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STOCHASTIC CONTROL PROBLEMS
AND SPHERICAL FUNCTIONS ON SYMMETRIC SPACES

T. E. DUNCAN AND H. UPMEIER

ABSTRACT. A family of explicitly solvable stochastic control problems is formu-
lated and solved in noncompact symmetric spaces. The symmetric spaces in-
clude all of the classical spaces and four of the exceptional spaces. The stochas-
tic control problems are the control of Brownian motion in these symmetric
spaces by a drift vector field. For each symmetric space a family of stochastic
control problems is formulated by using spherical functions in the cost func-
tionals. These spherical functions are explicitly described and are polynomials
in suitable coordinates. A generalization to abstract root systems is given.

0. INTRODUCTION

In the investigation of stochastic optimal control for nonlinear stochastic sys-
tems it is natural to study the optimal control of diffusion processes in a Rieman-
nian manifold. Some sufficient, as well as necessary and sufficient, conditions
have been obtained for the optimal controls for such controlled diffusions. The
first results for these problems are given in [D2, D3]. A natural controlled dif-
fusion in a manifold can be formed from a stochastic differential equation that
is the sum of the formal vectors of a manifold-valued Brownian motion and a
drift vector field that depends on the control. For many reasons it is important
to have examples of such controlled diffusions where the optimal control is ex-
pressed explicitly as a function of the state of the controlled diffusion. However
even in Euclidean space there are only a relatively few examples of controlled
diffusions where the optimal control is expressed explicitly as a function of the
state.

In the more general setting of Riemannian geometry a natural class of (curved)
manifolds are the symmetric spaces which are closely related to the semisim-
ple and reductive Lie groups and arise in many classical situations (e.g. matrix
groups and hyperbolic spaces). By using the additional structure available on
symmetric spaces we are able to construct large families of explicitly solvable
stochastic control problems in symmetric spaces of arbitrary rank.
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The first example of an explicitly solvable stochastic control problem in a
noncompact manifold with nonzero curvature is a controlled diffusion in real
hyperbolic three space [D4]. This example in real hyperbolic three space is gen-
eralized in [D5] to all the hyperbolic spaces, that is, irreducible noncompact
symmetric spaces of rank one, and a countable family of nontrivially distinct
cost functionals for each of these spaces. In all of these examples some spherical
functions, that are polynomials in appropriate variables, are used to define the
cost functions. For rank one symmetric spaces these spherical functions are hy-
pergeometric functions. The stochastic control problem is to control Brownian
motion in a hyperbolic space by a drift vector field so that it remains close to
a fixed point in the space called the origin. The cost functionals are positive,
monotone increasing functions of the distance of the state from the origin and
are quadratic functions of the control.

In this paper a family of stochastic control problems are formulated and
explicitly solved in noncompact symmetric spaces of arbitrary rank that are
formed from semisimple and reductive Lie groups. Specifically all symmetric
cones and (complex) symmetric balls are used. The stochastic control problem
is the natural analogue of the stochastic control problems in the hyperbolic
spaces solved in [D4, D5]. The problem is to control Brownian motion in a
noncompact symmetric space by a drift so that it remains close to the origin.
Spherical functions are used to construct a family of cost functionals. For the
symmetric cones spherical polynomials have been constructed in the statistics
literature (e.g. [M2]). In this paper these spherical polynomials are constructed
more easily from the representation theory of the symmetric cones [U2]. For
symmetric balls not much is known about a general construction of spherical
polynomials [D1, H1]. In this paper an explicit procedure is given for the
construction of all spherical polynomials in an arbitrary symmetric ball. This
procedure uses the spherical polynomials in symmetric cones. These spherical
polynomials are monotone increasing along rays in a positive Weyl chamber. An
admissible control is required to induce a stochastic differential equation for the
controlled diffusion that has a unique strong solution. The solution of each of
these stochastic control problems is obtained by finding a smooth solution to the
Hamilton-Jacobi or dynamic programming equation for the control problem.

The organization of this paper is as follows. In Sections 2, 3, 4, 7 and 8§, we
develop the relevant geometric features for the symmetric cones and symmetric
balls, respectively. We start from one basic fact, namely the Jordan-theoretic
description of these two classes of symmetric spaces and their infinitesimal
isometries [L3, Ul, FK], and develop the root decomposition, the structure of
the Laplace operator in radial coordinates, and the basic properties of spher-
ical functions in a coherent way. This makes the paper more self-contained
and underlines the close analogy between (real) symmetric cones and (com-
plex) symmetric balls. (A more comprehensive account of the Jordan-theoretic
description of symmetric spaces, which so far is not readily available in the lit-
erature, can be found in a forthcoming book [FK].) In Sections 5, 6, and 9, these
geometric results are then used in the study of the corresponding stochastic con-
trol problem. Finally, Section 10 indicates how these results can be generalized
to the so-called abstract root systems [D1], replacing geometric arguments by
combinatorial properties of the spherical polynomials.
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1. REVIEW OF STOCHASTIC CALCULUS

Stochastic optimal control of a diffusion process in a Riemannian manifold is
based on the stochastic calculus of Brownian motion. This stochastic calculus is
an interplay between the properties of a Brownian motion in a Euclidean space
and the theory of smooth curves in a Riemannian manifold. To make this paper
accessible to an audience including those without a background in probability,
some of the basic concepts and approaches of stochastic calculus and control in
manifolds are briefly reviewed. A Brownian motion in a Riemannian manifold
can be defined in various ways. Assume first that X is a measurable space. Let
B(X) be the Banach algebra of all bounded measurable functions f: X — C,
endowed with the norm

I/ == sup | f(x)].
x€X

Let B’(X) be the space of all complex measures £ on X such that

el == /X |l(dx) < oo,

Via the natural pairing

(. )= /X u(dx)f(x),

B’(X) becomes a (proper) subspace of the topological dual space of B(X).

Let Y be another measurable space. A mapping K: X — B'(Y), denoted
by x — K(x, dy), is called a measure kernel if, for every measurable subset
B C Y, the mapping

XaxH/K(x,dy)
B

is measurable, and we have

IK]| == sup / IK(x, dy)] < oo.
xeEXJY

K can be identified with a continuous linear operator B(X) L B(Y), defined
by
(KN@):= [ Kx,dy) 1)

forall fe B(Y) and x€ X. If L: Y — B'(Z) is another measure kernel, we
may define

(KL)(x, dz) :=/YK(x,dy)L(y,dz)

and obtain a measure kernel KL: X — B’(Z) since we have, by Fubini’s The-
orem,

/Z (KL)(x, dz)| < /Y K(x, dy)| /Z Ly, d2)|

for all x € X, showing that ||KL|| < ||K|/|IL|]|. As an operator, KL is the
composition of K and L.

Let B{(X) be the subset of B’(X) consisting of all (positive) probability
measures on X ;ie., |u| =u and |jul| =1 for u € Bj(X).
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Put T:={t€R:t >0}, and consider a family
(1.1) Ki:X > B|(X) (teT)

of measure kernels satisfying K;K, = K;,, for all s,¢ € T. For any subset
I c T, consider the direct product measurable space

X =[x
iel
endowed with the o-algebra of cylinder sets. For I ¢ .¥ C T, we have a
canonical projection py : X — X;. For any finite subset I = {t; < -+ < t,,}
of T, there exists a measure kernel K;: X — B{(X;) uniquely determined by
the property

K (xo, HB:') = / Ky —1(x0, dx1)
i€l By

: / Koy, (31, dxa) - - / Kooty (onor » d2n)
Blz B’n

for all xyp € X and all measurable subsets B; C X (i € I). Here we put t,:=0.
If ¥ O I is another finite subset of T, there is a commuting diagram

2N

B{(X ) —————= B{(X))

where the horizontal arrow is the direct image map under p,f . Thus (Kj) isa
projective system of measure kernels and there exists a measure kernel
such that for every finite subset 7 C T the diagram

2N

B (Xr) B (X)

p;

commutes. Kr is called the projective limit associated with the semigroup (1.1).

An important class of semigroups of measure kernels comes from elliptic
differential operators. Let X be a locally compact smooth manifold and let
& (X) be the Fréchet algebra of all smooth functions f: X — C, endowed with

the seminorms
|f 1D,k :==sup |(Df)(x)]|
x€EK

where K C X is compact and D is a differential operator with smooth coeffi-
cients on X .

Let &'(X) be the topological dual space of & (X), consisting of all distribu-
tions 4 on X with compact support. The natural pairing between & (X) and
&'(X) is denoted by

6, 1) = /X 5(dx)f(x).
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If Y is another smooth manifold, a mapping D: X — &’(Y), denoted by
x — D(x, dy), is called a distribution kernel if for every f € £(Y) the function

(Df)(x) = /Y D(x, dy)f ()

D
is smooth on X , and defines a continuous operator &(X) — & (). If E: Y —
&'(Z) is another distribution kernel, the continuity assumption implies that

(DE)(x, dz) := /Y D(x, dy)E(y, dz)

defines a distribution kernel DE: X — &'(Z) corresponding to the composition
D

of operators. Any differential operator &(X) —— &(X) is continuous and can

be identified with a distribution kernel

/X D(x, dy)f(y) == (Df )(x)

from X to &’(X). For each x, D(x, dy) has compact support C {x}.

If D is a second-order differential operator which is strictly elliptic in the
sense of [Y2, p. 419 and p. 426), there exists a fundamental solution which is a
semigroup of measure kernels

exp,D: X - B{(X) (teT)
(or of operators on B(X)). According to (1.2), we obtain a measure kernel
(1.3) expr D: X — B{(Xr).

We now consider the important special case X = R” and the algebra B'(R")
of all bounded complex Borel measures, with convolution

/ (u*v)(d2)f(z) = / / u(dx)v(dy) f(x +).
R” R? JR"

Every u € B'(R") defines a measure kernel u*: R* — B'(R"), denoted by
x — u*(x, dy), via the formula u*(x, B) := u(B — x) for all Borel subsets
B c R". The associated convolution operator

W) = [ we.anfo)= [ wansece+y)
R}l Rll
commutes with translations, and we have
(1.4) vt = (utv)t

for the product of measure kernels. Now consider a family u, € Bj(R") of
probability measures, for ¢ € T := R, , satisfying

(1.5) uiu = psie

for all 5, € T. For each finite subset ] = {t; <, <--- < t,} of T define a
measure u; € B{(R}) by putting

B (HBi) = /B He,—1(dX1) /B M-y (dxr)

iel
/ Bey—t,_, (dXn)
By —x) = —Xn_|
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for all Borel measurable subsets B; C R” (i € I). Here we put £, :=0.

If .# > I is another finite subset of T, the canonical projection gives rise
to the direct image u x pf’ = u;. Thus we obtain a projective system (u;)
of measures and there exists a measure ur € Bj(R%) such that

ur x pF = u; (I C T finite).

The measure ur is called is called the projective limit associated with the semi-
group (1.5). According to (1.4), the associated measure kernels

K, = uf: R" - Bj(R")
form a semigroup as well, and we have
K;=ul (ICT finite) and Kr = uf.

