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ASYMPTOTICS FOR ORTHOGONAL RATIONAL FUNCTIONS

A. BULTHEEL, P. GONZALEZ-VERA, E. HENDRIKSEN, AND O. NJASTAD

ABSTRACT. Let {an} be a sequence of (not necessarily distinct) points in the
open unit disk, and let
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(ﬁ_h = —1 when a, =0). Let ux be a finite (positive) Borel measure on the
unit circle, and let {¢n(z)} be orthonormal functions obtained by orthogonal-
izationof {B,:n=0,1,2,...} withrespectto x. Boundedness and conver-
gence properties of the reciprocal orthogonal functions ¢}(z) = Bn(2)¢n(1/Z)
and the reproducing kernels kn(z, w) = 37, _o @m(2)pm(w) are discussed in
the situation |ax| < R < | for all n, in particular their relationship to the
Szegd condition ffn In ' (8)d6 > —oo and noncompleteness in L,(u) of the
system {gn(z):n =0,1,2,...}. Limit functions of ¢}(z) and kn(z, w)
are obtained. In particular, if a subsequence {ay,(s)} converge to a, then the
subsequence {q;;( S)(z)} converges to
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where

1 [mef+z
ou(z) = V2mexp [E /_n P Inu'(6)do] .
The kernels {kn(z, w)} converge to 1/(1 — zW)ou(2)ou(w).
The results generalize corresponding results from the classical Szegé theory
(concerned with the polynomial situation a, =0 for all n).

1. INTRODUCTION

By a Carathéodory function we mean an analytic function in the open unit
disk mapping this disk into the open right halfplane. The Carathéodory Coeffi-
cient Problem for an infinite sequence {c,: n =0, 1, 2, ...} can be formulated
as follows: Find a Carathéodory function whose Taylor coefficients at the ori-
gin are the {c,}. This problem is equivalent to the Trigonometric Moment
Problem: Find a (finite) measure u on [-7x, z] such that

n
(1.1) /e’i”adu(0)=c,, forn=0,1,2,....
n
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A measure u solves the moment problem if and only if the Carathéodory func-
tion

T L0
(1.2 2= [ S Zdu(e)

_pef—z
solves the coefficient problem. These problems are again closely related to the
theory of Szegd polynomials, i.e., orthonormal polynomials (with respect to u)
on the unit circle. In particular, if {¢;} are the reciprocals of the Szeg6 polyno-
mials {¢,(z)} (defined by ¢;(z) = z"¢,(1/Z)) and {y,} are the reciprocals
of the associated Szegd polynomials (given by

) i0
va(2) = [ Ton(e®) - pu(2))%5 T2

. eig — 7 dﬂ(e) > W;(Z) = ann(l 7))a

then {y;(z)/¢;(z)} converges to Q,(z) locally uniformly for |z| < 1. Fur-
thermore {1/¢;(z)} converges locally uniformly for |z|] < | to the spectral
factor

(1.3) 0.(2) = \/ﬁexp{%/n elig—+jln,u’(0)d0}

_nx e10 _

when the measure u satisfies Szegé’s condition

(1.4) Inpy'(0)dd > —co.

bt 4

In addition the reproducing kernel k,(z, w) (given by

Z On(2)Pn (w

then converges locally uniformly to
1
(1 - zw)a(z)o(w)

(1.5) s(z,w) =

For more information on these matters we refer to [1, 13, 19, 20, 22, 24, 26,
27, 29, 38].

Let {a,: n=0,1,2,...} be an arbitrary sequence of not necessarily dis-
tinct points in the open unit disk (for convenience g is taken to be the origin,
which can always be obtained by a simple substitution), and let {w,: n =
0,1,2,...} be a given sequence of complex numbers. The Nevanlinna-Pick
Interpolation Problem for this situation is the following: Find a Carathéodory
function F with the interpolation property F(a,) = w, for all n. (When
points «a, are repeated, the interpolation requirement involves the appropriate
number of derivatives.) (See [1, 28, 32, 35].) This problem is connected with
the problem of finding measures u generating generalized moments appearing
as coefficients in Newton series expansions for F(z): A measure u generates
the moments if and only if the Carathéodory function ,(z) defined above
solves the interpolation problem. Also these problems are related to a theory of
orthogonal functions, here rational functions (with poles at the points 1/a;).
The approach to Nevanlinna-Pick theory from the point of view of orthogonal
functions is more recent than the study of other aspects of the theory. From a
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purely mathematical point of view the theory of such orthogonal rational func-
tions as far as we now was initiated by Djrbashian about 1960 (see the survey
paper [17]). Independently, partly from an applied point of view, the same
constructions were used by Bultheel, Bultheel and Dewilde, Dewilde and Dym
about 1980 (see [2, 3, 16]). General moments of a measure u were as far as
we know first introduced and used by Lopez (see [30]). Special cases involving
cyclic repetition of a finite number of points have later been discussed in de-
tail (see [5, 9, 21]). The groundwork for a systematic general treatment can be
found in [4], and the theory has been further developed in [6, 7, 8, 10, 12]. See
also [33, 34] and [31].

Surveys of applications of Szeg6 theory and Nevanlinna-Pick theory in digital
signal processing and circuit theory with references to other work in the same
direction can be found in [14, 15].

The aim of this paper is to study boundedness and convergence properties
of the reciprocal orthogonal functions {¢;(z)} and the reproducing kernels
{kn(z, w)}. The results generalize corresponding results from the Szegd theory
(concerned with the polynomial situation). The investigation is carried through
for the situation when all the points {a,} are contained in a compact subset of
the open unit disk. Main results are about convergence properties of {¢}(z)}
and {k,(z, w)} when the Szeg6 condition (1.4) is satisfied. In particular, we
show that for a subsequence of {a,} converging to «, the corresponding sub-
sequence of {5} converges to

1 _ it l—-az 0,(2)
Ma(2) VI—]e2 77
where 0,(z) is given by (1.3), and the whole sequence {k,(z, w)} converges
to the function s(z, w) given by (1.5). See Theorem 6.12 and Theorem 6.14.

