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ON THE LITTLEWOOD-PALEY-STEIN g-FUNCTION

STEFANO MEDA

ABSTRACT. We consider semigroups (7;) , which are contractive on L?(M) for
all pelg,q’] and g €[1, 2). We give an example (on symmetric spaces of
the noncompact type) which shows that the Littlewood-Paley-Stein g-function
associated to the infinitesimal generator of (7;) may be unbounded on L9(M)
and on L9 (M). We prove that variants of the g-function are bounded on
these Lebesgue spaces.

In this paper we present some new results concerning the L? boundedness of
the Littlewood-Paley-Stein g-function. Suppose that (7;) is a Cy semigroup
of operators on LP(M), where M is a o-finite measure space, and let o € N.
The Littlewood-Paley-Stein function g, associated to the given semigroup is

defined by the rule
o0 ,dt\'/?
&ln = ([ 1earn )

for all f for which the right-hand side makes sense. In classical cases, where
(T;) is the Poisson semigroup acting on L?(R) or L?(T), the g-function is an
important tool in Fourier analysis. For instance, it is frequently used to prove
multiplier theorems and pointwise convergence results: the reader is referred to
[11] for a survey of its role. In a general context, the g-function was considered
by E. M. Stein; he proved that if (7;) is a symmetric diffusion semigroup, then
g, satisfies the estimate

(1) Allfllp < N&a(Nllp < Bpllfll, VS € LP(M),

whenever p € (1, o). A proof of this result can be found in [10]; a simpler
and more general approach, via transference techniques, is presented in [2]. A
third proof is in [4 and 5]. It is of an entirely different nature, in that it is based
on the fact that generators of symmetric diffusion semigroups (and even more
general semigroups [3]) have an H* functional calculus.

One of the interesting applications of g-functions is to functional calculus for
infinitesimal generators of Cy semigroups. Stein proved a Marcinkiewicz-type
result for those as a corollary of the theory he developed for the g-function.
The relationship between g-functions and functional calculus for the infinites-
imal generator of (7;) was investigated in [4 and 5]. Our treatment here owes
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2202 STEFANO MEDA

much to the point of view of [3, 4, and 5]. The motivation for our investiga-
tion comes from an interesting example. Suppose that M is a symmetric space
of noncompact type, and let (7;) denote the heat semigroup generated by the
Laplace-Beltrami operator on M . For any 6 € (0, 1) we consider the modified
semigroup (7; ¢) defined by the rule T; 4 = €%9'T;, where b denotes the bot-
tom of the L2-spectrum of the generator. These semigroups have been studied
in detail in [1, 6, and 7]. It is well known (see, for instance, [9 or 16] for a proof
of this fact) that T; 4 is contractive on LP(M) if and only if p € [pg, pgl,
where py = 2/((1 — 6)'/2 + 1). J. Ph. Anker [1] proved that the standard g-
function associated to 7; ¢ is bounded on L?(M) if p € (pg, pp), by using
pointwise estimates for the heat kernel. An interesting question left open is to
determine whether the g-function is bounded also on L?(M) and LPs(M).
We remark that the results in the literature do not give any information about
this limiting case. Here we give a negative answer to this question. Also, we
remark that Anker’s result is a simple consequence of the theory developed in
[4 and 5], which shows that the result does not depend on the symmetric space
structure nor on estimates of the “kernel” of the heat operator.

Our paper is organized as follows. Section 1 contains some results about the
g-function in an abstract setting. In §2, we specialize to symmetric spaces of
the noncompact type.

We wish to express our gratitude to Michael Cowling for several helpful dis-
cussions on the subject of this paper, and for his warm hospitality at the Uni-
versity of New South Wales, where this paper was initiated.

1. GENERAL RESULTS

Suppose that A is a positive selfadjoint operator on L2(M), where M is a
o-finite measure space, and let P; be the spectral resolution of the identity for
which

A=/ 1dP,.
0

Assume that the family (7;) of operators defined on L?(M) by the rule

T.f = /Oooe_md&f} Vf e L}(M)

satisfies the estimate
ITfll, < 1Ifll, VS €LP(M)nL* (M),

whenever p € [gq, q'], where g € [1, 2) and ¢’ denotes the index conjugate
to q. We recall the definition of the Mellin transform on the group R*. If
m € L'(R*) with respect to the Haar measure ‘1—1 , define its Mellin transform
(# m) by the rule

di

(M m)(u) = /ooo m)AT= VueR.