An important class of semigroups of measures comes from constant-coefficient
differential operators. Consider the algebra &;(R") of all distributions J on
R” supported at {0}, with convolution

/ (S*e)(dz2)f(z) = / 3(dx)e(dy) f(x + )
R” n JRn

forall f € &R"). Every § € &(R") defines a distribution kernel 6*: R" —
&'(R™), denoted by x — 6*(x, dy), via the formula

(16 @0 = [ 8 dnfo)i= [ sty

for all f € &(R"). We have d*¢* = (6%¢)* for the product of distribution
kernels. Any constant-coefficient differential operator

(9 a) a Qn
=Y (55) ()
can be identified with the distribution
A o(dx)f(x)=(61)(0)

in &j(R"). By translation invariance, J induces a differential operator

(1.7) g®") < g(Rn)

with distribution kernel defined by (1.6).
In case ¢ is strictly elliptic of second order [H3] there exists a fundamental
solution which is a semigroup of measures

exp,0 € Bi(R") (teT)
whose associated measure kernels
(exp,6)* = exp,6*: R” — B (R")

form the fundamental solution of the elliptic operator (1.7). According to (1.3),
we obtain a measure

(1.8) expr o € BI(R}).
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Every Riemannian manifold X has a canonical elliptic second-order differ-
ential operator A called the Laplace-Beltrami operator. The associated measure
kernel

(1.9) exprA: X — B{(X7)

(cf. (1.3)) is the transition probability of the Markov process called the Brownian
motion on X . One can show [IW] that, for every x € X, the probability
measure (expyA)(x, dy) has support on the continuous paths (T, X) C Xr.
Thus we have

(1.10) exprA: X — B{(Z(T, X)).
If X =R” is Euclidean space and
n 82
0=
Z Ox?

is the (strictly elliptic) Casimir operator at 0, the Laplace-Beltrami operator is
A = 6* and we have

(exp,d)(dx) = (47Tt)_"/2e‘|x|2/4' dx
for all ¢ € T. The associated measure
(111 exprd € Bi(R})

(cf. (1.8)) is called the transition probability of the Brownian motion at 0 € R" .
One can show [IW] that the probability measure (1.11) has support on the
continuous paths & (T, R") C R%, so that

exprd € B{(Z(T, R")).
The two concepts (1.10) and (1.11) are related via the geodesic coordinates

(1.12) Q, =, x

at any “base point” x € X, assigning to a tangent vector v in a 0-neighborhood
Q, C Ty X the geodesic ¢ — exp,(tv) passing through x in direction v . More
precisely, (exprA)(x, dy) can locally be described as the image measure of
(expr d)(dy) under the local diffeomorphism (1.12). Here J is the Casimir
operatoron 7, X =R".

A sample path approach to the construction of a Brownian motion in a Rie-
mannian manifold M can be made using the inverse of the development of
E. Cartan that acts on the family of piecewise smooth curves in the manifold
with the same initial point p. More generally or abstractly the development (of
E. Cartan) and its inverse define a diffeomorphism between the Sobolev space of
absolutely continuous functions in the tangent space 7, M starting at the origin
whose derivatives are square integrable and the Sobolev manifold of absolutely
continuous M-valued functions whose derivatives are square integrable with
respect to the Riemannian metric. Actually this construction of Brownian mo-
tion cannot be extended to all noncompact, complete Riemannian manifolds.
It is necessary to put some conditions on the curvature. The curvature con-
ditions ensure that the Brownian motion does not have a finite escape time.
With this construction of Brownian motion, many of the results for a Brownian
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motion in Euclidean space can be directly translated to the manifold M using
the horizontal lift of Brownian motion to the bundle of orthonormal frames,
oM).

In analogy with Euclidean space a stochastic optimal control problem in a
Riemannian manifold M is described by the local description of a controlled
diffusion process (that is, a stochastic differential equation) and a cost func-
tional. The problem is to choose a control from some family of admissible
controls that depends on the current positions (or past history) of the process
so that the cost functional is minimized. An important method for the mini-
mization problem is to find a smooth solution of the associated Hamilton-Jacobi
equation and verify that the control obtained by the procedure is admissible.
In the problems considered here the Riemannian manifold is a noncompact
symmetric space. The controlled diffusion is Brownian motion with a control
as the drift vector. The cost functional is the sum of a quadratic function of
the control and a spherical function so it is desired to keep the diffusion close
to the “origin” of the symmetric space. Since the spherical functions and the
controlled diffusions have some group invariance properties the solution of the
control problem is determined from the behavior of the controlled diffusion in
a subspace of the symmetric space.

2. SYMMETRIC SPACES AND JORDAN TRIPLES

We now introduce the “phase spaces” for our stochastic control problems, the
symmetric spaces of arbitrary rank (for rank 1, cf. [D4]). The non-Euclidean
symmetric spaces fall into two dual classes, the compact type and the non-
compact type which have a simpler topology (no antipodal points, no closed
geodesics, etc.) but on the other hand exhibit a highly nontrivial (stratified)
boundary structure. It is known [L1] that a Riemannian symmetric space is
algebraically characterized by a ternary product structure (Lie triple system)
[xyz] on its tangent space Z at an arbitrary base point. This triple system is
given by the curvature tensor. More important to us is another ternary product
(Jordan triple system) {xy*z} on Z which is related to the Lie triple via

[xyz]={xy*z} — {yx*z}.

Thus the Jordan triple allows for the decomposition of [xyz] into “positive”
and “negative” part. The symmetric spaces admitting such a Jordan triple struc-
ture are called symmetric R-spaces [L2]; they include all classical spaces and 4
exceptional types.

We will now indicate how Jordan triple systems can be used to give an explicit
and uniform construction for

(i) the noncompact model of the symmetric R-space as an unbounded do-
main in Z ;

(ii) the semisimple Lie group G (or rather its Lie algebra g) of isometries;

(iii) conical and spherical eigenfunctions of the Laplace-Beltrami operator
A.

A Jordan triple product on Z is a trilinear map

ZxZxZ>3(x,y,z)—{xy*'z}eZ
satisfying {xy*z} = {zy*x} (commutativity) and the commutator identity
(2.1) [uOv*, xOy*] = {uv*x}0y* — xO{yu*v}*
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for the linear endomorphisms (xOy*)z := {xy*z} on Z. We assume in ad-
dition that the bilinear form (x, y) — trace xOy* is symmetric and positive
definite.

We denote vector fields on Z by the symbol f (z)aa—z where z € Z is a
“variable” and f: Z — Z is smooth. The commutator is

@) A A ] = @READ - DA 5

where df is the derivative.
For example, every linear endomorphism M: Z — Z gives rise to a vector
field MzZ and we have

0z 0z

In particular, we have the linear vector fields {xy*z}Z (x, y € Z fixed) which,

by (2.1) and (2.2), form a Lie algebra [°. Moreover, the “Jordan triple identity”
(2.2) implies that the “constant” vector fields

(‘={a56—5:aez}

and the “quadratic” vector fields

== {{za*z}éa—z- ta € Z}

[Mlzﬁ— s Mzzi] = [M,, Mz]z—aa—z.

give rise to a Lie algebra

I='eler!
which, by [L2, Theorem 1], is semisimple. Let L be the corresponding center-
free connected lie group. Then the normalizer P of [! is a parabolic subgroup
and L/P is a compact symmetric R-space. ‘

We are interested in the noncompact dual space of L/P which can always be
be realized as a symmetric domain (either bounded or unbounded) in Z . Re-
alized as a bounded domain Q, a transitive (reductive) Lie group of isometries
has a Lie algebra g with Cartan decomposition g =[® p where '

2.3) - <({ab*z} - {ba*z})aa—z ‘a,be z>
and
(2.4) p={(a—{za*z})%:a62}.

More appropriate for our purposes is the unbounded realization I1 as a “Siegel
domain”. In order to construct Il, we need the notion of the Cayley transfor-
mation [KW, L3] associated with an element e € Z satisfying the “tripotent”
condition {ee*e} =e. The Cayley transform is the analytic automorphism

8e = €Xp (%(e + {ze*z})aa—z)

of L/P. Note that its defining vector field belongs to [ but not to g. Although
the open dense subset Z C L/P is not invariant under g., one can show that
IT:= g.(Q) is still a domain in Z .
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Assume in the following that the tripotent e is maximal; i.e., eOe* is in-
vertible. Then there is a Peirce decomposition

(2.5) Z=XoUsV
where
(2.6) X:={xeZ:{ee*x} =x = {ex"e}}

is a “formally real” Jordan algebra with unit element e and product xoy :=
{xe*y},

(2.7) U:={{eZ:{ee’l} =& =—{el"e}}
and
(2.8) vi={zez: {ee*z}=§}.

The interior of the set of squares in X isa cone A (cf. [BK]) and the unbounded
model of the symmetric R-space is the Siegel domain

(2.9) Ni={x+¢+veZ:2x—-Pv,v)e A}

Here we put ®(v,, v;) := 2{v,v;e}.

In the following sections we will present a detailed (stochastic) analysis on IT,
separating the three cases (i) Z = X, (ii)) Z = X&U,and (iii) Z =XoUaV .
In case (i), the domain (2.9) is the cone A itself. In case (ii), we obtain a
symmetric tube domain A x U. In case (iii), we obtain the (proper) Siegel
domains.

In the irreducible case, the resulting symmetric spaces correspond to the root
systems (cf. [L1]):

(1) 4r-1,

(i) C, or D,,

(iii) B, or BC,.

It follows that our analysis covers all classical spaces and 4 exceptional spaces
(of dimensions 16, 26+ 1, 32, and 54). The remaining 13 exceptional spaces
with root systems G,; Fy; E¢; E;; Eg and dimensions 8, 14; 28, 40, 52, 64,
112; 42, 78; 70, 133; 128, 248 are not accessible to a purely Jordan algebraic
treatment.

3. SYMMETRIC CONES

Every (formally real) Jordan algebra X with product xoy defines a (positive-
definite) Jordan triple product

(3.1 {xy*x} =2(xoy)ox —yo(xox)
for which the unit element e is a tripotent. The corresponding Cayley transform

_ n N _ -
g2) = exp (Gle+ 225 ) (2) = (e + 2)o e = 2)
(cf. [L3, Ul]) maps Q onto the symmetric cone

(3.2) A = {x?: x € X invertible}

associated with X . This cone is homogeneous under its (reductive) linear au-
tomorphism group

(3.3) G°=GL(A):={P e GL(X): PA = A}
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and
(3.4) K%=O(A) := {P € GL(A) : Pe = ¢}

is a maximal compact subgroup, whose elements are the Jordan algebra auto-
morphisms of X .

3.5. Example. For K = R, C or H (quaternions), the selfadjoint r x r-
matrices

Xk ={xeK™>*:x=x"}
form a Jordan algebra with unit e = 1 (identity matrix) under the commutator

product
Xy +yx

2
This corresponding Jordan triple product (3.1) is

Xoy:=

{xy*z} = %(xy*z +2y"x)
and (3.2) is the matrix cone
Ak = {x = x* € K™ : x positive definite}.
Putting P,x := gxg*, we have
GL(Ax) = {P;: g € GL(r, K) (invertible)}

and
O(Ax) = {Py: g € U(r, K) (unitary)}.

For r =3 and K = O (octonions), one obtains the “exceptional” cone Ag in
a similar way.

3.6. Example. For 1+ n > 3, the Euclidean space X = R!'" =R x R” of all
vectors (Xp, X1, ..., Xn) = (X0, X') has the Jordan product

(X0, x") o (¥o, V') 1= (xo¥0 + X"+ ¥", X0y + yox')

with the unit element ¢ = (1, 0, ..., 0). The associated symmetric cone is the
SJorward light cone

Al ni={(X0, X150 Xn) 1 X0 > (X2 + -+ x2)1/2}.

