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MATRIX VARIATE 6-GENERALIZED NORMAL DISTRIBUTION

A. K. GUPTA AND T. VARGA

ABSTRACT. In this paper, the matrix variate 6-generalized normal distribution
is introduced. Then its properties are studied. In particular, it is proved that
this distribution has maximal entropy in a certain class of distributions.

1. INTRODUCTION

Goodman and Kotz (1973) introduced the family of the multivariate 6-
generalized normal distributions and derived its basic properties. In the present
paper, a definition of the matrix variate 0-generalized normal distribution is
proposed. These distributions are very useful in robustness studies. It is shown
that for matrices with one column, this definition is equivalent to the definition
of the multivariate 6-generalized normal distribution. On the other hand, the
matrix variate normal distribution is also a special case of this family of distri-
butions. Properties of the matrix variate -generalized normal distribution are
also studied.

In this paper, the following notations will be used. Let 4 be a p x n matrix;
then A4;; denotes the (i, j)thelementof 4, i=1,...,p, j=1,...,n. Let
B be a p x p nonsingular matrix; then B,-;l denotes the (i, j)th element of

B!, i,j=1,...,p. Let the columns of matrix 4 (p x n) be denoted by
AD i=1,..., n;then (see Gupta and Varga, 1993)
AWM
A2
vec(A) = .

Ain)

2. BASIC RESULTS

Definition 2.1. For 6 > 0, X = (X;;), i,j =1, ..., n, has a matrix variate
standard @-generalized normal distribution if the X;;’s are independent iden-
tically distributed random variables with probability density function

-1
s =far(1+5)} e xyer i=t,n
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Definition 2.2. For 6 > 0, Y : p x n 1is said to have a matrix variate 0-
generalized normal distribution if Y can be written as Y = AXB + M where
X is a standard 6-generalized normal random matrix, 4:pxp, B:nxn,
and M : p x n are constant matrices, with 4 and B being nonsingular. The
distribution of Y is denoted by N, ,(M, 4, B, 6).

For n = 1, we get the multivariate 6-generalized normal distribution as
defined by Goodman and Kotz (1973). Furthermore the case » = p = 1 reduces
to the Laplace density for § = 1, and the normal density for 8 = 2. It
approaches the uniform density as 8 — oo, and an improper uniform one over
the real line as # — 0. The probability density function of a matrix variate
0-generalized normal distribution is given in the following theorem.

Theorem 2.1. Let Y ~ N, ,(M, A, B, 6). Then the probabilitj/ density func-
tionof Y is
| }

p
2.1) f(Y)=kp,n(A,B,0)exp{—Z S A5 (Y - M)y

and k, (A, B, 6) = (2I'(1 + §))~P"|4|~"|B|7F .
Proof. If X ~ Ny, »(0,1,,I,, 0) then the p.d.f. of X is

g(X) = (2r (1 + é))ﬂm exp {—iz |X,~,-|9} ,

i=1 j=1
and from Y = AXB + M it follows that (2.1) is true. O

Linear transformations of matrices with matrix variate 6-generalized normal
distribution also have matrix variate #-generalized normal distribution. This is
proved in the next theorem.

Theorem 2.2. Let Y ~ N, ,(M,A,B,60). Let C (p xp), D (nxn) be
nonsingular matrices, L be a p x n matrix, and define Z = CYD + L. Then

(2.2) Z~N, (CMD+L,CA, BD, 6).

Proof. Let X ~ N, ,(0,1,,1,,6) and Y = AXB+ M. Then Z = (CA) x
(BD) + (CMD + L), where CA and BD are nonsingular. From this (2.2)
follows. O

In multivariate analysis, the normal distribution plays a central role. By
definition, the p x n random matrix Y is said to have a matrix variate normal
distribution if its probability density function is

1Y) = n)~ #2710~ Fexp (tr (- 3(Y - MYETH(Y - M)D7'))

where X:pxp and ®: n x n are positive definite matrices, and M isa pxn
matrix. We denote this by Y ~ N, ,(M,Z® ®), e.g. see Gupta and Varga
(1992). It is an important fact that the class of matrix variate 6-generalized
normal distributions contains the matrix variate normal distribution as a special
case. We can state this result more precisely in the following remark.

