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CONICAL LIMIT POINTS AND GROUPS OF DIVERGENCE TYPE

SUNGBOK HONG

ABSTRACT. We use the Patterson-Sullivan measure to generalize Agard’s theo-
rem to all groups of divergence type. As a consequence, we prove that for a
nonelementary group I' of divergence type, the conical limit set has positive
Patterson-Sullivan measure.

0. INTRODUCTION

For a nonelementary group I' of hyperbolic motions of B?+*!, the critical
exponent J(I") is defined as

oI =infQa: Y e < oo
yel

where (0, y(0)) is the hyperbolic distance from 0 to y(0). The group I is
said to be of convergence or divergence type according as the series

3 =30 70)
yer

converges or diverges.

S. Agard [A, Theorem 1] showed that if 6(I') = d and I" diverges at the
exponent d then the d-dimensional Hausdorff measure of a certain subset of
the limit set of " is the same as the measure of S¢.

In this paper, we use the Patterson-Sullivan measure to generalize Agard’s the-
orem to all groups of divergence type. The definition of the Patterson-Sullivan
measure for groups of divergence type is reviewed in section 1. The Patterson-
Sullivan measure can also be defined for groups of convergence type and the
details for that case can be found in [N].

To state our result, we must define the shadow and the projection of a point
a € B4, Denote by B,(a) the ball of center a and non-Euclidean radius
p for a € B4*! and p > 0 , and by B, the ball of radius p at 0. Given a
point a € B4*! | a # 0, define the projection pr {a} in S? to be a/|a| and the
shadow sh{a} in B4*!' US? to be the closed line segment [a, pr{a}]. For a
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set E C B9*! which does not contain 0, we define prE = Uxeg Pr{x} and
shE = |J,cglx, prx]. For aset E containing 0, we define prE = S .
Let E,(W) C S¢ be defined by

E,(W) = pr{WT(By,)N sh{W(B7,)}}.

for fixed T €I' and any W €I, p > 0. For some enumeration W, , W, ...
of I', set

&) = N U E(W).
n=1k=n

Using Agard’s approach together with properties of the Patterson-Sullivan
measure pg, we prove our main result Theorem 4.1.

Theorem 4.1. For every nonelementary discrete group T, there exists pr such
that if thereisa T € T" with

(i) T(By.)NB,. =2 and
(i) pol&r(T)] =0,
then T is of convergence type.

Theorem 4.1 implies the following result.

Corollary 4.2. If T is of divergence type, then uy[&,.(T)] > 0 for all but finitely
many T eT.

_ Define another subset of the limit set of I" as follows.
&,(T) = {ge A; forevery pe S? (p#gq), there exists a sequence {W;} C
I, with the geodesic with endpoints p and g meeting Wy (B,), W;T(B,) in
order from p to ¢, and Wi (B,) - q as k — oc}.

Making use of the above corollary, one can prove the following theorem.

Theorem 4.3. If I" is of divergence type, then uo[é;g,,r(T)] = uo(A) for all but
finitely many T € T.

As an application, we have following results.

Corollary 5.1. Let T be a nonelementary discrete group acting in B4+! . If T is
of divergence type then the conical limit set A¢ has positive Patterson-Sullivan
measure.

Corollary 5.2. If T" is a nonelementary group of divergence type, then there exists
pr such that uy|&,.(T)] >0 forall TeT.

This paper is organized as follows. In section 1, we explain the Patterson-
Sullivan measure and its properties which are needed in later sections. Most of
these are from [S] and [N]. In section 2, we examine some properties of shadows
and projections. In section 3, the connection between the measures u, and p,
will be discussed. In section 4, the main theorems are stated as Theorem 4.1
and Theorem 4.3. For the proof of these theorems, Sullivan’s Shadow Lemma
and Theorem 3.3 are indispensable. In section 5, we give applications of the
main theorems.
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1. PRELIMINARIES

A conformal density of dimension a on a manifold M is a function which
assigns a positive measure u(p) to each element p in a nonempty collection
of Riemannian metrics on M . It is assumed that if p and p’ are conformally
the same, i.e, p = ¢p’ where ¢ is a positive function, then p = u(p) and
u' = p(p') belong to the same measure class and the Radon-Nikodym ratio

du/dy' is ¢*. Thus
dp _ (ﬁ)
d,u/ pr .