For every u € R define the operator A'* by the rule

A f = /()wzi"dplf VfeLXM).
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Notice that by spectral theory and the Plancherel formula for the Mellin trans-

form
alh = ([ learmed)

= (2n)"!/? (/R IT(a — iu)A"“f|2du) . ,

for all f € L?(M). Since I is a meromorphic function with simple poles at
the points 0, —1, -2, ... and

(2) IT(a — iu)| ~ e~ ™42 |y|*=12\/ 21

as |u| — oo, it is easy to check that the integral above makes sense for all
complex a such that Re(a) isnotin {0, —1, -2, ...}. We call this set the
“admissible set”. Thus, it is reasonable to define g, , for all o in the admissible
set, by the rule

1/2

1/2
gal$) = @r) 2 ([ T - iwasPau)
R
for all f € L*(M). By spectral theory, it is clear that
lga(NII3 = (27)~! /R IT(a — iw) 2| A™ f13 du = C2||f113,

where C2 = (27)~! [3IT(a — iu)|*du. It is well known that if ¢ =1, i.e., the
semigroup is contractive on L?(M) for all p € [1, o], then g, is bounded
on LP(M) forall p € (1, 0) and a > 0. For a an integer, this result was
proved by Stein [10] for symmetric diffusion semigroups and extended (with a
simpler proof) to more general semigroups by R. R. Coifman, R. Rochberg, and
G. Weiss [2]. For a positive real a (and still another proof) the result is due to
M. G. Cowling [4]. Also, it is not hard to see that in general g, is unbounded
on L'(M) and L>®(M) for all positive real «.

We assume that g € (1, 2) and the semigroup is subpositive and contractive
on LP(M) for all p € [q, ¢']. Under these hypotheses, the imaginary powers
of A are bounded on L?(M) forall p € [g, q'], and the following estimate of
their operator norm holds

ll4™ll, < Co(1 + |u))’/? exp(na|ul/2) Vu€R,

where ¢ = |1/p — 1/2|/(1/q — 1/2). Indeed, if p = g, this estimate is a
consequence of the transference result [3, Theorem 1]. Since |||4™|||, =1 for
all u € R, the required estimate follows immediately by interpolation.

We present a simple proof of the right-hand inequality of (1) for p € [2, ¢'].

Theorem 1.1. Suppose that p € [2, q']. For every a in the admissible set, define
Cu,p by the formula

cz, = @n)"! /R IT(a — iw) | 4™)|2 du.

Then we have that
lga(Np < Capllfll, Vf€LP(M).
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Proof. The case p = 2 is elementary; thus we may assume p > 2. Let r be
the index conjugate to p/2 and ¢ the function in L"(M) such that |¢|, =1

and "ga(f)zllp/Z = (ga(f)z > ¢) . Then
I8(NN7 = 118a()2llp/2 = (8a(S)? ¢)

= @m~! [ [Tt = w141, ) du

< 1)~ 6l» / IT(a — iu) 2|4 £ du
R

< CZLIAN3,
as required. O

Corollary 1.2. The following hold.:
(i) g is bounded on LY (M) if Re(a) < —1/2 and o is admissible;
(i) if p€[2, q'), then g, is bounded on LP(M) for all admissible o .
Proof. By the asymptotics (2) for the I'-function

€2y <€ [ (1 M0 exp(-rful(1 @)
R

where o = (1/2-1/p)/(1/2 —1/q’). This integral is finite if p € [2, ¢') or if
p =¢q' and Re(a) < —1/2, as required. O

Unfortunately, we do not have such an elementary proof for the case where
D € [q,2). However, we have a reasonably simple proof, which is modelled
over the proof of [5, Theorem 6.8]. We need first a couple of lemmata. The
first is a randomization lemma; for the proof, the reader may consult [10 or 5].

