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ON A QUADRATIC-TRIGONOMETRIC FUNCTIONAL EQUATION
AND SOME APPLICATIONS

J. K. CHUNG, B. R. EBANKS, C. T. NG AND P. K. SAHOO

ABSTRACT. Our main goal is to determine the general solution of the functional
equation

Hp)+ Hxy™h = A(x) + fa(0) + f5(x) fs(0),
filtxy) = filtyx)  (i=1,2)

where f; are complex-valued functions defined on a group. This equation
contains, among others, an equation of H. Swiatak whose general solution was
not known until now and an equation studied by K.S. Lau in connection with
a characterization of Rao’s quadratic entropies. Special cases of this equation
also include the Pexider, quadratic, d’Alembert and Wilson equations.

1. INTRODUCTION

In connection with the characterization of quadratic entropies of C.R. Rao,
Lau [9] obtained the solution of the functional equation

wy  EFH S =2/ + 2/ + 2S00 )

assuming f to be an even, continuous, nonnegative function defined on the
closed interval [—1, 1], with f(0) = 0 and f(1) =1 and infinitely differen-
tiable on the open interval ] — 1, 1[. The constant A in (1.1) is an arbitrary
a priori chosen nonnegative real number. Lau showed that under the above
assumptions the solution of (1.1) is

f(x)=x?, xe[-1, 1].

We have shown elsewhere [3] that to obtain the above solution the assumptions
such as evenness, nonnegativity and the infinite differentiability are redundant.
In the present paper, we solve the generalization

(SEs) Sx+y)+f(x—p)=21(x)+2f(») + 4 f(2x) f(2y)

of (1.1) on groups, without any regularity assumption about f. This equation
is a special case of the functional equation

(SE) Sx+»)+fx=py)=2f(x)+2f(y) + g(x) g(»),
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which was introduced by Swiatak [12] as a generalization of the parallelogram
law (for which g = 0). Swiatak found the general solution of (SE) for x, y €
G, an abelian group, where f, g : G — K, a commutative ring without zero
divisors, under the additional hypothesis that g(e) # 0 (where e is the identity
element of G). We remove this additional hypothesis on g to find the general
solution of (SE) on groups, while requiring K to be a field.

The solution of (SE) is found in turn by specializing the general solution of
the more general equation

(1.2) Hhx+y)+ folx —y) = fx) + fa(y) + f5(x) f6(¥)

forall x, yeGand f;:G—-K (i=1,2,3,4,5,6), where G is a group
and K is a quadratically closed commutative field with characteristic different
from 2 and 3. Equation (1.2) contains many classical functional equations and
readers should refer to [1, 2, 4, 5, 7, 8, 10, 11 and 14]. We shall not assume G
to be abelian, so we write (1.2) as

(FE) f(xy)+ Axy™h) = )+ ) + f(x) i) (x,¥€G)
but we will suppose

(FO) filtxy) = fi(tyx),  i=1,2 (1, x,y€G).
The condition (FC) was first considered by Kannappan in [7] while studying the
cosine functional equation on groups. It is the condition that a function can be
factored through the abelianization of G.
Interchanging y with y~! in (FE) we obtain
[y + A(xy) = f00) + L™ + f00) K.

Adding and subtracting it to and from (FE), we obtain respectively

(1.3) FOxp) + fxy™h) = p(x) +q(v) + g(x) h(y)
and

(1.4) F(xy)— F(xy™')=K(y) + H(x) G(y)
where

(1.5) { f(x) = filx) + fo(x), p(x):=2/(x), a) = fa) + a7,
g(x) = fs(x), h(y):=fo(»)+ (")

and

(L.6) {F(x) = filx) - fo(x), K0) = for) - a7,

H(x):= fs(x), G):= fs(¥) - fs(y™").

This paper is organized as follows: In Section 2, we give some terminology
and preliminary results which will be used in solving equations (1.3) and (1.4).
In Section 3, we present the general solution of the equation (1.3). In Section
4, we solve (1.4). Section 5 contains the general solution of (FE). In Section 6,
we determine the general solution of Swiatak’s equation; and finally in Section
7, we present the general solution of (SEs).

2. TERMINOLOGY AND SOME PRELIMINARY RESULTS
Let G be a group and K be a field. A map v : G — K is called exponential
if
(2.1) y(xy)=yx)y(y) (x,yeG).
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Wecall ¢:G— K and 4: G x G — K additive and biadditive, respectively, if

(2.2) P(xy) =9(x)+¢(y) (x,y€G),
and
A(xy, Z) =A(.X, Z)+A(ya Z)a A(x> yz) =A(x’ y)+A(x, Z)

(23) (x,7,z€G).

The diagonal of A, denoted by A2, is defined by
(2.4) A*(x) = A(x,x) (x€G).

Lemma 2.1. Let y : G — C be exponential, y(x) 20, and y(x)+y(x)"! £ 2.
Then the general solution Q, L:G — C of

(2.5)

Q(xy)+Q(xy™) =20(x)+20M + LX) v +y¥(») ' -21 (x,y€G),

where Q satisfies the factorization condition (FC), is given by
L(x) = aly(x)+y(x)"' -2],
O(x)=aly(x) +y(x)~' =21+ 4(x) (x€G),

where o is an arbitrary constant, and A? is the diagonal of an arbitrary biad-
ditive A.

Proof. Replacing y by y~! in (2.5) we get
(2.7) o) =Q(r).

If we interchange x and y in (2.5), and take the condition (FC) and (2.7) into
consideration, we get

(2.6)

(2.8) LX)y +v()™ =2l= L) [w(x) + w(x)"' -2
Since y(y)+ w(»)~! # 2, we have
(2.9) L(x) = aly(x)+ y(x)"' - 2]

where a is a constant. Substitution of (2.9) into (2.5) yields
Q(xy)+Q(xy™") = 20(x)+20(») +aly(x) +w(x) ™' =21 [y (») +w ()~ -2I,
or
Q(xy) —aly(xy) + y(xy)~™' =21+ Q(xy™") —aly(xy™") + y(xy~H) ™' - 2]
=2{0(x) —alw(x) + y(x)"' = 21} + 2{Q() — aly(¥) + ¥(») ' - 21}.
The general solution of this is given by (see [1], Lemma 2)

Q(x) = aly(x) + y(x)™" = 2]+ 4%(x),

where A? is the diagonal of an arbitrary biadditive function 4 : G* — C.
Along with (2.9) we get the necessary form (2.6). The converse is obvious. This
completes the proof.

We notice that here C may be replaced by any commutative field K, charK

#2.
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Lemma 2.2. Let A2 be the diagonal of a biadditive function A, : G*> — C. Then
the general solution f:G — C of

(2.10)  f(xy)+ f(xy™1) = 2f(x) + 2/ (y) + 42(x) AL(») (x,y€G)
where f satisfies (FC) is given by
(2.11) f(x) = 302 p(x)* + 4%(x), A%(x) = 6a d(x)? (x,y €G),

where o is an arbitrary constant, ¢ : G — C an arbitrary additive map and A*
the diagonal of an arbitrary biadditive function A:G? — C.

Proof. 1t is easy to check that f given by (2.11) does satisfy (2.10) and (FC).
In order to prove the converse, we define F by

(2.12) F(x, )= f(xt) = f(x) = f(2).

From (2.10), (FC) and (2.12) we get

F(xy,)A+ F(xy~', 1)

= flxyt) = f(xy) = 2f(0) + flxy~ ') = fxy™")

= flxyt) = f(xy) = 2f(1) = f(xty) + 21 (xt) + 2f (¥) + A5 (x1) 45 (»)
+ f(xy) = 2f(x) = 2f(y) = A5(x)45(»)

= 2f(xt) = 2f(x) = 21 (t) + [43(x1) — A3(x)]45(»)

= 2F (x, 1) + [A5(xt) — A3(x)145(9).

Since A2 satisfies (FC) and A2(xt) — A2(x) — A2(t) = Ao(x, 1) + Ao(2, X), we
have

(2.14) F(xy, )+ F(xy~", t) = 2F(x, t) + [A2(t) + Ao(x, t) + Ao (2, X)] A2(¥).
If Ay(x,t)+ Ao(t, x) # 0, then we choose and fix some t € G for which

(2.15) d(x) = Ap(x, t)+ Ay(t, x) Z0.

