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ON ORTHOGONAL POLYNOMIALS
WITH RESPECT TO VARYING MEASURES ON THE UNIT CIRCLE

K. PAN

Abstract. Let {4>„{dfi)} be a system of orthonormal polynomials on the unit

circle with respect to d/i and {y/„,m(dß)} be a system of orthonormal polyno-

mials on the unit circle with respect to the varying measures dß/\wn(z)\2, z =

e'e , where {w„(z)} is a sequence of polynomials, degw« = n , whose zeros

w„ i, ... , wn,n lie in \z\ < 1 The asymptotic behavior of the ratio of the

two systems on and outside the unit circle is obtained.

1. Introduction

Let dp be a finite positive Borel measure with an infinite set as its sup-

port on [0, 2n]. We denote p'{6) = dp/dd , the Radon-Nikodym derivative
of dp with respect to dd. The Szegö polynomial with respect to dp is de-

noted by <f>n(dp), n - 0, 1,2, ... , i.e., (p„{dp, z) — (p„(z) := K„(dp)z" +
lower degree terms, K„(dp) > 0, and

1      r2n _

— /    <¡>n{dp,z)<t>m{dp,z)dp{6) = on>m,        z = e'e,

for m, n = 0, 1,2,... .
Let {w„(z)}^ix be a sequence of polynomials such that for each n e N,

w„(z) has degree n and all its zeros wn>\,... ,w„t„ lie in \z\ < 1. For each
n, we can define the orthonormal polynomials y/n,m{z) = (*ntmzm H-, with

respect to the varying measure dp/\w„(z)\2, that are uniquely determined by
the conditions

¿f i,"""'(2)|2kW = 1'  and a"->0-    z = e"-

If A is a nonnegative measurable function on [0, In] such that log A e Ll,

then the Szegö function D(h) is defined by

In </ _i_ T      \
itD(Ä,z) = «p i^l   logAWJf^*    , e

o
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We say that h satisfies the Szegö condition if D(h, 0) ^ 0. It is well known

that D{h) e H2 ; and for almost every t e [0, 2n]

UmD(h,rei') = D(h,eit)
T/*\

exists and

\D(h,eit)\2 = h(t)

for almost every t e [0, 2n].

Let &n be the set of all polynomials of degree at most n . For each polyno-

mial pn(z) of degree n , we define p%(z) = z"pn(l/~z). Then it is easy to see

that \p*{z)\ = \pn(z)\ for \z\ = 1.
Szegö's theory is concerned with the asymptotic behavior of <pn{dp, z). One

can state the main theorem as follows:

<U» ¿™«<2> = 75(^1)

uniformly for \z\ < s < 1 whenever log//' e L1 (cf. [G]).

Recently, the orthonormal polynomials y/„ t m have been studied in rational

interpolation with free poles and with prescribed poles. As in the theory of Szegö

polynomials, convergence results and asymptotic and interpolation properties

have been studied (cf. [Lol-4] and [P2]). The relations between y/n<m(z) and

the orthonormal rational functions with prescribed poles have been studied as

well (cf. [PI] and [LP]). A comparison with 0„(z) needs further study.

The following result, analogous to (1.1), holds:

(1.2) lim <>**M -       l
w*n{z) D(p',z)

uniformly for \z\ < s < 1 whenever logp' € Ll and

lim V(l - \wn¡,
n—too •*—'

= 00 ,

m=\

where A: is a fixed integer (cf. [Loi]).

Thus if log//' e Ll and lim^oo ]Cm=i(l _ l^n.ml) = cxd, then we have

(1.3) lim WWW = 1

uniformly for \z\ < s < 1 and k a fixed integer. As we can see, the right-hand

side of (1.3) is well defined even if \ogp' € Ll is not assumed. Hence one may

ask whether (1.3) remains true for p' not satisfying Szegö's condition.

In this paper we obtain the strong and weak asymptotics of the ratio of

4>*„(z)w^(z) and y/^m+n{z) on \z\ < 1 under the weaker condition p' > 0

a.e. in [0, 2n].
The main results are stated in §2. The proofs are given in §3.

2. Main theorems

In this section, we only state our main theorems; the proofs will be given in

the next section. Our first result will be the strong asymptotic behavior for the

ratio of two polynomials.