Lemma 1.3. Suppose that 1 < p < oo and that (f;)jez is a sequence of functions
in LP(M). Then

[e

12
(E |fj|2) <Csup || Y af;

j==—00 |aj|$l j=—o00
p p

Let y,/, be the set {z € C: Re(z) > 0}, and denote by S/, the strip
{z € C:|Im(z)| < =/2}. Let h be a smooth, compactly supported function
on the real line; and for every k in Z, define h; by the rule A, (u) = h(u—k)
for every u € R. Choose & such that

> h(w)=1 YueR.

k=—o0

For every j and k in Z define the function b;, by the formula

/hk wIl(a - iu)e™ (™ du V¢ € yaya.

Notice that for every a in the admissible set, bj; is holomorphic and bounded
in the set y,/,. Forevery j and k in Z, let Bj, be the function defined by
the rule

Bjx(y) = lim bj(x +iy)

for almost every y in R.



THE LITTLEWOOD-PALEY-STEIN g-FUNCTION 2205

Lemma 1.4. Let (a;);jcz be a sequence of complex numbers such that sup; |a;| <
1. Then the function my : R — C defined by the rule

[e <]

my = E aijk

Jj=—o00

is an LP multiplier for every p € (1, c0) and for every ¢ > 0 satisfies the
estimate

Imill.gm < Cp,evi(Re(a) +¢),
where . : R — R* is defined by the formula

V(@) = (1 + k|)* log*(2 + |k]).
Proof. In order to obtain cleaner formulae, the following definition is useful:

w; =Re(a)-1/2 and w! =Re(a)+1/2.
Also, let ¢(u) = |I'(a — iu)| + |I"(a — iu)| + |T""(a — iu)| . We remark that
o(u) < C(1 + |u])? log*(2 + |u|)e /2 vy eR,

by elementary analytic function theory. We shall prove that m, satisfies the
hypotheses of the Hérmander multiplier theorem. Indeed, for every x in R
we have that

1B (€%)] = [bye(e¥+7/2)] = } [ T~ i<z g
R
—k+2
< / IT(a — iu)|e™™/% du

—k+2
<c/ (1 + Jul)®

<C(l1+ |k|)“’
and

L 1 d? N\ i (X +in/2—j)u
|Bjk(e¥)| = lm/kw(hk(u)r(a— iu))e du

C —k+2
< W/ p(u)e™ /2 dy
- —k-2

—k+2 _ 2
< W/ (1 + [u])®" Tog*(2 + |u]) du
< UKD log’@ + 1K)
lj—x|?

Moreover,

di(B,k oexp)(x)’ = ’ / hi ()T (a — iu)iue’x+im/2=0u dy
X R
—k+2
< / IT(a — iu)| |ule™/? du
k-2

—k+2 .

< c/ (1 + |u))® du
—-k-2

< C(1+ [k[)®s
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and
-fl—-(B‘ oexp)(X)| = |[—= d—z(h (W) (a — iu))iue’>+in/2=u dy
dx Ik G=x)2 Jgdu2\*
—k+2 /2
< — u)|ule™/* du
g L,
C —k+2 ot 2 P
</ 1+ |u|)®= log“(2 + |u|) du
<om [ U082+ u)
< C(l + |k|)%= 1082(2+Ik|)
lJ — x|
We claim that
1/2

2R dy
/ Imi (y)|> == < Cyp(w;) VReR'
R/2 y

and
2R 172
/R |ymk(y)|— < Cp(w}) VRERY.
Indeed,
’ 1/2
- d 2R dy
( / |mk<y>|2—”) = / 2+ D JaBu)
R/2 y R/2 |\ |j-logyl<1 |j-logy|>1
2 ) ) 1/2
. _
B} 1+ k)@= log”(2 + |k
<C / (L +1kD? + D ( ||I)'—logy(|2 = 2
R/2 li—logy|>1 /
) 1/2
2R
B 1 dy
< Cyi(@y) / I+ |j —Togy?| 'y
R/2 |j—logy|>1
< Cy(wy),
and, similarly,
1/2 ’ "

