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ON CLOSED MINIMAL SUBMANIFOLDS
IN PINCHED RIEMANNIAN MANIFOLDS

HONG-WEI XU

ABSTRACT. In this paper, we first prove a generalized Simons integral inequality
for closed minimal submanifolds in a Riemannian manifold. Second, we prove
a pinching theorem for closed minimal submanifolds in a complete simply con-
nected pinched Riemannian manifold, which generalizes the results obtained
by S. S. Chern, M. do Carmo, and S. Kobayashi and A. M. Li and J. M. Li re-
spectively. Finally, we obtain a distribution theorem for the square norm of the
second fundamental form of A under the assumption that M is a minimal
submanifold with parallel second fundamental form in a Riemannian manifold.

1. INTRODUCTION

Let M" be an n-dimensional oriented closed minimal submanifold in an
(n+ p)-dimensional manifold N"*? . We denote the square norm of the second
fundamental form of M by S. In the case that the ambient manifold N is
the Euclidean sphere S"*?(1), it is well known [2] that if S < n/(2 - 1/p)
on M, then either M is the unit sphere S”(1), one of the Clifford minimal
hypersurfaces in $”*!(1), or the Veronese surface in $*(1) . Further discussions
in this regard have been carried out by many other authors ([3, 5, 8, 9, 12],
etc.). Recently, A. M. Li and J. M. Li [6] have improved the pinching constant
above to %n for the case p > 3. But all these results were obtained under the
assumption that the ambient manifolds possess very nice symmetry.

The aim of the present paper is to establish a generalized Simons integral
inequality for minimal submanifolds in a Riemannian manifold, and prove a
pinching theorem for minimal submanifolds in a complete simply connected
pinched Riemannian manifold, which does not possess symmetry in general.
The proof uses some equations and inequalities naturally associated to the sec-
ond fundamental form of M, the curvature tensor of N, and their covariant
derivatives. Since we do not assume that N"*? is a sphere, the maximum prin-
ciple and the estimate for AS in [2, 6] cannot be applied here, and the trick of
constructing a differentiable 1-form and using integral estimates seems essen-
tial. Finally, a distribution theorem for S is obtained under the assumption
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that M is a minimal submanifold with parallel second fundamental form in a
Riemannian manifold.

2. PRELIMINARIES

Let M" be an n-dimensional Riemannian manifold immersed in an (n+p)-
dimensional Riemannian manifold N”*? . We shall make use of the following
convention on the range of indices:

1<A4,B,C,...<n+p, 1<i,j,k,...<n,
n+l1<a,B,y,...<n+p.

Choose a local field of orthonormal frames {e4} in N such that, restricted
to M, the e;’s are tangent to M . Let {w,} and {w,p} be the field of dual
frames and the connection 1-forms of N respectively. Restricting these forms
to M, we have

(2.1) Zh wj,  hy=h,
(2.2) h= Y hiwi®w;®e,, Zh,,ea,
a,i,j
(2'3) ukl ukl + E h - i1hjk) ’
(2.4) Ropri = Kapr + Z ikhil - h?lhgc) )
i

where h, &, Rypis, Rijii, and K pcp are the second fundamental form, the
mean curvature vector, the normal curvature tensor, the curvature tensor of M ,
and the curvature tensor of N respectively. We define

= A2,  H=Ell,  Ho=h)nxn-

M is called minimal if H vanishes identically. Therefore, if M is minimal,
its scalar curvature is given by

R=ZKUU -S

Now we define the covariant derivatives of hf'J ,
respectively, as

Z h;"jkwk = dha + E h_gjwzs + Z h,sw;s + Z hﬁ'w"ﬂ >
X B
> b = AR+ Y hGuwis + Y hywjs + 3 b + 2 hgkw"” '
1 s s s p

Then we have

(2.5) b — hix; = Kaikj »

and the Ricci formula

(2.6) R = M = 3 B Raga + 3 MRy + Zﬂ: hE Rgair
s s

denoted by hg, and hf,,
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Considering K,;j; as a section of T+(M)®T*(M)® T*(M)® T*(M), we also
define its covariant derivative K,;jx; as

3 Koo = dKyije + > Kosjewis + Y Kaisk@js
l} s s
+ ) Kaijsors + Y Kpijuap -
s B

M is called a submanifold with parallel second fundamental form if h;"jk =0
forall i, j, k, a. The Laplacian Ah;’j of the second fundamental form 4 is
defined by Ahf;. =3 h;’;.kk . In the next section, we sometimes also use th,?;.
to denote hf, , etc.