Remark 2.1. N, (M, 4, B,2) =N, .(M, }(44')® (B'B)).
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Indeed, let Y ~ N, ,(M, A, B,2). Then Y = AXB + M, where V2X ~
Ny, n(0, I, ® I,) from which the statement follows.

The relationship between matrix variate @-generalized normal distributions
and multivariate #-generalized normal distributions is pointed out in the next
theorem.

Theorem 2.3. Y ~ N, ,(M, A, B, 0) if and only if

Y =vec(Y') ~ Npn.1(vec(M'), A® B', 1, 6).

Proof. Y = AXB + M is equivalent to vec(Y’) = (4 ® B') vec(X') + vec(M'),
from which the statement of the theorem follows. 0O

The next theorem shows that the parameters of a matrix variate #-generalized
normal distribution are not uniquely determined.

Theorem 24. N, ,(M, A, B, 0) and N, ,(M*, A*, B*, 0) define the same
distribution if and only if M = M* and

(a) in the case of 6 = 2, there exist G : p xp and H : n x n orthogonal
matrices and ¢ > 0 such that A* = cAG and B* = 1HB;

(b) inthecaseof 0 # 2, thereexist P:pxp and Q : nxn signed permutation
matrices and ¢ > 0 such that A* = cAP and B* = 10B.

Proof. The sufficiency of the conditions is obvious. To prove the necessity of
the conditions assume that

Npn,1(vec(M'), A® B',1,6) and N,, i(vec(M*), A*®B*, 1, 0)

define the same distribution. Since the first distribution is symmetric about
vec(M’) and the second one about vec(M*'), we must have M = M*.
(a) If 6 =2, we get

Npn (vec(M'), 1(44') ® (B'B)) = N, (Vec(M'), 1(4*4*) @ (B*'B*)).

Hence there exists ¢ > 0 such that A4*4* = ¢244’ and B*B* = LB'B.
But then we can find G: p xp and H : n x n orthogonal matrices such that
A* = cAG and B* = LHB (see Muirhead (1982)).

(b) If 8 # 2 the result follows from Theorem 3 of Goodman and Kotz
(1973). O

The first four moments of a matrix variate 6-generalized normal distribution
are derived next.

Theorem 2.5. Let X ~ N, »,(0,1,,1,,0). Then &(X,;) =0,

I(3/6)
& (X, Xinjy) = r—(l%ﬁ. 0 EXij Xiyjp Xiyj) =0,
and
I'(5/6) I2(3/6
g(Xilh XizjzXf313Xi4j4) = (r(ljo) - 31‘2&1;9;) Zili2i3idzjlj2]ljd
2(3/6)
*+ Ty (9002051200314 ja + 8iri3 5y j3OiziyOjnjs + 011140y j4Oinis O ) »

I2(1/6)
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where

5 _{1 ifa="», and 3 _{1 ifa=b=c=4d,
&=V 0 ifa#b abed = 0 otherwise.

Proof. If X;; has the pdf

f(Xij) = {21“ ( é) }_l o—1Xil?

I'((k+1)/6)
/ i) dXi; = 2I(1/6) -

and k > 1, then

Then if k is a nonnegative integer, we have

+(=D* T((k+1)/6)
2 T(1/6)

(2.3) &(xk) =

Using (2.3) and the fact that the elements of X are independent of one another
we obtain the results of the theorem. O

Corollary 2.5.1. Let Y ~ N, ,(0, A, B, 0). Then &(Y;;) =0

I(3/6)

g(Yim Yij,) = T(1/6) glllzhhjz ) g(Yiljl Yij, Yi,j,) =0,

and

I'(5/6 I2(3/6
g(Yilh Yizfz Yi3]3 Yi4j4) = (I‘Eljgg - 31-251;9;) Tiyiyisia9jy jajsia

I2(3/6)
1201/ g) (8 PiniaBisishssse & Einishyiss Euaichinis + 8iishjiji8irishjass)

where
p n 14
8uv = Z AukAvk P hu’n = Z BluBlv 5 Nwwt = Z AukAvakatk s
k=1 =1 k=1

and

n
Quvwt = Z BluBlvBleet-
(=1

Corollary 2.5.2. Let Y ~ N, (M, A, B, 6). Then &(Y;j) = Mj;,

(3/6
g(Yiljl Yiz]z) r(1§0; ghlzhjljz + Milleizfz >
EXii Yo Yiy) = LD 1o, u, by M; by, M,
( nhJji+12J2 1313) - 1/0)[&,12 2 1313+gl|13 N3 lz]z+g1213 J2J3 llJI]