ORTHOGONAL POLYNOMIALS

Theorem 2.1. If p' > 0 a.e in [0, 2n], then

(2.1)

333

lim  <t>*n(Z)Wm(z) = ,

uniformly for \z\ < s < 1, w/We m := m(n) e N is a function of n  and

m —> oo as « —► oo.

Remark 1. If m is not a function of « , the theorem is still true—it is then a

special case of Theorem 1 in [MNT 2].

Remark 2. Relation (1.3) only serves as motivation to study (2.1); it does not

reduce to (2.1).

For the L2-norm asymptotic, we have the following result.

Theorem 2.2. Assume p' > 0 a.e. in [0, 2n\. Then

: ' \Mz)wm(z)
lim  / 1 ¿0 = 0,

Vm,m+n\z)

uniformly in m>\.

There are several consequences of this result.

Corollary 2.3. Assume p' > 0 a.e. in [0, 2n]. Then

z = e ¡o

(2.2)

and

(2.3)

fin

lim  /
n~'°°Jo

\<f>„{z)wm{z)

rln i i

lim  /       -
n_,0° h    \ I Vi

Wm,m+n\z)

wm(z)

VÁZ)

- 1

1

\Mz)\

¿0 = 0,

¿0 = 0.

,/fl

z = e ifl

uniformly in m > 1.

We give the following weak convergent result to end this section.

Corollary 2.4. v4ssM«?e p' > 0 a.e. in [0, 27i]. Then

rln

lim  /    /(0)
(pn{z)wm{z)

¥n .(Z)
¿0 = ¡n f{d)dd,

Jo

A6

uniformly in m > 1, for every bounded Borel measurable function f on [0, 2«:].

3. Proofs of the theorems

Before we prove the results, we first establish some lemmas.

Lemma 3.1 [MNT 1]. Assume p' > 0 a.e. in [0, 2n], and let p > 0 and S be
real numbers. If

2tt

Up

ji {f{6)p'{e)fde\    <s-^Jo f(d)dp(d)

holds for every nonnegative continuous 2n-periodic function f. Then S>1
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Lemma 3.2. Let f be a 2n-periodic continuous function, then

lim I" TrB^dd = Í * W)dm,
n^°°J0      \<Pn{z)\¿ Jo

This lemma is a consequence of the following lemma.

Lemma 3.3 [F, p. 198]. Let n > 0 be an integer. Then

z = e 10

fK Pu]lÍZ2] dd =   PpnW«Mdfi{6)
JO \<Pn{z)\2 Jo

holds for every p„ and q„ in ¿Pn.

Remark 3. For the varying measures, we have

f2* pn(z)qn(z) r2"

Jo      Wm.n\Z)\l Jo

dp{6)

wm{z)[

for every pn and qn in &>„ .

Proof of Theorem 2.2. From the remark to Lemma 3.3, we have

t2n \\<t>n(z)wm{z)

Jo        I   ¥m,m+n\Z)

- 1

<f)n(z)wm(z)=   f¿"Un(z)wn

Jo      I   ¥m,m+n\Z)

de

2de-2 /-2"l<
Jo    I V>

dm
m,m+n(z)

i2* Un(z)Wm(z)

Jo      I   Wm.m+n

de + 2n

de+ 2ti
Áz)

4n-2
Jo   I y i

4>n{z)wm{z)

,(Z)
de, z = ew.

Therefore, it will be sufficient to prove that

(3.1) liminffl^
"-,°° Jo    I Wi

4>n(z)wm(z)

.(*)
de>2n,

uniformly in m > 1. To prove this, let / be an arbitrary 2n-periodic nonneg-

ative continuous function. By Schwarz's inequality, we obtain



^J  {f{e)p'{e))x'Ue

\27i JQ    I y/m
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* (¿ri*

,(z)

(z)u;m(z)

(Ai'(ö))1/4 Wm,m+n\Z)

wm(z)

1/2

l(*)

¿0 rj>f

< /(0)1/4

m,m+n(z)

1

\<rn{z)V'2

2        \

¿0

wm(z)

In

de

X

- j    ,2« j >

. 2tt y0   /v >„ z 2     .