For a matrix A4 = (a;j)nxn We denote by N(A4) the square norm of 4, i.e.,
N(4) = tr(4'4) = ¥, ;a};. Then N(4) = N(TA'T), for each orthogonal
(n x n)-matrix T.

Proposition 1 (see [2, 6]). Let Any1, Ans2, ..., Anyp be symmetric (n x n)-
matrices. Denote S,p = tr(A4Ag), So = Sea =N(4a), S=3,8.. Then

(2.7) > N(AaAp — AgAs) + > 8% < (1 + %sgn(p - 1)) S,
a’ﬂ a,ﬁ

where sgn(-) is the standard sign function, and the equality holds if and only if
at most two matrices A, and Ag are not zero and these two matrices can be

transformed simultaneously by an orthogonal matrix into scalar multiples of A,
and Apg respectively, where

1 0 ' 0 1
Aa=(0 -1 0), Aﬂ=(1 0 0).
0 0 0 |0
Proposition 2 (see [4]). Let N be an (n+p)-dimensional Riemannian manifold.

If a< Ky <b atapoint x € N, then, at this point,

(i) |Kacacl < 3(b—a), for A+#B.
(ii) |Kapcpl < 3(b—a), for A, B, C, D distinct with each other.

3. INEQUALITIES AND PINCHING THEOREMS

From now on, we assume that M" is a minimal submanifold in N"*? . By
(2.5), (2.6), and the minimality of M , we have

k k,m

+ Z hlc:mRmijk + Z h}fiRaﬂkj .
k,B

k,m

(3.1)

Substituting (2.3) and (2.4) into the above, (3.1) becomes
ARG = = " (Kokikj + Kaijik) + > (heiKmicjc + Moy Komiji) + D hE Kopi
m,k k,B

k
+ D (hgihp ki + 2R hE R — b hE B — Bkl BE — b hERD).
m,k,p
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Therefore,
| —AS S () + Y hgakg
i,j,k,a i,j,a
E (hljk Z (h akxkj+h Kukk)
i,j,k,a i,j,k,a
(3.2) + Y (h b Kk + b Komiji)
i,j,k,m,a
+ > KRl Kagi— Y. kbR
i,j,k,a,pB i,j,k,l,a, ﬂ
D IR G AR LAY
ij,k,l,a,pB
Put 5
Sap = Zhijhu"

Then the (p x p)-matrix (S,p) is symmetnc and can be assumed to be diagonal
for a suitable choice of {e,}, i.e.,

Sap = Sabap foralla, f.
By the definition, S = }"_ S, . From (3.2) we have
Lemma 1. Denote
A=-) N(H,Hj - HﬂHa)-z

a,pB
B= > (hehKmkik + hoheiKmi) + > hShE Kok s
i,j,k,m,a i,j,k,a,B
= > () = > (heKakikj + hEiKoijee) -
i,j,k,a i,j,k,a
Then
(3.3) IAS=A4+B+C.

Let a(x) and b(x) denote the infimum and the supremum of the sectional
curvature of N at a point x respectively. Now we derive a lower bound for B
interms of a, b,and S.

Lemma 2. B >nbS—[n+3(p—1)(n-1)'/2](b-a)S.
Proof. Fix a vector e,. Let {e;} be a frame diagonalizing the matrix (hg;)

such that
h%=l?5ij, lsi,an.
Then
> b hsKmeic+ Y MK+ Y S Kapk;
i,j,k,m i,j,k,m i,j,k,B

= Z VKikik + 3 AeAKiik + Y hEATKopii .
ik ik,p .

(3.4)
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By Proposition 2, we have
|Kopiil < 3(b—a) fora#p, i#k.