In [4] we proved that {k,(z, w)} converges to s(z,w) in Lj-norm on
[-7, n] under the weaker restriction (than the one above) 3,2 (1 —|an|) = .
We also stated the result above about locally uniform convergence in this more
general case. We have so far not been able to extend our argument here to the
more general situation.

For basic theory of orthogonal rational functions when the interpolation
points {a,} lieon T, see [11].

(1.6) L€R,

2. PRELIMINARIES

We shall use the notation T={ze€ C:|z| =1}, D={ze€ C:|z| < 1} for
the unit circle and the unit disk. The kernel D(¢, z) is defined as
t+z
2.1 D = .
@.1) (6, 2) =
Let x4 be a finite Borel measure on [-7, n]. The Carathéodory function Q,
is defined as the integral transform (Herglotz-Riesz transform)

(2) Qu(z) = [ D, 2)du(®).

-n

The substar conjugate f, of a function f is defined by

(2.3) fi(2) = f(1/7).
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When f is a rational function, this may be written as

(2.4) S(2) = f(1/2),
where the bar denotes complex conjugates of the coefficients. The inner product
(, ) is defined by

23) (9= e s@du®) = [ fe?)s.e)du(6).

bt 4

For an arbitrary o in D we define the Blaschke factor {(a, z) by

_a. (a—2)
(26) C(aa Z) - |a| (1 _az)'
(By convention we set l%[ = —1 when a=0.)

Let {ay: n=1,2,...} be an arbitrary sequence of (not necessarily distinct)
points in D . For convenience we use the notation

(2.7) Cn(2) = {(an, 2).
The Blaschke products B, are defined by

(2.8) Bo(z) =1, B,,(z):ﬁ(k(z) forn=1,2,....
k=1

We define the spaces %, by
(2.9) % =Span{B,,: m=0,1, ..., n}.

The functions in ., are exactly the functions that may be written in the form

_ Dn(2)
(2.10) L(z)= n(2)’
where
(2.11) 7z,,(z)=ﬁ(l—a_kz), n=1,2,...,
k=1

and p, € [], (the space of polynomials of degree at most n). This follows
by partial fraction decomposition. In particular the situation reduces to the
polynomial case .4, =[], when a, =0 forall n. For f e .4 —%_, we
define its superstar conjugate f* by

(2.12) f*(2) = Ba(2) /u(2).

(Note that this transformation depends on 7. It must be clear from the context
what n is.) Observe that f* € %, when f€.%,.
Let the sequence {®,: n =0,1,2,...} be obtained by orthogonalization
of the sequence {B,: n=0, 2, 3, ...} with respect to the inner product (2.5).
The following orthogonality properties are valid:

(2.13) (©n, Pn) = (CI); > (I);) #0,
(2.14) (f, @n) =0 for feZ,,
(2.15) (f, ®;)=0 for felnzy,.



ASYMPTOTICS FOR ORTHOGONAL RATIONAL FUNCTIONS 311

(Here f € {,-%,_ meansthat f may be written on the form f(z) = {,(z)g(2),
where g €.%,_,.)
Each ®, has a decomposition
n
(2.16) ®u(z) = Y bV Bi(2).
k=0

By calculating ®}(z) and substituting a, for z we verify that

(2.17) 7 () = b,

We shall reserve the notation ®, for the monic functions, i.e., those for which
b,(,”) = 1. We denote by k, the inverse of the norm of ®,, i.e.,

(2.18) Kn = (®n, ) ~12,

We denote by ¢, the normalized functions,

(2.19) on(z) = Kn®n(z).

We thus have

(2.20) on(an) =kn, Py(an)=1.

It can be shown that ¢} (z) solves the extremal problem
(2.21) max{|f(an)l: (f, ) =1, fe A}

(See [4, p. 27].) The sequence {-%,} is nested, i.e., £, C Z41 . It follows that
if a, =a forall n, then {k,} = {¢}(ax)} is a nondecreasing sequence. This
monotonicity property of {x,} does not follow in general.

The functions ¢, have all their zeros in D, while the functions ¢} have all
their zeros in £ = {z € C: |z| > 1}.

The associated functions {y,} are defined by

_ 1 _[" i6 0y _
222 YT Wn(z) = _"D(e » 2)lon(e”) — oa(2)1du(8),
n=1,2,....
Their superstar conjugates {y,;} can be written
(2.23)
* 1 * _ 4 i0 Bn(Z) *( 00 *
i=n, i@ =-[ D, 2|7 i) - gi2)] duco),

n=1,2,....

The reproducing kernel k,(z, w) for the space %4, is defined by the property
n
(2.24) Lw)=(L, k)= | L(e%)k,(e®,w)du(d) forL e %,.
—n

It has the representation

(2.25) kn(2,0) = 3 Pm(2)Pm(w).
=0
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The following Christoffel-Darboux formula is valid:

(226) kn(Z, ,w) _ ¢;(Z)¢;('U)) - Cn(Z)Cn(w)¢n(Z)¢n(w).

1 — Cn(2)Cn(w)
From (2.25)-(2.26) follows

297 03(2)03W) = Ln(2)En(W)Pn(2)0n(W) _ §~ ) o
(227 1= La(2)n(w) 2 on(2)onl)
The following interpolation property holds:

(2.28) VilZ) - 0,(2) = Bul2)Hi(2)

where H,(z) is analytic in D, H,(0) = 0. Furthermore the following conver-
gence property holds:

¥a(2)
(2.29) {m} e Qu(z)
locally uniformly on D, if 72 (1 — |a,|) = co.

