2 - 1) + 12/'(2x2 - 1)]

(32) j=0
- 2(a + l)[4x2/'(2x2 - 1) + /(2x2 - 1)]

+ 2(2« + l)(n + a + l)/(2x2 - 1) = 0,

where
2-,+1        (i -+- 1 V73J~'

^)=E(2J--Î+ !)!(/- j^CiM,       ; = 0,1,2,....

By using (19) and (23) we easily see that ej(x) is an even polynomial with

degree [e/(x)] < 2j for each j = 0, 1, 2,... . Now we set 2x2 - 1 = t and

N - (4a + 6)M in (32) to find a differential equation of the form
oo

NY^(t)yU)(t) + (l-t2)y"(t)
7=0

- i[(2a - 1) + (2a + 5)t]y'(t) + \n(2n + 2a + 3)y(t) = 0,
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for the polynomials {P„a'1/2'0'N(t)}%Lo > where

^)=l2(2n2n2-t3)'       » = 0,1,2,...,

and

Note that e*(i) is a polynomial in t with degree[e*(i)] < j for every y

1, 2, 3,.... By using (19) and (23) we see that

<<-i»=8(^^o»=<-i»''+,t-[2G-i)<o+i»+^+i»G-¡)

= (2a + 5)(-l)J«^ + 11)-^5íO,       j=\,2,},■■.,

if a is not a nonnegative integer. This implies that the order of the differential

equation is infinite in that case if N > 0. For nonnegative integer values of a

we have e;(x) = 0 for j > 2a + 4 and

e2a+4(x) = 24a+8x2a+4c2a+4(x) / 0.

This implies that the order of this differential equation equals 2a + 4 for non-

negative integer values of a and N > 0.
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