Since A, is biadditive and ¢ : G — C is additive, applying Lemma 4 in [1] to

(2.14), with (2.15), we get

(2.16) A2y) =6a[Ao(y, 1) + 4o(t, )] = 62 6(y)?

for some constant «. On the other hand, if A,(x, t) + A,(¢t, x) =0, then 4,
is skew-symmetric. In this case A2(x) = 4,(x, x) = 0, and (2.16) holds with
a = 0. Thus (2.16) holds in any case.

Substitution of (2.16) into (2.10) yields

Fp) + f(xy™") = 2f(x) + 2f(») + 36 o2 $(x)? $(»)?,

(2.13)

that is
f(xy) = 3a? (xp)* + f(xy™") = 3a® p(xy~")*

= 2{f(x) = 3a? $(x)*} + 2{f(») - 3¢ (»)*}.

This yields (see [1], Lemma 2) f(x) = 3a2¢(x)* + A%(x), where 42 is the
diagonal of a biadditive function, as asserted in (2.11).

Notice that here C may be replaced by any commutative field of character-
istic different from 2 and 3.
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Lemma 2.3. Let G be a group and suppose that fi, f, f3, fa, fs, f6 : G — C
satisfy

(2.17) fi(xp) + H(xy™h) = fix) + fay) + f5(x) f6(v)

and that f, and f, satisfy (FC).If f5(x) = as (constant), then f3 and fy+asfs

satisfy (FC). If fs(y) = a¢ (constant), then fy and f3+ aefs satisfy (FC). If fs
is nonconstant, then fy and fs satisfy (FC). If fe is nonconstant, then f; and

fs satisfy (FC).
Proof. 1t follows from (FC) on f; and f, that '
(2.18) filtxyz) = fi(tx(yz)) = fi(t(yz)x) = fi((ty)zx) = fi(tyx2)
for i=1,2 and for all ¢, x, y, z € G. This is a more convenient version of
(FC). If fs(x) =as, (2.17) yields

fi(x) = filxyo) + fz(xyo_l) — fa(¥o) — as fs(¥o)
and

Ja) + as f6(v) = fi(xoy) + L(Xoy™") = f3(X0)
where x, and y, are fixed elements of G. By applying (2.18) to the above
expressions, we see that f3 and f; + asfs satisfy (FC):

fi(txy) = fi(txyyo) + f(txyyy ") — fa(o) — as fs(¥o)

= filtyxy,) + fa(tyxy; ") = fa(vo) — a5 fs(vo)

= f3(tyx)
and

Ja(txy) + as fo(txy) = fi((xo0)Xy) + fo(Xoy ™' x7171) = fi(x0)
= fi(xotyx) + f&(xox—ly_lt_l) — f3(x0)
= fa(tyx) + as fe(tyx).

The case fs(y) = ag is similar.

If fs(x) is nonconstant, then there exist elements x;, x € G such that
f5(x2) — f5(x1) # 0. Substituting x = x; and x = x; into (2.17) respectively,
we get from the two resulting equations

faly) = BED LG + Ay = Al = fx) Ui (xay) + S0y~ 1) = Sl
Ss(x2) = fs(x1) _

and
fulyy = [l + f(x2y™h) = filx2) = filay) — Ly~ + f(x1)
¢ fs(a2) = f3(x1) '

Thus f; and f¢ inherit (FC) from f; and f,. The case fs # constant is dealt
with in a similar manner. This completes the proof of Lemma 2.3.

Notice that here C may be replaced by any commutative field.
Lemma 2.4. A function ¢ : G — C satisfies

(2.19) d(xy) — d(xy~!) =26(y) (x,y€G)
and
(2.20) d(xy) = ¢(yx) (x,y€G)

if and only if it is additive.
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Proof. If ¢ is additive, it obviously satisfies (2.19) and (2.20). In order to
prove the converse, we put x = e (the unit element of G) in (2.19) to obtain

(2.21) o) = —d(r~).
Interchanging x and y in (2.19), we get

¢(rx) = p(yx~") = 2¢(x).

Adding this last equation to (2.19) and using (2.20) and (2.21), we obtain
2¢0(xy) =2¢(x)+2¢(y) and so ¢ is additive.

We notice that here C may be replaced by any abelian group which is 2
torsion free.

Lemma 2.5. Let ¢ : G — C be additive. Then the general solution F : G — C
of the equation

(2.22) F(yz)-F(yz ") =¢(z) (v,z€G)
is given by
(2.23) F(x)= %q&(x) + 0(x) (x €G)

where 6 : G — C satisfies

(2.24) 0(xy?) = 6(x) (x,y €G).

Proof. Since ¢ is additive it satisfies ¢p(xy)—p(xy~!) = ¢(y)—d(y~1) = 20(»).
Thus (2.22) can be written as

1
Fyz) = F(yz™') = 5 {¢(yz) - d(yz~")}
for all y, z € G. That is, the map 6 : G — C defined by

(2.25) O(x):=F(x)— %(ﬁ(x)
satisfies
(2.26) O(yz)=0(yz™h.

From (2.25) we have (2.23), and (2.24) is equivalent to (2.26). This completes
the‘proof.

Note that C may be replaced by any abelian group with unique divisibility
by 2.

Remark 1. Let H be the subgroup of G generated by G? = {g?| g € G}, then
(2.24) is equivalent to the statement that 6 is constant on each left coset of
H in G. This is because (2.24) implies 6(x y?y3---y%) = 6(x) by induction,
and H = {y}y2---y|y; € G, n € #}. Here .# denotes the set of natural
numbers.

Remark 2. If y,, yv,, ..., w, are distinct nonzero exponentials, then they are
linearly independent.



ON A QUADRATIC-TRIGONOMETRIC FUNCTIONAL EQUATION 1137
Lemma 2.6. Let f:G — C be a mapping which satisfies (FC) and

(227)  flxy) = fxy™H = f) {w(x) + w(x)"'} (x,y€G),

where v . G — C is a nonzero exponential. Then f has one of the following
Jorms:

(2.28) fxX)=a{y(x)-y(x)""} (x€G),
or
(2.29)  f(x) = wo(x) p(x), yx)=px)' =w(x)  (xeG),

where ¢ is an arbitrary additive map and o is an arbitrary constant. The
converse also holds.

Proof. Setting x = e, we obtain

(2.30) fo)=-fh.

Interchanging x and y in (2.27) and using f(xy) = f(yx) and (2.30), we
obtain

(2.31) fOy) + fxy™) =) [w() + w1

The general solution of this equation can be deduced from Lemma 3 in [1] (by
setting g(x) = f(x) and p(y) = w(¥) + w(¥)~! ). Hence f necessarily has the
form

(2.32) f)=aypx)+By(x)"", w(x)Z )",
or for some nonzero exponential y, with y,(y) = w,(»)~!,
(2.33) F(x) = ¥o(x) [$(x) + al, 2v,(0) =vw() +yw) "

Since f isodd in G and y(e) =1, ¢(e) = 0, by putting x = e in (2.32),
(2.33) we get a+ B =0 and a = 0. Thus (2.32) and (2.33) become (2.28)
and (2.29), respectively. The converse is straightforward, and this completes
the proof of the lemma.

Lemma 2.7 [1, 5]. The general solution f, g:G — C of

(2.34) feey)+ fxy™h) =2f(x)+g(») (x,y€G)
with f satisfying (FC) is given by
(2.35) f(x) = A% (x) + d(x) +d, g(x) =24%x) (x €G),

where ¢ is an arbitrary additive map, A? is the diagonal of a symmetric biad-
ditive map and d is an arbitrary constant.

Here again, in Lemmas 2.6 and 2.7, C can be replaced by any quadratically
closed commutative field of characteristic different from 2.