In this case GL(A,,,) = O(l, n) is the (two-component) “orthochronous”

Lorentz group, and
1 0
O(Al,,,)={(0 P):PeO(n)}.

In order to determine the (reductive) Lie algebra g° associated with A, we
apply the (adjoint) Cayley transformation and obtain forall x € X and M € °
(cf. (2.4))

Ad(ga) ((x - 2x° 2 ) = 2fwe"z)

and Ad(g.)M = M . Identifying linear vector fields with the corresponding
endomorphisms, it follows that g has a Cartan decomposition

(3.7) @ =Ceop’,
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where [0 is the Lie algebra of (3.4) and p° consists of all multiplication operators
(3.8) M,z :=Xxo0z={xe*z}
with x € X . One can show that

g% = gl(A) := {M € gI(X): exp(tm)A = AVt € R}

is the Lie algebra of GL(A). From now on we consider only irreducible cones.
Consider a complete system ey, ..., e, of minimal disjoint idempotents of X .
The cardinality r of such a “frame” is an important invariant of X called its
rank. By [L3] there is a Peirce decomposition

(3.9) X= Y X,
1<i<j<r

into mutually orthogonal “eigenspaces”

(Sik +0 ik

Xij:={x€X:eko)§= 5

X, Vlgkgr}.

We have X;; =R,; (1 <i<r) and
(3.10) a := dimg X;; (1<i<j<r)

is an invariant of X called the characteristic multiplicity of X . We put Xj; :=
Xij. One can show that

r
(3.11) a:={Zt,~Me,:t1,...,t,eR}
i=1

is a maximal abelian subspace of p?. Let
M} (M,):=6;; (Kronecker symbol)
denote the dual basis of linear forms on a.

3.12. Example. The matrix cones have the canonical frame
0

0

e .= 1 — 1

0

0

for 1 < i <r,and for i < j the Peirce space X;; consist of all selfadjoint
matrices with zero coefficients except in the (1, j)th place and (j, i)th place.
In particular a = dim X;; = dimg K.

3.13. Example. For the forward light cone A, , we have r =2 and any pair
of orthogonal vectors e,, e; of norm 1/v/2 constitutes a frame. The Peirce
space X, is the orthogonal complement of ¢; and e;,and a=n-1.

3.14. Proposition. There is a real root decomposition

1<i, j<r
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with respect to a, where
0
0 _ * ) 2 . L.
gij = {{xei Z}az X € XU
is the root space of

(3.16) (M} - M})

[ NS

and
m:={Mel®: Me =---= Me, = 0}.
Proof. As a consequence of (2.1), we have
ny* = Mxoy + [Mx ) My] € 90

for all x, y € X. In particular, g% C g°. Since

1
[e;0e*, xOe;] = {e;e*x}0e; — xOe{e]e}* = —Exl:]e;“

and .
[ej0e*, xOe/] = {eje*x}0e — xOe{eje}* = —-ixEIe,‘-‘

and [e;0e®, xOef] =0 whenever k # i, j, g; is a root space for (3.16).

Now let M € g° be arbitrary. Then we have Me; = 3, _, x¥ with xk € Xy,
as follows from the Peirce composition rules [L3, Theorem 3.14] applied to
derivations and multiplication operators, respectively. Put

B:=)" (x,’ + 22):{‘) Oe;.
i

k#i

Then
Bej =x]+2) xk/2= Me,
k#j -
for all j, showing that M — Bem. Q.E.D.

4. CONICAL AND SPHERICAL FUNCTIONS ON A

Endow A with the unique GP%-invariant Riemannian structure such that the
basis (3.11) of a C p° ~ T,(A) (tangent space) becomes orthonormal. Consider
the mapping ¢: a — A defined by

(4.1) o(ty, ..., t) :=exp (Z tiMei) (e) = Ze"’ei.
i i
Let N° be the connected Lie subgroup with Lie algebra
nO = E g(l)]'
i<j
Then we have the (direct) Iwasawa decomposition [H1, FK]
(4.2) A =N ¢(a).
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Let Z(A) denote the algebra of all (scalar) differential operators D on A
which are invariant under GL(A); that is, they satisfy

(4.3) (&D)f:=D(fog)og ' =Df

forall f € €>°(A) and g € GL(A). For example the Laplace-Beltrami operator
A® of A belongs to Z(A).

By [H1, Theorem I1.3.6], every D € Z(A) has an N°-radial part Dy which
is a differential operator on a satisfying

(4.4) (Df)o¢ =Dn(fo9)
for all N°-invariant functions f € @<(A).
4.5. Proposition. A has the NO-radial part

02 a 0
0 _ O 4 . 2L
Ay Z,: (az,? 5(2i—r l)az,) :
Proof. For any D € Z(A), Dy is a constant coefficient differential operator
of the form

0 0
4.6 Dyv=gq|—-p% ..., =—-p°
(46 N q(étl Pro gy, p’)
where ¢ is any symmetric (i.e., Weyl group invariant) polynomial, and
a,..
pY=3Qi-r-1)

are the coefficients of the half-sum of positive roots

a 1 a .

4.7) p0=§Z§(Mg—M;¢)=ZZ(2z—r—1)M;¢
i<j i

(cf. Proposition 3.14). By [H1, Proposition 11.3.8], A® corresponds to the poly-

nomial

(48) q(sl 9 ey Sr) = Z(Slz - (p?)2)

i

NEDY (6—2-2,;0—‘9—) QED
N — \a1? 19t;) <

The Peirce decomposition (3.9) enables us to construct N-invariant “coni-
cal” eigenfunctions A in an explicit way.

We first introduce the minors of an irreducible Jordan algebra X with respect
to a frame {e|, ..., ¢} of idempotents. The determinant of X is the unique
irreducible polynomial N, of degree r on X which satisfies the invariance
property

so that

N,(Px) = N,(x)N;(Pe)
for all P € GL(A) and x € X and is normalized by putting N,(e) := 1. For
example, we have N,(x) = Det(x) for selfadjoint matrices x over R or C,
and

Na(Xg, ooy Xn) =X — X} — - — x2

in case of the light cone.
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For each k > 1, the Jordan subalgebra
(4.9) Xe= Y Px,
1<i<j<k

with unit element e; + - - - + ¢, has its own determinant N, : X; — R of degree
k. Via the orthogonal projection X — X; we may define Ny on X. The
polynomials N, ..., N, are called the minors of X . They are strictly positive

on A.
For real or complex matrices, the kth minor is given by

Ny 23 I B xlr):= Det(x” xlk)
Xr1 Xrr Xk1 Xkk
whereas the light cone has

Nl(.XO,.X[, e ,Xn)

for e;:=(4,1,0,...,0) and e =(3,-3,0,...,0).
4.10. Proposition. For each a = (o, ..., a,) € C", the smooth function
(4.11) Ny (x) := Ni(x)M 72 Np(x)027% - Np(x)™
on A is a NO-invariant eigenfunction of A°, with eigenvalue
r
a .
(4.12) 2=%a (ai+5(r+l—21)).

i=
Proof. Tt was shown in [U2] that the minors N, ..., N, are NC-invariant.
Since

(Nao@)(t1, ..., 1) = (€)M (el .. (glib=rtiryar
— et|a|+tzaz+~~+t,a, ,
every D € Z'(A) with radial part (4.6) satisfies
DN, =gq(a; — p?, e, Oy — p?)Na.
For the polynomial (4.7), we obtain

AN, = Z(a§ —2a;p?)N,. Q.E.D.
i

The functions (4.9) are called conical functions on A. Put
Ri:={aeR 01 >> >0}

and . .

N =R NN
The elements o = (o, ..., a,) € N are called partitions of |a| 1= a;+---+ay.
For each o € N", N, is a polynomial of degree |a|] on X called the conical

polynomial of type «.
We now pass to the maximal compact subgroup K° = O(A) of GL(A). Let

r
(4.13) ad = {Z"Mei << t,}
i=1
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denote the “Weyl chamber”. Then there is a Cartan decomposition [H1]
(4.14) A=K p(ad).

By [H1, Theorem IL.3.6], every D € & (A) has a K°radial part Dx which is
a differential operator on af satisfying

(4.15) (Df)o¢ =Dk (fop)
for all KC-invariant functions f € >(A).
4.16. Proposition. A has the K°-radial part
(3% a 0 1 9
0 _ o a0 o
(4.17) AK_Z(M 5 (r 1)6t,->+a;exp(tj—t,~)—lat,-'

i=1

Proof. The positive roots (3.16) induce the “density function”

Pp— . a
Sty ..., Hsmh" ( ') = H (%(e’/ - e"')e‘("'+’f)/2> = const-w*7n

i<j i<j

where

—a(r—1)/2
(4.18) W= H(e’f —e"), = (H e”) .

i<j

By [H1, p. 335] we have
1 0 .0 1 1o} Io}
0 _ - 5= = - — )% —
AK_&Z(?{,'J@I,' wangatiw nc’)t,-
Z 187: a _c')__ _8_
B 3t, 7 dt; wati ot;
1 6

4.19. Corollary.
9? a 0
0 _ 2 _a. .
9.AY = Z (x, 52t (1 Sr 1)) x,ax[)

Proof. Putting x; = e we have by (4.18)

w= H(xf -Xxi), w=(x ...x’)—a(r—l)/z
i<j

and (4.17) implies
d?x; dx;\*( 8 1on  adw 0
0 _ Z 7t hadd AT -
e z’:(dti2 +(dt,~) <6x,~+7t8xi+w6x,)) 0x;

1o} a 1 1
_ . 20 Y e 1—
= : (x,+x, (8x,~ 2(r l)xi +aZx,~—x,~)
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By integrating over the compact Lie group K° we obtain a smooth K°-invariant
function

(4.20) KO(x):= | Nu(sx)ds
KO

on A, called the spherical function of type a € C'. In case o € N, K?
is a polynomial on X called the spherical polynomial of type a. Applying
Proposition 4.9, we obtain

AR = 10K

for every a € C.

4.21. Proposition. For a € N', the spherical polynomial K? has a finite ex-

pansion
r
Kg (inei) = Z cpap(X1s .- s Xr)
i=1

BeN
where cg > 0 and qg is the monomial symmetric function.
Proof. Given s € K° and [/ < r, consider the expansion

(4.22) N, (s >3 x,~e,-> = bu(s)xf - xtr
i=1 "

where u € N (not necessarily nonincreasing). Define
il = a4+

and
I(u) := card{i: u; # 0}.

If |u| #1, then b,(s) = 0 since N; is homogeneous of degree /. Thus we
may assume |u| = / and therefore /(u) < /. Now assume /(u) < /. Put
I:={i: u; > 0}. Then for every choice of x; (i € I) we have

N[ (S . ZX,‘&') = le (P[ (S . Zx,e;)) =0
iel iel

rank P, (s . Z x,-e,~) < ranks - Z Xie;

since

iel il
= rank Y _ x;e; = card(/) < I.
i€l

Here P;: X — X, is the orthogonal projection (which may decrease the rank)
and Ny, is the determinant of the Jordan algebra X; of rank /, defined in
(4.9). It follows that b,(s) =0 whenever /(u) < !/. Thus (4.22) simplifies to

(4.23) N, (s . Z x,~e,~) = bi(s)[[ x
i=1 1

iel
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where I runs over all subsets of {1, ..., r} having / elements. Since N, >0
on the closure A, we have

bi(s) = ( Ze,) >0
i€l
for every s € K°. Taking powers and products, (4.23) implies

N, (S-Er:xie,) Z bu(s)xt" - xt
i=1

ueN’
lul=lel

where b,(s) >0 for all s € K°. Applying (4.20), this implies

(424) Kg (i X,‘é’,’) Z b x”‘ N
i=1

ueN’

lul=lal
where

b, = bu(s)ds > 0.
KO
For every permutation o € &, there exists an element s € K° such that
se; = eqj (1<i<r).
Putting 0 - p := (Uo(1), --- » Ho(r)» (4.24) implies b,., = b, since KO is KO-
invariant. Since
gp(x1, ..., x) = Zx{" R
n

where u runs over all distinct permutations of f, the assertion follows. Q.E.D.