For more details on this introductory material, see [4, 6, 10].

We easily observe that for given positive numbers r, R, both less than 1, the
value of |{(a, z)| has a maximum less than 1| for |z| < r, |a| < R. When
nothing else is indicated, we shall in the the following assume that there is a
constant R less than 1 such that |a,| < R forall n.

We then have

(2.30) 1Cn(2)] < m(r) <1

forall n and all |z|<r.

3. BOUNDEDNESS AND CONVERGENCE

We shall in this section discuss in some detail boundedness and convergence
properties in D of the sequences {¢;} and {x,}.

Proposition 3.1. Every subsequence {¢;,\} of {¢;} has a subsequence {¢, )}
which converges locally uniformly to an analytic function m without zercs or
diverges locally uniformly to oo .

Proof. From (2.27) with w = z follows that
(3.1) 0n(2)2 > K3 (1 = 18a(2)1?) 2 kG (1 = m(r)?) > 0

for |z| < r < 1. The existence of a locally uniformly convergent or locally uni-
formly divergent subsequence as stated then follows from the theory of normal
families (Montel’s theorem, see, e.g., [23]). That the limit function n has no
zeros follows from Hurwitz’s theorem, see, e.g., [23], since ¢ has no zeros in
D. O

Proposition 3.2. The sequence {¢;} is either locally uniformly bounded in D or
diverges locally uniformly to co in D.
Proof. Assume that {¢;} does not diverge locally uniformly to co. Then {¢;}

has a subsequence containing no subsequence diverging locally uniformly to oo,
hence by Proposition 3.1 there exists a subsequence {(o’,‘;( q)} which converges
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locally uniformly (to a finite function) in D . It follows from (2.27) with w = z
that

n(q) 2
(3.2) knig)(z, z) = Zlcom( )P < I¢,, ((,))lz

for |z| <r< 1. Since {p;,} is locally uniformly bounded and the sequence
{kn(z, z)} is nondecreasing (by (2.25)), it follows that the whole sequence
{kn(z, z)} is locally uniformly bounded. Then {¢,} is locally uniformly
bounded by (2.25), thus {|¢:|?} and hence {¢}} is locally uniformly bounded
by (2.27). O

Corollary 3.3. The sequence {x,} is either bounded or diverges to oo .

Proof. Assume that {x,} does not diverge to co. Since k, = ¢;(a,) this im-
plies that {¢;} does not diverge locally uniformly to oco. Then by Proposition
3.2 {¢;} is locally uniformly bounded, hence {x,} is bounded. O

We shall discuss relationships between various properties connected with the
measure u and the spaces .Z . In this section we consider the properties I-IV
and I*-II" below.

I. The sequence {x,} is bounded.

II. The sequence {¢;} is locally uniformly bounded in D.
III. The series Y or o |@m(2)|°@m(z)|> converges locally uniformly in D.
IV. The sequence {k,(z, w)} converges locally uniformly for z, w € D.
I*. The sequence {x,} is convergent.
IT*. The sequence {¢;} is locally uniformly convergent in D.

Note that I* implies I and II* implies II.

Proposition 3.4. Conditions 1 and 11 are equivalent.

Proof. Recall that x, = ¢}(a,). Thus II obviously implies I. On the other
hand, I implies that {¢;(z)} cannot diverge locally uniformly to oo, hence II
is satisfied, by Proposition 3.2. O

Proposition 3.5. Conditions 11 and 111 are equivalent.

Proof. First assume that I11 is satisfied. Then {|¢,(z)|*} tends locally uniformly
to zero, hence by (2.27) |pj(z)|? is locally uniformly bounded. Next assume
that Il is satisfied. By Proposition 3.1 there exists a locally uniformly convergent
subsequence {9y (z)} of {¢;(z)}. Arguing as in the proof of Proposition
3.2 we see that the whole sequence {k,(z, z)} converges and that {¢,(z)} is
locally uniformly bounded. Since {(p;(s)( z)} converges it follows by (2.27) that
|€ns)(z)| converges and the convergence must clearly be locally uniform. It
follows, again by (2.27), that the convergence of {k,)(z, z)} must be locally
uniform, and hence the convergence of {k,(z, z)} is also locally uniform. O

Proposition 3.6. Conditions 11l and IV are equivalent.

Proof. Obviously IV implies III. Assume that III is satisfied. Let n > p. We
have

(3.3) oz, 0) ~Jy (2, W) = | 3 Dl

m=p+1
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hence by Schwartz’s inequality

. 1/2 . 12
(3.4)  kn(z, w) = kp(z, w)| < ( > |¢m(z)|2) (Z |¢m(’w)|2) .

m=p+1 m=p+1

It then follows from III and Cauchy’s criterion that {k,(z, w)} converges lo-
cally uniformly for z, weD. O

Corollary 3.7. Assume that condition 11 is satisfied. Then a subsequence {(p;(s)}
of {9;} is convergent if and only if the subsequence {ay5)} is convergent.
Proof. This follows from (2.26) and the fact that {k,(z, w)} converges by
Propositions 3.5 and 3.6. O

Proposition 3.8. Assume that the sequence {a,} converges to a limit «. Then
conditions 1 and 1* are equivalent and conditions 11 and II* are equivalent.

Proof. That Il implies II* follows from Corollary 3.7. That I implies I* follows
from Proposition 3.4. (¢} (a,) converges to lim, ¢;(a) because of the locally
uniform convergence.) 0O

We sum up the main results of this section.

Theorem 3.9. A. The conditions 1, 11, II1, and IV are equivalent.
B. If {an} is convergent, then the conditions 1, 1*, 1I, II*, III, and IV
are equivalent.