We will employ a construction of Patterson-Sullivan to obtain a conformal den-
sity of a certain dimension a on the limit set A of an arbitrary infinite discrete
group I' of hyperbolic motions of B?+!. This conformal density x will be in-
variant under I' in the sense that y.u(p) = u(y,), forall y in I where y, is
the metric such that y is an isometry between p and y,. For each x in B+,
Patterson and Sullivan construct a measure u, by looking from x at the orbit
under I" of some point y.

A unit object at the point yy appears from x .to have size e~(*>?) where
(x, yy) denotes the hyperbolic distance from x to yy. Thus in dimension o
we want to associate the scale factor e~*(*>?) to the point yy. For each point
x 1in hyperbolic space we now show how to construct u, . For s a positive real
number, consider the infinite series gs(x, y) = Z},ere‘s("”’y). For x and y
fixed this series is proportional to

oo
(1.1) > ske™ks
k=0

where s, is the number of orbit points in a half-open annulus of radii in
(k -3, k+ 3] centered about x . The series (1.1) converges for s > J and di-
verges for s < & where & = limsup;_,, 1 logs, . Since T is discrete, s, < ce?*
for some constant ¢ depending on the minimal separation of the orbit points
I'y. Thus 6 <d.

If we define n; to be the number of orbit points in the closed ball of radius
k+ % about x, then n; = Ef;o S; , SO we may write = limsupy_,, 7lc—log n.
Using the triangle inequalities (x, yy) < (x,y) + (v, 7yy) and (x,yy) >
(¥, 7y) —(x,y) yields

(1.2) e Vg (v, y) < g(x, y) < e Vg(y, p).

In particular § depends not on x or y but only on the discrete group I'.
We call § the critical exponent and say that I" is of convergence or divergence
type according as the series Y-, .-e~%(©-7(®) converges or diverges. Since we are
interested in groups of divergence type at the critical value J, we will assume
that lim;_; Y e~*") = 0o for s > 4, and this true for all x, y using (1.2).
Now we consider the family of measures u;(x) = g_,(yL,-y—) S e SED(yy)
where D(yy) is the unit Dirac mass at yy. Appealing to Helly’s theorem,
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there is a measure in the limit as s; — J, namely, g, = limg,_,5 45, (x). Since
g&(y,y) — o0 as s —» d, u, is concentrated on the cluster points of the orbit
I'(y). Thus u, is a measure on the limit set A(I').

Here are some facts which will be useful in later sections.

Proposition 1.1. There is a conformal density of dimension 6(I') supported on
the limit set and invariant by T .

A proof of Proposition 1.1 can be found in Theorem 1 of [S].

Proposition 1.2. For a nonelementary discrete group T, the critical exponent
o(I") is positive.
Proof. See Corollary 1 in {S] and Corollary 3.4.5 in [N].
Proposition 1.3. If ' is a nonelementary discrete group which diverges at its
critical exponent then the measures |1, have no atomic part.
Proof. See Theorem 3.5.8 in [N].

Let dy be the metric on S¢ defined by do(¢, ) = |cos™! (£-7)|. Then the

do-radius r, of pr{y(B,)} C S¢ can be obtained from hyperbolic trigonometry
(see Lemma 4.3.1 in [N]) as follows.

_ tanhp (1 - [y(0)f)

1.3 tanr, =

(1) ’ 20700)
Hence for |y(0)| close to 1 and sufficiently large p, we note from (1.3) that
(1.4) (I =1{y(0)]) = ry.

The following result gives much useful information on the local structure of
an invariant conformal density.

