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ASYMPTOTIC STABILITY IN FUNCTIONAL DIFFERENTIAL
EQUATIONS BY LIAPUNOYV FUNCTIONALS

BO ZHANG

- ABSTRACT. We consider the asymptotic stability in a system of functional dif-
ferential equations x’(t) = F(¢, x;) by Liapunov functionals V. The work
generalizes some well-known results in the literature in that we only require the
derivative of V to be negative definite on a sequence of intervals I = [sa, tn].
We also show that it is not necessary to require a uniform upper bound on V'
for nonuniform asymptotic stability.

1. INTRODUCTION
We consider a system of functional differential equations with finite delay
(1.1) x'(t)=F(t, x;), X € R,

and obtain conditions on a Liapunov functional V' to ensure that the zero
solution of (1.1) is asymptotically stable or uniformly asymptotically stable.
Our results generalize some well-known theorems in the literature in that we
only require the following properties of V.

(P1)

The derivative of V' along a solution of (1.1) is negative definite
on a sequence of intervals I, = [s,, t,].

(P2) V has a uniform upper bound on J, = [t,—0, t,] with g > 0.,

For reference, the discussion here follows closely those of Burton [1] and Burton
and Hatvani [3, 4]. Our work also has roots in the recent work of Burton and
Makay [5] in which the asymptotic stability of (1.1) was obtained by a Liapunov
functional ¥ having property (P;) and a uniform upper bound on a sequence
{tn}. A growth condition on F(t, ¢) is required in [5].

For x € R", |-| denotes the Euclidean norm of x. The length of an
interval I, = [a, b] is defined by /(I,). For an n x n matrix A, define the
norm |A4| of A by |A4| = sup{|4x|:|x| < 1}. For a given A > 0, C will be
the space of continuous functions ¢ : [-A, 0] — R" with the supremum norm
llell = sup{|e(s)| : —h < s < 0}. Cy denotes the set of ¢ € C with |¢|| < H.
If x is a continuous function of # definedon —Ah<u< A, A>0,and if ¢
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is a fixed number satisfying 0 <t < 4, then x; denotes the restriction of x tb
the interval [z— A, ] so that x, is an element of C defined by x,(s) = x(t+5)
for —h <5 <0. Forany ¢ € C we define

0
9l = [ / h w(s)ﬁa'sl

In (1.1), x'(¢) denotes the right-hand derivative of x at ¢. It is assumed
that F: R* x Cy — R", R* =[0, +oc), is continuous so that a solution will
exist for each (#y, ¢) € R* x Cy . We denote by x(Zy, ¢) a solution of (1.1)
with initial function ¢ € Cy where x, (¢, ¢) = ¢ . The value of x(#, ¢) at ¢
will be x(t) = x(t, ty, ). For the continuation of solutions, we suppose that
F takes bounded sets of Rt x Cy into bounded sets of R". We also assume
that F(t, 0) =0 sothat x =0 isasolution of (1.1). Let V' : R* xCy — R* be
a continuous functional and define the upper right-hand derivative of V' along
a solution of (1.1) by

Vi, 9) = lign%gp{V(t +3, xis(t, ) = V(t, 0)}/0.

1/2

For reference on Liapunov’s direct method and fundamental theorems of (1.1),
we refer to the work of Burton [2], Hale [6], Kato [7], and Yoshizawa [8].

Definition 1.1. The zero solution of (1.1) is said to be stable if, for each & > 0
and # > 0, there exists § = d(¢, #p) > 0 such that [p € Cy, |l@|| < J, t > t]
imply that |x(¢, ¢y, ¢)| < e. If J is independent of fy, then the zero solution
is uniformly stable.

Definition 1.2. The zero solution of (1.1) is asymptotically stable (AS) if it is
stable and if, for each ty € R*, there exists § = d(f9) > O such that |¢| <
o0 implies that x(¢, ¢, ¢) — 0 as t — +oo. The zero solution of (1.1) is
uniformly asymptotically stable (UAS) if it is uniformly stable and if there
isa 0 > 0 and if for each ¢ > 0 there exists 7 = T(e) > 0 such that
[to € RY, |lo|ll <o,t>ty+ T] imply that |x(z, ¢y, ¢)| < e.

