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ARITHMETIC CALCULUS OF FOURIER TRANSFORMS BY
IGUSA LOCAL ZETA FUNCTIONS

TATSUO KIMURA

ABSTRACT. We show the possibility of explicit calculation of the Fourier trans-
forms of complex powers of relative invariants of some prehomogeneous vector
spaces over R by using the explicit form of p-adic Igusa local zeta functions.

Let (G, p, V) be a regular prehomogeneous vector space defined over R,
and fi,..., f, the basic R-relative invariants of (G, p, V) (cf. [F. Sato 2,
p. 444)). For explicit calculation of Fourier transforms of the complex power

|fGor = [T 1Al
i=1

with s = (s, ... , s,) € C", two general methods are known. When (G, p, V)
has finitely many G-orbits, one can use a microlocal calculus established by M.
Kashiwara according to M. Sato’s idea (see p. 404 in [M], [K-K-M]). When
r = 1 and the relative invariant is linear for each variable, one can use Igusa’s
method (see p. 8 in [Igusa 2]).

In this paper, we shall show the possibility of calculation for some cases by
using the explicit form of the Igusa’s local zeta function, based on the idea of
Iwasawa-Tate theory [Iwasawa], [Tate].

As an example, we shall calculate the Fourier transform of |f(x)|* for (GL{ x
SLymi1, M ® A1 ® AT @A}, Altyyy @ AP @ Aff2m+1 g Aff2m+1) which has
infinitely many orbits and r = 4 so that it has not been calculated by other
methods.

The Igusa local zeta function of this prehomogeneous vector space has been
explicitly calculated by [Hosokawa]. Our method is applicable for a prehomo-
geneous vector space with Z, = tZ,, for some constant 7 > 0. For example,
irreducible (resp. simple, 2-simple of type I) regular prehomogeneous vector
spaces with finitely many adelic open orbits satisfy Z, = tZ,, (see [Igusa 4]
and [K-K]).

This paper has four sections: §1, Preliminaries; §2, Functional equation; §3,
Unramified I'-factors and Igusa local zeta functions; §4, Arithmetic calculus
(example). The last section of this paper was completed when the author was
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staying at the Japan-U.S. Mathematics Institute (JAMI), 1993, at The Johns
Hopkins University. The author would like to express his hearty thanks to
Professor J. Igusa and Professor F. Sato whose encouragement and suggestions
stimulated this work.

1. PRELIMINARIES

Let G be a connected linear algebraic group and p : G — GL(V) a rational
representation of G on a finite-dimensional vector space ¥ . Put G = p(G) C
GL(V). When V has a Zariski-dense G-orbit Y ,-we call a triplet (G, p, V)
(or a pair (G, V)) a prehomogeneous vector space (abbrev. P.V.). A point
of Y is called a generic point and the isotropy subgroup at a generic point is
called a generic isotropy subgroup which is unique up to isomorphisms. The
complement S of Y is a Zariski-closed set which is called the singular set of
(G, V). An irreducible component S; of codimension one is the zeros of some
irreducible polynomial fi(x) (i=1, ..., r). Then these polynomials are alge-
braically independent relative invariants, i.e., f;(p(g)x) = xi(g)fi(x) for g € G
and x € V with some rational characters x; of G. Moreover any relatively
invariant rational function f(x) is of the form f(x) = cfi(x)™ --- fi(x)™
with (m;, ... , m,) € Z' and some constant ¢ (see p. 60 in [S-K]). We call
fi, ..., f, the basic relative invariants of (G, p, V). Now a P.V. is called

regular if the Hessian H(x) = det( az,-zax,- (x)) is not identically zero for some

relative invariant f(x). In this case, we have det p(g)? = x1(g)1--- x,(g)**
for some x¥ = (x;,... , k) € (%Z)’ (see p. 61 in [S-K]). When r = 1, we have
k=15 with d =degf and n=dim V.

When G is reductive, it is regular if and only if a generic isotropy subgroup
is reductive, and it is so if and only if the singular set S is a hypersurface (see
p. 73 in [S-K]). In this case, without essential loss of generality, we may assume
that a generic isotropy subgroup is semisimple (cf. §3 and §4 in [K-K]). Let
k be an algebraic number field. From now on, we assume that (G, V) is a
reductive P.V. defined over k with a connected semisimple generic isotropy
subgroup, and all coefficients of f;(x) are in k. We denote by G4, V,, etc.,
the adelization of G, V', etc., with respect to k. Let Q(k7 /k*) be the space of
quasicharacters of the idele class group k;/k* of k and &(V,) the Schwarz-
Bruhat space of V4. For w = (w,, ... , ;) € Q(k;/k*)", we write w(x(g)) =
w1(x1(8)) - @r(%:(8)) and w(f(x)) = @1(fi(x)) - wr(fr(x)) (& € Ga, X €
Y,) for simplicity. Now we define the two adelic zeta-functions Z,(w, ®) and
Zn(w, ®) of (G, V).