Hence, for fixed a, one sees

S R A K> - Y. b —a)|hf 22|

ik,p i#k , B#a
>- Y Lp-aln- DR+ (n - )70
(3.9) i#k , B#a
>—4(n-1)"(b-a)) trHj
B#a

—dn-D"2p-1)(b-a)trH?.
On the other hand, we have
> (A2 Kikik + Y, AgA Kk
ik ik

1 1
=5 > (i — M) Kikire > 5@ > (A — &)* = natr HZ.
ik ik

(3.6)

Substituting (3.5) and (3.6) into (3.4), we obtain
B> [natrH2 - {(n—1)"2(b-a)) trHj
a B#a
~4(n—)""2(p - 1)(b —a) tr HY]
=nbS—-[n+ip-1)(n-1)"(b-a)s.

This proves Lemma 2.

(3.7)

We shall next estimate the integral of C.

Lemma 3. [, C > —Zpn(n—1)(26n - 25) [, (b —a)?.
Proof. Note that

= Y (MK + heiKoijik)

i,j,k,a
=- Z Vi (b Kajij + h§iKaiji) + z (M Kajij + A Kaiji) -
i,j,k,a i,j,k,a =
We define a differentiable 1-form as
(3.8) o= Y (h§Kajij + hiKeiji) o -
i,j,k,a
It follows that
divo = Y Vi(h§Kajij + hiKaiji) -
i,j,k,a
Thus
C= (&) + > (hKajij + i Kaije) — dive.
i,j,k,a i,j,k,a
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Since M is minimal, we have
(3.9) > hg;=0 forallj,a.
i

From (2.5), (3.9), and Proposition 2, we have

2
(310) Z h?kkKajij = Z (hll:ki - Kakik)Kajij - — Z (Z Kajij)

ij.k,a ij.k,a ia \ Jj
> —ipn(n—1)2(b-a)’.
On the other hand, by Proposition 2, we have

S P+ > A Kaik

ij,k,a i,j,k,a
1

2-7 > (Kaiji)?
(3.11) | b ke |

2 -7 oo Y (K- 3 DD (Kaiji)?

a i,j,k distinct a i#j

> —gpn(n—1)(n ~2)(b ~ )’ = gpn(n ~ 1)(b - a)’.
So
(3.12) C> —71—2pn(n — 1)(26n — 25)(b — a)® — divw,
and by using Green’s divergence theorem, we get
(3.13) / C > —pn(n—1)(26n - 25)/ (b—a)?.

M 72 M

Lemma 3 follows.
Now we define

D(n,p)=n+3(p = Dn =17,

E(n,p)= -71—2pn(n —1)(26n — 25).

Theorem 1 (Generalized Simons inequality). Let M" be an n-dimensional ori-
ented closed minimal submanifold in an (n + p)-dimensional Riemannian man-
ifold N"*? . Denote the infimum and the supremum of the sectional curvature of
N at a point x by a(x) and b(x) respectively. Then

/ [nbS — (1 + L sgn(p — 1))S? - D(n, p)(b — a)S — E(n, p)(b - a)*] < 0.

M

Proof. Combining Proposition 1, Lemma 1 and 2, we obtain

(3.14) 1AS > nbS—(1+1sgn(p-1))S2—[n+2(p-1)(n-1)"?)(b-a)S+C.

Integrating both sides of (3.14) and applying Lemma 3, we have

(3.15) / [nbS —(1+ 5 sgn(p— 1))S2-D(n, p)(b—a)S—E(n, p)(b—a)*1 <0.
M

This completes the proof of Theorem 1.
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Denote

a(n, p) = {5[pn(n - 1)(52n - 50)]'/?,
B(n,p)=n+3(p-1)(n-1)"2+ Llpn(n-1)(52n - 50)]'/2.

We are now in a position to prove

Theorem 2. There is a number d(n,p) with 0 < d(n,p) < 1 such that if

there exists an oriented closed minimal submanifold M" in a complete simply

connected manifold N"*? with 6(n,p) < Ky <1 and
a(n,p)(1-c)<S<n-insgn(p—1) - B(n, p)(1-c),

where ¢ is the infimum of the sectional curvature of N, then either M s
the unit sphere S"(1), one of the Clifford minimal hypersurfaces S*(\/k/n) x
S"k(\/(n=k)/n), k=1,2,...,n—1, in S™I(1), or the Veronese surface
in S4(1). Moreover, N = S™P(1).