(2)

¿0
271

f2n\ïl

Jo
.(*)!

wm(z)

( 1 '2"

¿/¿(0)

¿0

¿0

J_  A2* U„(z)ww

27T i0     I  l//m,m+ni

x(¿r/(o)í^¿F

< /i /"i^^w ,öVf_L rv^^^!, z=
-^Wo    | ^m>m+„(z)        y   ^2jry0 I0»(z)l2     /

Letting n —► oo, we obtain by Lemma 3.2 that

\   n-oo    2^ y0     |   ^m,m+„(z) /     \27ty0 /

z = e'e , for any m > 1. Since / was an arbitrary 27t-periodic nonnegative

continuous function and the limit is uniform in m > 1, this implies (3.1)

according to Lemma 3.1. The proof of the theorem is complete.   D

Proof of Corollary 2.3. First we prove (2.2). Notice that according to Schwarz's
inequality, we have

¡■In
<j)n{z)wm{z)

Vm,m+n\Z)

¡•In

-1 ¿0

<j>n{z)wm(z)

Vn ÁZ)
i-ln

<
4>„{z)wm{z)

Wm.m+n{z)

-1

- 1

(t>n{z)wm{z)

Vm,m+n[Z)

.2*

+ 1 ¿0

¿0
<f>n(z)wm{z)

Wm,m+n\Z)
+ 1 de) ,
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z = e,e . By Theorem 2.2, the first integral on the right tends to zero uniformly

in m > 1 as n —> oo . As for the second integral,

¡■In

Jo

,{z)wm{z)

Wm,m+n\Z)
+ 1

¡■In

Jo

>)n(z)wm(z)

0      I   ¥m,m+n{Z)

*>n{z)wm(z)

10      I   ¥m,m+n\Z)

rln

de

de+ 2

de+ 2

= j2n\Uz)\2dp{e)+ 2(271^

Jo    I V,

V   Jo   \ %

(z)wm{z)

m ,m+n\Z)

<pn(z)wm{z)

de + 2n

1        \!/2

de
m+n(Z)

y
\(pn{z)\2dp{e)\     +2n<8n,

+ 2n

In \ {l2
1

z — elB, where the first inequality follows from Schwarz's inequality and the

last equality follows from the remark to Lemma 3.3. Thus (2.2) holds.
Next we prove (2.3). By Schwarz's inequality, we have

I   rln

Jo
wm(z)

Vn ÁZ) \Mz)\
dd

wm{z)(¡>n{z)

Wm,m+n\Z)

\wm(z)<p„(z)

\Uz)\
de

Wn vn{z)
de

fin

Jo \Mz)
de, z = e ,o

rln
The second integral on the right-hand side equals /0 dp{6) by Lemma 3.3,

and by Theorem 2.2 the first term tends to zero uniformly in m > 1 as n —> 00.

Thus (2.3) follows. The proof of Corollary 2.3 is complete.    D

Proof of Corollary 2.4. The result is a direct consequence of (2.2).   D

Proof of Theorem 2.1. For m — m(n), we first prove that

(3.2) liminf^(0)<(0) > L
»-°°     Vm,m+n(0)   "

In fact, from Schwarz's inequality, we have (notice that |/>*(z)| = \p„(z)\ for

pn et?,, when \z\ = 1)
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fin

JO

¥m,m+n{z)

\4>*n{z)W*m{z)

1/2

- 1 (p'(e))l/4de

fin

Jo

<-{c

\K(z)w*m{z) 1/2

Vm ,m+n\Z)

\<t>*n{z)w*m{z)

I  ¥m,m+n\Z)

■2n | Vm.m+niz)

w*m(z)

K(z)w*m(z)

- 1

1/2

Vm,m+n(z)

W*m(z)

1/2 .

de

1/2

¿0

*'H" 4(f"îéwde
1/4

/•2re

<

Wm,m+n\Z)

1/2

cln

r2* \\<Mz)wm(z)

10        I  Vm,m+n(z)
- 1 ¿0

Pniz)w*m{z)

¥m,m+n\Z)

l'2  Í   rln

11/2

+ 1

1/2

¿0

K{z)w*m{z)

m,m+n\Z)V    -A)    11 VA

Using Theorem 2.2, we obtain

(3.3) lim /
n^°°Jo

- 1 ¿0
fin >

/   <W)./O ,

1/4  /   ,2, 1/4

z = e j0

V.m,m+n (z)

\<f>*n(z)w*m(z)

1/2
-1 (//'(0))1/4¿0 = O, z = e ¡e

uniformly in w > 1.