1.1 Zaw, ®) = D(gé)dg,(g),
(1.1) (@, ®) /G A/ka(X(g))ceZyk (88)da, (2)
(12) Zn(w, ®) = [ o(f(x)Dx)dy,(x) (@€ S(Vy)).

Y,
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Here dg, is a right-invariant measure on G4 while dy, is a G 4-invariant
measure on Y, . Since a generic isotropy subgroup is connected semisimple,
we may take the same convergence factor for dg, and dy, . Note that, for the
simplest P.V.(GL,, Aff!), we have

Z = /k OO = /k 000 Y ed x = Z,

alk ek~

which appears in the original Iwasawa-Tate theory. For s = (s;,... ,s) € C
and x = (x1,...,%) € kX', we put ws(x) = |x;|5}---|x/|. Forany w €
Q(k; /k*), we have |w(x)| = ws(x) for some ¢ = (61,... ,0;) € R". In
this case, we write ¢(w) = (61, ... ,0,) € R". It is known that Z,(w, ®)
is absolutely convergent when d(w) = (01, ... ,0;) > kK = (K1, ... , Kr), i.€,
oi > k; for i =1,...,r (see [Ono], p. 90 in [F. Sato 1]). One can see
that Z,,(w, ®) has an Euler product Z,(w, ®) = [[,c5 Zv(wy, By) for & =
®yez Pv where I denotes the set of places of k. We can express the local
factor Z,(w, , ®,) by the Igusa local zeta function for almost all finite places v .
We define Z,(s) to be the Igusa local zeta function fo;; A - | ()| dx

with [, dx = 1. It is a rational function of ¢; = @& (i=1,...,r).

Theorem 1.1 ([Igusa 4], [K-K]). Let (G, p, V) be an irreducible (resp. sim-
ple, 2-simple of type 1) P.V. defined and split over an algebraic number field k
satisfying |G4\Y4| < +oo. Then we have Z,(w, ®) = 1Zpu(w, ®) for some
constant T > 0.

From now on, we assume that Z, = tZ,, for some 7 > 0 so that Z,(w, P)
converges absolutely when a(w) > k.

2. FUNCTIONAL EQUATION

We have assumed that (G, p, V) or (G, V) is a reductive regular P.V.
defined and split over an algebraic number field with a connected semisimple
generic isotropy subgroup and Z,(w, ®) = t1Z,,(w, ®) for some 7> 0. We
may assume that fi(x) € O[x] (i=1, ... ,r) where O is the maximal order
of k. Let p* be the contragredient representation of p on the dual vector space
v* of V. Then (G, p*, V*) is also a reductive regular P.V. defined over k
with the singular set S*, and Y* = V* — §*. Since G is reductive, we have
the basic relative invariants f;*, ..., f* satisfying

frere)y) =x@) ) (=1,...,7)
for g € G and y € V*. By taking a basis, compatible with the k-structure
of (G, p, V), we may identify V' and V* with Aff” so that p*(g) =‘p(g)~!

for g€ G. Wewrite g*-y =g~y for g=p(8) e G=p(G),and y € V*.
We define Z)(w, ¥) and Z(w, V) as follows:

@.1) Z: (0, ) = / w(x(g) 3 W(e*nds,(g),

Ga/Gr neve
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For any place v € X of k, let k, be the local field corresponding to v. For
P, € &(V,) with V, = k", lgt &, be its Fourier transform with respect to

the self-dual measure so that &,(x) = ®,(—x) holds. For a finite place v, the
self-dual measure d,x satisfies [, dix = N (dy)~% where d, is the different
of k,, and hence note that it is not the measure dx satisfying fo,, dx =1

which appears in the definition of the Igusa local zeta function. For w, =
(w), ..., @) where w! is a quasicharacter of k), we define the local zeta
function Z, by

Zo(@y, @) /Y 0 (£ (X)) Dy (x)dy, (x).

Similarly we define Z} by
Zi(@o. %) [ ou(FON0)dy )

Lemma 2.1. For any infinite place v € X, there exists ®, € &(V,) satisfying
D, #0, ®yls, =0, and d,|s; =0.