Proof. Since
c<a(x)<bx)<1,

(3.15) gives
(3.16) /[nS—(1+%sgn(p—1))S2—D(n,P)(1—C)S—E(N,P)(I—C)Z]SO-
M

Take
d(n,p)=1-n(3—sgn(p - 1))(3D(n, p) + 6E"*(n, p))~".

Then
a(n, p)(1-c¢) <n—gnsgn(p—1) = B(n, p)(1 —c).
From the assumption
(3.17) a(n,p)(1-c)<S<n-—3nsgn(p—1)- B(n, p)(1 -c),
we see that
(3.18) nS—(1+isgn(p —1))S? - D(n, p)(1 -¢)S - E(n, p)(1-—¢)* > 0.

Therefore, all inequalities in (3.10), (3.11), (3.15), and (3.18) are actually equal-
ities. This implies 1 —c =b —a =0 and N is a complete simply connected
Riemannian manifold with constant curvature 1. Hence N = S"*P(1). This
together with (3.16) and (3.18) gives

§S=0 or S=n-1insgn(p-1).

Furthermore, the previous inequalities become equalities, and it is not hard to
see from Proposition 1 that either M is the unit sphere S”"(1), one of the

Clifford hypersurfaces S*(\/k/n) x S"k(\/(n-k)/n), k=1,2,...,n—1,

or the Veronese surface. This proves Theorem 2. -

Remark 1. Theorem 2 can be considered as a generalization of the main theo-
rems of [2, 6] as well as a pinching theorem for ambient manifolds.
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Theorem 3. Let M" be an oriented closed minimal submanifold with parallel
second fundamental form in a Riemannian manifold N"*P . Then

(i) S<pnd+F(n,p)d-c), where F(n,p)=3p(p—1)(n—1)"/2 and d
is the supremum of the sectional curvature of N,

(ii) if 6'(n, p) < Ky <1, here

8'(n,p)=1-n(3-sgn(p — 1)[3n+2(p - 1)(n - 1271,
then either M is totally geodesic or n — insgn(p — 1) = D(n, p)(1 —¢) < S <
pn+ F(n,p)(1-c).
Proof. From the proof of Lemma 3 we have
C=- Z Vk(h?kKajij + hg‘Kaijk) .
i,j,k,a

It is easy to see from (2.5) that K,;x =0, forall i, j,k,a. So
(3.19) C=0.

Since ;AS = Y (h%,)? + X h3Ahg; = 0, S is a constant. This together with
(3.3) and (3.9) implies

(3.20) A+B=0.

Obviously,

(3.21) > N(H.Hg — HgHo) + ) _S2>S*/p.
a,B a

For fixed o, similar to the estimate of lower bound for B, we have
LHS of (3.4) =Y (A")Kikix + 3 AeAeKyiik + Y AT Kopii
ik ik ik,p
<ndtrHZ + $(p - 1)(n - 1)"/%(d - ¢) tr H?

+in-1)"%d -¢)) trHj.
B#a

This gives

(3.22) B<ndS+3ip-1)(n-1)"*d-c)S.

It follows from (3.20), (3.21), and (3.22) that
ndS+ip-1)(n-1)"*d-c)S>5%p.

This yields

(3.23) S<pnd+ip(p-1)(n-1)"*d-c).

If é'(n, p) < Ky <1, it is not hard to see from the definition of ¢'(n, p) that
(3.24) n—insgn(p—1)—D(n,p)(1-c)>0.

By (3.20), Proposition 1, and Lemma 2, we get
(3.25) nS - (1+ Lsgn(p — 1))S?> — D(n, p)(1 - ¢)S <0,



CLOSED MINIMAL SUBMANIFOLDS IN RIEMANNIAN MANIFOLDS 1751

which together with (3.23) implies that either S = 0 or n — %n sgn(p — 1) —
D(n, p)(1-c) < S <pn+F(n, p)(1—c). This completes the proof of Theorem
3.

Remark 2. When p = 1, the constant é’(n, p) equals zero, which is indepen-
dent of dimension. In this case, we have that either S =0 or nc < S<n.
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