5. STOCHASTIC CONTROL THEORY ON SYMMETRIC CONES: CONICAL FUNCTIONS

To commence the study of stochastic control problems in noncompact sym-
metric spaces of arbitrary rank, a symmetric cone is considered where the cost
functional is NO-invariant. Since the N°-radial part of the Laplace-Beltrami
operator is a constant coefficient differential operator and the controlled diffu-
sion can be projected to a Euclidean space, the analysis of the control problem
is quite straightforward. However this problem serves to introduce some of the
notions in an elementary context.

A stochastic control problem is formulated in a symmetric cone using the
NO-invariance and a conical polynomial N, . The stochastic control problem is
the control of a Brownian motion in a symmetric cone A so that the controlled
diffusion remains close to the base point of A. Using the N%-invariance of
the cost functional to be introduced and the Iwasawa decomposition of the Lie
group we can use the coordinates ¢t = (¢, ..., t,) for the Cartan subalgebra,
a.

The controlled diffusion in the symmetric cone has the infinitesimal generator

%AO +(u(s, 1), V).
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Since the NO-invariance of the control problem is exploited, it suffices to con-
sider the controlled diffusion projected to the abelian subgroup or equivalently
the Cartan subalgebra a. The infinitesimal generator for the controlled diffusion
projected to a is

1
(5.1) AN + (u(s, 1), Vo)
where AY is the NO-radial part of the Laplace-Beltrami operator A?, ¢ =
(ty, .. t,) v, = (a, s 3‘9—1’) is the gradient, and s € R, . Suppose that

(X (s) ,8 €[0,T) is the controlled diffusion in a with infinitesimal genera-
tor (5.1) where the dependence of X on u has been suppressed. The cost
functional for the stochastic control problem is

r v
(5.2) JRW, )= Ex<o)/0 (Nao 9)(X(5)) +(U(s), U(s)) ds

where N, is the NP-invariant polynomial eigenfunction of A° for the partiﬁon
«.

Since the infinitesimal generator of (X(s), s € [0, T1) is (5.1), the family of
stochastic differential equations that (X(s), s € [0, T]) satisfies is

(5.3) dX,(s) = [-%(21( —r—1) + Uy(s, X(s))] ds + dBy(s)

for k=1,2,...,r, X(0) € a, and (B(s), ..., B:(s),s > 0) is a standard
r-dimensional Brownian motion.

To describe the family of admissible controls it suffices to give the require-
ments in terms of (X(s), s € [0, T]) by the NC-invariance of (5.1). An ad-
missible control at time s is a Borel measurable function of X(s) so that the
family of stochastic differential equations (5.3) has one and only one strong
solution.

It is elementary to verify that the stochastic control problem (5.1, 5.2) is well
posed; that is, there is at least one control law (e.g. U = 0) that gives a finite
value to (5.2).

The solution of the stochastic control problem is given now.

5.4. Theorem. The stochastic control problem described by (5.1, 5.2) has an
optimal control given by

(5.5) vs, )= -E9v,(Noo p)(0)
where s € [0, T], t=(t1,..., L), V, is the t-gradient, and g is the unique
positive solution of the scalar Riccati differential equation
dg L R -
where

r
a,..
xe =) (of =20ipl) and p}=(2i-r-1).
i=1
Proof. A verification theorem [FR, p. 134] is applied to the smooth solution of
the Hamilton-Jacobi equation

ow
(5.7 0_T+£21r3 2A°W+z:v,(9 + (Ng o(p)(t)+zv
Jj=1
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The family of controls obtained by the minimization in (5.6) is

C1aW(s, 1)

(5.8) Uis.0=-3"%;

J
for j=1,2,...,r.
Assume a solution W of (5.7) as

(5.9) Wi(s, t) = g(s)(Nao ) ().
Substituting (5.9) into (5.7) it follows that

0=g’Na°¢+%XSNQO¢—@g2Nao¢+Nao¢

(5.10) 1 la
=Noog (g’+§xf3g—7g2+ 1)-

If g in (5.10) satisfies (5.6) then (5.9) is a smooth solution of (5.7) that sat-
isfies the boundary condition W (s, t) = 0 for (s, t) € {T} x a. The family
of controls (5.5) is an admissible (optimal) control if the family of stochas-
tic differential equations (5.3) with these controls has one and only one strong
solution on [0, T7].

Since the coefficients of the family of stochastic differential equations (5.3)
with the controls (5.8) are locally smooth in a, a unique strong solution can be
constructed at least locally. Thus it suffices to verify that there is no escape of
the process in [0, T']. Define the random times

{ inf{s € [0, T]: X;(s) = +o0},
+oo if the above set is empty

i =

for i=1,2,...,r. Itis easy to verify by contradiction that
P(Si<ooforsomei=1,2,...,r)=0

by comparing (5.3) to Brownian motion with no drift term. Thus (5.5) is an
admissible optimal control. Q.E.D.

6. STOCHASTIC CONTROL THEORY ON SYMMETRIC CONES:
SPHERICAL FUNCTIONS

A stochastic control problem is described in a symmetric cone using a KO-
invariance and a spherical polynomial K?. The stochastic control problem is
the control of a Brownian motion in a symmetric cone A by a drift vector field
so that this controlled diffusion remains close to the base point of A.

The controlled diffusion in the symmetric cone A has the infinitesimal gen-
erator

1
(6.1) A+ (u(s, 1), Vi)
where A0 is the Laplace-Beltrami operator on A, t = (¢, ..., ) is the coor-

dinator in a? , and s € R, . Since the KC-invariance of the control problem is
exploited, it suffices to consider the controlled diffusion projected to the positive
Weyl chamber a? with the infinitesimal generator

(6.2) %A‘,’( + (u(s, 1), V).
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Let (X(s),s > 0) be the controlled diffusion in the positive Weyl chamber
whose infinitesimal generator is (6.2). The dependence on u has been sup-
pressed. This controlled diffusion is the projection to the positive Weyl cham-
ber by a suitable K°-invariance. The cost functional for the stochastic optimal

control problem is
(6.3)

T
JUU. @) = Ex [ (K20 9)(X(5) + (AMXE)U(s, X(s)), Uls, X(s)) ds
where KO is the spherical polynomial (4.24) for the partition o, A%(f) :=
diag(f1(2), ..., f(2)),

2

— 1 9 o
fi(t) = Ke) [a_ti(K" ° (/’)(1)] ,
and 8
KOy = X 9 po
K200 = 5 KA
for i=1,2,...,r. Itis clear that

$ K2(x) = KO(x).
i=1

Since the infinitesimal generator of (X(s), s € [0, T]) is (6.2), the family of
stochastic differential equations that (X(s), s € [0, T]) satisfies is

a a 1
dXi(s) = [— 2r—D+3 ,; 1 —exp(X;(s) — Xi(s))

(6.4)
+Ui(s, X(s))| ds + dBy(s)

for k =1,2,...,r, X(0) = (X1(0), ..., X;(0)), X;(0) > X3(0) > --- >
X,(0), X(s) € a%, and (By(s), ..., B.(s); s >0) is a standard r-dimensional
Brownian motion. .

Let (Z(s) € A, s € [0, T]) be the controlled diffusion with infinitesimal gen-
erator (6.1) where the dependence on the control law U(-) has been suppressed
for notational simplicity. An admissible control at time s is a Borel measurable
function of Z(s) such that the stochastic differential equation whose generator
is (6.1) has one and only one strong solution. By the K°-invariance of the cost
functional it suffices to consider controls at time s that are Borel measurable
functions of X(s) that satisfy (6.4) so that this family of stochastic differential
equations has one and only one strong solution.

Initially it is necessary to verify that the stochastic control problem (6.2, 6.3)
is well posed, specifically that there is at least one control law that gives a finite
value to JO(U) in (6.3).

6.5. Lemma. Let ()? (s),s € [0, T)) be the diffusion process in the positive
Weyl chamber with the infinitesimal generator %A‘,’(, that is, the unique strong
solution of (6.4) with U(t)=0. Then

T ~
(6.6) Exo) /0 (K% o 9)(X(s)) dx < oo.
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Proof. The existence and the uniqueness of a strong solution of (6.4) with
U(s) = 0 follows immediately when it is verified that (X(s), s € [0, T]) does
not hit the walls of the positive Weyl chamber. Since this verification follows
by using a comparison theorem for stochastic differential equations [IW, p. 352]
in a simpler manner than in the proof of Theorem 9.7, it is omitted here.

Let R be the Riemann curvature tensor of A. The Ricci tensor field S is
defined as

n
S(X,Y)=Y R(V;, Y, V;, X)

i=1
where X,Y € TxA,dimA = n, and (V|, ..., V,) is an orthonormal basis
of .M. S(-,-) is symmetric. Let p be defined as p(X) = S(X, X) where
|X]=1. Since A is a Riemannian homogeneous space, it suffices to compute
the Riemannian curvature and the Ricci curvature at one point. It follows that
there is a b < 0 such that (n — 1)b < p(X) for a unit vector X € TxA and
x € A. Define the real-valued process (R(s), s € [0, T]) as

R(s) =d(e, X(s))

where e is the base point of A, d(-, ) is the distance function on A, and
(X(s),s € [0, T]) is the process given in the statement of the lemma. Let
(Yp(s),s € [0, T]) be the standard Brownian motion in the real hyperbolic
space H"(R) with the negative sectional curvature b. It follows [IW, p. 380]
that

P(Yy(s) 2 R(s); s €[0, TT) = 1.

Thus is suffices to verify

T
Exo [ (K20 )(Yi(s)ds < .
This verification is easily made [D5, Lemma]. Q.E.D.

The solution of the stochastic control problem (6.1, 6.3) is given now.

6.7. Theorem. The stochastic control problem described by (6.1, 6.3) has an
optimal control U* given by

(638) Urts, 0= -8 4 vk o p)(0)

where s € [0, T], t = (t;,...,1t), V, is the t-gradient, and g is the unique
positive solution of the scalar Riccati differential equation
dg

1 1
(6.9) Tot k8- 78 +1=0, g(T)=0,

where x0 is the eigenvalue (4.12).

Proof. 1t is well known (e.g. [FR]) that the Hamilton-Jacobi or dynamic pro-
gramming equation for a stochastic optimal control problem of diffusion type
is

ow .
(6.10) 0= T3 +1121(111[A (YW + L(s, x, v)]

where AV is the infinitesimal generator of the diffusion using the control v and
L is the integrand of the cost functional. To apply a verification theorem [FR,
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p. 139] to the problem here it is required that the solution W of (6.10) with
the boundary condition W (s, y) for (s, y) € {T}xA is €1-2[(0, T) x A] and
continuous on [0, 7] x A.