Proposition 1.4 (Sullivan’s Shadow Lemma [N, Theorem 4.3.3]). Let T be a
discrete group acting in B! and u a T-invariant conformal density of dimen-
sion a which is not a single atom. Then there exist constants m, M such that,
provided p is large enough, for all except finite many y € T,

#o{7(B))} < M

Y

The above proposition is saying that near conical limit set, the measure class
behaves somewhat like a Hausdorff' a-dimensional measure. Note that yo refers
to picking a prescribed point in hyperbolic space.

m<

Proposition 1.5. Let I be a nonelementary discrete group acting in B4*' and
u a T-invariant conformal density of dimension «. If A is a T-invariant subset
of the conical limit set, then either u,(A) =0 or py(A) = ux(S9).

Proof. See Theorem 4.4.4 in [N].
Now for y, t € I" and a conformal density u of dimension o we have:

Lemma 1.6. For all sufficiently large p and for each t, there exists a constant
K(p,t) sothatif (y(0), ©(0)) <t then puo{y(B,)}/uo{t(B,y)} < K(p,1).
Proof. By Proposition 1.4 we have m < uo{y(B,)}/ry < M for almost all y
in I'. Note from (1 — |y(0)])/2 < e=(0:70) < (1 —|y(0)|) and from (1.4) that
there exists positive constants ko(p) and Ko(p) such that for almost all y,

(1.5) ko(p) e~ < r, < Ko(p) e~ @70,
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Using this observation and Proposition 1.4, there exist positive constants mg
and M, such that, provide that p is large enough, for all except finite many

ret {(B,)}
Ho Y (Dp
my < —a(O 7(0) < Mo

Therefore

Ho{y(Bp)} Mo Mo —(0,7@

#o{t(B,)} '(0 70
So, it suffices to show the boundedness of (e~(0-(0)/e=(0.7(0))a  But

—(0,(0))

e

T — p(0,7(0)—(0,1(0) t

P (0 B <e.

Hence uo{y(B))}/mo{t(By)} <K(p,1).

2. SHADOWS AND PROJECTIONS

From now on, we shall denote by B,(a) the ball of center a and non-
Euclidean radius p for a € B4*! and p > 0. We denote by B, the ball of
radius p at 0.

Given a point a € B4*! | a # 0, we define the projection pr{a} in S¢ to
be a/|a| and the shadow sh{a} in B4*!|JS¢ to be the closed line segment
[a, pr{a}]. For a set E C B! which does not contain 0 , we define prE =
UxeePr{x} and shE = U,cg[x, pr{x}]. For a set E containing 0, we define
prE = S9. Also we denote by b(0:a, p) the projection of the hyperbolic ball
of center a and radius p from the origin onto S¢. For later use, we require
some simple relations among shadows and projections.

Proposition 2.1 [A, Lemma 3.1, 3.2, 3.3].

(i) Iftwo geodesic rays with common terminal point & € S¢ both meet a ball
B,(a), and if one meets By(b) between & and B,(a), then the other
meets Bg,2,(b). The estimate is sharpened to B, ,(b) if one meets a
itself.

(ii) B,(a) C sh{B,,(b)} if any radius r meets, in order, 0, b, By(a).

(iii) Bp4c(a) C sh{Bg.:(b)} whenever B,(a) C sh{Bs(b)}.

For B,(a) a ball in B?*!, we consider the collection f C B! U §? of
all radial segments [0, pr{x}], x € B,(a). This set is called the solid angle
supporting B,(a). Any image y(B) (y € I') will be a solid angle with vertex
y(0). It is not hard to see geometrically that for all sufficiently large p, there
is a positive function wg(p), such that

(2.1) HolB N S9] > wo(p)

where B is a solid angle containing B, (for more details, see the proof of
Theorem 4.3.2 [N]). From now on we only consider those elements {y,} C I'
such that (0, y,(0)) > p. We need to define a set called a half-ball. By this we
mean a set y C B4t US?, bounded by a Euclidean sphere orthogonal to S¢.
We agree that y includes its closure in B4+! .