2R , d 2R
(/ |ymk(y)|2—”) -/
R/2 y R/2

( oo+ Y )aij}k(y)
li—logyl<l |j—logy|>1

2R 1 9 log?(2 + |k
co[Hlavmprs ¥ Grkler ) d
R2 |ji—logy|>1
) 1/2
2R
1 dy
scyk(w:;)/ Y | 2
R/2 L—ionyz1 |j—logy|?| ¥

< Cye(wy),
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as claimed. If 7 is a smooth compactly supported function on R*, supported
in [1, 4] and equal to 1 in [2, 3], then this calculation implies that

sup [In(] - Nmi(R )l 2wy < Cre(@g)
R>0

and
sup In(] - Nme (R aw < Cri(@y),

where H!(R) denotes the usual Sobolev space on the real line. By interpolation,
we obtain that for every ¢ > 0

sup (|- (R lzpzvemy < Crie(Refa) + )

now, by (a refined version of) the Hormander multiplier theorem, this estimate
implies that

Imill.g,® < Cpevi(Re(a) +¢€),
as required. 0O

Theorem 1.5. The following hold:

(i) g is bounded on L1(M) if Re(a) < —1 and o is admissible,

(ii) if p € (q, 2], then g, is bounded on LP(M) for all admissible o .
Proof. We first prove (i). The idea of the proof is taken from [5, Theorem
6.8]. By applying Minkowski’s inequality followed by Plancherel’s formula, we
obtain that

00 ] 1/2
lealNle < 3 ([ 1@ - a7 au)

k=—00

q

1/2
<y (Z ijk(A)ﬂz)

k=—o00 j=—00
q

Now, by Lemma 1.3 the last expression is dominated by a constant times

oo
Z sup

ke —oo 13151

oo

> ajbu(A)f

j==o0

q

We apply the transference result of Cowling [3, Theorem 1 and Lemma 1.4]
and obtain that the operator m;(A), defined by the formula

oo

me(A) = Y ab(A)f,

j=—c0
satisfies the estimate

llmi(Dlllg < Cq.evi(Re(a) +€),
so that

I8a(Nllg < Ca el flls Y 7 (Re(a) +e).
k=—o00
The last series converges provided that Re(a) < —1 — ¢, as required. This
concludes the proof of (i).
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We now prove (ii). Observe that, by spectral theory,
e (A)ll; = sup [my(4)].
A>0
By an argument similar to that of the lemma, we deduce that
llmi(A)lll, < Clog?(2 + |k|)(1 + |k exp(-nk|/2) Vk € Z;

therefore, by the Riesz-Thorin interpolation theorem we may conclude that if
p€(q,2), then

e (Al < Clog™ (2 + [k|)(1 + k)R exp(—an|k|/2),
where 0 = (1/q —1/p)/(1/q — 1/2). Thus, arguing as in (i), we obtain that

lgaNlls < Clflly Y- (k(Re(@) +¢))° exp(~anlk|/2);
k=—o00
the last series converges for all admissible «, thereby concluding the proof of

(ii).

The proof of the theorem is now complete. O

2. SYMMETRIC SPACES

In this section M will denote a symmetric space of the noncompact type.
More explicitly, let G and K be a connected noncompact semisimple Lie group
with finite center and a maximal compact subgroup thereof, and consider the
symmetric space G/K, also denoted by M. There is a canonical invariant
Riemannian metric on M ; denote by —% the associated Laplace-Beltrami
operator. By general nonsense, .4 is positive and essentially selfadjoint on
C>®(M);let £ be the unique selfadjoint extension of % and {P,} the spec-
tral resolution of the identity for which

.‘/f:/booidP,lf v/ € Dom(%),

where the bottom of the spectrum, b, is equal to (p, p), p being the usual
half-sum of the positive roots. Consider the heat semigroup generated by &,
namely

T.f = /b " exp(—1A)dP,f .

For every 6 € (0, 1) we consider the modified semigroup 7; ¢ defined by the
rule 7, 4 = e%'T,. Clearly, T; ¢ is generated by %, where % = % — 6b.
For any admissible a, let g, o be defined by the rule

_ 12
a.0() = @02 ( [ [Pa - )G du)

Anker [1] proved that if « is a positive integer, then g, ¢ is bounded on L?(M)
if p € (ps, p;). Apparently, his methods do not give any information about
the boundedness of g, on LP*(M) and LP¢(M). Our aim is to prove some
endpoint results for g, ¢.