Definition 1.3. W : R* — R* is called a wedge if W is continuous and strictly
increasing with W (0) = 0. Throughout this paper W, W, (j=0,1,2,...)
will denote the wedges.

Definition 1.4. A continuous function G : R* — R* is convex downward if
G([t+5)/2) <[G(t) + G(s)]/2 forall ¢,s€ RT.

Jensen’s inequality. Let W be convex downward and let [, p : [a, b)] — R*
be continuous with fab p(s)ds > 0. Then

/abp(s)dsW [/abp(S)f(s)ds//abp(s)ds} S/abp(s)W(f(s))ds,

2. MAIN THEOREMS
The following lemmas will be used in the proof of our results.
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Lemma 2.1. If W, is a wedge, then for any L > 0 there is a convex downward
wedge Wy such that Wy(r) < Wi(r) for all r € [0, L]. In fact, Wy(r) =
Jo Wi(s)ds/L will suffice.

Lemma 2.2 [4, p. 286]. Let x : [to — h, +00) — R" be a bounded continuous
function and {t,} be an increasing sequence of real numbers with t, — +oo
as n — +oo (short notation {t,} 1 oo) such that |x,|» — 0 as n — +oo.
Then there exist a subsequence {t, } of {t»} and a sequence {s.} with s; €
[tn, — h, tn,) and |tn, —si| < } such that |x(si)| + |Xs]2 = 0 as k — +o0.

Theorem 2.1. Suppose that there exist a continuous functional V : R* x Cy —
R, wedges W, W; (i=1,2,3), aconstant ¢ >0 and a sequence {t,} 1 oo
such that
1) Wi(le(0)]) < V(t,9),V(t,0) =0 forall t € R* and V(t,9) <
— Wallp(O))) + Willgla) for te[tn— 0, ta],
(ii) Vit x:) <0 forall t > to and Vi (¢, x) < =W (|x(1)]) for t €
[tn — h, t,], where x(t) = x(¢, to, @) is any solution of (1.1) with x, €
Cyand t,—h>1t,.
Then the zero solution of (1.1) is AS.
Proof. Let ty € R* and ¢ > 0. Then there exists > 0 (6 < H) such that
V(ty, ) < Wi(e) whenever ||| < J. Let x(¢) = x(¢, to, ¢) be a solution of
(1.1) with ||p|| < &. It then follows that W (|x(¢)|) < V (¢, x;) < V(to, ) <
Wi(e) and, therefore, |x(t)| < &€ for ¢t > ty. Thus the zero solution of (1.1) is
stable.

Nextlet 70 > 0 and find 6 > 0 of stability for o = min{H, 1}. If |¢|| <,
then |x(f,t, ¢)] < & for ¢t > t,. We will show that x(z, #y, ¢) — 0 as
t — +oo. Without loss of generality, we may assume that ¢,_, + h < t, for
n=1,2,.... By Lemma 2.1 there exists a convex downward wedge W, such
that Wy(r?) < W(r) for 0<r<1. For t >t,, we have

Vit x) <Vio.9) =3 [ Wix(s))ds
j=174~

n t
<Vio.p) =Y [ Wa(x6P)ds.
j=1 lj—h
Apply Jensen’s inequality to obtain

L 1
(2.1) V(t,x)<V(to, 9) =Y hW, (zlxl,lﬁ)-
j=1
This implies that

+00

1
> W <E|x,,|§) <+o0o and |x,|;— 0asn— +oo.
J=1

By Lemma 2.2, it follows that there exist a subsequence {t,,} of {f,} and a
sequence {sx} with s, € [t,, —h, t,] and t,, — s < i— such that

(2.2) |x(sk)| + x5, ]2 =0 as k — +o0.
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Without loss of generality, we may assume that s, € [t,, — 0, t,] for k =
1,2,.... For the given ¢ > 0 there exists K > 0 such that Wi(|x(sx)|) +
Wi(|xsc|2) < Wi(e). We then have

Wi(lx()) < V(t, xi) < V(sk, Xs) < Wi(e) and |x(1)] <&
for t > t,, > sk . Thus the proof is complete.