For the next three lemmas, we assume that the measure uo has no atomic
part and 0 < po(A) < 0c.
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Sd—b(z;O,p)

FIGURE 1

Lemma 2.2. Suppose that T' is a nonelementary discrete group. Then there
exists po sufficiently large such that for every p > po, for every T € T with
T(B,)NB, = @, and for every half-ball x such that YNA # @ and xNB, =2,
there exists A€ T, with A(B,), AT(B,) C x, and AT(B,) C sh{A(B,,)}.
Proof. Let A = up(A)/3. Then A > 0. Since yo has no atomic part, we may
assume that there exists € > 0 such that if A is a ball in S? of d,-diameter
at most € then

(i) Mo(A) < A4 < po(A).
Choose po so large that if (z, 0) > po. Then

(i1) do-diameter of S9\ b(z; 0, po) < %

where b(z; 0, po) is the projection of B, onto S? from z as in Figure 1.

For p > po, let x be a half-ball with y N B, = . For each p € 9y NS¢,
we consider the half-ball x(p, B,) such that x(p, B,) is tangent to x at p,
to B, and x(p, B,) N x = {p}. Note that from (ii),

(i1i) dy-diameter of H U x(p,Bp)Ux}ﬂSd} < 3?6 < €.

pEXNS?

Now take a half-ball 7 with xr O T(B,) and xrNB, = &. Then from (i)
and (iii) and reducing x if necessary (in case T(B, N x # @), we can choose
another half-ball ' with x'NT(B,) = @ but x' N A # @ such that every ray
from T'(0) to a point in ' meets B,. Now by the Double Density Theorem
[B], Theorem 5.3.8, we can choose a loxodromic element 4 with fixed points
¢ € x and n € x' so that the axis of 4 meets B, as in Figure 2. Taking
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FIGURE 2

sufficiently high powers of 4, we may assume that 4 maps B\ x’ inside y .
This completes the proof.

Lemma 2.3. Given I', T and p > po as in Lemma 2.2, there exist a finite
set of half-balls {x1,... ,xn: XiNA # @} and & = {4;,... ,A,} CT,
such that for any solid angle B containing B,, there exists k with x. C B,
A(B,), A T(B,) C B, and A, T(B,) C sh{Ax(Ba)}.

Proof. Choose a finite collection of round disks {Dy}?_, in S so that each of
which bounds a half-ball y; that does not meet the ball B, and {J;_, Int Dy D
A.

Using (iii) in the proof of Lemma 2.2, for any half-ball y with y N A # @
and x N B, = @, we can find an open set U(y) in S? as in Figure 3 (in
case d = 1) so that the part G(x) between B, and U(x) has the property
that if a solid angle § containing B, has a vertex in G(x), then x C 8 and
U, U(x:) = S¢. Then if B is any solid angle containing B, , its vertex lies in
some G(x). For each x, with x, NA # @, find 4; € I' with the property of
Lemma 2.2.

Lemma 2.4 [A]. Given & asin Lemma 2.3, there exists a positive constant M,
such that for any y € T', there exists W = W (y) € ', with the properties
(i) W(B,), WT(B,) € sh{3(B,)},

(ii) WT(B,) C sh{W(Bs,)},

(iii)  po[y(B,)] < Mopo[WT(B,)]-
Proof. Given y €', let B be the solid angle supporting y(B,). Then y~!(8)
is a solid angle containing B, , and therefore containing A(B,) and AT(B,) C
sh{A(By,)}, for some A € & . Define W = yA.
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U

e

FIGURE 3

Part (i) is obvious from the construction. For (ii), take any radius r = Oq
meeting WT. From y~!(q), draw the radius s’ to 0, and geodesic r' =
y~1(r). Set s = y(s’). Now r’ meets AT(B,) and B,, and therefore s’ meets
AT(B,,) . Hence s’ meets A(Bs3,), s meets W(B3,), and r meets W(By),).
Here Lemma 2.1 has been used. Part (iii) is evident from Lemma 1.6, once we
calculate that

(WT(0), y(0)) = (4T(0), 0) < (4T (0), A4(0)) + (A4(0), 0)
= (7(0), 0) + (4(0), 0)
< to = max(A(0), 0) + (T(0),0): A € &

Now we will characterize the conical limit set in terms of projections. First
of all, we need the following result for the characterization.