We first recall some basic facts about the semigroup (7, ¢) and its generator
% . It is well known (see, for example, [6] for a proof of this fact) that T; ¢ is
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contractive on L (M) if and only if p €[py,p,], where pg=2/((1-6)'/2+1).
Also, .% possesses a holomorphic functional calculus as illustrated by the fol-
lowing result, which was proved in [6] and is included here for the reader’s
convenience.

Theorem 2.1. Suppose that 0 < 0 < 1 and that pg < p <py and 1 <p < co.
Suppose also that m is holomorphic and bounded in the right half-plane, and
denote by M the nontangential limit of m at the imaginary axis, i.e., M(y) =
lim,_,o, m(x + iy) for almost every y in R.

(i) If M is an LP(R)-Fourier multiplier of norm B, then the operator m(%3)
is bounded on LP(X). Moreover, ||m(Z)|l|, < B.

(ii) If n is a smooth, compactly supported function on R*, supported in [1,
4] and equal to 1 in [2, 3], and if there exists a constant B such that

lIn( ')M(R°)"A;{2|(R) <B VReR'

(where A;/ 21 (R) denotes the usual Besov-Lipschitz space on the real line), then
the operator m(-%p) is bounded on LP(X). Moreover, ||m(Zp)||, < CB.

It was proved in [6] that there exist constant Cy and Cp such that
Coexp(n|ul/2) < (25" Ill,, < Co(1 + |u])' exp(r|ul/2) Vu €R.
Since [|.Z;*|ll, = 1, we get by interpolation and duality that for all p € (pg, p})
%™ ll, < Ca,p(1 + [u)°” exp(nolul/2) Vue€R,

where o = |1/p — 1/2|/(1/pe — 1/2).

In order to make the proof of the main result of this section readable, we
have to introduce more notation. However, to avoid wasting space, we shall be
very concise. The reader who is familiar with the subject will find our notation
standard; the reader who is not an expert is urged to consult the treatise [8] or,
for a more concise exposition, [6, §2].

Let G be a noncompact semisimple Lie group with finite centre, write g =
t @ p for a Cartan decomposition of the Lie algebra g of G, and let a be
a maximal abelian subspace of p. Recall that the Killing form B(., :) is a
nondegenerate bilinear form on g, which is positive definite when restricted to
a. Given A in a*, define H, to be the unique element in a such that

B(Hy,,H)=A(H) VHE€a
and then an inner product (-, -) on a* by the rule
(A, A"y =B(Hp, Hy) VA, AN €a*.
The inner product on a* extends to a bilinear form, also denoted (-, -), on

the complexification ag. of a*. For every 6 € [0, 1], we define the quadratic
function Qg on ag by the rule

Qo(A) = (A, A)+(1-6)(p, p) VA€ac.

For any (complex-valued) linear form A on a, let ¢, denote the correspon-
dence elementary spherical function. Recall that ¢, is an eigenfunction for the
(modified) Laplace-Beltrami operator and

Fyon = Qo(A)ga VAear VO €O, 1].
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Let W; be the interior of the convex hull in a* of the images of p under the
Weyl group W of (g,a). For d in (0, 1), we denote by Ws and Ts the
dilate of W5 by J and the tube over the polygon Wy, ie., Ts = a* + idW;.

If A liesin T;, then ¢, is bounded. Moreover, let p € (1, 2) and denote
o(p) = 2/p —1; then if A lies in Ts,), then ¢, isin L4(M), for all g €
(p', o). The spherical Fourier transform f of an L!(G)-function f is defined
by the formula

78 = [ fxe-nx)dx e,
The main result of this section is the following.
Theorem 2.2. Let 6 € (0, 1) and a be admissible. Then the following hold:
(i) if Re(a) < —1, then g, ¢ is bounded on LP(X) forall p € [py, Ppl;
(ii) if Re(a) > 0, then g, g is not bounded on LP¢(X) and on L7 (X);
(iii) go,¢ is bounded on LP(X) for all p € (pg, D).
Proof. The statements (i) and (iii) are an easy consequence of Corollary 1.2
and Theorem 1.5.