3. SOLUTION OF THE FUNCTIONAL EQUATION (1.3)

Theorem 3.1. Let G be a group. The complete list of functions f,p,q, g, h:
G — C which satisfy

(3.1) FOp) + fxy™") = p(x) + q(y) + g(x) h(y)
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and with f satisfying (FC) is given by

(3.2)

(3.3)

flx) =A% (x) + ¢(x) +d,

p(x) =2A4%(x)+2¢(x)-2b+2d,
a(y) =24%(y) —ch(y) +2b,
g(x)=c, h(y) arbitrary,

f(x) = A*x)+ ¢(x)+d

=2A4%(y)+2a,

)
p(x)=2A4%x)+2¢(x)-2bg(x)—2a+2d,
)
)=2b, g(x) arbitrary,

(f(x) = y[aw(x)+ Byw(x)"']+ A% (x) + ¢(x) +d

p(x)=2(y—b)lay(x)+Byw(x)""]
+2A%(x)+2¢(x)—2a+2bd +2d,

| 40) = 76 W0 +p(o) ! -2+ 242() + 2a,

gx)=ay(x)+Bywx)"" -

L A) =2 v + w7 =2142b, w(x)#wx)T!,

( f(x) =7 Wo(x) [B(x) + ] + A*(X) + ¢1(x) + d,
p(x) =2(y — b) yo(x) [¢(x) + a]
+2A4%(x)+2¢1(x) —2a+2bd +2d,

<
q) =298 [w.(y) — 11+ 24*(») + 2a,

g8(x) = wo(x) [9(x) + ] -
Ch(y) =2y[wo(y) — 11+ 25, Wo(x)=y(x)=yp(x)"' #£1,

(100 = 3 aB80)* +ayp(x)’ - 308 60 + £2(x) + hi(x) +d,

p(x)=3aB¢(x)* +2ayp(x)’ - 6(ad + pb)d(x)
+2A4%x)=2byo(x)+2¢1(x)—2a+2bd +2d,

q(y)=3aB o) +24%(y )+2a,
g(x) =3B ¢(x)* +y¢(x) -
( h(y) =62 ¢(y)* +2b

forall x,y € G. Here o, B, v, 0, a,b,c,d are arbitrary complex con-
stants, ¢ and ¢, are arbitrary additive maps, y is an abitrary nonzero expo-
nential map, and A?* is the diagonal of a biadditive map.

Proof. It is easy to check that all the systems enumerated above satisfy (3.1)
with f satisfying (FC).
In order to prove the converse, we first set y = e in (3.1) and get

(3.7)

p(x)=2f(x)—bog(x) a0,
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and then substituting (3.7) into (3.1), we obtain

(3.8) Sxy)+ fley™) =21(x) + Q) + g(x) H(y),
where
(3.9)
a, :=4(e), b, := h(e), QW) :=q(y)—ao,  H(®y):=h(y) - b,.

Case 1. Suppose g is constant, say g(x) = c. Then (3.8) takes the form

(3.10) Fep)+ fxy™h) =2f(x) + M(y),
where

(3.11) M(y) = Q) +cH(y).

Hence from Lemma 2.7, we obtain

(3.12) M@y)=24%y),  f(x)=A4*(x)+¢(x)+d,

where 42 is the diagonal of a biadditive function, ¢ is additive, and d is a
constant. From (3.12), (3.11), (3.9) and (3.7) we get solution (3.2).

Case 2. Suppose & is constant, that is H(y) = 0. Then (3.7) takes the form

(3.13) fxy)+ f(xy™) =2f(x) + Q).
Once again, we get from Lemma 2.7
(3.14) Q) =24%y),  f(x)=A4*(x)+¢(x)+d.

From (3.14), (3.9), (3.7) and H(y) =0 we get solution (3.3).

Case 3. Suppose g(x) # ¢ and H(y) # 0. Then h(y) # constant, and by
Lemma 2.3 we conclude that all functions in (3.1) and (3.8) satisfy (FC).
From (3.8) we get

fxy-2)+ f(xy-z7") = 2f(xy) + Q(2) + g(xy) H(z),
Sy e+ fxy~t ez =21 (xy™) + Q(2) + g(xy~HH(2),

SOe-yz)+ flx- 27y =2f(x) + Q(yz) + g(x) H(yz),
fx-yz Y+ flx-zy™) =2f(x) + Qwz"") + g(x) H(yz™").

Subtracting the sum of the third and fourth equations from the sum of the first
two equations, in view of (3.8) and (FC), we get

20(») +28(x) Hy) +[g(xy) + g(xy~ "1 H(z)
-[Qr2)+Q(yz~!) -20Q(2)] - g(x) [H(yz) + H(yz"")] =0,

that is,
g(x)[Hyz)+H(yz™") - 2H(y)]
(3.15) { +[Q2) + Qrz™H) - 20(y) - 20(2)]
= [g(xy) + g(xy~ 1 H(2).

Since g(x) # ¢, there exist two elements x;, x € G such that g(x;) # g(x2).
Setting x = x;, x = X in (3.15) respectively we get

gx)[Hyz)+Hyz ) —2HWI+[Qz) + Qvz™") - 20(y) - 2Q(2)]
=[g(x1y) + gLy H1H(z),
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g(x)[Hy2)+ Hyz™" ) = 2Hy)] +[Qz) + Q(yz™") - 20(y) — 2Q(2)]
= [g(x2y) + g(x2y™ 1 H(2).
From the last two equations we get

(3.16) H(yz)+H(yz™')—2H(y) = K(y) H(z),
and

(3.17) Qyz)+Q(yz™")-2Q(y) -2Q(z) = L(y) H(z),
where

_gxy) + gy — gxay) — glny™")
Koy = 20n) — g(x2)

b

(3.18)

L(y) = ExVIE0x0y) + gxay~ ] - g(x)lg(x1y) + gy~ h]
g(x1) — g(x2) '

The fact that f, p, q, g, h satisfy the factorization condition (FC) means
that the same is true of Q, H, K, L. From here on, it is.implicitly under-
stood that further functions induced will inherit the factorization condition
(FC) without explicit mention.

Substitution of (3.16) and (3.17) into (3.15) yields

gxX)K(y)H(z)+ L(y)H(z) = [g(xy) + g(xy~ )] H(z).
Since H(z) # 0, this gives
(3.19) g(xy) + gxy™") = g(x) K(y) + L(»).

From (3.18) with y = e it is easy to note that K # 0. Further recall that
H # 0. Hence applying the Main Theorem in [1] to (3.16), we obtain

(3200  Kx)=w)+yx) ' #£2,  HE) =y +yv») ™ -2
or
(3.21) K(x)=2,  H@)=A4) 20,

where y # 0 is a constant, ¥ a nonzero exponential and A2 the diagonal of a
biadditive function.

Subcase 3.1. Suppose K and H are given by (3.20). Then (3.17) yields
(3.22)  Q(xy)+ Q(xy~") =20Q(x) +20() + Y L(x) [w(») + w(»)"' = 2].

This is an equation of the form taken care of in Lemma 2.1, so

(3.23) L(x)=d[y(x)+y(x)~" -2],

(3.24) Q) =y8ly) +w() ™' =2]1+24%(y)

where J is a constant, and 42 is the diagonal of a biadditive map. Substitution
of (3.20) and (3.23) into (3.19) yields

glxy)+gxy =g v + v 1+ lwy) + v~ =21,
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that is
G(xy) + G(xy™") = G(x) P(y), P(xy)+ P(xy™') = P(x) P(y),

where G(x):= g(x)+d, P(x):=w(x)+w(x)"!. By Lemma 3 in [1] and
Remark 2, we obtain

(3.25) gx)=ay(x)+Byx)"" -4, w(x) # p(x)™!
or
(3.26) gx) = Wo(x)[p(x) +al =3,  wo(x)=y(x)=y(x)",

where o, f are arbitrary constants, ¢ is an arbitrary additive map.

Subcase 3.1.1. Suppose g is given by (3.25). Substitution of (3.20), (3.24) and
(3.25) into (3.8) yields
Fep) + f(xy™h) =2f(x) + vy ) + w(») ' - 2]

+24%(y) + rlay(x) + By (x) ™' = 8llw () + w(¥)' - 2],

that is
f(xy) = ylaw(xy) + By (xy)~'1— A2(xy) + f(xy~h)
—ylay(xy™") + By (xy~ )1 - 42 (xy™1)
=2{f(x) - ylay(x) + By (x)"']1 — 4*(x)}.
This gives (see [1], Lemma 1)
(3.27) fX)=ylay(x)+Bwx)""1+ A (x) +d(x) +d,

where d is a constant, ¢ an additive map. From (3.27), (3.25), (3.7), (3.24),
(3.20) and (3.9) we get solution (3.4).