Proposition 2.5 [N, Theorem 1.2.1]. Suppose a € Bi*! and &, ne S, E#7.
Let s be the hyperbolic distance from a to the geodesic joining & and n. Then
2|a —¢&lla —n|
& - ni(1 - |al?)

Note that a point ¢ € S belongs to b(0:a, p) if and only if the radius
to & passes within a hyperbolic distance p of a. By Proposition 2.5 , this is
equivalent to
(2.2) |la —&lla+¢&| < (1 - |a|*) cosh p

With this result in hand, we next state the connection between conical limit set
and projections.

coshs =
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Proposition 2.6 [N, Theorem 2.4.5]. Let T' be a discrete group acting in B%+!
and £ € S;. Then & is a conical limit point for T if and only if for some a €
Bt and p > 0, & belongs to infinitely many projections b(0:y(a), p):y€T.

3. DERIVATIVES

Now we consider the connection between the measures u, and u, . We
will notice that it may be expressed in terms of the derivative of a Mobius
transformation y with y(x) = x’. The derivative used in this connection is
derived from the metric obtained on S¢ by radial projection. We begin with
the great circle metric dy on S¢ defined by

do(&, n) = |cos™ (£ m).

Now for x € B choose a M{bius transformation V' preserving B such that

V(x) =0 and define
dx(&,n) = do(V(E), V().
If x € B, y is a Mobius transformation preserving B, and & € §¢ we define

. dx(7(6), y(m)
! = lim X222
O =T E )
The next proposition gives the relation between the derivative and the ratio
of Poisson kernels.

Proposition 3.1 [N, Lemma 3.4.2]. For any Mébius transformation y preserving
B, for xe B and £ € §9,

P(y~'(x), ¢

17x(&)] = %

where P denotes the Poisson kernel.

Proposition 3.2. There exists a positive function M(p) such that, forall y €T,
if &1, & € S are confined to y~'(pr{y(B,)}), then

[70(&1)!
3.1 SVl < M(p).
-1 ol =M
Proof. If p(0) =0 then put M(p) = 1; otherwise note that

2

&l _ PG~'0), &) _ (K2—»"'(0)|
1702l P(y~1(0), &) & =77 (0)]

Consider the projection of y~!(0) to the boundary of B,(0) and denote by x

the point of projection onto 9B,(0). Take the hyperplane H which is tangent

to B,(0) at x and perpendicular to S. Let us denote by Sy the sphere of
intersection of H with S. Then we have

& =»71(0) > min{|¢ — yH O},

which shows the existence of M(p).

Theorem 3.3. If x € B, y is a Mébius transformation preserving B4+!, and E
is a Borel subset of S? then

iy (E) = /E 92E)° dix(@).
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Proof. This is a consequence of Theorem 3.4.1 and Lemma 3.4.2 in [N].

Theorem 3.4. If ' is a discrete group preserving B and if y € I', then for any
X€B

Pilx = My-i(x) -
Proof. This is an immediate consequence of Theorem 3.2.4 in [N].

Remark. The last theorem, combined with Theorem 3.3, implies that for a Borel
set £ of S and yeT'

(3.2) 1e(2(E)) = /E P2E)1° die(©).

4. MAIN THEOREMS
Forfixed TeTl any Wel, p>0,let E,(W)CS be defined by

Ey(W) = pr{WT(Bs,) N sh{W(B1,)}}.

For some enumeration W;, W, ... of T, let
&M = N U E(Wo.
n=1 k=n

The purpose of this section is to prove the following.

Theorem 4.1. For every nonelementary discrete group T', there exists pr such
that if there exists T € I with

(i) T(By)NB, =2 and

(ii) wol&(T)] =0,
then T is of convergence type.