We now prove (ii). First, we show that g, » is not bounded on LP(X).
Note that for every A in the tube Ty, , we have

A
B0 (umup,;)

) 1/2
= (2m)~~ ( [ra- iu>|2|Qe<A>-'"|2du) ,

e olll,, >

‘p‘;

which implies, say,

. 1/2
lga.olly > sup (@)% ([ T = i) PIQa(A) ™ du)
AGTJ(‘,O) R
= sup A, s(A).
AGT,;(po)

Choose A = Ay + i[d(pg) — (A1, A1)]p, where A, € a* (recall that d(pg) =
2/pg — 1). A simple calculation shows that
Qo(A) = |A1*(1 + 26(pe)b — |A1|*D) + 2i[6(pe) — |A1P1(As, p) .

Set A; = Ap. Assume, for instance, that 4 — 0+. Recall that we have to
estimate the integral [ |I'(a — iu)|?|Qs(A)*|> du from below. With our choice
of the parameter A the integrand is just

2600 )]

— / 2 -
IT(cx — iu)|? exp { 2N 5 (pe)b — 2267)

When u — —oo, it behaves like

2 Re(a)—1 A(1 4+ 26(pg)b — 2%b?)
exp(—7|ul)|u2Re@-1 exp [—Zu (n/Z — arctan 300 (0g) — 425) )] )
ie.,

A(1 +25(pg)b — 2%b?)
2(0(pg) — A%b)

2Re(a)—-1
|

Ju exp [Zu arctan ] =B, ¢(u, 1),
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say. By the monotone convergence theorem we have that
lim /Ba o(, A)dut = +o0:
A—=0+ JR ’
thus
lga.olly, = S5 Aa,o(A) 2 C Jim [ By o(u, 2)du

€T5(p9)
=400,
as required.
We now prove that g, ¢ is not bounded on L”¢(X). For the rest of the

proof we shall denote by A4 the operator 4. For every function y in the
Schwartz space .#(R) such that |y|, <1 we have that

2.6l > /R T(a — iu)A™ fy (u) du

147

¢A(x iu
> /xd "¢A"p6/1“ a—iu)A™ f(x)y(u)du

whenever A is in the tube Ts(,). Now, we may interchange the order of
integration. Indeed, since A is bounded on L?¢(X),
A D(a — iu)A™ f(x)p(w)

/ / lallp;

< ] T — iu) ()] || 4™ f | dt
R
< Cllf s /R T — i)y ()] |4, du

dudx

< Cllf 1 /R W)L+ ul)* du < oo.

Thus, by interchanging the order of integration, we obtain that

/F(a iv)w(u) <A'“f "¢A”p >du

_ 1wl ) )
= lleally, | Tl i 0a(A)y () du|

We now take the supremum over all functions ¥ in the Schwartz space .#(R)
such that ||y|» < 1. We obtain that

N o w5\’
1820, 2 5 10 (/ IT(c — iw)2|Qp(A) ldu) .

Recall that for every A in the tube Ty, the continuous linear functional on
LP(X) defined by the rule f — f(A) is represented by the spherical function
éa , which is in L?(X). Therefore

sup |F(A)] = léaly,

Il 'Po=

"ga 6 f)”Po =




2212 STEFANO MEDA

Let f, denote the (unique) function in LP¢(X) which has norm one and “re-
alizes” the norm of the functional, namely

|fA()] = l16allp; -

Then this particular function f, satisfies the following inequality

1/2
18a,6(fA)llps > (/R IT'(a - iu)lleo(A)i“Izdu>

so that
ool = sup N2a,6(Nllpe > suD l12a.6(/i)ln
I1Allpg=1 A€Ts )
. 1/2
> sup ( / |r<a—iu>|2|Qe<A>'“|2du) .
AET&UO) R

We have already proved that this supremum equals +oo, thereby concluding
the proof of (ii).
The proof of the theorem is now complete. 0O
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