Subcase 3.1.2. Suppose g is given by (3.26). Substitution of (3.20), (3.24) and
(3.26) into (3.8) yields

FOp) + fxy™") =2f(x) + 2y 6 [wo(y) — 11+ 24%(»)

+ 27 [Wo(x) {d(x) + a} — 6] [wo(¥) — 1],
that is,
F(xy) = 7 Wo(xp) [6(xy) + o] — A*(xy) + f(xy~")
— ¥ Wo(xy ) [p(xy™") + a] — A2(xy™")
=2{f(x) = 7 ¥o(x) [$(x) + a] — 4*(x)}.

This gives (see [1], Lemma 1) for some additive ¢,
(3.28) J(X) = 7 Wo(x) [$(x) + @] + 42(x) + ¢1(x) +d.
From (3.28), (3.26), (3.7), (3.24), (3.20) and (3.9) we get solution (3.5).

Subcase 3.2. Suppose K and H are given by (3.21). Substitution of (3.21)
into (3.17) yields

(3.29) Q(xy) + Q(xy~") = 2Q(x) +2Q(») + L(x) 45(»).
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Interchanging in (3.29) y and y~!, since 42(y) = A%(y~'), we have Q(y) =
Q(y~1). Thus Q(xy) + Q(xy~') = Q(yx) + Q(yx~!) follows under (FC), and
from (3.29) we get

L(x) A3(y) = L(y) 45(x).
By (3.21) A2(y) # 0 and thus we have

(3.30) L(y) = c A45(»).
Hence the equation (3.29) becomes
(3.31) Q(xy) + Q(xy™") =20(x) + 2Q(y) + ¢ A5(x) A3(»).

Subcase 3.2.1. If ¢ # 0, then by Lemma 2.2 we get Q(y) = 382c ' o(»)* +
c ' A%3(y) and A2(x) = 6Bc ' #(x)?. Defining a := fc~' and A(x) :=
(2¢)7' 4(x), we have

(3.32) Af,(x) =6a¢(x)?
and
(3.33) Q) =3aB o) +24%y),

where a # 0 is a constant. Substitution of (3.21), (3.30) and (3.32) into (3.19)
yields (remembering that ac = f)

glxy)+g(xy~) =2g(x)+ 6B (y)?,
or

g(xy) =3B d(xy)* + glxy™") - 3 Bp(xy™")? = 2{g(x) - 3 B $(x)*}.
This gives (see [1], Lemma 1)

(3.34) g(x) =3B d(x)* + ¢o(x) -4,

where 0 is an arbitrary constant, ¢, an additive map.
Substitution of (3.21), (3.32), (3.33) and (3.34) into (3.8) yields

fxy)+ flxy™") = 2f(x) +3a B o(y)* + 2 42(y)
+6a{3B¢(x)* + ¢o(x) — 3} $(¥)?,

or
F(x9) = 3 0 BBy + 308 9(xy)? — AX(xy)
1) = @B oy + 308 ey - A2y
= 2{/(0) ~ 5 a BP0 + 308 () = A2(X)} + 6 o) H).
This gives (see [1], Lemma 4, and recall a #0)

(335) 100 =3aB6()* +ard(x)’ - 3ad 6(x) + 42(x) + 4i(x) +,

(3.36) Po(x) =y ¢(x),

where y, J are constants, ¢, is additive. From (3.34), (3.35), (3.36), (3.33),
(3.32), (3.21), (3.7) and (3.9) we get solution (3.6).
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Subcase 3.2.2. Finally, suppose ¢ =0 in (3.30). Then (3.31) yields

(3.37) () =24%0y),

which is a special case of (3.33) with 8 = 0. Substituting (3.21) along with
L =0 (from (3.30)) into (3.19), we obtain

g(xy) +glxy™") = 2g(x).
Hence (from [1], Lemma 1 again) we have
(3.38) 8(x)=¢(x) -4

for arbitrary constant J and arbitrary additive ¢. (Cf. (3.34) with g =0.)
Substituting (3.21), (3.37) and (3.38) into (3.8), we get

Fep)+ fxy™) =2 f(x) + 2 4%(y) + {¢(x) — 6} 42(),
or
{fO9) = A} {f ey ™) = A2 (xy ™)} = 2{f(x) - 4%(x)} +{(x) - 3} 42(p).
Now Lemma 4 in [1] yields (recalling ¢ # 0, since g is nonconstant)
(3.39) f(x) = ad(x)’-3ad d(x)*+43(x)+:1(x)+d,  A2(y)=6ad(y)?,

where o and d are arbitrary constants, and ¢; is an arbitrary additive map.
From (3.39), (3.38), (3.37), (3.21), (3.7) and (3.9), we get a special case of
solution (3.6), in which g =0 and y=1.

There are no cases left, so the proof is complete.

4. SOLUTION OF THE FUNCTIONAL EQUATION (1.4)
Theorem 4.1. Let G be a group. The maps F, G, H, K : G — C satisfy
(1.4) F(xy) - F(xy™") = K(y) + H(x) G(») (t, x,y€G)
and with F satisfying (FC), if and only if they have one of the forms
( 1
F(x) = 5 ¢(x) +6(x),

(4.1)  K») = o) -aGy),
H(x)=a,
L G arbitrary,

(F(x) = 5 6(x) +6(x),

(4.2) LK) =e0»),
H arbitrary,

( G(y) =0,

F(x) = dlaw(x) = by(x)™" 1+ 26(x) +0(x),
(4.3) K(y)=-dcly(y) - v() "1+ ¢0),

H(x)=ay(x)+by(x)" +c,

G =dly» -y, v #wOd)™,
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F(x) = 53 1) + 5 ¥o(x) $2(0) [§62(3) + @] + 6(x),
(4.4) K(y)=6100) =bw,(y)2(¥),
H(x) = yo(x) [ea(x) +a] + b,
G =vwo(»)$200), W) =¥ () =w() ' #1,
F() = 20107+ 2 910 + 5 1(x) + 5 6a() + 00).
(4.5) K(y)=ad(y)’ +¢2( )
H(x) =3ai(0)? + bi(x) + ¢
GO =40), 120,

forall x,y € G. Here a, b, c,d are arbitrary constants in C, ¢, ¢, ¢ are
additive, y is a nonzero exponential and 0 : G — C is any function satisfying
(FC) and

(4.6) B(xy*) =6(x), (x,y€G).
Proof. From (1.4) it follows that
F(xyz) - F(xyz™') = K(z) + H(xy) G(2),
F(xy~'z) = F(xy~'z7") = K(z) + H(xy™") G(2),
F(xyz) - F(xz7'y™") = K(yz) + H(x) G(yz),
F(xyz )= F(xzy™") = K(yz~") + H(x) G(yz™"),

all hold. Subtracting the sum of the first, second, and fourth equations from
the third equation, and using (FC), we obtain

(4.7)

G(z)[H(xy)+H(xy™")]+2K(z)-K(yz)+K(yz™") = Hx)[G(yz) - G(yz™")].

We shall consider several cases.

Case 1. Suppose H is constant, say H(x) =a € C. Then (4.7) shows that the
map ¢ defined by

(4.8) d(x) :=aG(x)+ K(x),

satisfies

2¢(2) - (yz) + d(yz~') = 0.
Thus by Lemmas 2.3 and 2.4, ¢ is additive, and the general solution of (4.7)
is therefore (cf. (4.8)) given by

H(x)=a, G arbitrary, K(x) = ¢(x) — aG(x).
Letting these into (1.4), we have
(4.9) F(xy) - F(xy™") = ¢(y).
Thus, by Lemma 2.5, we have solution (4.1).

Case 2. Suppose H is nonconstant. Now based on whether G is identically
zero or not, we have two subcases.
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Subcase 2.1. Suppose G = 0. Then (4.7) yields
K(yz) - K(yz™') = 2K(2).

Applying Lemmas 2.3 and 2.4 again, we find that K is additive, say K = ¢.
Since G =0, H is arbitrary and (1.4) reduces to (4.9) again. This brings us to
the solution (4.2).

Subcase 2.2. Suppose G # 0. Putting z = z; such that G(z;) # 0 in (4.7), we
obtain

G(z1) G(z1) ’

which is an equation of the form of (1.3), with p = 0 and f = g = H.
Examining the forms of solutions provided by Theorem 3.1, we see first of
all that (3.2) can be eliminated, since H is presently nonconstant, while g is
constant in (3.2). From the form of f in (3.3) or the form of g in (3.6), we
have the possibility that

(4.10) H(x) = A%(x) + ¢(x) + ¢,

where ¢ : G — C is additive, ¢ is a constant, and A? is the diagonal of a
biadditive 4 : G* — C. Finally, from the forms of g in (3.4) and (3.5), we
get, respectively, the possibilities

@11)  HX=ay@)+byx) ' +c, @) #zwx)™,

(4.12) H(x)=y(x)[p(x) +al+b,  wx)=yx) ' #£1,

for some constants a, b, ¢, additive ¢ : G — C, and nonzero exponential y .
Now we consider the three possibilities (4.10), (4.11), (4.12) for H sepa-
rately.