Theorem 2.2. Suppose that there exist a continuous functional V : R x Cy —
R*, wedges W, W; (i=1,2,3), aconstant ¢ >0 and a sequence {t,} 1 0
such that
(1) M(e0)]) < V(t,),V(t,0) =0 forall t € Rt and V(t,9) <
W (le(0))) + Wi(lol2) for t €[ty —a, tal,
(i) Viiy(t, x) <0 forall t > to and Vi (1, x)) < =W(lxi|2) for t €
I, and x, € Cy, where x(t) = x(t, ty, ¢) is any solution of (1.1)
with t, —h >ty and I, is a sequence of intervals I, = [s,, t,] with
Yoot [(In) = +o00.
Then the zero solution of (1.1) is AS.

Proof. The fact that the zero solution of (1.1) is stable follows from the proof
of Theorem 2.1. We now show that the zero solution of (1.1) is AS. Let #, >0
and find 6 > 0 of stability for &g = min{H, 1}. Thus if |¢|| < J, then
|x(t, to, @)| < & for t>ty. We claim that

(2.3) liminf|x, |, = 0
n—+oo

Suppose that there exists K > 0 and a constant a > 0 such that |x,,|» > a for
all n > K. Define P(t) = [, |x(s)|*ds. Then P'(¢) = |x(1)]> — |x(¢ — h)|?
and there exists a constant L > O such that |P'(t)] < L for all ¢t > ty. For
|tw — t| < a?/2L we have |P(t,) — P(t)] < L|t, — t| < a2/2 and P(t) > P(ty) -
a?/2 > a2/2 This implies that |x,|2 >a/2 for t € J, = [ty —a?/2L, t,]. We
consider the following cases.
Case 1. There exist a constant y > 0 and a subsequence {t,, } of {#,} such
that /(I,) > y with n; > K. We then choose L > 0 sufficiently large such
that J, C I, . Let t >t,, and integrate (ii) from #y to ¢ to obtain

@4 V(x) <V 9) =Y [ Wilkbk)ds
k=1 J"k

<Vity, p) — mW(a/2)a?/2L — —co as m — 400,

a contradiction.
Case 2. Suppose that [(I,) — 0 as n — +oco. We may assume that I, C J,
for all n > K. Thus for ¢ > ¢, we have

V(t, x) < Vi, 0 Z/ W (1%sl2) d

<Vl(ty, ¢) — W(a/2) Z [(Ij) > —c0 asn— 400,
j=K
a contradiction. This proves (2.3). By Lemma 2.2, we again conclude that (2.2)
holds for a sequence {s;} with s, € [t,, —0, t,,], where {t,,} is a subsequence
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of {t,}. Therefore, the zero solution of (1.1) is asymptotically stable by the
proof following (2.2) in Theorem 2.1.

We now discuss the uniform asymptotic stability. Our result generalizes a
well-known theorem of Burton [1].

Theorem 2.3. Suppose that there exist a continuous functional V : R* x Cy —
R*, wedges W, W; (i=1,2,3), a positive constant J and a sequence {t,} 1
oo With t, —t,_y < J such that
1) Wi(le(0)) <V (¢, 9) < Wa(lp(0)]) + Wa(lel2) forall (¢, ¢) € R* x Cy,
(ii) Vi) (t, x) <0 forall t >t and Vi (1, x) < =W (|x(2)]) for t €
[tn — h, tn], where x(t) = x(t, to, @) is any solution of (1.1) with x, €
Cyand t,—h>1t.
Then the solution of (1.1) is UAS.