To apply the Hamilton-Jacobi equation to (6.1, 6.3) it is important to use
the fact that the integrand of the cost functional as a function of the state is
KO-invariant so that the Hamilton-Jacobi equation (6.10) can be reduced to the
radial part of (6.10) as

al' . 1 0 ! all O ! 2
. =— 4+ AW + z — + (K + z w4 .
(6 11) 0 Os ilélml} ZAK_ = Uj 91,' ( a® ¢)(t) ; lf}vj

It is clear that the family of controls obtained by the minimization in (6.11) is

. _ 1 OW(s,?)
(6.12) Ui(s, t)= ORI
for j=1,2,...,r.
Assume a solution W of (6.11) as

(6.13) Wi(s, 1) = (KJop)(1)g(s).

Substituting (6.13) into (6.11) it follows that

0=g’K°°¢+lx°gK°°¢—ngK2°¢+K2°¢

a 2 a a 4
(6.14) | |
=K2o¢’(g’+§x2 ——g2+l).

If g in (6.14) satisfies (6.9) then (6.13) is a smooth solution of (6.11) that
satisfies the boundary condition W(s,t) = 0 for (s,?) € {T} x a. The
family of controls (6.12) is an admissible (optimal) control if the family of
stochastic differential equations (6.4) with these controls has one and only one
strong solution in [0, 7T7].

Since the coefficients of the family of stochastic differential equations (6.4)
with the controls (6.12) are locally in a%, a unique strong solution can be
constructed at least locally.

Let (X(s),s € [0, T]) be the solution of the family of stochastic differ-
ential equations (6.4) with the family of controls (6.12). There is no finite
escape time by the methods in the proof of Lemma 6.5. If it is assumed that
(X(s), s €[0, T]) does not hit the walls of the positive Weyl chamber then the
local smoothness of the coefficients of the stochastic differential equations for
(X(s), s €[0, T]) can be used to construct a unique strong global solution (e.g.
[IW, p. 164]).

Now it is verified that (X(s), s € [0, T]) does not hit the walls of the Weyl
chamber. It suffices to consider one wall of the Weyl chamber because the
intersection of the walls of the Weyl chamber can be treated in a similar fashion.

Choose two positive constants K > ¢ > 0 and define Ty(c, K) C a9 for
k={1,...,r—1} as

Ti(e, Ky={t: K>t —rc>-->tpy—(r—k+1)c> tiy

(6.15)
Sty >ty —ke>-->t_ 1 —2c>t,>-K}.
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To investigate the process (X(s),s € [0,T]) in a neighborhood of
{t: tx = i1} NI (c, K) it suffices to consider the stochastic differential equa-
tion for

(6.16) Yi(s) = Xi(8) = X1 (5)

for s € [0, T] and show that (Yi(s),s € [0, T]) does not hit zero. The
stochastic differential equation for (Yi(s), s € [0, T]) is
(6.17)

a 1
dY(s) = 5}; 1 —exp(X;(s) — Xk(s))

a 1
B 5}.;;“ 1 —exp(X;(s) — Xis1(5))

+ Ui(s, X(5)) = Uesi (s, X(5)) | ds + dB(s) — d By (5).

It is assumed that (X (s), s € [0, T]) is localized to I'x(c, K).
Let (Z(s), s € [0, T]) be the so-called two-dimensional Bessel process that
is the unique strong solution of the stochastic differential equation

(6.18) dZ(s) = % ds + V2 dB(s)

where (B(s), s > 0) is a real-valued standard Brownian motion.
It is convenient to regroup the drift terms in (6.17) as

a/2
dYk(S) = 1 — exp(Xgi1(s) — Xi(s))
(6.19) B a)2
[ — exp(Xx(5) — Xr1(5)) h(s, X(s))| ds
+V2dB(s)
where
Sup |h(s, x)| < M < oo.

(s,x)€[0, T]xTIk(c, K)
By the expansion of the exponential function there is a 6 > 0 such that for
x € (0, d]
/2 12 1
l—e> 1-ex  x’
Localizing {X(s),s € [0, T]} to {¢: tx — tyy1 < 0} NT%(c, K) the stochastic
differential equations (6.4) and (6.17) can be compared [IW, p. 352].

Choosing sequences ¢, | 0 and K, T +oco and applying the above construc-
tion to I',(c,, K,) it follows that

P(X1(s) > Xa(s) > -+ > Xi(8) = Xpqa(8) > -+ > Xi(s)
for some s € [0, T]) = 0.

(6.20) M+

(6.21)

This completes the proof of the theorem. Q.E.D.



STOCHASTIC CONTROL PROBLEMS 1107

7. SYMMETRIC TUBE AND SIEGEL DOMAINS

Every Jordan *-algebra Z with product z ow, unit element e, and involu-
tion z* defines a Jordan triple product

(7.1) {zw*z} =2(zow*)oz—-w*o(z02z)
for which e is a tripotent. The corresponding Cayley transform
g2) = exp (Gle+ )52 ) ()= e+ D)o (e = )"
maps € onto the symmetric tube domain
(7.2) N={zeZ:z+z*€eA}=AxU,
where A is the symmetric cone of the formally real Jordan algebra
X={xeZ:x*"=x},

and

U:={eZ:¢& ==&}
Of particular importance is the case U = iX ; i.e., Z is the complexification
of a formally real Jordan algebra X endowed with the complexified Jordan
product and the involution

(x+iy):=x—-1iy (x,y€X).

In this case Il = A x iX is a complex hermitian symmetric space. A basic
example is Siegel’s (right) half-space, corresponding to the cone Ag of posi-
tive definite symmetric matrices (cf. Example 3.5). In order to determine the
(semisimple) Lie algebra g associated with II, we apply the (adjoint) Cayley
transformation and obtain for all x € X, £ € U,and M € I° (cf. (3.7)).

Ad(g.) (06 - (2257 ) = 2xez) 5
Ad(ge) (€ - {82}~ 20 D57 ) = 265

Ad(ga) (& - {222} + 208e 2 3 ) = 20872}

and

Ad(g.)M = M.
It follows that g has a Cartan decomposition
(7.3) g=lop,
where

i}
—_ * .
[=1 @{(§+{zé z})az.ée U}
consists of all vector fields vanishing at e, and
0
— 0 _ * .
p=p eB{(é {z¢72}) 55 ¢ € U}

is the tangent space at e.
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Denoting by G the connected Lie subgroup of L with Lie algebra g, I be-
comes the Lie algebra of the maximal compact subgroup
(7.4) K={geG:gle)=e}

(which contains nonlinear transformations if U # {0}). In the complex case,
G is the identity component of the biholomorphic automorphism group of Il
[L3, Ul]. The Lie algebra gi(A) has a representation

gl(A) >3 M — M € gl(Z)
such that ~ ~
Mz, + (MZ])* = M(Zl + ZT)

for all M € gl(A). It follows that M leaves Il invariant. The domain IT is
also invariant under the translations 7¢(z) := z +¢ parametrized by { € U.
The vector field
o . ,.0 0
25—{&9 z}a—zeg Cg
induces a gradation

(7.5) g=g'@g’®g",

where 5
A._ |, 9 _
g .—{Aeg. [zaz,A] AA}.
We have
0 0
1_ )9 . 0_ 9.
g—{éaz.er}, g {MzaZ.MEQI(/l)},
and

g ! = {{zéz}aa—zzée U}.

Now fix a frame e, ..., e, of the Jordan algebra X, and consider the Peirce
decomposition (3.9) of X . Similarly, we have
(7.6) U= Y U,
1<i<j<r
where
ik +

Uij={é€U;{€k€;é}=%é, Vlgkgr}.

The invariants

(7.7) ¢ :=dimg U;; (1<i<r)
and
(7.8) a:=dimg Uj; (1<i<j<r)

are independent of the frame and are called the characteristic multiplicities of
U . One can show [N1] that, for irreducible symmetric spaces, (7.8) agrees with
(3.10). The subspace a C p° C p defined in (3.11) is still maximal abelian
in p.
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7.9. Proposition. There is a real root decomposition

(7.10) 9—29,,6929”@29” em,

i<j i<j

with respect to a, where g? ] and m are as in Proposition 3.14, and
0
8ij = {fa—zi e Uij}
is the root space of
1
(7.11) 5(M§§+M3j),

whereas 5
g;.'jl = {{Zé*z}a—z,l Ee U,‘j}

is the root space of

(7.12) ——;—(MjIl +
Proof. For £ € Uj;, (2.1), (2.2) and (7.6) imply
[ 0 . Oik + 0jk +6

and

:{eke"z}af;, {z&*z 66—2]
= ({ee* {28 2)) - 2{{ene" 2} 2) o
- (e ) 2 = 5”‘*""‘{ &2l

This proves (7.11) and (7.12), and shows that g*! is the direct sum of g;'.
Applying Proposition 3.14, the direct decomposition (7.10) follows. Q.E.D.

We now treat the general case of a (positive definite) Jordan triple Z with
a Peirce decomposition Z = X @ U @ V' with respect to a maximal tripotent e
(the unit element of X). The corresponding Cayley transform

sler, 2) = e (Re+ (ze 23 ) (21, 22
=((e+z1)o(e—z)7", V2z30(e—2z))7")
(cf. [L3, U1]) maps Q onto the symmetric Siegel domain
(7.13) MN={x+&¢+v:2x—-D(v,v) €A}

associated with the cone A of X and the hermitian form ®(v,, v;) = 2
{vivie}. Incase U =iX and V is complex, I becomes an hermitian sym-
metric space.
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7.14. Example. Let r < R be integers and consider the matrix space
Z =,KR= K @ K&
over K=R, C or H (quaternions), endowed with the Jordan triple product
{zw*z} := zw™z.

Writing the elements of Z as z = (z;, z;) with z; of size r xr and z, of
size r x (R—r), we obtain a tripotent e = (1, 0), and the associated symmetric
Siegel domain

H={(Z|,22)62221+ZT—2225EA]K}

belongs to the symmetric matrix cone Ak (cf. (3.5)) and the hermitian form
P(z;, wy) := zow; . For example if r = 1, we obtain

(7.15) M= {(z0, z1,...,20) eK"*": 20+ 20 > 2,7, + -+ 2,Zp}.

For K = C, we obtain complex hermitian spaces in this way. For example,
(7.15) is holomorphically equivalent to the unit ball in C'+” . In order to deter-
mine the (semisimple) Lie algebra g associated with I1 we apply the (adjoint)
Cayley transformation and obtain forall x€ X, €U, neV, ,and Me(®

Ad(g.) ((x — {zx*z})%) = 2{xe*z}—§— ,
Ad(g <( —{z&z} - 2{&e*z}) ) éaaz
) ((é (222 +2{¢e*z}>-) _agzer
¢ 0z 0z
Ad(ee) (1= {zn°2) = 20ne"2) + 2fen D)5 )
= VI + 2fen’ 2D o
Ad(eo) (1= {zn°) + 2ne"z) - 2enzp 2~ )

= Va({zn°2) +2(ne"2)) 5

and

Ad(g.)M = M.
It follows that g has a Cartan decomposition
(7.16) g=1+p,
where

l=[0®{(é+{zé*z})58;:ée U}

® {(n+ 2en'z} - {zn"z) ~ 2nez)) o me V}
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consists of all vector fields vanishing at (e, 0), and
vy O
p=po {(5_{26 Z})£: e U}

® {(ﬂ +2{en*z} + {zn*z} + Z{ne*z}):—zz ne V}

is the tangent space at (e, 0). Denoting by G the connected Lie subgroup
of L with Lie algebra g, | becomes the Lie algebra of the maximal compact
subgroup

(7.17) K={geGg(e,h0)= (e, 0)}.