Proof. Put F* = fy--- f* so that S$* is the zeros of F*. Take a nonzero
P, € C§°(Yy) and put ®, = F*(grad,)®P, . Since ®,(y) = £F*(y)do(y), this
&, satisfies our conditions. This is a well-known argument. O

We denote by A4, the restricted direct product over the finite places.

Lemma 2.2. There exists ®; € &(Vy,) satisfying @y # 0, ¢f|SAf =0, and
) sls;, =0

Proof. For a finite place v, take a € V(0,) = O} satisfying |F(a)l, = 1
with F = f;--- f,. Since |F(a + nb)|, = |F(a) + nc|y = 1 for any b € O},
we have a + nO" C Y, . Let ®, be the characteristic function of a + 7O} .
Then we have ®, € &(V,), ¥, # 0, and ®,|s, = 0. Take a finite place
v’ # v and let @, be the Fourier transform of the chqracteristic function of
a + n0 with |F*(a')l,, = 1. Since @, # 0 and <D,,,|S;, = 0, if we put
O =, - Dy - [[,, , choy Where chp, is the characteristic function of Of ,
this satisfies our condition. O

To prove the following proposition, we shall use the argument similar to the
one on p. 468 in [F. Sato 2].

Proposition 2.3. For ® € &(V,) satisfying ®|s, = ®ls; = 0, the functions
Za(w, ®) and Z} (&, ®) can be analytically continued to the whole Q(k’5 [k*)"
and they satisfy a functional equation Z,(w, ®) = Z: (&>, ®) where & =
w,w=' and ® is the Fourier transform of ®.

Proof. Note that Z,(w, ®) (resp. Z:(&, ®)) converges absolutely on 4 =
{w e QkS/k*) ; o(w) > k} (resp. A* = {w € Q(kJ/k*)"; o(w) < 0}).
Take wy, € A and wp. € A* with b, b* € Z'. For c = b — b* and ¢ = %1,
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put
Zi(w, ®) = / o(x(2) Y ®(g8)ds,(g)
G4/Gx Zer,
wc(x(g)>1 k
and
Z:(@, &) = / o(x()oe(x"'(2) T D(e™n)de,(2).
G4/Gy .
wc(x(8))>1 neY;

We have Z,(w, ®) = Z} (0, ®)+ Z; (w, ®) and Z} (@, ®) = Z:+(@, &)+
Z~ (@, ®). Then Z:(w, ®) converges absolutely on

={w e Q(k; k™) ; wwf € A for some ¢ > 0}
and Z}*(w, &) converges absolutely on
={w e Q(k;/k*) ; wwi € A* for some t > 0}.

Note that we have B* = B*~ = Q(kJ /k*)" since o(w.) > 0. For example, for
any w € Q(kj/k*)", take t > 0 satisfying o(ww!) >k, i.e., ww} € A. Then
we have

00> Zf ol ®)= [ ou(@) - olu(e) Y Peddo,(8)

ocx(8)21 CeYs
>ZHw, D).

On B?nN B*¢, by the adelic Poisson summation formula

) D(gé) = 2) Y d(gn)

SEY, neyy

forour @, we have Zf(w, ®) = Z%(@, ®) sothat Z:(w, ®) and Z2¢ (@, D)
are analytically continued to B® U B*® = Q(k;/k*)". Hence Z,(w, ®) =
ZHw, ®)+ Z; (w, D) and Z} (@, D) = Z:H (@, ®) + Z;~ (@, D) are an-
alytically continued to the whole Q(kJ /k*)" and they satisfy the functional
equation Z,(w, ®) = Z} (@, ®). O

Theorem 2.4. For our P.V. (G, V), the Euler product [], Z,(w,, ®y) has a
functional equation:

(2.3) Il z.(ws, @) =[] Z (@,
VEX vEX
where @, = (wy)cw;!.

Proof. For any ®; € 6(Vy,), put ® = [0 ® @, where 0 lsoo = Sols;o =0
and ®% # 0 (cf. Lemma 2.1). Then we have ®|s, = le; = 0 and by
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Proposition 2.3, we obtain

Zoo(Woo, DY) - Z(wy, Bp) = Z5 (0o, D) - ZJ (005, D)

(2.4)
for any ®;.

On the other hand, for any ®,, € (V) , put ® = d,, ® <I>°f with <I>°f as in
Lemma 2.2. Similarly we have
Zoo(Woo » Poo) * Zy(y, DY) = Z2(0oo , Poo) - Z}(t0, DY)

(2.5)
for any ®,.