Proof. There exists a wedge W* such that Wi(r) + Wi(rvh) < W*(r) for all
0 < r < 1. The uniform stability is clear from (i). Next choose J > 0 of
uniform stability for ¢g = min{H, 1}. Thus, if x(¢) = x(¢, to, @) is a solution
of (1.1), then |x(¢, ty, @)| < & whenever |¢|| < d and ¢ > ty. Moreover,
V(t, x;) < W*() forall ¢t >ty. We will follow the proof of Theorem 2.1. For
any ¢ >0 find > 0 such that W(n) + W3(n) < W(¢). From (2.1) we have

. - 1
(2.5) Vit x) < w0) - Y (315 8)
Jj=1
This implies that there exists a positive integer K = K(d) such that |x, |2 <

n/2 for some k with 1 < k < K. Consequently, there exists a subsequence
{tn} of {t.} such that |x, | < /2 and ty, — tn,_, < KJ with t,, = 1o

for k =1,2,.... For brevity, we rename {t,, } by 7, =1, . Since P(t) =
ft'_h |x(s)|?ds is uniformly continuous on R*, there exists y > 0 (y < &) such
that |x;/o <n on [ty —y, 1] for k=1,2,.... Let M be a positive integer

such that W*(d) — MW (n)y < 0. We claim that there exists an integer m with
l1<m<Manda s, €[tn—7, ‘rm] with |x(sp,)| < 7. In fact, if |x(s)| > n
on [ty —y, 1] for k=1,2,..., M, then

V(tar, Xepy) < W*(S Z W(|x(s)) ds

—1 /%7
< W) - W(n)My <0,
a contradiction. Thus, such s, exists and
V(t, x0) S V(sm s Xs,) < Wa(lx(sm)]) + Wi (|xs,,]2)
< Wa(n) + Wa(n) < Wi(e)

for t > Ty > s, . This implies that |x(¢)| <& for t > tg+T > 14, T=KJM,
and the zero solution of (1.1) is UAS.

Our next theorem is a refinement of a simple version of Theorem 3 in [3] on
uniform asymptotic stability.

Theorem 2.4. Suppose that there exist a continuous functional V : R* x Cy —
R*, wedges W, W; (i =1,2,3), positive constants ¢, J and a sequence
{ta} 100 with t, —t,_y < J such that

(1) Wille(0))) < V(1. 9) < Wa(le(0)) + Wi(lol2) forall (t, ) € R* x Cy,
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(i) Vi, x) <0 for all t > ty and V(’H)(t,x,) < =W(lxi2) for t €

[th — 0, ty], where x(t) = x(t, ty, @) is any solution of (1.1) with x, €
Cyand t,—c > 1.

Then the zero solution of (1.1) is UAS.

Proof. There exists a wedge W* such that Wi(r) + W;(rv'h) < W*(r) for all

0 < r < 1. The zero solution of (1.1) is uniformly stable by (i). Next choose

0 > 0 of uniform stability for &g = min{H, 1}. Thus if x(¢) = x(¢, to, @)

is a solution of (1.1), then |x(¢, ty, ¢)| < &g whenever |p|| < d and ¢ > 1.

Moreover, V(t, x;) < W*() for all ¢t > t,. We will follow the proof of

Theorem 2.2. For any ¢ > 0, choose 1 > 0 such that W;(n)+ Wi(n) < Wi(e).

We first claim that there exist a constant K = K(J) and a subsequence {t,, }

of {t,} with t, —t, , < KJ and

(2.6) X, |2 < /2.

Since P(t) = f p 1x(8) (s)|*ds is uniformly continuous on R*, there exists y > 0
(y < min{o, h}) such that

(2.7) |P(2) = P(s)| < n*/8

whenever |t —s| < y. Let K be the first positive integer such that W*(d) —
yKW(n/4) < 0. We will show that there exists an integer n;, 1 < n; < K,
with |x,, [» < n/2. Suppose that |x,| > #n/2 for n=1,2,..., K. By (2.7)
with ¢t =t¢,, we have |x;|, > n/4 forall s €[z, -7, t,]. Integrate (ii) from ¢,
to fx to obtain