Proof. Follows from Propositions 3.4, 3.5, 3.6, and 3.8. O

4. RECURRENCE RELATIONS

The sequence {¢,} satisfies the following recurrence relation:

w on(2) = en ,a_”j Kn_l("n—l(l)
+ On 1_ ;_;;Zk'i o:_\(2), n=1,2,...,
pn(z) = — B, sl By, (2)
4 o T e
el T m @, n=L2,
(4.3) ap=0, @o=kKo, =Ko
The coefficients J, , &, are given by
l —ap_1a, Qp—
(4 e ol
an (1 —@ran) oL (an—1)
@) = T e e

It follows from (3.1) with z = a,_; that |e,| #0.
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Note that
(4.6) On _ _lonl (1 = @n—13n)@nlan-1)
En an (1 —az-1an)ei(an—1)

By substituting for ¢}_,(z) from (4.2) into (4.1) we get the three-term recur-
rence formula

on(z) =

n On 1 2 212 —Qp—1 Kp
*(z) + =[le 6 _—
Ian|8 (0 ( ) 8n[l nl | | ] nz kn—l

¢n—l(z)a
n=1,2,....

Furthermore, the sequence {,} of associated functions (cf. (2.22)—(2.23)) sat-
isfies the relations

(4.7)

Z—0ap_1 Kn 1l —a,-1z kKn

(4.8) W"(Z)zs"l—mz x,,-;w”_l(z)_a"—l_—zk Vu-1(2),
n=1,2,...,
73 —Qp—1 Kn_ o, 1 —a, 1z _Kn_
(4.9) V/n(Z) I |6n l—a,,Z Kn-1 — Vn- 1( ) lanlen l—a,,Z Kn—1 '/’n l(z)
n=1,2,....
On 2 2:Z —Qn—1 Kp
w10) V)= i) + el - P ey (o),
n=1,2,....
1 1
(4.11) =0, Vo= Yo =

In particular, it follows from (4.2), (4.7), (4.9), (4.10) that the functions
—¥;(2)/9;(z) are the even approximants and the functions y,(z)/¢n(z) are
the odd approximants of a continued fraction of a certain form. (Continued
fractions of this kind are sometimes called Nevanlinna-Pick fractions.) For
proofs and more details concerning the recurrence relations presented here, see
[4, 6, 12].

Some auxiliary technical results used in this section and in §§5-6 are discussed
in §7.

We shall consider some properties connected with the recurrence coefficients
{0n}, {€n}. We recall that convergence of an infinite product means conver-
gence to a finite number different from zero.

V. The sequence {I],_[|ém|> — |0m|?]} is bounded away form zero.
V*. The product [I_,[|em|? — [0m|?] converges.
V**. The series Y ,._, |0m|> converges.

Propesition 4.1. Conditions I ond V are equivalent.
Proof. The result follows from Corollary 7.5.

Proposition 4.2. Assume that the sequence {a,} converges to a limit a. Then
conditions I* and V* are equivalent.

Proof. Follows from (7.23). O
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Proposition 4.3. Assume that o, = o for all n. Then conditions V* and V**
are equivalent.

Proof. It follows from (4.5) that in this situation |¢,| = 1. It is well known

that the product [];._,[1—|dm|*] converges if and only if the series 3oc_ |6 |?
converges. 0O

We sum up our main results so far.

Theorem 4.4. A. The conditions 1, 11, 111, IV, V are equivalent.

B. If {an} is convergent, then the conditions under A are also equivalent to
the conditions T* , II*, V*.

C.If a, =« forall n, then the conditions under A and B are also equivalent
to the condition V** .

Proof. Follows from Theorem 3.9 and Propositions 4.1, 4.2, and 4.3. O

5. SZEGO CONDITION

We shall in this section consider relationships between the Szegd condition
(see VII below), cf. (1.4), completeness of the systems {¢,(e?)} in L,(u), and
the conditions discussed in §§3-4.

Proposition 5.1. The closed linear span of {B,(e®):n = 0,1,2,...} in
Ly(p) equals the closed linear span of {e"%:n = 0,1,2,...} in Ly(u) if
Yome1 (1= lam]) = co.

Proof. See [4, p. 63]. O

We now introduce the following two conditions.

VL. The sequence {¢,(e)} is not complete in L,(u).
VIL. (Szegd condition) [ Inu/'(6)df > —co.

Proposition 5.2. The conditions V1 and V11 are equivalent.

Proof. Note that {¢,} being complete is equivalent to {B,} being complete.
Recall that we have assumed |a,| < R < 1 for all n. It follows from Proposi-
tion 5.1 that {@,(e'?)} is complete in L,(u) if and only if {¢"®:n=0,1, 2,
...} is complete in L,(u). It is a known result that {e"®: n =0,1,2,...}
is not complete in L,(u) if and only if condition VII is satisfied. See, e.g., [19,
22). O

We introduce the notation P(z, a) and p,(6) for

5.1 j2 _ L-lof?
(5.1) (z,a)= |7:a—|2 >
(5.2) pn(0) = P(e, ap).

Note that P(e'?, a) is the Poisson kernel, with

(5.3) P(e', a)d = 2n.

-

Recall that some auxiliary technical results used in this and other sections are
discussed in §7.
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Propeosition 5.3. Condition VII implies condition 1.

Proof. The functions p,(6) are uniformly bounded an uniformly bounded away
from zero for 6 € [-n, n] and all n. Let m and M be such that

(5.4) 0<m<pn(8) <M < co.