Subcase 2.2.1. Suppose H is given by (4.10). Then inserting (4.10) into (4.7),
we get

H(xy)+H(xy™") = H(x) [G(yzl) - G(VZT')] L K0z) - K@z - 2K(z)

2A42(»)G(2) +2K(z) — K(yz) + K(yz™Y)
= [4%(x) + ¢(x) + ] [G(yz) — G(yz™") — 2G(2)].

Since H is nonconstant, it is evident that 42 + ¢ is also nonconstant, and we
conclude from (4.13) that

(4.14) 2A4%2(»)G(2) +2K(z) - K(yz) + K(yz™1) =0
and that

(4.13)

G(yz) - G(yz~") = 2G(z) = 0.
From the last equation and Lemmas 2.3 and 2.4, we obtain

(4.15) G=¢
where ¢; : G — C is additive. Substituting this into (4.14), we find that
(4.16) K(yz) - K(yz™') =2K(2) + 24%(y) $1(2).

Interchanging z and z~!' in (4.16) we see that K is odd, that is, K(z7!) =
—K(z). Since K(yz) = K(zy) by Lemma 2.3, we rewrite (4.16) as

K(zy)+ K(zy™") = 2K(2) = 2¢:1(2) 4*(y).
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Hence we obtain (see [1], Lemma 4)

(4.17) K(x)=api(x) +da2(x), A1) =3ad(»)?,

where ¢, : G — C is additive and a € C is an arbitrary constant. Notice that
to arrive at (4.17) we have used the facts that ¢,(= G) is not identically zero
and K is odd.

Now with (4.17), (4.10) becomes

(4.18) H(y)=3a¢,(y)* +¢(y) +c.

Substituting (4.18), (4.17), (4.15) back into (1.4), we obtain

(4.19) F(xy)=F(xy™") =a¢:1(y)* +3a¢1(x)* 1(y)+d2(») +[d(x) +c] 1(»).
Next, we define F,:G— C and 6 : G — C by

(4.20) { Folx) = 5 $1(x)° + % $2(x) + % [% $(x) + 1 (x),

0(x) := F(x) — F,(x).

Calculating F,(xy) — F,(xy~!) by using the fact that ¢, ¢,, ¢, are additive,
we get

Fo(xy) = Fo(xy™") =a$1(»)’ + 3a 41(x)* $1(»)
620 + 3 160) i 9) + 60) 1 ()] + €41 (7).

Subtracting this from (4.19), we obtain

(4.21) 0(xy) - 0(xy~") = % [¢(x) 1(y) — ¢(¥) ¢1(x)].

Since the right side of the last equation is skew-symmetric in x and y, the left
side must be also skew-symmetric. That is,

0(xy) - 6(xy~") = -[6(yx) - 0(»x )],  x,y€G.

Since 6 inherits (FC) from F, we obtain 20(xy) = 6(xy~!) + 6(yx~'). With
x=sy (s,y €G), this yields 26(sy?) = 6(s) + 0(s~!). With y = e, the last
equation implies 6(s) = 6(s~!), so that 6 satisfies

0(sy?) = 6(s), s,y €G.
This is equivalent to 6(xy) — 8(xy~!) =0, and so (4.21) shows that
d(x)$1(y) =) d1(x), x,y€G.
Choosing y, so that ¢(y,) # 0, we deduce that
(4.22) p(x)=bdi(x), xe€G,

for some constant b € C. Thus, by (4.20), (4.22), (4.17), (4.18), (4.15), we
have solution (4.5).

Subcase 2.2.2. Suppose H is given by (4.11). In this case
H(xy)+ H(xy™") =[aw(x) +by(x) "1y + y(»)'1+2c
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With this, (4.7) can be expressed as
(4.23)

[ay(x)+byw(x)'HIvp) +v()'16(2) - Glyz) + Gyz~)}
=K(yz)-K(yz™") - 2K(z) + c[G(yz) - G(yz™") - 2G(2)].

Since H is nonconstant, (4.11) shows that also aw(x) + by (x)~! is noncon-
stant, hence both sides of (4.23) must be zero. That is,

(4.24) G(yz) -Gz =y () +v()'1G(2),

and

(4.25) ¢(rz) —¢(yz~') - 2¢(2) = 0,

where ¢ : G — C is defined by

(4.26) d(x) := K(x) + c G(x).

From Lemmas 2.3 and 2.6, we obtain the solution G : G — C of (4.24) as
(4.27) G(x) =dy(x) - w(x)™'],

for some constant d € C. Also, by Lemmas 2.3 and 2.4, (4.25) implies that ¢
is a additive, and (4.26) yields

(4.28) K(x) = ¢(x) — cd [y(x) = w(x)7'].

Substituting now (4.11), (4.28) and (4.27) into (1.4), we obtain after simplifi-
cation

(429) F(xy)—F(xy Y=o +law(x)+byx)""1dyy) - vl
Furthermore, defining F, : G — C by

(4.30) Fy(x):= %¢(x)+d[a w(x)-by(x)"], x €G,

we calculate that

(4.31)  Fp(xy) = Fo(xy™") = ¢(y) +dlay(x) + by(x) "1y () - v(») ']
Therefore, by (4.29) and (4.31), the maps 6 : G — C defined by

(4.32) 0(x) := F(x) — F,(x),

satisfies again 6(xy) — 8(xy~!) = 0, that is, (4.6). It inherits (FC) from F.
Finally, by (4.32), (4.30), (4.28), (4.11), and (4.27), we have solution (4.3) in
this case.

Subcase 2.2.3. Finally, we consider the case when H is given by (4.12). It is
easy to see that

H(xy)+H(xy™") = 2y(x) y(») [$(x) + a] + 2b,
and (4.7) becomes
p(x)[¢(x) +al {2y (¥)G(z) - G(yz) + G(yz~")}
=¢1(yz) - d1(yz™") - 2441(2),
where ¢; : G — C is defined by
(4.34) é1(x) := K(x) + b G(x).

(4.33)
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As before, (4.33) implies that both sides must be zero, since H and (by (4.12))
also ¥[¢ + a] must be nonconstant. Thus (4.33) yields

(4.35) G(yz) - G(yz™") =2w(y)G(2), y,z€G,
and
d1(yz) —di(yz™!) =261(2), y,z€G,

that is, ¢, is additive. Since w(x) = w(x)~!, applying Lemma 2.6 to (4.35),
we obtain

(4.36) G(x) = w(x) 92(x),

for some additive ¢, : G — C. Then (4.34) yields

(4.37) K(x) = ¢1(x) = by (x)¢a(x).

Substituting (4.37), (4.12) and (4.36) back into (1.4), we have in this case
(4.38) F(xy) = F(xy™") = ¢1(») + w(x) y(0) [$(x) + al 62 (»).

On the other hand, defining F, : G — C by

(439)  Rax)i= 5 4100 + 5 w(x) () [3 6(x) + al,

we calculate that

(4.40)

Folaey) = Eo(xy™) = 6100) + W () W(0) ($200) 15 9(x) + @l + 5 62(x) ().
Subtracting (4.40) from (4.38), we find that the map 6 : G — C defined by
(4.41) 0(x) := F(x) — Fo(x)

satisfies

0(xy) - 6(xy™") = 5 () Y [$29) W(x) — 62(3) 01
Interchanging x and y, we see that
0(xy) - 0(xy~") = -[0(yx) - O(yx~)I.

As in the case 2.2.1, this leads to the conclusions that 6 satisfies (4.6) and
inherits (FC) from F and (since y ¢, = G #0) that

(4.42) o(x) = cpa(x), xe@G,

for some ¢ € C. Now, by (4.41), (4.39), (4.42), (4.37), (4.12) and (4.36), we
have solution (4.4). As all systems satisfy (1.4) with F satisfying (FC), the
proof is completed.

Remark 3. A special case of Theorem 4.1 in which K = F is proved in [1].