Multipl}iing equatAions (2.4) and (2.5), we have Zy(w, ®)Z,(w, ®°) =
Z; (@, D)Z; (@, B°) with & = @ ® @, and O = @Y ® % By (2.4)
with @, = <I>°f, we have Z,(w, ®°) = Z* (@, ®°) and hence Z,(w, ®) =
Z} (@, ®) holds for any ®. O

3. UNRAMIFIED ['-FACTORS AND IGUSA LOCAL ZETA FUNCTIONS

By Theorem 2.4, we have

3.1) Zy(wy, Do) [[ Zm(@w, Puw) = Z} (@0, Do) - [[ Zn(t0w, Pu
wWHV w#v

(3.2) Z}(@o, W) [] Zn(Gow, Du) = Zo(wy, W) - [] Zm(@w , Pu).
WAV wH#v

Multiplying (3.1) and (3.2), we have
(3.3) Zy(@y, ©y) - Z3 (@, W) = Z3 (0, Do) + Zy(@ , ).
Namely, there exists I',(w,) satisfying
(3.4) Zy(wy, By) = Toy(@,)Z] (0, , Dy) for any D, € S(V5).

Thus we can obtain the local functional equation. However, it has already
been obtained in more general cases [Igusa 1], [Gyoja].

In this section, we express a I'-factor I',(w,) by the Igusa local zeta function
Z,(s) when w, is an unramified quasicharacter w, s =(| |3/, ... , | |§) fora
finite place v of k. For one variable case ( r = 1), including ramified case, see
[Igusa 2].

Lemma 3.1. For a finite place v of k, we have Z,(wy s, choy) = ¢y Zy(s — k)

where ¢! =limy, 500 Zy(S).

Proof. We write |f(x)l = @y 5(f(x)) = A - 1/(x)I5 . Then
Zy(@osscho) = [ |f()ldx ()

Y,Nor

where dy, is a G,-invariant measure with [,,dy, = 1. Here Y0 = {x €
Or; |F(x)|y = 1} with F(x) = fi(x)--- fr(x). Therefore if we put dy,(x) =
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C”U%)E with fo;,- dx =1, we have
Zy(wy s, ChO{;) =Cy / |f(xX)57"dx = cyZy(s — k).
Y,non

The last equality holds when Re(s — k) >0, i.e., |0]5~* = 0, and then it holds
for all s by analytic continuation. We have

1= dy, = ¢y dx=c,,/ dx
Yy Yy [f(x)lv=1
¢, lim / If(x)[dx = ¢ lim Zy(s)
§—00 0'7 §—00

since f;(x) € 0, implies lim,_ |fi(x)]y =0. O
Lemma 3.2. For a finite place v of k,
Z3(®y s, chop) = N(dy) @8 . ¢, Z3 (—s)

where d, = the different of k,, and (d,s) = s;deg f; + --- + s,deg f;, where
Z;(s) is the Igusa local zeta function Z,(s) for f*.
Proof. By using the self-dual measure, we have chog =N (dv)‘ilch(dv_.),, and
hence

Z; (@, s, chop) = Z3(@y, ks, N(dy)"Ech 1))

= N(dy)} ¢ / | (x)[7%dx.

Ypn(dy ')

Now if d; ! = n;'0, , then N(d,) = ¢! . By the change of variables x = n;'y,
we have dx = N(d,)"dy and |f*(x)|;* = N(dy)~%® «|f*(»)l;*. Hence we
obtain our result. O

By these lemmas, we obtain the following theorem.
Theorem 3.3. For any finite place v of k, we have
Zv(wv ,8 (Dv) = rv(wv ,s)ZJ(wv,x—s ) (i>v)

for any ®, € &(V,) where T, is given by Ty(w, ) = N(dy)¥49-%.
Zy(s = x)/Z;(~s) where Zy(s) = [, |f(X)lydx and Zj(s) = [o, |f*(x)l5dx
with fo; dx =1 is the Igusa local zeta function and (d,s) = s;degfi +--- +
sydeg f,.

4. ARITHMETIC CALCULUS (EXAMPLE)

Theorem 4.1 (Principle of Calculus of Fourier transforms). Let (G, p, V) be
a reductive regular P.V. defined over an algebraic number field k satisfying Z, =



304 TATSUO KIMURA

TZm . Then for any ®., € S(V,), we have
Zoo(| 15> Poo)* [ cvZu(s — k)
ver

— DT 22 [, ) [T 0 Zi(-)
V€L,

(4.1)

where Dy is the discriminant of k, Z,(s) = the Igusa local zeta function, and
X = the set of finite places of k.