From this we claim that, for m = m(n),

(3.4) lim sup
n—>oo

^,m+B(g'"g)

1/2

< 1,     0 a.e. in [0, 27t].
\4>*(ei6)w*m(e^)\

Assume on the contrary that there exists an E c [0, 2n] ,\E\>0, such that

lim sup
n—>oo

W* (Ve)     1/2

> 1 +S,    e a.e. in E,
<p*n{e'0)w*m{e>0)

where ¿ < 0. Thus we can find a subsequence nk of N such that

lim
^(e'ö)^(e'ö)

1/2

- 1 ) >ô,     e a.e. mE,
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for m = m{nic). From this, we have, for m — m{nk),

1/2

lim
nk-> oo

fin

Jo

> lim   /
1*-*°° Je

> / lim ii
Je "*^°

Vm, m+nk \z)

<p*nk{z)w*m{z)

- 1

4>*k(z)w*m(z)

1/2

«A-

Vm.m+nAz)

\<¡>*nk(z)w*m(z)

l'4de>o,

{p'(e))l'4de

(p'(e))l'4de

i (p'(e))l¡4de

-i

1/2

z = e'e,> [ s(p'(e))1'
Je

since // > 0 a.e. in E. This contradicts (3.3), so we have (3.4). Inequality

(3.4) implies

(3.5) lim sup  //"'", '

Since Vm,m+n(z)/<l>n(z)wm(z) (the zeros of (j>*n{z) and w*(z) lie in |z| > 1)

K± JL   f2n Jkm^iz)
<t>*n

< 1,     0 a.e. in [0, 2n].

rm,m+n\-/i T n\-/-

is analytic in |z| < 1, then

¥m,m+n^)   = J_   [2n   Vm,m+«

K(0)w*m(0)     271 JQ    <l>*n(z)w*„(z)

i r2*\ rm,m+n{z)

de

271 Jo \<t>*n{z)W*m{z)
de, z = eie.

Then, from (3.5), we have

,;_Vm.m+nW)

,TSpä(o)«,ä(0)

<limsup±ri^.-(Z)
n—>oo     27Î 7o

/•2a

|0*(z)^(z)

< lim sup —;
y m ,m+n\Z)

Thus

*;(zK(z)

¿0

¿0< i z = e i0

■minf^(0)<(0) = 1/limgu   ^r(Q) > Liminf™x '   m;"' = 1/lim sup i,'™,'
»-°°     Vm,m+«(0) n_ocP ^(0)^(0)

This completes the proof of (3.2).
Now we can turn our attention to (2.1 ). First let us show that, for m = m(n),

{</>*(z)iii^(z)/^ OT+„(z)} , n e N, is uniformly bounded on each compact sub-

set of \z\ < 1. In fact, using Cauchy's formula and Cauchy-Schwarz's inequal-
ity   \\r(* r»V»tain

set of
ity, we obtain

^(z)<(z)|< i   r*\

2n Jo    I V,Wm,m+n\z)

u<j>*n(u)w*m{u)    I de

m,m+n(u)(u- Z)\

< (± ¡2n\   u   \2 de]1'2 ( l  f2nWu)w*m(t

~ \2ti Jo    \(u-z)\       )      \2n J0    \ y/*mytn+n{u

_1_
- inf{|z-w| : |u| = 1}'

2        \'/2

¿0

u = ew.
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Since 4>*n{z)w*m{z)lif/^<m+n(z) is analytic in \z\ < 1, then it is an normal fam-

ily. Take, in |z| < 1, {<p*{z)w^(z)/1//^>m+„(z)} , n £ T, T c N, a convergent

subsequence whose limit is Sp • It is sufficient to prove that any Sr = 1 . To

this end, we only need to prove that

*{logSr(z)} = log|.Sr(z)| = 0.

However, for the Poisson's kernel P(u, z), using Jensen's inequality and

Corollary 2.4, we get

\Sr(z)\2 = lim
Pn(z)w*m(z)\2

pn(u)w*m(u)i2

¥m,m+n\Z)

limexp ( — /    P(z, u)\og
ner       y 271 J0

hm— /     P(z, u)    "
n€Y27l Jo ¥m,m+n{u)

Wm, m+n\u)

1

de

<
«er '.

_L [2n

~ 2n Jo

de

P{z,u)de=l,        u = ew.

Hence,

ÍH{log5r(z)} = log|5r(2)|<0.

But according to (3.2), we have

fH{log5r(0)} > 0.

Therefore, using the maximum principle for harmonic functions, it follows that

«{logSrO)} = 0.   D
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