Remark 4. Let S be the normal subgroup generated by G?> = {g?|g € G}.
Then (4.6) along with (FC) is equivalent to the statement that 6 is constant on
each coset of S in group G.
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5. SOLUTIONS OF THE FUNCTIONAL EQUATION (FE)

Using (1.5), (1.6), Theorem 3.1 and Theorem 4.1, the general solution of
(FE) with (FC) can be displayed.

Theorem 5.1. Let G be a group. The complete list of functions fi, fr, f3, fa,
fs, fo: G — C which satisfy

(FE)  filxy) + falxy™") = Ai(x) + fa) + f5(x) fs() (x,y€G)
along with the factorization condition (FC) on f, and f, is the following:

[ fix) = 1A2<x>+ 3 $2(x) + 0(x),

fx) = 3 4°3) + 1(x) 5 62(x) — 0(x) +d,

(5.1 $ filx) = A2(x)+ d1(x)—b+d,
fa0) = A2 @) = h() + h2(¥) —c fs(») + b
fi(x)=c,

( f6(y) arbitrary,

(fix )‘%Az(x)+%¢2(x)+9(x),
£(x) = 5 Ax) + 61(x) — 5 $alx) ~ 0(x) +d
52 {0 = R0+ 8- A—ard,
fa(y) = 422) — 410) + 209) +a
fs(x) arbitrary,
)

( fe(y) =

(fi(x) =7l w(x) + Bu(x) 1+ e law(x) — By (x)]
5 A0 + 5 61(0) + 0(x),

f(x)=ylay(x)+ ﬁ«//(x)"] —elay(x) - By(x)™"]

43 A20) 3 $1(3) + 6(x) ~ 0x) +

(5.3)  filx)=blay(x)+ By(x) "]+ A2x)+d(x)—a-bd+d,
Ss) =y lvM) + () 1+ elwy) - w(») ™
+A2(y) + 1(y) - d() +a,
fs(x) =ay(x)+ By(x)"" -4,
S =rlv) + () 1+elv) —w(y)'1-b,
L w(x) # w(x)™',
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[ 1100 = 2 yo() [e 606) + a1 + 3 90(x) $0) [§ 6(6) + o]
45 423) 4 5 62(0) + 0(x),
£0) = 2 yo(x) [e 60x) + 0] = 39(x) () [5 () +a]
G4 43 A200) + 1(x) — 3 da(x) ~ () +d
£(06) = byo(x) [e9(x) +al + 4%(x) + 1(x) ~a ~ b3 +d,
fi(0) = 6w (1) [00) + 71+ A2 (V) = 01 (¥) + $2(¥) + 4,
fs(x) = wo(x) [c 4(x) + a] =9,
L f60) = v [B0) +71=b, W) =vd) =v() £1,

(fi(x) =3aB¢(x)* +2(ay+ Be)$(x)’ +(3ad + 7€) $(x)?

42 A(0) + 3 4x) + 2 h2(x) +0(x).

flx)=3aB9(x) +2(ay - B ()’ + (3ad — 7€) $(x)
y 43 A2(x) = B B(x) +$1(x) = 5 $2(6) — 0(x) + 4,
B2 A = 6B o) + 4y 6(x) +6 (a6 — b 8(x)?

+ A% (x) =2byd(x)+d1(x)—a—-bd+d,
fsp)=6aB o) +4Bed(y) + A (¥) - d1(¥) + d2(¥) +a,
fs(x) =6Bd(x)*+27¢(x)+7,

[ f6(0) =6ad(»)? +2€¢(y)+b.

Here a, b, c, d, o, B, y, &, € arearbitrary constants, ¢, ¢y, ¢, are ar-
bitrary additive maps, w is an arbitrary nonzero exponential, A* is the diagonal
of an arbitrary biadditive function and 6 is any solution of (4.6).

Proof. From (FE), (FC) and (1.5) by Theorem 3.1, we get (3.2)-(3.6). Substitu-
tion of (3.2)-(3.6), respectively, into (FE) will yield the general solution of (FE)
by Theorem 4.1. Figure 1 illustrates how the solutions (5.1)-(5.5) are obtained
from (3.2)-(3.6). The solution (3.2) when inserted into (FE) yields a special
case of (1.4) after some manipulations and using solution (4.1) of Theorem 4.1,
we get (5.1). In the diagram, this is indicated by a thick solid line joining from
(3.2) to (5.1). The solution (3.3) yields, after some tedious manipulations, (5.2)
and special cases of (5.1), (5.3), (5.4), and (5.5). These special cases are illus-
trated by thin solid lines joining one at a time from (3.3) to (5.1), (5.3), (5.4)
and (5.5). The derivation of other solutions can be traced from the diagram in
a similar manner.
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First, substitution of (1.5) and (3.2) with ¢, in place of ¢ into (FE) yields
(after some rearrangement and using properties _of A%(x) and ¢, )
1 _ 1 _
[Ai(xy) = 5 42001 = Lfi(xy™) = 5 42 (xy~ ")
= fay) +c fs(¥) — 42 (¥) + 91 (¥) + b.

By Theorem 4.1 with (1.5) and (3.2), we get (5.1). (This requires checking all
solutions given in Theorem 4.1.)

FIGURE 1

Substitution of (1.5) and (3.3) into (FE) yields

Lix) - 3 A2~ LAGy™) - 3 4%y )]
= [fa(v) — 42 (¥) + () — al + f5(x) [fs(¥) - bI.
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By Theorem 4.1, (1.5) and (3.3), we get (5.2) and particular cases of (5.3)-(5.5)

and (5.1).
Substitution of (1.5) and (3.4) into (FE) yields

Hxy) = Ay D +ylawxy ™)+ Byxy ™) N+ A2 (xy™ ) + ¢(xy~ ) +d
= -b)layx)+Byx)'+A42xX)+d(x)—a+bd+d+ fa(y)
+layx)+ Bw(x)"' =61 f6(»),

that is,

(i) = 3 2000) — L law(ey) + Byen) ™)
— (it = 3 2007 = L law (o) + By (o))
= )~ A0) =3 LW 0) + ¥ ()14 60) —a+ b3 +8 (- b)
+{ap(0)+ By ()™ =0H{fs) - ZIv ) + w1+ (7 - b)),

By Theorem 4.1, (1.5) and (3.4), we get (5.3) or a particular case of (5.1).
Substitution of (1.5) and (3.5) into (FE) and replacement of ¢ by c¢ yield

Hxy) = Ay )+ 7 we(xy ™ cd(xy™") +al + A2 (xy™") + 1 (xy~") +d
= (7= D) Wo(X)[ch(x) +a] + A2(x) + ¢1(x) —a+bd+d
+ fa(¥) + {¥o(x) [c d(x) + a] = 6} f6(¥),

that is,

(i09) = 2 wolen) fe dlxy) + o] - 3 £2(0x))
(i) = Lyl e dley™) +al - 3 200
={s0) = 07w () - A (W) + d1(») + 3y —a}
+ {Wo(x) [¢4(x) + a1 - 3} L/s(y) 7 Woly) + 7 = b,

By Theorem 4.1, (1.5) and (3.5), we get (5.4) or a special case of (5.1).
Finally substitution of (1.5) and (3.6) into (FE) yields

AGY) = Filey™) + 3 B oy~ )+ ay by~ 3addlxy~)
+ A2y~ + gi(xy™h) +d

= 26 B8 +ard(x) — 3@ + BHO) + AXx) ~ 7B o)
Y o) —at3btd+ i)+ {30 +70(x) 3} fil¥),
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that is,
AGx¥) = 2 a Bxy) — 5 ar d(xy)’ + 3 a8 $(xy)? — 5 A(x)
- {ﬁ(xy") -3 aﬂtb(xy“)“ — by
+2ad sy -
= (A0) — 3 @ B0~ A20) + hi(») - a)
+ BB +79(x) 5} {fi(y) ~ 3ad(y)’ - B},

By Theorem 4.1, (1.5) and (3.6), we get either some particular cases of (5.1) or
more generally,

%Az(xy")}

filx) = aﬂ¢(x) l(ay+ﬂe)¢(x)3 (Gad— 37608 + 1 A42(x)

2
2 €6(x) + 5 galx) +6(x),
fz()=—aﬂ¢(x) ‘(ay BB -~ (Bas+ 270 6(x)
43 4200) + 25 600) + 1) - 3 6a() — 0(x) +d,

f06) =3 @ B9()* +a7d(x) - 3(ad + B ) d(x)’
+AXx)—byd(x)+di1(x)—a+bd+d,
fi9) = 3aB80Y + Bed1) + A20) + 6200~ 1)) +a
£(x) = 3B (x)? +76(x) -
fo(y) = 3ag() + € 6(3) + b

This solution becomes (5.5), after replacing a by 2a, f by 28, y by 2y, €
by 2¢,and 6 by —-§¢.