In the complex case, G is the identity component of the biholomorphic auto-
morphism group of I1. The Lie algebra gi(A) has a representation

gl(A)> P— Pegl(Z)
such that
(7.18) Mzy + (Mz))* —®(Mz,, z2) - D(z2, M2z3) = M(z, + 2} — ®(22, 22))
for all M € gl(A). The domain II is invariant under the “pseudotranslations”

D(n,
(119 rglen zm) i (2k e, + 2B 2y
parametrized by (£, n) € U @ V. The vector field
0 Z) I}

{ee Z}B—E = Zla—Zl' + 78_22
induces a gradation
(7.20) g=¢'0g"0g’0g 2 0g!

into the A-eigenspaces g* of ad({ee*z}Z). We have

o .
gl={éa_z'éeu}’

0 0
1/2 _ * . 0_ .
g {(n+2{zn e}—az. ne V} , g {Mz——az. Me g[(A)} ,

52 = {(enr )+ 2(ze )z ine v,
and 5
g l= {{26*2}5: e U}.

Now fix a frame e, ..., e, of the Jordan algebra X and consider the Peirce
decompositions (3.9) and (7.6) of X and U, respectively. Similarly, we have

r
(7.21) V= v
-
where s
V,~={neV:{eke,:r]}=%kn, VISkSr}.
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The invariant

(7.22) b :=dimg V; (1<j<r)

is independent of the frame and is called the characteristic multiplicity of V .
For example, in the matrix space Z = ,KR, V; consists of all r x (R —r)

matrices v with nonzero entries only in the j th row. The subspace a C p° C p
defined in (3.11) is still maximal abelian in p.

7.23. Proposition. There is a real root decomposition

g= 291,6929”2@29%

i<j

@z&w@zg

i<j

(7.24)

with respect to a, where g ~', 8% and m are as in Propositions 7.9 and 3.14,
and

o= { o+ 2enznine v}

is the root space of

(7.25) %ij ,

whereas
5= { (e zy + 20 zh i me v
is the root space of
(7.26) _EM#"
Proof. For ne V;, (2.1), (2.2), and (7.21) imply

[{eke*z}a—z, 1+ 2enzh |

1

= ({exen) +2({ee fen”2)) — fen” {exe" 2} ) 5=
= (fexe™n} + 2elexe™n) 2)) 5=
= % (n + 20" 2)) o

since {ene} = 0. Similarly,
[tee 21 2o (tanz) + 2000207
= ({exe {20 2})} + 2fexe” (ne" 2} )5
= ({{exe" 21"z} — (ne* lexe" 2} )5
= —({z{ewe n) 2} + 2lere n}e 2D 5

O ((zn2) + 2(ne2)) o
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This proves (7.25) and (7.26), and shows that g*!/?2 is the direct sum of
gf'/ 2, Applying Propositions 7.9 and 3.14, the direct decomposition (7.24)

follows. Q.E.D.

8. CONICAL AND SPHERICAL FUNCTIONS ON II

We will now construct conical and spherical Laplace eigenfunctions for the
symmetric tube and Siegel domains I discussed is Section 7. Endow II with
the unique G-invariant Riemannian structure such that the basis (3.11) of a C
p? C p = T,(II) (tangent space) becomes orthonormal.

Let N be the connected Lie subgroup with Lie algebra

12
n=g'@g?@n’ _Z%@Eg/ oy o)
i<j j i<j

(For tube domains, the g!/2-part is missing.) Then there is a (direct) Iwasawa
decomposition [H1]
(8.1) II=N-¢p(a)

where ¢ is defined in (4.1).

Let 2(I1) denote the algebra of all (scalar) differential operators & on
IT which are invariant under G, i.e., satisfy (4.3) for all f € #>(II) and
g € G. For example, the Laplace-Beltrami operator A of II belongs to Z(II).
By [H1, Theorem I1.3.6], every D € & (I1) has an N-radial part Dy, which
is a differential operator on a satisfying (4.4) for all N-invariant functions
fe&>(1I]).

8.2. Proposition. A has the N-radial part

0?2 . b\ o
AN—Z’,:(B_t%— (a(l—l)+c+§) 6—tl).
Proof. For any D € & (I1), Dy is a constant-coefficient differential operator
of the form

0 0
(8.3) DN-q(at p,,...,a—tr—pr),

where ¢ is any even symmetric (i.e., Weyl group invariant) polynomial, and
b

a,. c
Pi—5(1—1)+§+z

are the coefficients of the half-sum of positive roots

# # ¢ # é 1

zg[ Z(Mej+Mei):|+2zi:Me,-+2;2M#
8.4
(8-4) 1 . b "

= EZ a(i=1)+c+5 | M

i

(cf. Propositions 7.9 and 7.23). By [H1, Proposition 11.3.8], A corresponds to
the polynomial

(8.5) a(si, ..., s Z(s - )
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so that "
0 0
Ay = — = 2pi— . .E.D.
v ;(at? pigr)- Q

8.6. Proposition. For each o € C", the smooth function

(8.7) Nux+&+v) =N, Q-M)
on Il is an N-invariant eigenfunction of A, with eigenvalue
(8.8) xa=§i:a,~ (ai—a(i—l)—c—g).

Proof. The group N is generated by N° and the pseudo-translations (7.19).
Since the expression 2x — ®(v, v) is invariant under pseudo-translations and
satisfies (7.18) for all P € NO it follows that (8.7) is N-invariant. Since

(Nao @)ty ..., ty) = ehartthar,
every D € Z(I1) given by (8.3) satisfies
DN, =q(a;—p1,...,ar— Pr)Ng.

For the polynomial (8.5), we obtain
AN, = Z —2a;pi)No. QED.

We now pass to the max1mal compact subgroup K of G. Let
r
(8.9) ay ;= {ZtiMe, O<tj <+ < t,}
i=1
denote the “Weyl chamber”. Then there is a Cartan decomposition
(8.10) I=Kgp(a,),

where ¢ is given by (4.1). By [H1, Theorem I1.3.6], every D € Z(Il) has a
K-radial part Dx which is a differential operator on a, satisfying (4.15) for
all K-invariant functions f € #>(n).

8.11. Proposition. A has the K-radial part
. 9?2 t 0
AK = ; (6_t12 + <CC01h(I,’) + bcoth <§)) 6_11)
(8.12) =
ta Z sinh(¢ 0
cosh(t;) — cosh(t )ot
Proof. The positive roots (3.16) (7.11), and (7.25) induce the density function

oty, ..., t, Hsmhc (t)) smhb( )Hsnh“( J_ ) inh? (tjzj)

i<j

. . ob 1 .2 (L .2t a
1:[mnhc(tj)smh (—z—)g[smh (5>—smh (§>]

= const- wr,




STOCHASTIC CONTROL PROBLEMS 1115

w= H <sinh2 (%’) — sinh? (%)) )

i<j

n = [ sinbe (1)) sinh® (%) .

J

where

(8.13)

By [HI, p 335] we have

Ak = é Z at; at, wan Z 6t, 81,
_23(__+192+£92)£l
- —~\dt; ' mdt; It ) ol

sinh(¢;) 0
= Z (_ +ccoth(t) +bcoth( ) +az cosh(t;) —CIOSh(tz)) o1’

Q.E.D.
Now consider the mapping y: a, — A C I1 defined by

(8.14) wity, ... t,)-Zsmhz( )

8.15. Corollary.

02 1+b+c b ]
WAk = Z(xi(xi+1)axi2 + ( — + (l+c+ E)Xi) 6_x,)

i

Proof. Putting x; = sinh’(4) we have by (8.13)
w= H(Xj - Xi), n= H(xi(xi + 1))c/2xl{)/2
i

i<j

and (8.12) implies
d?x; (dx\*( 8 10n adw\\ 0
v = S (G (5) (o s+ 5% ) a3
_ L V8 e 1+2x
_Z:(x,+2+x,(l+x,) (8x,~+2x,~(l+x,~)

0
2x, +a ZXJ -x1)> 5}—" Q.E.D.

8.16. Theorem. For each o € N, there exists a spherical function K, on I1
with eigenvalue

(8.17) Xa=2i:a,' (a,'+a(r—i)+c+g)
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which satisfies

(8.18) Koopoy™' =" efKj.

B<a

Here B runs over all partitions dominated by o and the coefficients c£ are
nonnegative.

Proof. By Corollaries 4.19 and 8.15 we have
0 _ _4_
¢*AK_D2+(1 S(r 1))15

and

|
W*AK=D2+D1+#&,+<1+C+§>E,

where

Dm.—Zx, 8 2 Z ~—x,3x,

i)
) :=Z— and E:=Zx,~—a—.
) = 0xi = oxi

The commutator identities [0, , D] = mD,,_; and [8., E] = 8, imply

(8.19) vl = T + %[ae, ]+ é’:ae,

where

T:= ¢*A%+<%(r—l)+c+g)E.

Since K? is homogeneous of degree |a| := a;+---+a,, we have TK? = y,K?,
where

— 0, (4 _ b
xa—xa+(2(r 1)+C+2>la|

= Zai <ai+a("—i)+c+§>-

i

(8.20)

On the other hand, [Y1] implies

0eKJ = E( _8’) A

with a—¢;:= (a1, ..., ai—1, a;— 1, ajy1, ..., o) and “binomial” coefficients

(8.21) ( “ )zo.

a—&;



STOCHASTIC CONTROL PROBLEMS 1117
Assuming that yx, is the A-eigenalue of K, , we obtain from (8.19)

Xa ZCng = Xa(Ksopo W_l)
8
=(AKy)opoy ! =Ax(Kaopoy!)
= (W) (Kao 9o y™) = 3 (W AK)KS
8

1 b

1
=>ck <T+ 70T = 5T0, + Zae) K}
8

1 B b
2 (XﬂK(ﬂ) 3 2 (ﬂ - 8:’) (XB T Xpeat 5> qu—s,) '
8 i
Equating coefficients of K9, and B < o fixed, we obtain

1 B+e; b :
(Xa — xp)cE = 3 z,: ( B ) (Xﬂ+e,~ —Xpt 5) chra,

Since (8.20) implies x, > xp and xg.s > Xp , we may solve for ¢f inductively,
starting with ¢2 := 1, and obtain nonnegative coefficients. Q.E.D.

8.22. Corollary. The spherical function K, on Il has a finite expansion

(8.23) (Kaopoy™)(x) = aligp(x)
B<a

in terms of the monomial symmetric functions, with nonnegative coefficients a? >
0.

Proof. Apply Theorem 8.16 and Proposition 4.21. Q.E.D.

9. STOCHASTIC CONTROL THEORY ON SYMMETRIC TUBE OR SIEGEL DOMAINS:
SPHERICAL FUNCTIONS

A stochastic control problem is formulated in a symmetric tube or Siegel
domain II usinga K-invariance and a spherical polynomial K, . The stochastic
control problem is the control of a Brownian motion in IT by a drift vector field
so that this controlled diffusion remains close to the base point e of Il. Using
the K-invariance we may use the coordinates ¢ = (¢, ..., t,) for the positive
Weyl chamber (8.9).