+ Ml:h Mfzszisjs >
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and

I'(5/6 I2(3/6
& (Yijy Yipjp Yiyjy Yigjo) = (I‘Eljog - 31-251%;) FivigisisQji jojsja

I2(3/6)

+ T2(1/6) (8irishjijo 8isishjsja + 8irishjijs 8iziahisju + 8ivishjyju&inisMjajs)
I'(3/68)

+ =7y I(1/0) (thMlszgtsthm + M1111M13]3g1214h]214 + M, j Mi,j,8ivishjs )y

+ Mizszizjagi1i4hjlj4 + Mi2j2M4j4gi,i3hj,j3 + MiajaMi4j4gi1 izhjljz)
+ M, M, ;,M;,;,M,,j, ,
where the functions g, h, r, and q are defined in Corollary 2.5.1.
Corollary 2.5.3. Let X ~ N, ,(M, A, B, 0). Then &(X)=M and
(2.4) Cov(vec(X')) = (3/0) —=————=(AA") ® (B'B).
I'(1/6)
Corollary 2.54. Let Y ~ N, (M, A, B, 0). Then
&iyi hj J
Corr(Y,j,, Yi,j,) = L2 12
’ i \/gllllglzlzhhjlhjzjz
and hence the Corr(Y;,j,, Yi,j,) does not depend on 6.

Using the expressions for the moments the following result can be derived.

Theorem 2.6. Let X ~ N, ,(M,A,B,0) and E:rxp, C:nxk, F:qxp,
and D : n x { be constant matrices. Then EXC and FXD are uncorrelated
if and only if either C'B'BD = 0 or EAA'F’ = 0. Specifically, XC and
XD are uncorrelated iff C'B'BD =0, and EX and FX are uncorrelated iff
EAA'F' =0.

Proof. Using (2.4) we get
Cov(vec(EXC)', vec(FXD)") = Cov((E ® C")vec(X'), (F ® D")vec(X"))

_ ~T(3/6) / / ,
= (E® C) g l44) @ (B'B)I(F' © D)
I(3/6)

= RU/6) —~7)(EAA'F')® (C'B'BD),

and the last expression equals zero iff EAA'F' =0 or C'B'BD=0. O

3. CHARACTERIZATION RESULTS

The first theorem in this section shows that matrix variate 6-generalized
normal distribution has maximal entropy in a certain class of distributions. It
is an extension of Theorem 10 of Goodman and Kotz (1973).

Theorem 3.1. Let X : p x n be a random matrix with p.d.f. [ such that
(3.1) EI|AXB + Mg =c

where A:p xp, B:nxn are nonsingular matrices, M is p x n matrix, ¢ is
a given scalar, and for a p x n matrix Y we define Yo = X0_, X7, 1vil° -
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Then the entropy of X, that is, & (—log f(X)), is maximized iff X =Y a.e.
where

0c\?

(3.2) Y~ N, (—A"MB", (—) A~Y, B, e) )
pn

The maximal entropy is

(3.3) pe” (1 +1o g(;’;)) —logk, 4(A~!, B1, 6).

Proof. Let g(Y) be the p.d.f. of Y defined by (3.2). Then

1
ENAYB+Mlo= [ AYB+ Mok, ((g—;) A7 B e)
R XN

e {-](52)'¢ Jar.