Then it can be shown by elementary calculations that

(5.5) _" P(6)In [;‘((Z))] do> M _’; In 4/ (8)d6 — [(M - m)klg +2n lnM] ,
and
(5.6) /_ip,,(e)ln [ZEZ;] do<m _1; Iny'(0)do — [(M— m)kig +2nlnm|.

It follows by Proposition 7.6 that if [" Inu/(6)d6 > —oco, then {k?} is
bounded. O

We shall in the next section, by invoking deeper function theoretic results,
prove the converse of this result. Here we shall indicate by more elementary

means how I implies VI and hence VII, in the special situation that a, = a for
all n.

Proposition 5.4. Assume that a, = a for all n. Then condition 1 implies condi-

tion VL

Proof. We define

1-az

zZ—a’

l{)enote by B. the nth Fourier coefficient of F with respect to the system
on},le.,

(5.7) F(z) =

(5.8) Bn=(F, @n).
Then by (7.37) Bn_1 = ]%;gﬁ . We recall that in this situation |e,| = 1 for all
n (cf. (4.5)). It follows from (7.41) that
- 11
(59) (1-1) Y il = (1= o) (55 - 22 ) -
m=1 Ko n

(Note that we may in this argument set ap = o since formulas (4.1), (4.2),
(4.4), (4.5) are valid for n = 1 with an arbitrary value of «y.) It follows that
if {x,} is bounded, then

kad 1
(5.10) > 1Bmoi* < -
m=1 KO

1 — @e'?

On the other hand
2 ,, 1
T du(0) = . du(0) = Pl

(5.11) (F,F):/"
. 2

Thus if {x,} is bounded, Parseval’s equality is not valid for the function F €
Ly(u), and so {¢,} is not complete in Ly(u). O
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6. LIMIT FUNCTIONS

The discussion in §3 shows that {9;(z)} may exhibit two different kinds
of convergence behavior in D: (1) {¢;(z)} diverges locally uniformly to co.
(2) For each accumulation pomt a of {a,} there exists an analytic function
mo(z) without zeros such that { q);(s)(z)} converges locally uniformly to 7,(z)

if {a,;} converges to a. We shall sometimes use the notation #(z) also

in case (1), and then mean the zero function. In Theorem 6.12 we shall give
explicit representations of the functions n,(z).

We shall first (in Proposition 6.5) show that the functions n—(z— belong to the
Hardy class H,. (For the definition of this space and other basic material for
this section, see [18, 25, 36, 37].) We shall make use of the fact that the integral
ff” % is independent of n (Lemma 6.3). To obtain this we utilize the
interp"olation property (2.28) of y;;(z)/¢;(z) to Q,(z) at the origin.

We again recall that some auxiliary technical results used in this and other
sections are discussed in §7.

Lemma 6.1. The following equality holds:

U/"(é’m)] pn(6)
6.1 Re[ | = ——
(-1 oi(@® | " Tosle)P
Proof. The real part of w;(e'®)/p}(e'®) may be written
v (e"’)] Yn(e®)pa(e) + wi(e)g(e’)
6.2 R
(62 [ piem Zpr(e)P

It is readily verified that
_— 1 . - 1 .
*(0i0) — i6 *(0i0) — i0
(6’3) ¢n(e ) B,,(e’e) ¢n(e )’ Wn (e ) Bn(elo) '//n(e )'

By combining (7.1) and (7.23) we get

2zB,(z)(1 - |an|2)
(z—an)(1 —anz)’

Formula (6.1) then follows from (5.1)—(5.2) and (6.2)-(6.4). O

(6.4) 9n(2)¥n(2) + @n(2)¥,(2) =

Lemma 6.2. For z € D the following inequality holds:

v (z) 1 - |a,,|2
(6.5) Re [(0;‘,( )] Z T=mzllon )P

Proof. The function Re[y;(z)/¢;(z)] is harmonic in DUT, therefore by Pois-
son’s formula we may write (since (6.1) holds):

vi(z) 1 [* 0 Dn(0)d6
6.6 Re[" ]=—/ P(e'Y, z) /o —,
(6.6) o)) =22 )T Dgaen
Also the function, In @ ;'z;”;, is harmonic in DU T. We observe that
1 —|af?

(6.7) = P(e?, a)

|1 —@eif|?
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for arbitrary o € D. Hence (again by the Poisson formula)

1 —|an|? | [ pn(6) ]
= — P, z)In | ————d6.
T=morei@?| ~ 22 ), 7€ D fgremyp
From the inequality between weighted geometric and arithmetic means (cf.
(7.24)) we obtain
(6.9)
| L Pn(6) [1 i [Pn(o)] ]
— P, z2)—2 2 _df >exp |=— P, z)In | =22 1d6]|.
2 ) P Dpiemp®® 2 2 57 [P O fpr e

Substitution from (6.6) and (6.8) then yields (6.5). O

Lemma 6.3. The following equality holds:
T pa(0)d6 2m
6.10 / ==, n=0,1,2,....
(610 0@ 3
Proof. It follows from (2.28) that

(6.8) In

¥, (0) 1
6.11 2L =Q,00) = —.
The function y;;(z)/¢;(z) then has a Taylor series expansion
V/ Z) 1 (n)
6.12 ‘ —+ ) Cm
( ) 9:(2) Ko mz_l

valid in a neighborhood of DUT, since ¢;(z) has no zeros in DUT. From
this follows that Re[y; (¢®)/p%(e'?)] has the following series expansion:

) ) 1 1 ) — .
* [’} * _ ( (n) ,—
(6.13) Re[y;, (€”)/pn(e")] = 2t m§=l[cn'.”e"”" + e me]

uniformly convergent for 0 € [-n, n].
Term by term integration of the expansion (6.13) leads to

i
(6.14) / Re [1’—(5—)] 6 =22,
-n pn(e! %) Ky
Formula (6.10) now follows from Lemma 6.1. O

Lemma 6.4. There exists a constant B such that
n deo
6.15 / —— < B
(615 . D3 (re P
fJorall n and all re|0, 1].