The controlled diffusion in I has the infinitesimal generator

1
(9.1) A+ (s, 1), V)
where A is the Laplace-Beltrami operator, ¢ = (¢;, ..., ), and s € R, . Since

the K-invariance of the control problem is exploited, it suffices to consider
the controlled diffusion projected to the positive Weyl chamber a, with the
infinitesimal generator

9.2) %AK +(uls, 1), V).
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Let (X(s), s > 0) be the controlled diffusion with the infinitesimal generator
(9.2) where the dependence on the control u has been suppressed. The cost
functional for this stochastic control problem is

T
(9.3) Jalu) = EX(O)/O (Ko o @)(X(s)) + (A(X(s))U(s, X(5)), U(s, X(s))) ds

where K, is the spherical polynomial (8.23) for the partition a, A(f) :=
diag(fi(1), ..., £(1),

50 = s | Ko ow)<>]2,
iKa(w(1) |01
and
K (zr:xjej)=xiizic”q (X150ens Xr)
aj=1 8xﬂ|u|““ e
for i=1,2,...,r. Itisclear that

r
Kaowzz:iKaO'//‘i'OKa
i=1
where oK, is a constant.
Since the infinitesimal generator of (X(s), s € [0, T]) is (9.2), the family of

stochastic differential equations that (X(s), s € [0, T]) satisfies is
(9.4)

dX(s) = ’% coth(Xk(s)) + %coth (sz(s)>

smh (Xk(s)) B
*3 z cosh(Xx(s)) — cosh(X;(s)) +UGs, X(S))} ds = dBy(s)

for k = 1,2,...,r, X(0) = (X1(0),..., X,(0))

- > X,(0) > 0, X(t) € a,, and (Bi(s), ..., ,(s) s
dimensional Brownian motion.

Let (Z(s) € Q,s € [0, T]) be the controlled diffusion with the infinitesi-
mal generator (9.1) where the dependence on the control law U(-) has been
suppressed for notational simplicity. An admissible control at time s is a
Borel measurable function of Z(s) such that the stochastic differential equa-
tion whose generator is (9.1) has one and only one strong solution. By the
K-invariance of the cost functional it suffices to consider controls at time s
that are Borel measureable functions of X(s) that satisfy (9.4) so that this
family of stochastic differential equations has one and only one strong solution.

Initially it is necessary to verify that the stochastic control problem (9.1, 9.3)
is well posed, specifically that there is at least one control that gives a finite
value to J,(U) in (9.3). The verifcation of the following lemma is the same as
the verification of Lemma 6.5.

9.5. Lemma. Let (X(s),s € [0, T]) be the diffusion process in a, with the
infinitesimal generator %AK, that is, the unique strong solution of (9.4) with

X100 > X(0) >
0

> 0) is a standard r-
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U()=0. Then

T ~
(9.6) Exo | (Koo w)(X(©)ds < .

The solution of the stochastic control problem (9.1, 9.3) is given now.

9.7. Theorem. The stochastic control problem described by (9.1, 9.3) has an
optimal control U* given by

(9.8) v*s. )= £ a1 09K 0 w)(0)

where s € [0, T],t = (t;,..., ), V, is the t-gradient, and g is the unique
positive solution of the scalar Riccati differential equation

dg 115, -

and x, is the eigenvalue (8.17).

Proof. In analogy with the proof of Theorem 6.7, a smooth solution is found
for the Hamilton-Jacobi equation for the stochastic optimal control problem of
diffusion type. Since the integrand of the cost functional as a function of the
state is K-invariant, the Hamilton-Jacobi equation can be reduced to the radial
part of (9.1) as

oW oW
(9.10) 0= —— +min AK+Zv,at + (Kyo w)(t +Z/}

It is clear that the family of controls obtained by the minimization in (9.1) is

. _ 1 ow(s,
(9.11) Uj(s, t)= 70 —6tj
for j=1,2,...,r
Assume a solution W of (9.10) as
(9.12) W(s, 1) =g(s) Y _(iKao W) (t) + h(s).
i

Substituting (9.12) into (9.10) it follows that
, 1
0= g/ZiKao ‘//+h + EXag (ZiKao '//+0Ka)
(9.13) +Y Kooy +oKe - 3823 iKuow
= Z Kooy (g + 2xag— lg + l) +h+ 2)(agoK + oK.
If g satisfies (9.9) and £ satisfies
(9.14) h'+%xagoKa+oKa=0, h(T)=0,
then (9.12) is a smooth solution of (9.10) that satisfies the boundary condition
Wi(s,t)=0 for (s, t) € {T} xa,. The family of controls (9.11) is an admissi-

ble (optimal) control if the family of stochastic differential equations (9.4) with
the controls has one and only one strong solution in [0, 77].
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Let (X(s),s € [0, T]) be the solution of the family of stochastic differ-
ential equations (9.4) with the family of controls (9.11). There is no finite
escape time by the methods in the proof of Lemma 6.5. If it is assumed that
(X(s), s €[0, T]) does not hit the walls of the positive Weyl chamber then the
local smoothness of the coefficients of the stochastic differential equations for
(X(s), s € [0, T]) can be used to construct a unique strong global solution (e.g.
[IW, p. 164]).

Now it is necessary to verify that (X(s), s € [0, T]) does not hit the walls
of the positive Weyl chamber. Initially a subset of a wall away from the origin
is investigated. In fact it suffices to consider the process (X,_;(s) — X,(s), s €
[0, T]) away from the origin because a similar verification is made for the
other walls of the Weyl chamber. Choose two positive constants K > ¢ > 0
and define I',_(c, K) as

(9.15) (e, K)={t: K>ty —rc>--->t_y—3c>t,_; 2t >c}

By localization by a stopping time it is assumed that (X(s),s € [0, T]) is
restricted to I',_(c, K).
Let Y,_(s) be defined as

Yr—l(s) = Xr—l(s) - X,-(S)
for s € [0, T]. The stochastic differential equation for (Y,_(s), s € [0, T]) is

_[a sinh(X;—(s))
dY,—(s) = 2 cosh(X,_(s)) — cosh(X,(s))
a sinh(X,(s))

"~ 2 cosh(X,(s)) — cosh(X,_(s)) +h(s, X(s))| ds

+dB,_\(s) — dB(s)

where
sup lh(s, x)| < M < oc.
(s,x)€[0, T)xT,_(c,K)
It easily follows from Taylor’s formula that there is a 6 > 0 such that if 0 <
t,_1—t <0 then

a sinh(f,_y) + sinh(¢,) S 1
2 cosh(t,—1) — cosh(t,) Tt =t

Now localize (X(s),s € [0, T)) to I',_y(c, K)n{t: t,-1—t, <Jd}. Apply a com-
parison theorem [IW, p. 352] for the solutions of scalar stochastic differential
equations to the above localization of (9.16) and the so-called two-dimensional
Bessel stochastic differential equation
1
dZ(s) = 76 ds + V2dB(s).

Choosing sequences ¢, | 0 and K, T +oo and applying the above construc-
tionto I',_ (c,, K,) it follows that
(9.18) P(Xi(s) > Xa(s) > - > X,—i(s) = X,(s) > 0 for some s € [0, T]) = 0.

Now the behavior of (X(s), s € [0, T]) is investigated near the origin. For
this analysis it is more convenient to the coordinates x = (x, ..., X,) instead

(9.17)
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of t=(t;,...,t) where x; = sinh?(¢;/2) . Since the radial part of the Laplace-
Beltrami operator has been expressed in these coordinates by the chain rule, the
family of stochastic differential equations for

(9.19) Y, (s) = sinh? 262 X"(s)

for s €[0, T] is

1 1/2
dYi(s) = [EYk(s)(l + Y (s)V 0] dBy(s)

(9.20) + [%(i+b+c)+l(l+c+g> Yi(s)
t3 Z el s, v (YO ds

for k=1,2,...,r
Choose two positive numbers K > ¢ > 0 and define A,(c, K) as
(9.21) A, K)={x:K>x1—rc>--->X—1 —2¢ > X }.

Assume that (Y(s),s €[0, T]) and (Z(s), s € [0, T]) are two pathwise solu-
tions of the family of stochastic differential equations (9.20) that are localized
to A,(c, K). It is elementary to verify that

(9.22)

1 1/2 1 12
'(Eyu #9)v0) = (320+2)v0) | < 2y= 2+ 2y 2l = plly 2D
For x =(x;,...,x,) and k€ {1, ..., r} define o and b; as

) 12

(9.23) o(xg) = (Exk(l +xk)V0> ,
(9.24)
be(s, x) = Z(1+b+c) 3 (l +c+ )xk+2 le;(kljxk) Ug(s, w='(x)).

Following a construction for a scalar stochastic differential equation [IW,
p. 168]let 1 >a; >a; > -->a, >--- >0 be defined by

1 I 1
/ pi(wdu=1, / p(wdu=2,..., / pYwdu=n, ...,
a a an

where p is given by (9.22). Clearly a, | 0. Let (w,, n € N) be a sequence of
continuous functions such that the support of y, is contained in (a,, a,—;),

-1
05%()_2L— and / - 1.

x| y
x)/ dy/ wn(u)du, x € R
0 0
Then ¢, € C2(R'), |9,| < 1, and ga(x) 1 |x| as n — 0.

Define
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Fix n € N and apply It6’s formula to ¢,(Y,(s)— Zi(s)) for k=1,2,...,r
and add these r equations to obtain

> on(Yi(s) = Zi(s))
k=1

=3 / 01 (Gew) — Zu(w))(0(Yi(w)) — 0(Zi(w) d B ()
k=170
(9.25) L
+5 /0 (Vi) = Zi(u) (i (u, Y () = bi(u, Z(w))) du.
k=1

+ % > /os 0 (Yie(u) — Zi(w)) (0 (Ve (w) — 0(Zyc(w))? du.
k=1

Since the expectation of each of the stochastic integrals in (9.25) is zero, it
follows that

E [Z Pn(Yi(s) — zk<s))]

k=1

(9.26) = gE/OS 0 (Yie(u) — Zi (W) (b (u, Y (w)) — b (u, Z(u)))du

+330E [ 00 = Zew)(o(Ye(w) - o(Zu(w)) du
k=1

= Ii(n) + I(n).
On A,(c, K) the drift terms (b;, ..., b,) are smooth so that

L)< SE / b, Y () — bi(u, Z(u))|du
k=1 YO
(9.27)

r s
< ZE/ K|Y(u) — Z(u)|du
k=1 J0
and by the construction of ¢,

0N < 33" [ B2 9 (Yelw) ~ ZewDp (¥idu) - Zelw)) du
(9.28) o

s
<r—.
n

By passing to the limit we have
S ~
(9.29) E|Y(s)— Z(s)| < / rK|Y(u) — Z(u)|du
0
so Y(s) = Z(s) a.s. Choose ¢ > 0 such that b,(s, x) >0 for x € A,(c, I)N

{x:|x] < e} and let
T_. = inf{s: Y,(s) = —¢}.
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Let S < T_, be such that Y,(S) < 0 with positive probability. The stochastic
differential equation for (Y,(s), s € [0, T]) implies that the map s — Y,(s) on
(S, T-¢)1{y,(s)<0} 1is increasing which is impossible. Thus

P(T_.<T)=0
and
P(Y (s)> - >Y,_1(s) > Y,(s) >0, sef0, T]) =1.