Oc 1\\ *"
FIAYB + My = 2¢ / (zr (1 ; —)) 1Zllo exp{~1|Z|ls} dZ
DR Jpoxn 0

6c
:—-—ngz = C.
on? (1Z:1%)

Let Y = (Oc/pn)s A~'ZB~!' — M . Then

Next assume that X satisfies (3.1). Then
(34) E(-logf(X) = [ —f(N)logs(N)dx <= [ f0X)logg(x)ax
where equality holds iff f(X) = g(X) almost everywhere in R?*" . Therefore

& (—log f(X)) < - f(X)logg(X)dX

RP X7

1
_ Oc\? 1 poi
= — Rp“f(X) [logkp,,, ((pn) A, B, 0)

(3.5)
pn
- Gl AXB + M||9} dx

( +log—) —logk, n(A~', B7", 6),

s co|'°

and taking f(X) = g(X
given by (3.3). O

3.4), (3.5) shows that the maximum entropy is

For characterizing matrix variate #-generalized normal distributions which
are invariant under certain transformations, we need the following lemma. Be-
fore we state the lemma we define the sets

P ={P:Pisap x p permutation matrix},
A ={P:Pisap xp signed permutation matrix},
€ ={G: G is a p x p orthogonal matrix}.
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Lemma 3.1. (a) Let A bea p xp matrix (p > 1). Then for every P € P there
existsa Q € #Z such that PA= AQ iff A= SR where Re # and S has one
of the following structures.

N e o o _fa Hi#],
(3.6 @) S=(s). wheres; = {5 770
(ll) S=(S,'j), whereSij=aj,
a a ab
a —-a —-a b .
(3.7) (i) S={__ . _, p] ¥p=4
' -a -a a b
a 0 -a
(ivy S={-a a 0], ifp=3,
0 —a a
(3.8) w s=(_4 ). ir=2.
. a b .
v s= (8 ). -2

(b) Let A be a p x p nonsingular matrix (p > 1). Then for every P € P
there exists a Q € X such that PA = AQ iff A= SR where Re€ # and S
has either the structure (i) with a # b and a # %, or (iil), with ab # 0, or
(v) with ab #0.

Proof. (a) It is easy to see that if the p x p matrix S has the structure described
in (i)-(vi) and P € &, then there exists T € # such that PS = ST . Hence
if 4 =SSR where Re %, then PA = PSR =STR = SRR'TR = AQ with
Q = R'TR € & ; therefore, A satisfies the condition of the theorem.

Conversely, let 4 bea pxp (p > 1) matrix so that for every P € & there
exists a Q € # such that P4 = AQ. This must be satisfied for each P € &
of the form

1 ifi=jbuti#k,i#¢,

1 if (i, j)=(k,8)or(i,j)=(L, k),
Pij={
0 elsewhere,

where 1 < k # ¢ < p. Let us denote this P by P(k, £). If the elements in
each column of A4 are equal, we get the case (ii). If there exists a column of A4
which contains at least two different elements, then without loss of generality
we can assume that this is the frst column A() . Assume that the elements of
AW have k different values, and p; of them are equalto a; (i=1,...,k).

Let Z = {P(k,?t): Ay, # Ap}. Let P(k,t) € Z . Then there exists a
Q € & such that P(k,¢)4 = AQ or equivalently P(k,¢)AQ' = A. Since
Q' € #, that means P(k, )4 must contain a column which differs from the
first column of 4 by at most a (—1) multiplier. Therefore 4 must contain a
column A(k, ¢) or —A(k, ¢), where A(k, £)= Pk, £)AD .

1. Assume there exists P(k, ¢) €  such that A(k, ¢) = +4A" . Fix k and
£. A(k,2) =AY is not possible since Ay, # Ay . If A(k,£) = —A" , then
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Ay =—Ap,and A, =0 if i#k and i #¢. If p=2, weget (v) and (vi). If
p =3, weget (iv). If p >4, then comparing A(i, j)’s, i€ {k,¢}; j&{k, ¢}
we see that +A(i, j)’s are all different from one another and also different
from AV, So A must contain at least 2(p —2) + 1 different columns. But
2(p—-2)+1>p if p>4 and 4 hasonly p columns which is a contradiction.

2. Assume that if P(k,?¢) € Z , then A(k, ¢) # +A" but on the other hand
there exist P(k,?¢), P(r,s) € %, P(k,¢) # P(r,s), such that A(k,?¢) =
+A(r,s). Fix k, ¢, r,and s. Then it is easy to see that A(k, £) # A(r,s). If
A(k, €)= —A(r,s), then either {k, £}n{r,s} =@ or {k, £}n{r, s} consists
of one element. If {k,¢}N{r,s} # @, eg k =r,then A(k,£)=—A(r,s)
implies that 4(Y) = 0 which is impossible since A(!) should contain at least
two different elements.