Proof. Because of (5.4) Lemma 6.3 implies that there exists a constant B such
that

n do
6.16 / _ 46
(6.16) PP <

/" dg
- |pn(re®))

for all n. The integral



320 A. BULTHEEL, P. GONZALEZ-VERA, E. HENDRIKSEN, AND O. NJASTAD

is a nondecreasing function of r for r € [0, 1] (see, e.g., [36, 37]), and so the
inequality (6.15) follows from (6.16). O

Proposition 6.5. Every function
exists a constant B such that

(6.17) / _ ' _9<n

—n |Ta(re®)|2

belongs to the Hardy space H,, i.e., there

Ta(2)

forall ref0,1).
Proof. Let Toa For fixed re [0, 1), 1/ I(o;‘,(s)(z)|2 converges uniformly
to 1/|mq(z))? for |z| < r. It follows that

/" deo
[P (rE)

/" dé
—n |Ta(re®®)2”

and so (6.17) follows from Lemma 6.4. O

converges to

Since 1/m,(z) belongs to H,, the limit of 1/z,(re?), hence of m,(re'?),
exists a.e. on [—7, 7] as r tends to 1. We define n,(e'?) by

(6.18) T (e'%) = llrln T (re'?).
Proposition 6.6. For z € D the following inequality holds:
1 —|af?
<R
Tzl p = R
Proof. This follows from Lemma 6.2, the convergence of a subsequence of

{95(2)} to m,(z) and the convergence of {y,(z)/¢;(z)} to Q,(z) according
0 (2.29) (recall (2.30)). O

It is known that ReQ,(z) = [” P(z, ¢'%)du(6) has radial limit equal to
2rnu'(0) a.e., i.e.

(6.19)

(6.20) rl_lH‘l_ ReQ,(re’) = 2nu'(0) ae.

(see e.g. [36]). It then follows from Proposition 6.6 (cf. also (6.7)) that
P(eie )

(6.21) m < 27[[1 (0) a.c.

Proposition 6.7. The followmg inequality holds:

(6.22) Tola)? > —exp (—-—/ P(e'?, a)ln [ (,u (0)a)] dO) .

Proof. It follows from (6.21) that
(6.23)
1

RS MO L7 peio L
>m P( a)ln [P . ]d0> P(e , a)ln —— d6.

(e, a) 2n 27|ma(e'9)|?
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Poisson’s formula gives

L " poit 1 _ 1
(6.24) ) P, a)ln 27z|7z,,(e"9)|2d0 =In TATRCCE
Combining (6.23) and (6.24), taking into account that m,(a) is real since
@5 (an) is real, we get
1

(6.25) 3 _" P, a)In [F(%,%} df >1In

which is equivalent to (6.22). O

1
2nm,(a)?’

Proposition 6.8. Assume that oy e Then

. ! L[ _#0)
(626) slgg) K’ZI(S) = ﬂ exp [—E . P(e’o )ln [P(e( )a)] de:l

Proof. Follows from Proposition 7.6 and Proposition 6.7. (Recall that «, =
gn(an).) O
Proposition 6.9. Conditions 1 and VII are equivalent.
Proof. This follows from the proof of Proposition 5.3 and Proposition 6.8.
(Recall (5.4) and Corollary 3.3.) O

We sum up our main result on equivalences here.

Theorem 6.10. A. Conditions 1, I1, 111, IV, V, VI, VII are equivalent.

B. Assume that {a,} converges to a limit a. Then conditions I* , II*, V* are
equivalent to the conditions under A.

C. Assume that all o, equals a fixed value o. Then condition V** is equiv-
alent to the conditions under A and B.

Proof. Follows from Theorem 4.4, Proposition 5.2, and Proposition 6.9. O

Propeosition 6.11. If condition V11 is satisfied, the following equality holds:

1 w(o)
6.27 . = .e.
(6:27) Tl ~ P, )+
Proof. We recall that (6.21) is valid. Assume that strict inequality holds on a
set of positive measure. It follows from the proof of Proposition 6.7 that then
there would also be strict inequality in (6.22) in case the integral is finite. This
contradicts Proposition 5.3. O

Let H(z) be an arbitrary function in H,. Such a function has a representa-
tion »f the form

=etz" ﬁ {(zm, z)exp [% ' D(e”, Z)d"’(e)]
(6.28) _n

=1
m 1 i

- exp [5—— D(e'?, z) ln|H(e"9)|d0]

where AeR, v €Ny, z;,..., 24, ... € D, and w is a singular (nonnegative)

measure. (See e.g. [18, 36].)
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Theorem 6.12. Assume that {an)} convergesto a. Then mo(z)=1ims_ o0 ¢y )(2)
has the following representation:

—iA T2 n . '

(629)  ma(z) = "—\/2-_7;———\’11_6“‘2" exp [-% D(e®, z)In u’(@)dﬁ] ,
-7

where A € R.

Proof. We recall that the function 1/n,(z) belongs to H, and has no zeros in
D. We note that

1 [ i 1
(6.30) el D(e'’, z)In2nd6 = 51n(27z).

It follows from (6.27), (6.28), and (6.30) that we may write

1
ma(2)

n
= V2me" exp [—1— D(e'?, z)dw(B)]
2n J_,
(6.31) | g )
. 1 i0 _u\)
exp [47: . D((e'?, z)In [P(e"" ) a)] dG]
where A € R, and hence
1

B
ol \/Eexp[ P(e ,z)da)(e)]

21 J_,
(6.32) - exp [% z P((e®, z)In [%] de]

From Proposition 6.8 then follows

1 1 [* 1
(6.33) @ exp [E - P(e'?, a)dw(B)] )
Consequently [* P(e', a)dw(f) = 0, hence @ = 0. The function @
belongs to H, and can hence by (6.7) and (6.28) be written as

ST = lal LI .
(6.34) vi-laf exp [% D(e'?, z)InP(e?, a)df)] :

1 -az -
By combining (6.31) and (6.34), taking into account that w = 0, we obtain
(1-az)

Vi=lof?’