Since all the functions of (5.1)—(5.5) satisfy (FE) and (FC) is satisfied by f;
and f;, the proof is complete.

Remark 5. In Theorems 3.1, 4.1 and 5.1 the complex field C may be replaced
by any quadratically closed commutative field of characteristic different from 2
and 3.

6. SOLUTION OF SWIATAK’S EQUATION »

In this section, we present the general solution of Swiatak’s functional equa-
tion

(6.1) FOn)+ fy™) =2f(x) +2 1) + 8(x) gv),

for x,y € G, where f, g: G — K are under (FC), G is an arbitrary group,
and K is a quadratically closed (commutative) field of characteristic different
from 2 and 3.
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Theorem 6.1. The general solution f, g : G — K of (6.1) where f satisfies
also (FC):

(6.2) f(txy) = f(tyx)
forall t,x,y € G is given by the following list:
63 {f(x) = () - 3¢,
g(x)=c,
(6.4) {f(X)=/12(X)+62{¢//(X)+%1/()6)‘l -2},
' gx)=c{y(x)+wx)™' -2}, y#l,
65 {f(x) = 400 + 35 B0,
g(x) = cp(x)?,

where A? is the diagonal of an arbitrary biadditive function A: G x G — K,
¢ is an arbitrary constant in K, v : G — K is exponential, and ¢ : G — K is
additive.

Proof. 1t is easily verified that the sets of functions (6.3) - (6.5) satisfy (6.1)
and (6.2). We prove the converse.
Equation (6.1) is a special case of equation (3.1) with

(6.6) p=q=2f and h=g.

Hence we can apply Theorem 3.1. We consider solutions (3.2) ~ (3.6) one by
one.
First, solution (3.2) together with (6.6) yields immediately

b=0, h(y)=g(x)=c, and  2{¢(x)+d} = -2

Thus ¢ =0, d = —1¢?, and we have (6.3).

Similarly, (3.3) and (6.6) give

g(x)=h(y)=2b, 2b24+a=0, and ¢(x)+d=a.

Hence ¢ =0, d = —2b?, and we again get (6.3) upon setting ¢ = 2b.

Next, (3.4) together with (6.6) yields

b=0=a, 0 =2ya =2yp, o(x)+d=-yd,
y=a=24, and 2y =4.

Therefore we have ¢ =0, d = —yd,and y =a = f = 1§, whence d = -2y2.
Renaming y as ¢, we obtain the special case of (6.4) in which y(x) # y(x)™!
(cf. (3.4)).

Similarly, from (3.5) and (6.6) we get

b=0=a, ¢=0, pi=ya, ¢(x)+d=-y9,
2y =a, and 2y =9.

Hence ¢; =0, a=4J =2y, and d = —2y2, so that we have

{ f(x) = 29%w0(x) + A%(x) — 272,
g(x) =2yyo(x) — 2y.
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Defining c¢ := y, and recalling that y,(x) = y(x) = w(x)"! £ 1 (cf. (3.9)),
we again obtain a special case of (6.4). Combining the results of this paragraph
and the preceding one, we now have the complete solution (6.4).
Finally, let us consider (3.6) with (6.6). We find that
Bb=0,  -byp(x)-a+bd=0, oay=ad=0,
h(x)+d=a, B =2a, and  y¢(x) -6 =2b.
Thus ¢; =0, d =a=>5bd, yp(x) =0, and § = —2b follow. If ¢ = 0, then
we have f(x) = A%(x)—2b% and g(x) = 2b, which is already included in (6.3).
So we suppose now that ¢ # 0, which means that y = 0. Also ad =0, and if

a =0 we revert again to (6.3). Thus we suppose that o # 0 and hence J = 0.
Therefore also d = a = b =0, and by virtue of f =2a we have

{ f(x) = 3a?¢(x)* + A%(x),
g(x) = 6ag(x)?,

which is (6.5) with ¢ = 6a.
There are no more cases to consider, so the proof of the theorem is finished.

Corollary 6.2. The (Lebesgue) measurable solution f, g:R — C of

(SE) fX+)+f(x=p)=21(x)+2 1)+ g(x) &),
is given by
(6.7) { f(x) = ax2 - %CZ ’
gx)=c,
fx)=ax*+c*{e +e™* -2},
(6.8) { glx)=c{e™ +e > -2},

1
a2 2 24
(6.9) f(x)=ax +z X",
g(x) =cx?,
Jor arbitrary complex constants a, c, A.

Proof. Clearly, functions given by (6.7)-(6.9) satisfy (SE).

For the converse, we apply Theorem 6.1 with (G, -) = (R, +), switching to
additive notation, and consider the solutions (6.3) - (6.5) one at a time.

First, in solution (6.3) f will be measurable if and only if the biadditive
A, after symmetrization, is measurable. But then 4 must be of the form
A(x,y) = axy for some constant a. (Cf. [2], [13], for instance.) Thus
A?*(x) = A(x, x) = ax? and we have (6.7).

If g is measurable in (6.4), then y must be measurable (and hence con-
tinuous; see [7], for example). The general nonzero measurable exponential
y : R - C is of the form y(x) = e** for arbitrary complex A (see [2], [13]).
Now the measurability of f and y implies that of 42, hence (6.4) becomes
(6.8).

Finally, if g : ® — C is measurable in (6.5), then so is ¢. Since ¢ is ad-
ditive, we have ¢(x) = bx for some constant b € C. Again, the measurability
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of f implies that of 42. Renaming ch? as a new constant ¢, we have (6.9),
and that completes the proof.

The following corollary is a straightforward consequence of Corollary 6.2.

Corollary 6.3. The general solution f, g : R — R of (6.1), among functions
measurable on R is given by

(6.10) {ﬂx) = ax’ - %cz
g(x)=c,

(6.11)

f(x)=ax?+2c*{cosax — 1},
g(x)=2c{cosax — 1},

— 2 2 _
(6.12) {f(x)—ax +2c¢*{coshax — 1},
g(x) = 2c{coshax - 1},
(6.13) {f(X)~ax +1—12c2x4
g(x)=cx?,

for arbitrary real constants a, c, «.
Remark 8. Solutions (6.11) and (6.12) were omitted in Swiatak [12].

7. SOLUTION OF A SPECIAL CASE OF SWIATAK’S EQUATION ON GROUPS

Next we shall consider the functional equation
(SEs) F(xy)+ F(xy™")=2F(x)+2F(y) + AF(x*) F(»?)

for F : G — K (a commutative field), which is a special case of (FE). (Compare
this with equation (1.1).)
In the following lemma, K* := K\ {0} and charK # 2.

Lemma 7.1. Let A% be the diagonal of a biadditive function A:GxG — K and
v : G — K* be exponential. If

(7.1) AXx)=a{y(x)+w(x)"" =2} + b {y(x)* + w(x)7? -2}

fJorall x € G, then Az(x) = O and one of the following alternatives holds. Either
(7.2) a{y(x)+y(x)"' =2} =b{y(x)* +y(x)?-2}=

or else G has a normal subgroup S of index 3, the polynomial u®—1 has three
distinct roots 1, w, w? € K*, w is a morphism of G onto {1, w, w?} with
kernel S, and a + b = 0. The converse also holds.

Proof. If a = b = 0, then 4%(x) = 0 and (7.2) is obvious. Henceforth we
assume (a, b) # (0, 0). Since the diagonal of any biadditive map satisfies the
parallelogram law, we deduce from (7.1) that

a{y(xy) +w(xy)~ =2} + b{y(xy)* + y(xy)7? - 2}
+a{yxy ) +wley ) ' -2} +b {v/(xy")2 +y(xy~)72 -2}
=2a{y(x)+y(x)" =2} +2b{w(x)? +y(x)"* -2}
+2a{y()+w») ' -2} + 26 {w () +w(y)? - 2}
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holds for all x, y € G. Simplifying, using the fact that ¥ is exponential, and
multiplying through by w(x)?(»)? to clear inverses, we get
a{y(xP )P +yx)y»)} +b {W(x)“ w(y)*}
+a{y(x)’y) +y @) v’ +bo{y(x)* + ()Y}
(7.3) =2a{y(x)’ y(¥)* + y(x) v/(y +2b{w(x)* w()? +v(»)?}
' +2a{y(x)* vy} +w(x)?w») - 2‘//()C)Z w(»)*}
+2b{y(x)* y()* + w(x)* - 2w(x)> w(»)*}.