If {k,¢}n{r,s} = o, then A(k,?¢) = —A(r,s) implies that A4;; = 0 if
i¢g{k,t,r,s}. Moreover, if p = 4, then |Ay| = |4,1| must hold because
otherwise considering A(i, j) where i € {k, ¢}, j € {r,s} we would find 4
additional columns of A besides A(), which is impossible. If |4y | = |4,],
we obtain (iii). If p > 5, then considering A(i, j) where i € {k,¢,r, s}
and j € {k, ¢, r,s} we see that 4 must contain at least 4(p — 4) additional
columns. But 1+1+4(p—4)>p if p>5 and 4 has p columns which is a
contradiction.

3. Assume that if P(k,¢) e % ,then A(k,¢)# +A") ; moreover, if P(r, s)
€ # also holds and P(k,¢) # P(r,s), then A(k,{¢) # £A(r,s). But that
means that each P(k, ¢) € Z will correspond to a different column of A4 :

Ak, ).

Now % has ¢ = 2@=200=Pa)++n(P=Pi) elements and it can be seen that
1 +¢ > p where equality holds 1f andonly if k=2 and p; =1 or p, = 1.
So A1) must contain p — 1 equal elements and one which is different from the
others, say Ay, . Then considering A(k, i), i # k, shows that 4 must have
the structure (i).

(b) The result for 4 nonsingular follows if we consider that the determinant
of the matrix S is 0 in (ii), (iv), and (vi), (b —a)?~'(b + (p — 1)a), in (i),
—16a3b in (iii) and 2ab in (v). O

Now, we can prove the characterization result.

Theorem 3.2. Let X ~ N, ,(M,A,B,0), p>2, 0 #2. Then

(a) forevery P € P, PX ~ X ; thatis, PX and X are identically distributed
if the rows of M are identical and A = SU where U € # and S has the
structure described by (3.6), (3.7), or (3.8);

(b) for every Re Z, RX =X if M =0 and A= SU where

b#0 ifi=7,
(3.9) S =(Sij), whereS;;j= { 0 otherwise,
or
(3.10) S=<_Z Z) where a # 0 if p = 2;

(c) for every G € &, GX ~ X is impossible; that is, X cannot be left-
invariant.
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Proof. If X ~ N, (M, A,B,60) and C : p x p is nonsingular, then CX ~
Ny n(CM,CA,B,0). So X ~CX iff

(3.11) M = CM and there exists V € % such that CA = AV.

Note that X Cc #Z C & .

(a) PM = M for every P € & iff the rows of M are identical. Using
Lemma 3.1 we obtain the structure of A4.

(b) Here we have a subset of the distributions in (a). It is easy to see that
M =0 and 4 = SU where S is given by (3.9) or (3.10) satisfies (3.11). On
the other hand, let R = —1I,. This gives —I,M =M and so M = 0. Now let

-1 0
R = ..
0 1
Then there must be a Q € # such that R4 = AQ. Hence RS = SuQu’
where uQu' € % . However, this is only possible if a = 0 in (3.6), and (3.7),
and |a| = |b| in (3.8). Taking a = 0 in (3.7) makes |4| = O which is not
allowed. So we are left with (3.9) and (3.10).
(c) Here we must have a subset of the distributions in (b). Let G € & such
that the first row of G is (ﬁ , \—/‘-; s ﬁ) . Then we can see that there is no
O

R e # for which GS = SR.

BIBLIOGRAPHY

T. R. Goodman and S. Kotz, Multivariate 0-generalized normal distributions, J. Multivariate
Anal. 3 (1973), 204-219.

A. K. Gupta and T. Varga, Characterization of matrix variate normal distributions, J. Multivari-
ate Anal. 41 (1992), 80-88.

—, Elliptically contoured models in statistics, Kluwer Academic, Dordrecht, 1993.
R. J. Muirhead, Aspects of multivariate statistical theory, Wiley, New York, 1982.

DEPARTMENT OF MATHEMATICS AND STATISTICS, BOWLING GREEN STATE UNIVERSITY, BOwL-
ING GREEN, OHIO 43403
E-mail address: gupta@math.bgsu.edu