Proof. If ugy has an atomic part then by Proposition 1.3, T is of convergence
type. Therefore we assume that uo has no atomic part. Our object is to show

that
> (1= p(0)])° < o0
yer

where ¢ is the critical exponent of I'. Using Proposition 1.4 and (1.4), it is
sufficient to show - - uo[y(By.)] < co. To do this, we take an enumeration
Y1, ¥2,... of I', fix t >ty where ty is chosen as in the proof of Lemma 2.4
and choose a new sequence Y, , Yk, » Yk, » --- With the property that y,, = id,
and for j > 1, k; is the first index k such that (yc(0), y4(0)) > 3¢, for
i =0,1,2,...,j—1. Thesets & = {y €I : ((0), »,(0)) < 3t} are of
constant cardinality N(¢),and &% =T.
By Lemma 1.6, uo(By)/pno(B,,) < K(pr, 3t) whenever y € #;. Hence

< ~—

> Ho(By) < Z Y wo(By) < N(K(pr, 3)uo(By,)

yer Jj=0 ye%; Jj=0

and so it suffices to prove E;’:O /to(By,,j) < oo. Now relabel this sequence
Y,7%,..., and set d; = W(y;)T, where W(y;) is as in Lemma 2.4. By
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Lemma 2.4, it suffices to show that
Z Hol6;(Bpr)] < oo.
j=0

We note that the J;(0) are well spaced because

(6;(0), 6:(0)) = (7;(0), 7:(0)) — (v;(0),, 6;(0)) — (7:(0), 6:(0)) > 3t — 2t > ¢.

Therefore we denote by B; the ball d;(B,,.) , and we shall assume that ¢ > 3pr,
so that these balls are disjoint.
We set up classes of balls:
= {By}
= {By : By is not eclipsed by any B;}

I, = {By : By is not eclipsed by any B; ¢ Ul<j<m Ij}.

In any class I, , the shadows sh{By} are disjoint. Further, every B; € I;y4
is eclipsed by some By € I,,, for it were not, it would have been selected in an
earlier class. Our main object is to show that

> mo(B)) < Z Ho(Bk)-

Bjelm+l Bkelm
Then we get
oo o0 (o o] 2 m
Sus) = Y Y waiB) <Y (3) o) <oo
j=0 m=0 B;Eln m=0

We shall further partition each class I,,,; into two subclasses:

I, = {Bj € I,y : Bj is partially eclipsed by some By € I},
I,’,{+1 = {Bj € I,41 : Bj is totally eclipsed by some By € I,,,}.
We first consider the class I, ., . Fix B; € I}, partially eclipsed by By € I, .
Then there exists g in the boundary of pr{Bi} such that the radius from O to
q meets 9By at a point b; and B; at a point b; in the order 0, by, b;. Let

us also denote 6;(0) = a; and 6, (0) = a, . Putting p = pr,
t <(ax, aj) < (b, bj) +2p
=(b;, 0)— (b, 0) +2p
<(aj,0)—(ax,0)+4p
Hence from (1.5), we have
—(0,a))< -0, a)+4p—1t, e 04 <e=O.a)+4p—t
O o, e, <l

where r; is the dy radius of pr{d;(B,.}) on S?. This implies that the pro-
jections pr{B;}, B; partially eclipsed by By, all lie inside an “annular” region
on S, of Euclidean inner radius asymptotic to r;, = r(1 — 2C(p)e~!) and
Tou = 1(1+2C(p)e™") where C(p) = {Ko(p)/ko(p)}e*’ .

(e4p)e_'rk )
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FIGURE 4

To complete the partially eclipsed case, we need the following lemma. Here
we denote by A(rou, in) the annular region determined by o, and rj, on 4
as in Figure 4.

Lemma. uo[A(7out, tin)] < %,uo(Bk) for all t sufficiently large relative to p.

Proof. Let poy be the hyperbolic radius of the ball centered at the origin such
that the doy-radius of J;(Bou) 1S 7ou . Similarly we may define p;,. Hence we
have

A(Tout > Tin) = b(0:0x(0), pout) — b(0:k(0), pin).
Let
At) = polb(8;1(0):0, pour) \ b(8;'(0):0, pin)]
= po[d; ' {b(0:5(0) , pour) \ b(0:6:(0), pin)}]
= U15,0)[6(0: 6 (0), pow) \ b(0: ¢ (0) , pin)]-
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However, we have, from Theorem 3.3, Proposition 3.1, and (3.2) that

[P(5k(0), <)