Vitk, xi,) < W*(6 }: IVMh
j=1 Ty
< W*(8) - yKW (n/4) <0,
a contradiction. Using the same argument, we obtain a subsequence {x, }
satisfying (2.6). Moreover, |xs|» < n for s € [t,, — 7, tn] by (2.7). We
again rename {t, } by 74 = t, . Next find a positive integer M such that
W*(0) — MW (n+/7/2)y/2 < 0. We show that there exists m, 1 <m <M,
with $,, € [t — 7, Tm] and |x(sm)| < 7. In fact, if |x(s)| > n on [1p — ¥, T&]
for k=1,2,..., M, then for ¢t € [ty — y/2, T,] we have

t t
/ ()P ds > / x(s)P ds
t—h Tk =7

T—7/2
> / IX(s)[2ds > yn?/2
T

k=7

and |x;|> > ny/y/2. This then yields
V(tur s Xey) < W) - Z [ wixkds
w—y/2

SW%&—MWUWMYQ<&
a contradiction. Thus, such s, exists and
Vit, x;) SV (sm, Xs,) < Wa(|x(sm)]) + W3(|xs,12)

< Wa(n) + Ws(n) < Wile)
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for t > Ty > 5. We then have |x(¢)| <ée for t >0+ T >1y, T=KJM,
and the zero solution of (1.1) is UAS.
3. EXAMPLE
Consider the scalar equation
(3.1) x'(t) = —a(t)x(t)+ b(t)x(t - 1)
where a(t) = 3(|sin(rt/2)| — sin(nt/2))%*g%(t),
b(t) = 2(|sin(zt/2)| — sin(nt/2))(| cos(nt/2)| + cos(mt/2))g(t)g(t — 1)
and g: R — R* is any continuous function with 1 < g(¢) for all ¢ € [4k —

3 4k — 1] and g(t) < B on [4k — 3 — g, 4k — 1] for some positive numbers

o and B, where k=1, 2, .... Then the zero solution of (3.1) is AS.
Proof. Define

0 .
Ve 0) = 31000+ 3 [ alt+9)p*)ds

for (¢, p) € R* x C and W(r) = r?/2. It follows that
(3.2) Wille(O) < V(z, 9).
If x(t)=x(t, ty, @) is a solution of (3.1), then

Vit x) = (0P + 3 /,_l a(s)x(s) ds

and
Vit x) = x()[-a(t)x(2) + b(6)x(z — 1)]

+ Lanx(e) - %a(z — )Xt — 1)

a(t)x*(t) + b()x(t)x(t - 1)

- §a(t - Dx3(t-1).
Notice that a(t—1) = 3(] cos(nt/2)|+cos(nt/2))?g2(¢—1) and b(t)x(t)x(t—1) <
ja(t)x*(t) + 1a(t — 1)x%(t — 1). Thus,
(3.3) Vst %) < —5a(0x*()
for t >ty and
(3.4) V(s x) < =2x*(t) on [t — 1, ]

where 1, = 4k — 1. Define W;(r) =r?/2 and Wi(r) = 4B%*r2. Since g(t) < B
on [ty — 1 -0, t], it follows that
(3.5) Ve, ¢) < Wa(lp(0)]) + Wi(lpl) forre(t —o, k].

By (3.2) through (3.5), all conditions of Theorem 2.1 are satisfied. Therefore,
the zero solution of (3.1) is AS.
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Remark 3.1. For V(t, ¢) defined above, it is clear that V(’“)(t, x;) =0 on

[4(k — 1), 4k — 2]. If we choose g(4k — 1) =k, then V(t, ¢) is not bounded
for fixed ¢.

Remark 3.2. If g is bounded in the above example, then the zero solution of
(3.1) is UAS.

Remark 3.3. The asymptotic stability for (3.1) discussed above will not follow
from Hale [6, p. 108] because he requires that a(¢) > J > 0 and (2a(t)—9)d —
b%(t) > y. It will not follow from the work of Burton and Hatvani [4, Corollar-
ies 3.1-3.3] because they require that ftt_l a%(s)ds be bounded in Corollary 3.1,

ft'_l b*(s)ds be bounded in Corollary 3.2, and liminf,_ . a(t) > 0 in Corol-
lary 3.3. It will not follow from the result of Burton and Makay [5] because
they require a growth condition on a(¢) and b(¢).

Remark 3.4. For brevity, we omit examples for Theorems 2.2 and 2.4. We refer
to [3, p. 84] and [4, p. 289] for equations with integral terms such as
t
x'(t) = —a(t)x(t) + b(¢t) A(s)x(s)ds.
t—h
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