(6.35) = et exp [L D(e?, z)In u'(f))de]

1
n.(2) 4n J_,
which is equivalent to (6.29). O

Note that 7m,(a) is a real number. The value of A is therefore the imaginary
partof —L f: D(e', a)Inu'(6)d6 . We recall (cf. (1.3)) that the spectral factor
g, of u is defined by

(6.36) 6,(2) = V2T exp [31; " D(e®, z)In u'(O)dG] .

Strictly speaking the definition is for the situation that the Szeg6 condition (VII)
is satisfied, but o,(z) may be taken to mean zero otherwise.
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We may also introduce the modified spectral factor g,(a, z) defined by

_ 1-az
ou(a, z) = ﬁaﬂ( z).

Corollary 6.13. The function n,(z) may be written as

(6.37)

. 1
_ ,—iA
(6.38) m(z)=e M, AeR

Proof. Follows immediately from (6.36), (6.37), and Theorem 6.12. O
Theorem 6.14. Let k,(z, w) denote the reproducing kernels associated with %,

and u, asin (2.24). Assume that the equivalent conditions 1-VII are satisfied.
Then

1
0,(2)0,(w)(1 - zw)’

(6.39) 1im kn(z, w) =

locally uniformly for z, w € D.

Proof. The locally uniform convergence is included in the condition IV. Let a
be an accumulation point for {a,} with a,( o Since {¢n(z)} tends to
—00

zero, it follows from (2.26) that

(6.40) Jm Kns) (2, w) = I—Z‘(xc(uZ):;C((tZ) w)’

Taking into account (6.37)-(6.38) we find by direct calculation that

(6.41) mo()a @) _ L
1 -{(a, 2)l{a,w) ou(z)o,(w)(1 - zW)

from which the result follows. 0O

7. AUXILIARY TECHNICAL RESULTS

We shall in this section prove some of the more technical results that are
used in the proofs of the main results in §§4-6.

Proposition 7.1. The following formula is valid:

2zB,(z)
z—an)(1 —ayz)’
n=1,2,...
Proof. By using (4.1), (4.2), (4.8), (4.9) we get by direct calculation
Pn(2)yn(2) + on(2) ¥, (2)
K3 @ (an-1—2)(1 —@12)
K,%..] |oa] (1 -ayz)?
. [|8,,|2 - |6n|2][¢;—l Wn-1(2) + 9n-1(2)¥,_1(2)].
Repeating the process and taking into account that

(7.3) Po¥o + poyg =2

n . 2 _ 2
1) 05(2)Wn(2) + Pu(2) W (2) = 3E[|am| |6m|1(

(1.2)
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we then obtain
Pn(2)Wn(2) + 0u(2)y, (2)

:216_’2'12[5[3 |2_|5 |2] (=2) nl:[] (am — 2)

k2 el T (1= az)? L (1~ Tmz)
Multiplication by (a,—z) in numerator and denominator then gives (7.1). (See
also [4, p. 45].) O

We recall that we may write (cf. (2.16))

(7.4)

(7.5) ®, =By +ay_1Bp-1 +---+agBo
and hence
(7.6) @n =KnBn +bp_1By_1 +---+ boBy
where by, = k,ay . It follows by orthogonality that
1

(7'7) (q)n s Bn) = ((I),, s (Dn) = 3>

Kn
(7.8) (P Ba) = =

. @n, Dn) = a

We also recall (cf. (2.15)) that
(7.9) (9r, Cn(2)P(2)) =0 when P € Z,_,.

Lemma 7.2. The following formula is valid:
Kn—1i
Ka
Proof. This follows by scalar multiplication of (4.7) by B, , and use of (7.8)

and (7.9). O

Lemma 7.3. In the expansion (7.6) the coefficient b,_, has the value

1 Z—ap-
E——[|¢‘3n|2 — 16417 <—1—_—al—zl¢n—1 ) Bn> .
n

n

(7.10)

— _ap | —a,a
7.11 b,_1 =Kk, — @* )= -_nln
( ) n—1 = [Kn — @} (an l)]lanl T -,
when an_ # a, .

Proof. We may write (7.6) as

(7.12) @n(2) = KnBn(z) + bn—1Bp—1(2) + Ln-2(2),

where L,_, € .%,_, . By taking the superstar transform of this equation we get
(7.13) 0n(2) = Kn + bn_10n(2) + £a(2)Cn-1(2) Ba-2(2)[ Ln-2(2))s.

Note that {,_i(a,—;) = 0. Therefore

(7.14) On(on_1) = Kn + bn_1ln(@n1)

hence (when a,_; # a,)

|an| l—a,_1a,

(7.15) E——l=[¢;(an—l)—’cn] —

ap Qp — Qp—|

from which (7.11) follows. O
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Proposition 7.4. The coefficient sequences {x.}, {0}, {en} are connected
through the formula

(7.16)

el o 2 2
. = len|* — |0n]".

l“lan—llz xrzl I nl | nI
Proof. By the Hermitian property of the inner product we have

z 1-a,5z
(7.17) <1_0‘n_l¢n 1, B > = <¢n—l > ‘Z—_na‘nl_Bn> .

We observe that we may write

1- Qp_— |Z

(7.18) Bu(z) = —%Bn(z)-ﬂ(—lﬂﬂm \(2).