J
Ha@Ib(0:5(0), o) \b0:8(0), pul = [ [EOEOL D g

A(Tout ; Fin)

Now we approximate the Poisson kernel P(d;(0), &). Note that P(d,(0), &) =
(1 =10k (0)[*)/10% (0) — &J*.
To get the lower bound we note that if & € (0:;(0), pour) then from (1.4),
we have
0(0) — &] < 1 = [0k (0)] + Tour
=1—10¢(0)] + re(1 +2C(p)e™)
~ 1 —0(0)] + (1 =6, (0)])(1 + 2C(p)e™).
Since (dx(0), 0) > p, we see that for a positive constant a, depending only
on p,

0k(0) = &| < (1 +a(1+2C(p)e™))(1 — |6, (0))).
Therefore
5 1
Ji P07 000 2 (s Ly 10
/‘O[A(roui ) rin)]

(4 +2Co(p)e™")? (1 — |6, (0)])°

¢ uo[A(rout , in)]
= A+ 2Co(p)e )7}

where 4=a+1, Cy(p) =aC(p), and c is a positive constant. But

o (B
m < so{ k(g p)} <M,
Ty
therefore we have

A(?)

— (A +2Co(p)e™) po(By).

Uo[A(rour, rin)] <

Hence we conclude that for all ¢ sufficiently large relatve to p,
1
Mol A(Tour, rin)] < §#O(Bk)-

Now we finish the argument of the partially eclipsed case by summing this
over By € I,,. Then we can conclude that for all sufficiently large ¢, we have

(4.1) Y wB)<y Y wolBo.

Bjer By el

m+1

Now we consider the class I, ,. Fix By € I, and let J; be the indices
such that for j € Ji, the balls B; € I, are all totally eclipsed by By . Let

Ey = pr{UB):j € Ji} = Uje;, pr{B;} and F, = ;' (pr{Bs}) 2 o7 (Er).
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Let B be the solid angle supporting By, and consider d, '(B), a solid angle
containing B,. From (2.1), (3.1), and (3.2), we have

wo(p) ol Ex] < old7 ! (B)] / 1Bol? duo(@)
< uold; ! (pr{By})] gg,f |6)51° moldy (Ex)]
< [ duol@) M) mip GOH pols; ' (E0)
</ BN dro@) M(p) pold ()

= uolok (Fi)1 M(p) pold; ' (Ex)]
= o[ Bk M (p) pol6; ' (Ex)].
Hence we get

ol B < 5 28 ol B ol ().
From exactly the same argument as on p. 246 of [A] we have
(4.2) S '9;(B,) C sh{d, ' (W(Bs,))}
and
(4.3) 87 ' (pr{B;}) C sh{d;'6;(B,,)}

where d; = W(y;)T
It follows that

8. 'WT(B,,) = 6;'6;(Byy) C sh{s;, ' W(B1,)}
and therefore we get from (4.3) that

Ey[6;'W] = pr{d;'6;(B2,)} 2 6, ' (pr{B;}).
Observing that
(6,'W(0),0) = (W(0), 6(0)) = (6,T7'(0), 6,(0))
> (6;(0), 6 (0)) — (;(0), 6;T~"(0))
2 t— t0 B
we have
57 B = U o7 or(B;}) € U Ep(4) = (4(0),0) 2t — 1.
JEJk
By taking Patterson-Sullivan measure, and using the hypothesis that
ol JEs(4) : 4€T1 =0,

we see that
tol6y (E)]1 =0 (1 — o),
and therefore we may select ¢ sufficiently large that
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This shows that

Y wiBl= Y wlEd<y Y B,

Bjel'’ ByElm Bi€Eln

m+1
which along with (4.1), completes the proof of Theorem 4.1.

Corollary 4.2. If T is of divergence type, then uo[&,.(T)] > 0 for all but finitely
many TeT.

_Define a subset of the limit set of I' as follows.

&(T) = {ge A : forevery pe S, there exists a sequence {W;} CT", with
the geodesic with endpoints p and g meeting Wi (B,), Wi T(B,) in order from
p to g, and Wi (B,) — q as k — oo}.