Now it is shown that (Y,_(s), s € [0, T]) does not hit the origin. From this
verification it easily follows from the previous results that (Y, (s), s € [0, T])
does not hit the origin for k € {1, ..., r—2}. Consider the following stochastic
differential equation:

5 1~ B 1/2
4%,-1(5) = (3511 + Ta()V0) B (o)
(9.30)

4 2

By a test for explosions of a one-dimensional diffusion process (e.g., [IW, p. 362])
it follows that

(9.31) P, (i‘éf Yoo i(s) > 0) =1

+ [l(l +b+c)+ % (1 +c+ 2) f’r_n(S)] ds.

where e is the explostion time. Choose two positive constants K > ¢ > 0 and
define A,_;(c, K) as

(9.32) A(c, K)={x:K>xi—rc>--->X%_2—3c>x,—1 > x >0}.

There is an ¢ > 0 such that on A,_(c, K)N{x:0 < x < ¢} the sum of the
last two terms in the drift of the stochastic differential equation for (Y,_;(s),
s € [0, T]) is positive. This solution can be localized to A,_i(c, K) N
{x:0 < x <&} and the stochastic differential equation for (Y,_,(s), s € [0, T])
can be compared with (9.20). Let ¢, | 0 and K, T +oo and apply the above
techniques to A,_;(cx, K,) to verify that

(9.33) P(Yi(s) > Ya(s) > - > Y,_y(s) > Y,(s),s €[0, T]) = 1.
This completes the proof. Q.E.D.

10. GENERALIZATION TO ABSTRACT ROOT SYSTEMS

In this section we indicate how the previous results can be generalized, in
a somewhat less geometric way, to root systems with “arbitrary” multiplicities
(cf. [D1]). Consider Euclidean space R” with coordinates ¢ = (¢, ..., t,) and
consider the “abstract” Weyl chambers (compare with (4.13) and (8.9))

(10.1) a={teR:t; > >t}
and
(10.2) ap:={teR 4y >--- >t >0},

respectively. Consider a density function W (¢), the associated volume element
av(t).=w()de, ---dt,
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and the “Laplace-Beltrami operator”

1 0 0
(10.3) A‘E;a_ziwa—z?
The density function is specified by
0 _ : o 1.d tj -t
(10.4) wo= I sinh (___2 )
1<i<j<r
and
_ . t . -t . ti+t;
10.5) W = [[]sinh‘(¢,) sinh? (—’) sinh? (;> sinh? (;) ,

respectively. Here a, b, ¢ are arbitrary positive constants. Note that for certain
integer values of a, b, and ¢, we obtain the density functions associated with
a symmetric cone or a symmetric domain, respectively (cf. Sections 4 and 8).

We now pass to “algebraic” coordinates x;, ..., x, by putting
(10.6) x; :=exp(t;), (X, ) =9t oo 1)
for (10.1) and
(10.7) X; := sinh? (%) Kt x) =wlt, o )

for (10.2). Then in both cases the Weyl chamber corresponds to x; > x; >
-+ > x, > 0. Modifying the proofs of Corollaries 4.19 and 8.15 we obtain

10.8. Proposition. In terms of the algebraic coordinates, the operators (10.3)
have the form

(10.9) Zx +az X0 +§rj(1—f‘.(r—1))x.i
7 X = Xi dx; — 2 '9x;
and
o~ xi(xi +1)
A= ZX’(X' 2 ta z Xj— X; 8x,
(10.10) ,
+z lﬂf.{_ 1+C+é X i
1 2 2 ! 8x,»'
For every partition a = (ay, ..., a,) of integers a; > ay >--->a, >0, let
(10.11) Ko =% (3, 2) 1 (1. 2)
denote the “Jack polynomial” (cf. [S1]) for the parameter 2/a, normalized by
Ko1,...,1)=1.
It is known [S1, Theorem 3.1] that AOKO = x9K? where
0_ _
(10.12) xa_za,( +2(r+l 21))

i=1
If a is an integer coming from a symmetric cone A (cf. Section 3), K0 is (the
restriction of) a spherical function on A.
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10.13. Lemma. There is an expansion
K2(x) =Y clqp(x
B<a
where B runs over all partitions < a in the (reverse) lexicographic order, the qg

are the symmetric monomial functions [M1] and the coefficients c? (depending
on a) are nonnegative.

Proof. Apply [M2, Theorem 6.3] and observe that the coefficients w(7T) com-
puted in [M2, {45)] involve only products and quotients of “generalized hook-
lengths”, which are certainly positive. Q.E.D.

Fix a partition o and let K2(x) be the polynomial (10.11) associated with
a which is homogeneous of degree |a|. Using the definition of the monomial
symmetric functions we have

KJ(x) =) aali)xf' - x]

where [ = (i1, ..., i;) and a,() = a,(j) from the definition of the monomial
symmetric functions if j is a distinct permutation of i. For j e {1,...,r}
define aj(i) as
(10.14) al(i) = L aa)
and
(10.15) K2x) =Y al(i)x] - xr
where the sum is over distinct r-tuples such that a/(i) # 0. Clearly
r
(10.16) KJ(x) =Y K3(x)
=1
The cost functional for the stochastic control problem is
(10.17) JA(U) = Ex / (K20 p)(X(s)) + 3 fi(X(s)URs) ds
Jj=1
where
1
10.18 (¢ [ K% o p)(t }
(10.18) 50 = sty 5z K e 90

The process (X(s), s € [0, T]) is the controlled diffusion in the “Weyl cham-
ber” {(t;,...,t): ty > t, > --- > t,}. The infinitesimal generator of (X(s), s €
[0, T]) is

1A0+2r:u~(s t)—a—-
2 ot AN 61_,‘

1K ([0 a 0 1 0
(10.19) I (o a9 L 8
2§ 3t,2( 2( )3tk J; I —exp(tj — t) Oty
, .
+guk(s, t)-aT
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The associated family of stochastic differential equations is

+ U(s, X(s))| ds+ dBy(s)

for k = 1,2, X(0) = (X,1(0), ..., X,(0)), X;(0) > X>(0) > >
X;(0), and (Bl( ) , By(s); s >0) is a standard r-dimensional Browman
motion.

An admissible control at time s is a Borel measurable function of X(s) so
that (10.20) with this control has one and only one strong solution.

It follows in analogy with Lemma 6.5 that J2(0) < cc.

The solution of the stochastic optimal control problem (10.17, 10.19) is given
now.

10.21. Theorem. Assume that a > 1. The stochastic control problem described
by (10.17, 10.19) has an optimal control that is

—K(p(1)) ]
10.22 * = | Jra PN
(1022 6.0~ |32 st 0
where j € {1,...,r},s €[0,T],t=(t,...,t),D; = a%’ and g is the
unique positive solution of
dg 1 o

1
Zs T 3% 4g +1=0, g(T)=0,

where %0 is the eigenvalue of KO for A given by (10.12).

The proof of this result is not given because it follows closely the proof of
Theorem 6.7. Basically it is required to verify that the optimally controlled
diffusion does not hit the walls of the “Weyl chamber”. Since it is assumed that
a > 1, the inequality (6.20) is satisfied.

In order to study the operator A, note that Proposition 10.8 implies

)

a b

A=A+ <c+ +2
(10.23)
[Be,AO

2
where
is the Euler operator,
r
0
8g - g a_-x’ y

and [4, B] := AB — BA is the commutator. This follows as in the proof of
Theorem 8.16. As shown in [D1], the operator A has eigenfunctions of the
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form
(10.24) Ki(x) =) afKj(x)
BLa
(called “generalized Jacobi polynomials”). Here a = (o, ..., a,) is a partition
and the coeflicients a[f depend on a, b, and c. By [Y1], we have
r
0 _ a 0
(10.25) 8.K? = ; (a - si)Ka_e’_ ,
where a — ¢ :=(ay,...,aj—1,a;i— 1, ajs1, ..., ) and

()
a—E&;

are the generalized binomial coefficients. Since (10.25) implies that 9, de-
creases the “symmetric degree” of a partition, it follows from (10.23) that

AKa = XaKa P

where
(10.26) xo =22+ g(r—l)+0+2)|a|=2a~ a-+a(r—i)+c+é)
. a a 2 2 - 1 1] 2 .

10.27. Proposition. There is an expansion
(10.28) Ko=) cbgp(x)

B<a

where the coefficients c£ are nonnegative.
Proof. As in the proof of Theorem 8.16, we obtain a recursion formula

) +¢&; b
205 * (Xa _Xﬂ) = ZC£+8‘ (ﬂ Ba ) ‘ (Xﬂ+8,‘ _Xﬂ + 5)

for the coefficients ¢£ of (10.24), starting with ¢ := 1. Clearly, (10.26) implies
b
Xa—2p>0 and xgip —xp+520.

Therefore ¢ >0 for all B < a. Now apply Lemma 10.13. Q.E.D.

Fix a partition and let K,(x) be the polynomial (10.28). Using the definition
of the monomial symmetric functions we have

Ka(x) = Zaa(i)x? e 'xri'

where [ = (iy, ..., ;) and the sum is over distinct r-tuples such that a/(i) # 0.
‘For je{l,...,r} define a)(i) as

(1029) ) = = —an()
k=1

and
(10.30) iKa(x) =Y al(D)xf - xi,
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where the sum is over distinct r-tuples such that a/(i) # 0. Clearly

(10.31) K, (x) = Z,-Ka(x) +0Kq,
j=1
where (K, is the constant term in K, .
The cost functional for the stochastic control problem is

(10.32) Jo(U) = Exo / (Kqo w)(X +Zf, U?(s)ds
where
(10.33) 50 = s | (Ko v )]2.
Kol (1)) 101
The process (X(s), s € [0, T]) is the controlled diffusion in the “Weyl cham-
ber” {(¢ty,...,t):t >ty > --- > t, > 0}. The infinitesimal generator of

(X(s),s €0, T]) is

1 4 d
§A+ Zuj(s, t)b—t—

—zlaz+[ cotht +bcoth o
22 e+ = il
(10.34) 201 2 2] 0t

sinh(#) 0
2 E cosh(¢;) — cosh(#) oty

0
+ Zuk(s, t)ﬁ
k=1 k

The associated family of stochastic differential equations is
(10.35)
b Xi(s)

dXy(s) = |5 coth ZE2 ¢ %coth X (s)

sinh X (s) B
t3 Z cosh(X;(s)) — cosh(Xx(s)) ~ Ui(s, X(5))| ds+dBy(s)

(X1(0), ..., X,(0)), X1(0) > X>(0) > --- >

for k = 1,2,...,r,X(0) =
, B.(s); s> 0) is a standard r-dimensional Brown-

Xr(0) >0, and (By(s), ...
ian motion.

An admissible control at time s is a Borel measurable function of X(s) so
that (10.35) with this control has one and only one strong solution.

It follows in analogy with Lemma 9.5 that J,(0) < oc.

The solution of the stochastic optimal control problem (10.32, 10.34) is given
now.

10.36. Theorem. Assume that a > 1. The stochastic control problem described
by (10.32, 10.34) has an optimal control that is

. —iKa (¥ () ]

3 S Y bl o S
(10.37) U; (s,0) [ZDJ(Kao "0 g(s)
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where j € {l1,...,r},s€[0,T],t=(t,..., 1), D; = ait,-’ and g is the
unique positive solution of

dg 1 1, _ _
7s T 7X8~ 38 +1=0, g(T)=0,

where x, is the eigenvalue of K, for A given by (10.26).

The proof of this result is not given because it follows closely the proof of
Theorem 9.7. Basically it is required to verify that the optimally controlled
diffusion does not hit the walls {¢;, = t;_;} for i = 1,...,r of the “Weyl
chamber”. Since it is assumed that a > 1, the inequality (9.17) is satisfied. The
behavior of this diffusion near the origin follows as in the proof of Theorem
9.7.
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