Consider (7.3) at y = x. If b # 0, then we have a nontrivial polynomial
relation (of degree 8) in w(x), hence |y(G)| < 8. If b =0, then a # 0 by
hypothesis and we have a nontrivial polynomial relation (of degree 6) in y(x),
and so |y(G)| < 6. In either case, we have

(7.4) lw(G)| =m (finite).
Thus y(G) is a multiplicative subgroup in K* of order m, so
(7.5) wx)" =1 for all x € G.

It is easy to show that p = charK does not divide m . For this purpose, let
p # 0. Then the mapping u — #” is an injective field morphism. Hence u? = 1
has u = 1 as the unique solution. If we had m = p ¢, then it would follow
from u™ = wP9 = (u?)? that ¥ = 1 if and only if u? = 1. But the latter
cannot carry m (> q) distinct roots, contrary to (7.4) (see Jacobson [6], p. 95).
Therefore p does not divide m .

Moreover, from (7.1) and (7.5), it follows that

mZA(x’ )C) =A2(Xm)
=a{w(xX)"+w(x)"" =2} + b {w(x)"" + p(x)"" - 2}
=0.

This proves that 4%(x) =0, since charK does not divide m .
Now (7.1) reduces to

(7.6) a{y(x) +y(x)" =2} +b{p(x)* +y(x)7* -2} = 0.

If ab =0, then (7.6) implies (7.2). So from this point , we assume that a # 0
and b # 0. Observe that

vx)+wx)' =2={wyx)-1yx)"! forall xeG,
so we have
(7.7 y(x)+y(x)"'-=2=0 ifandonlyif xeKery.
From (7.6) we deduce that (since a #0 # b)
(7.8) xeKery ifandonlyif x2eKery.
Observe that
{wx)+wx) ™ =2 = {wy(xD) + w(x) ™ =2} - My (x) + w(x)"' -2},

so (7.6) can be put in the form
() + ()™ =2} {b(y(x) + y(x)™" = 2) + (4b +a)} = 0.
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Hence w(x)+ w(x)~! —2 has at most two distinct values, one of which is 0.
By (7.7) then, w has at most three distinct values, one of which is 1. That is,
m=|y(G)| < 3.

If m =1, then y = 1 and (7.2) follows. If m = 2, then (by (7.5))
w(x)? =1 forall x € G. Thatis, x2 € Kery and, by (7.8), x € Kery . But
then y =1, contradicting |y(G)| =2.

Finally, we consider m = 3. Let w(G) = {1, w, w?}, where these are
the three distinct cube roots of 1. Also, S = Kery is a normal subgroup of
G with index 3. Pick x, with y(x,) = w and put x = x, in (7.6). Then
a(w+w?-2)+b(w?*+w-2) =0, which simplifies to (a+b)(—3) = 0. Thus,
since charK does not divide 3, we have a+ b =0.

Conversely, (7.2) together with 4 = 0 obviously implies (7.1). For the
other part, suppose G has a normal subgroup S of index 3, and that u3 — 1
has distinct roots 1, w, w? in K*. Then there exists a morphism v : G —
{1, w, @?*} with Kery =S. If a+b =0 and 4 =0, then it is easy to verify
that (7.1) holds. This completes the proof of the lemma.

Now we determine the general solution F : G — K of the equation (SEs).

Theorem 7.2. Let G be a group, K a commutative quadratically closed field of
characteristic different from 2 and 3. Then the general solution F : G — K of
(SEs) satisfying

(FC) F(txy) = F(tyx) (t,x,y€qR)
is given by

(7.9) F(x) = A%(x) (x €G),

if A=0, and by one of the three forms

(7.10) F(x)=0 (x €G),

(7.11) F(x)=-2A"" (x € G),

or

(7.12) F(x)=-32"" xg\s(x) (x €G),

if A# 0. Here A? is the diagonal of an arbitrary biadditive map, xp : G — K
denotes the characteristic function of the set D C G, and solution (7.12) arises
only if G has a normal subgroup S of index 3 and the polynomial u? — 1 has
three distinct roots in K.

Proof. If A = 0, then (SEs) reduces to the well known quadratic functional
equation
(7.13) F(xy)+ F(xy ™) =2F(x)+2F(y) (x,y €G).

Its general solution (see [1], Lemma 2) under the factorization condition (FC)
is given by (7.9) for arbitrary biadditive 4: G? — K.

Henceforth, we assume that 4 # 0. Now we consider (SEs) as a special case
of (3.1) and apply Theorem 6.1, making special use of the connections

(7.14) f=F, gx)=vVAF(x?).
We treat solutions (6.3) - (6.5) one by one.
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First, we consider solution (6.3). We have
1
(7.15) F(x)= f(x) = Az(x)i c?, and VAF(x?) =g(x)=c.

So comparison of these two yields A2(x2) — 1c% = cA~}, or, by the morphism
property of 42,
442(x)cA i+ it =c{at + 5}
But this implies that
A(x)=0=c{aA 1 +5},
from which we deduce (cf. (7.15)) that F is constant. But it is easy to see that

the only constant solutions of (SEs) are given by (7.10) and (7.11).
Second, consider (6.4). Connection (7.14) yields in particular
(7.16) {2F(x)=f(x)=A2(X)+62{'//(x)+w( x)7' -2},

F(x?) =74 g(x) = cd™# {w(x) + p(x)~" - 2}.
This implies

(117) A0 +y ()= 2} +4420) = (W) + () - 2},

for all y € G. Here we have used the facts that y(y?) = y(y)? and 43(y?) =
A(y?, y?) =44(y, y) = 44%(y) . Now we apply Lemma 7.1 to (7.17). Thus we
have

(7.18) AX(x)=0
and one of two altematives One possibility is
Ay +v) -2 = {y () + () -2} =0,

in which case (7.16) and (7.18) again lead to constant F .

On the other hand, the alternative is that G has a normal subgroup S of
index 3, the polynomial #* — 1 has three distinct roots 1, w, w? in K, v is
a morphism of G onto {1, w, w?} with kernel S, and cA~ b ¢2=0. This
last equation means that either ¢ =0 or ¢ = A=} . If ¢ = 0, then (7.16) and
(7.18) again yield constancy of F . So let us explore the option
(7.19) c=A"1
Since y has kernel S, we have yw(y)+w(¥)"'-2=01if ye S, and y(y)+
y() '-2=w+w?-2=-3if ye G\S. Hence

v +y() 2= =3 1as).
Using this with (7.19) and (7.18) in (7.16), we have

F(y)=-32" 200, y €G,

which is (7.12). It is easily checked that (7.12) satisfies (SEs) by doing a case-
by-case analysis according to the possible locations of x and y with respect to
S.

Finally, consider (6.5). Here (7.14) gives

(7.20) { 2F(x) = f(x) = 4*(x) + %cqu(x)“,
F(x?) =171 g(x) = A~ g(x).
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As before, we have (since ¢(x2) =2¢(x) by (3.8))

(7.21) 4 A42(x) + §c2 B(x)* = A1 p(x)%

The second term of (7.21) is of degree 4 in x, while the other two terms are of
degree 2. Hence (7.21) implies that

=0 and A%(x)= %cx-% B(x)2.

Thus, we have ¢ = 0 = A2, and from (7.20) it follows that F = 0 again. This
exhausts all cases and concludes the proof of Theorem 7.2.

We end this section with the following remarks.

Remark 6. If G has no normal subgroup of index 3, or if K does not have three
distinct cube roots of unity, then Theorem 7.2 shows that the only solutions of
(SEs) are the (7.9) quadratic ones, if A = 0, and the two constant solutions
(7.10) and (7.11), if A # 0. This will be the case, in particular, if G = (R", +)
orif K=%.

Remark 7. For the general solution of (SEs) on a restricted domain, as in the
original application of Lau [9], see [3].
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