Theorem 4.3. If T" diverges at its critical exponent , then uo[g’g,,r(T)] = uo(A)
for all but finitely many T €T.

Proof. By the definition of g’],(T) and Theorem 1(v) in [B-M], every point
g€ g’,,(T) must be a conical limit point. Moreover é;,,(T) is I'-invariant. To
show this, let g € é;,,(T). For each p # y(q), namely y~!(p) # g, there
exists a sequence {W,} c I', with geodesic with endpoints y~! and g meeting

Wi(B,), WiT(B,) in order from y~!(p) to g and Wy (B,) — q as k — .
Now we take the sequence {yW;} CT.

Since the set &,(T) is a I'-invariant, Proposition 1.5 shows that either
1o(&,(T)) = 0 or uo(&,(T)) = uo(A). By definition, ¢ € &, (T) if and

FIGURE 5
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only if g lies in infinitely many of the sets E,(Wj). If this occurs then there
exist infinitely many W € I' with the radius from 0 to ¢ meeting in order 0,
W(B1,.), WT(By,.). This implies that any line from p to g meets, near ¢,

infinitely many pairs W (Bs,.), WT(Bs,.), and that q € &,.(T). In other

words, &,(T) C &,(T) forall T €T such that T(B,,.)NB7,. = &. (In case
T(By,.) N By, is nonempty, it is conceivable that we may have an example as
in Figure 5. Namely, the radius from 0 to g meets 0, W(B;,.), WT(B,,)
in that order but it meets in order 0, WT(Bg,.) and W (Bs,.), failing to show

that g € g’{;pr(T) .) Therefore uo[&3,.(T)] = uo(A) for all but finitely many
TeTl.

5. APPLICATIONS

Corollary 5.1. Let T be a nonelementary discrete group acting in B4*'. If T
is of divergence type then the conical limit set A. has positive Patterson-Sullivan
measure.

Proof. Suppose for contradiction that ug(A;) = 0. If p € &,.(T), then p €
E,.(Wy) for infinitely many k. Hence p € pr{W, T(B,,.)} for infinitely many
k . By Proposition 2.6, p € A.. This shows &, (T) C A, forevery T € T.
Since po(A;) =0, we have ug[&,.(T)] =0 forevery T € I'. Then by Theorem
4.1, T is of convergence type. This is a contradiction.

Corollary 5.2. If T is a nonelementary group of diverence type. Then there exists
pr such that uo[&,.(T)] > 0 forall T €T.

Proof. If T(B,.) N B, = @ then we are in the case of Theorem 4.1. There-
fore we assume that T(B,.) N B,. # @. A point ¢ € &, (T) if and only
if &€ E, (W) for infinitely many W, . Since T(B,.)N B,. # @, we have
Wi T(Bp.) € Wi(B7,.) for all W, . Therefore & € &, (T) if and only if & €
pr{W;T(B,,.)} for infinitely many W, if and only if there exists k(2pr) > 1
such that

I$ — Wi T(0)]
L X < k(2pp).
A SO
Next we define, for k > 1, a point & € A (k) if there exists a sequence {y,}
such that € o)
: — n
lim &— 2 < [,
n—oco 1 —|yn(0)] ~

Then A.(k) is I'-invariant and A, = ;o Ac(k). To show this, let & € Ac(k).
Then there exists a sequence {y,} CI" such that

€= 74(0)]
1 =2 <k
nooo 1= [7,(0)] =

Applying g € T, since g is conformal and preserves S¢, we have

. 18(&) — &7n(0)]
A e <
Therefore g(&) € A.(k). The second part is obvious.
Now assume that I' is of divergence type. Then ug(A.) > 0 by Corollary
5.1. Using Proposition 1.5, for each k > 1, A (k) has either O or full measure.
Hence there exists ng > 1 such that uo[A.(n0)] = mo(Ac).
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For pr > 0 such that k(2pr) > ng, we have &,.(T) D Ac(no). Therefore
Uo[&,-(T)] > 0. This completes the proof of Corollary 5.2.
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