Proof. By Theorem 2.4, Lemmas 3.1 and 3.2 for ® = &, ® (®yes, choy) and
w=| [ Hvezf wy 5, We obtain our result. O

This theorem shows that we can obtain Fourier transforms over R or C
if we have the explicit form of the Igusa local zeta function. In this section,
we shall calculate the Fourier transform of the complex power of the relative
invariants of the following (G, p, V) where V ={x=(X; y, z, w); 'X =
-X € Mymy1, ¥, 2, W E Moy 1}, and p(g)X = (adX'4; BAy, y'47'z
3'4='w) for g = (a, B, 7, 0; A) € G=GL} x SLyyyy with m > 2. Then
kerp={1, (1, -1, =1, —=1; —Dpy)}. Put

0 I, 0
= I, 0 ; @m+l, €1+ €mils €mtl + €2my1
0 0

e;='0,...,0,1,0,...,0).

f1(x) = Pfaffian of (—XT’%)

is a relative invariant corresponding to x;(g) = o™f. Similarly, f,(X) =
(y, z) (resp. f3(%X) = (y, w), fa(X¥) = 'zXw) is a relative invariant corre-
sponding to x»(g) = By (resp. x3(g) = B, xa(g) = ayd). Then we have
S={/A=0u{f,=0u{fs=0tU{fs =0} with V-S =p(G)-¢ and a
generic isotropy subgroup p(Ge) = Spm—1 is connected semisimple. We have
det p(g)? = x2®m D y2y2ydm ie, k = (2m -1, , 2m). By [K-K], this
P.V. satlsﬁes Za =1Z,, forsome 7>0.

where

Then

Proposition 4.2 (Hosokawa). Let K be a p-adic field with the maximal compact
subring Ox . Let dx be the Haar measure on Vg satisfying f,,(o dx =

Then the Igusa local zeta function Zk(s) = fV (o0 M1 (IR | fa x)|“dx is given
by
m
(2
Zx(s)=]] 1= s|+21 D H 1= —(sk+1)
(4.2) P
(2m) (2m +1)

) 1 - q—(34+2m) : 1 — q—(ss+2m+l)
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where (i)=1-g~/, s5=s5;+---+54 and g = the module of X .
Now we take kK = Q in Theorem 4.1 and we have

@3) [ Uldexdx =) [ SR e dx
with y(s) = [1, &pZp(—s — k)/ 1, cpZy(s) since
Zall s @)= [ 170K Du(x)dx
VR—Sr

Since

G'=, lim Zo,(s)= ﬁ(2i —1)- (13- (2m) - 2m + 1)
i=1

by Lemma 3.1 and Proposition 4.2, we have

Hcpr(s) HC(s|+21—1) HC(sk+l) C(sq+2m) - L(ss+2m+1)

i=1 k=2

where {(s) is the Riemann zeta function. Since —s —k = (—-s; —2m+1, —s, —
1, —s3—1, —s4 —2m), we have

m 3
[TeoZo(=s =) =TT ¢(=s1 = 2 +2)- [T ¢(=s) - {(=s4 + 1 = 2m)
p i=1 k=2

* §(—54) - {(—55 — 2m).

Thus, by using the functional equation of the Riemann zeta function:
C(=s5)/C(1 +5) = (2m)~5~1. 2. (- sin %) .T(1+5),
we have

y(s) = Hcpzp(—.s -x)/ Hcpzp(s)

:js [ zs

f(=(s1 +2i-2) H C=sk) | C(=(sa+2m—1)) = ¢(=(s5+2m))
CA+ (0 +2i-2) A0 +s) T+ (sa+2m—1)) L(1+ (s5+2m))

(zn)—s|—21+| 2. (_ sin n(i-j_TZl—T—zl) . F(S] +2i— 1)

-~

M I

2m)~%1.2. ( sm—) T(1 +s¢)

2

k=2

LQr)~Hm L) ( _”_(S‘"*'g—m)) (s + 2m)
n(ss +2m)

c(2m)~s72m=1. . (— sin ) -T(ss+2m+1)

2
with §5 = 51 + 52 + 53 + 54
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=(27)7" - (

-sin

TATSUO KIMURA
4
L (=2)mS. HSI Sl+2l— H 1n-—— in n(sq+2m—1)

4

%(Sl+S2+S3+S4+2m)-HF(Sl+2i—l T TCse + 1

i=1 k=2

‘I(s4+2m) -T'(s1+52+53+55+2m+ 1)
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