I lan| 1 —|an|?
From (7.12) we then get

|- "
e D)= R (T a5 bt Brct () s

_ ﬂ(l — Gp_10p)
lan| (1 - |anl?)

and by substitution for b,_; from (7.11) when a,_; # «, this gives

(7.19)
Bn—l(z)

| =Gz, .\ @ =1
2 = T T )

Z—ap

a_n'(l_an—lan)(”;(an—l) an_1
- B,_(z ————L z
el = lanP) 271 = (T Jag®) o 22)

(7.20)

For a,_, = a, this formula is immediately verified. (Recall that ¢;(an—1) =
on(an) = Kn.) )

Scalar multiplication of (7.20) by ¢,_,, taking into account (7.8) for index
n — 1, then yields

1 - &z —an@n(@n-1)(1 — an—1n)
7‘21 1, _LB >= nyYn n
(7.21) <¢n R lotn|Kn(1 = |an|?)Ken—1

and consequently by (7.17) we get

zZ—« —Q (P*(an—l)(l — ap_1Qpn)
7.22 —"' , B >_ n¥n .
(722) < T2,z 7" B7) = Tanlka(l = lanP)nos

Substituting (7.22) for (5= = Pn—1, B,) and (4.5) for ¢, in (7.10) we obtain
(7.16). O

Corollary 7.5. The coefficient sequences {k,}, {0n}, {€n} are connected through
the formula

K2 u
(7.23) x2 (1= leal®) = HIneml2 — 0m|]-
m=
Proof. Follows by multiplication of the equalities (7.16) for indices 1, 2, ...,
n. O
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We recall the inequality between weighted geometric and arithmetic means,
see, e.g. [20, 36]:

(124)  exp (% [ p<e>1nf<e)do) <3/ Zp(ﬁ)f(f))de

hat/4

where p(0) > 0 and integrable, P = ffnp(o)de , f(6) > 0. With p(6) = p,(6)
this in particular gives

(.25 e (g5 [ &) s6)d0) < 5 [ paors)ao.

Proposition 7.6. The following inequality holds:

(7.26) K2 < 21 exp( %/_ () [ ] )

Proof. Since [* |p;(e®)?du(6) = 1 and [" g(0)du(6) > [" g(6)u'(0)do
for g(6) > 0, we obtain

a1z [ eeru©ds = [ o@mienr £ ao.
Using (7.25) we then get

(1.28)

1 > 2rnexp <% Dn(6)1In (|¢,,( i9)2 [p ((Zi]) dﬁ)

e (i [ i) (3 e[ 5]
2w exp (2 p,, )In|p;(e™)] dt‘)) exp (2 pn(0)1In (@) de ).
Since In|g}(z)|? is harmonic for z€ DUT,

1 [" i .
5= [ Pn(0)In|g;(e”)]>d0 = In|g;(an).
-n

2r
The inequality (7.28) may then be written
(7.29) 1> 27| (an)2 exp i/" Pa(6)In [“'(9)] do)
. - n n zn . n pn(e) 5

which is equivalent to (7.26). O

We shall use the notations

l-a —1Z
(7.30 A = (12 @)
1-a,-1z
(7.31) P = <1_—;_nz— ¢n_x(2)>- O
Lemma 7.7. The following equality holds:
o _ _lonl & =1,2
(7.32) Voot = = K n 22, e

Proof. By definition ¢_,(z) = B,—1(z)(¢a—1)«(z), hence

(1.33) y = <1—L?‘ZBn_1(z), wn_l(z)>-

1-a,z
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We observe that we may write

1—C"n—lz — Qp_10p Ianlan 1—Qn
(7'34) l—a_,, n 1(2) | |2 Bn l( )+ a, 1— ‘ |2 B’l( )'
By using (7.6), (7.34), and Lemma 7.3 we then get
(7.35)
l-nizp _ (I —a@—ran) gy (an—1)
1 — Gz n 1( ) (1 _|an|2)xn’cn—1 ¢n—l(z)+cl¢n(z)+02Ln—2(z)a

where L, > €.%,_>, ¢, and ¢, are constants.

(In Lemma 7.3 it is assumed that a,_; # an. If ay,_; = a,, the result
follows immediately, with ¢; = 0.)

From (7.33) we then get

n 1 -5 )¢ (Ot,, l)
7.36 ( ) ( n—1&n n
(7.36) R G P P

and by (4.5) the right-hand side equals —'22 Efi_. . O
Lemma 7.8. The following equality holds:

b

Qn_ On
|a,,|x,,_ ’

(7.37) B, = n=1,2,....

Proof. We may write
(7.38) B, —<%¢n '(2), 1>

Scalar multiplication of (4.1) by 1 then glves

K
(7.39) 0=tng ™ B+ a2 ?f, e
hence by (7.32)
On
7.40 B, = Jonlon.
( ) Bumr = Cnkn_1’

which is equivalent to (7.37). O
Lemma 7.9. The following equality holds:

Zlﬂ P12 = lam-1])
(7.41)

1—J]ag? 1—|an? 1-|a
— K!ZO| I nl Z( I m— lI )(l8m|2_1)~
0 m 1

Proof. From (7.37) we get

5 2
(7.42) By =
m—1
and from (7.16) we get
b} em> 11— 2
(143) (1= fapa ) ont L P G o 1
m—l Km—l Km
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The right-hand side of (7.43) may be written

(7.44

2 2
€ 1
(1 - |am——1|2)’|C2’n| |am|

2
_1-jama? _T-laml | (A —lama®) 2
- 2 - 2 + 2 (lsml - 1)
Km—1 Kn Km—l

Consequently by summing (7.43) for m=1,2,...,n weget (7.41). O

4.

18.
19.
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