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SOME INEQUALITIES OF ALGEBRAIC POLYNOMIALS
WITH NONNEGATIVE COEFFICIENTS

WEIYU CHEN

ABSTRACT. Let S, be the collection of all algebraic polynomials of degree < n
with nonnegative coefficients. In this paper we discuss the extremal problem
J2 oy (x))*w(x) dx
Pn(X)ESn fa" Pi(x)ew(x)dx
where w(x) is a positive and integrable function. This problem is solved com-
pletely in the cases
(1) [a) b]=[—1’ l]) w(x) = (l _x2)a’ a> -1 5
(i) [a, b)=[0, 00), wW(x)=x%"*, a>—1;
(iii) (a, b) = (00, o), w(x)=e~*" a>0.
The second case was solved by Varma for some values of o and by Milovanovi¢
completely. We provide a new proof here in this case.

1. INTRODUCTION
In this paper we investigate the following extremal problem
b
J, (p,(x))*(x) dx
pn(x)€Ss [ ab Pi(x)w(x)dx

(1)

where

n
Sp = {pn(X):pn(x) =Y aix', ;>0, 0<i< n} ,

i=0
and w(x): (a, b) — R is a positive and integrable function.

In the case [a, b) = [0, ), w(x)=x%"*, a > —1, the extremal problem
(1) was initiated and solved by Varma [10] in the cases 0 < o < 1/2 and
(V5-1)/2 < a < . Later, it was solved completely by Milovanovi¢ [4] for
-l<a<oo.

In this note we consider the above extremal problem (1) for different weight
functions on different intervals. Throughout this paper, we denote S, the col-
lection of all algebraic polynomials of degree < n with nonnegative coefficients.
In Section 2, we provide the complete answer to the case [a, b] = [-1, 1],
w(x) = (1 —x¥)2, a> —1. In the case a = 0, this result is an analogue of a
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theorem of Lorentz [3] in the L,, norm. Indeed, that theorem holds for a wider
class (Lorentz class) of polynomials, which was studied extensively by Scheick
[7]. For some subsets of Lorentz class of polynomials, the extremal problem (1)
was discussed by Milovanovié¢ and Petkovié [5] for the Jacobi weight.

In Section 3, we give a new proof of Milovanovié’s Theorem [4]. In our last
section, Section 4, we consider the weight function w(x) = e a>0,on
the interval (—oo, o0).

The corresponding extremal problem for the unrestricted polynomials was
discussed in Dorfler [1], [2], Mirsky [6] and Turan [8], which are Markov type
inequalities in L, norm.

2. THE WEIGHT @(x) = (1 — x2)®

In this section, we discuss the extremal problem in the L, norm under the
weight function w(x) = (1 — x2)*, a > -1, on [-1, 1]. For some special
values of a, we obtain several corollaries corresponding to some classic weight
functions. The main result in this section is the following theorem.

Theorem 2.1. Let p,(x) € S,, a > —1; then
1 1
[ Gyt - xyrax < 222 [ g - e
-1 - -1

with equality when p,(x) =
Proof. Since p,(x) € S, , we can write

n
DPn(x) = Z a;x’'
i=0

with @; >0, 0<i<n. Then

n
= Ziaix‘“l
i=1

and
/_11 Pa(x)(1 - x*)*dx = z_; jz_;a,a,/ x*(1 = x?)dx,
[ @1 xax = 3 S aiagi [ 61 e,
Let w0

1
bjj=/ xHi(1 = x*)*dx
-1

1= (=1)iHl i+j+1
= 2 B > ,a+1
where B(x, y) is the Beta function and

1
C[j=ij/ X721 - x2)dx
-1

—(—1)i+tj+1 ; i
=ij1 (21) B(l+12 l,a+l)
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for 1<i,j<n,cj=01if i=0 or j=0. Now denote

B = (bij)o<i,j<ns C =(Cij)o<i,j<n

and
a=(ap,ar,...,an)";

then we can derive that

/ pi(x)(1 - x?)%dx = ZZa,a, ij=a Ba,

i=0 j—O
/ (0 (6))2(1 = x2)odx = ZZa,a,c,, —d'Ca.
i=0 j=0
Now it suffices to consider the following extremal problem:
a'Ca

3 ae‘;ﬂ. a"Ba
where R*™!' ={a:a=(ap,a1,...,an)", @ >0,0<i<n}.Or find the least
A such that TC

a'Ca

< n+1

TTBa S A, forallae R}",
which is
(4) a"(AB-C)a>0, forallaeR"!,

Observe that b;; > 0, ¢;; > 0, 0 < i,j < n. If we can find a smallest
A such that all the elements of AB — C are nonnegative, then we obtain (4)
automatically. Notice also that the matrices B and C have the same structure;
thus it suffices to find A such that

Abij—cij >0, whenb;;#0,
ie.,
A> S ij(i-l'-j-!-2a+l)
b; j i+j-1
If we consider ¢;;/b;; as a function of two continuous variables i and j, then
we have

, 1<i,j<n

>0

i(ij(i+j+2a+1)>_j[i2+(j—l)(2i+j+2a+l)]
ai i+j-1 - (i+j-1)
and similarly
i(ij(i+j+2a+1)> i[j? +(1—1)(2]+t+2a+l)]>0.
aj i+j-1 (i+j-1)2 =7
thus this is an increasing function of / and j, and we can pick up
iji+j+2a+1) 2n+2a+1 ,
=T a4 =T om-1

i=n, j=n

To see that A is the best one, we can consider p,(x) = x" or a' = (0,0, ...,
0, 1). This completes the proof of the theorem. O

For some special values of a, we have the following corollaries.
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Corollary 2.2. Let p,(x) € Sy; then

1
5) [ Ghrdx < 22 [ g

with equality when p,(x) =
Corollary 2.3. Let p,(x) € Sp; then

! 1
[ ohr —ay e < s [ g1 -5ty

with equality when p,(x) =
Corollary 2.4. Let p,(x) € Sp; then

! 1
[ b1 =5 < S [ g1 —xt)

with equality when p,(x) = x".

In the case a =1, a similar result was proved by Varma [9] for polynomials
having real roots.

3. THE WEIGHT w(Xx) = x%¢™*

We give a new proof of Milovanovié’s Theorem [4] in this section. Indeed we
use the same argument as was used in the proof of Theorem 2.1. This time, we
consider the weight function w(x) = x®¢~*, a > —1, on the interval [0, o).

Theorem 3.1. Let p,(x) € Sy, a > —1; then

8) / (0L(x))2x%e~*dx < Cn(a) / p2(x)x%e~*dx
e )= { e e “1<as<a,
mYE\n[en+a)2n+a-1)], an<a<oo,

and
an=3(n+1)7[(170% +2n+ 1)'2 = 3n + 1),

Moreover, Cy(a) is the best possible constant,
Proof. Let pa(x) =Y} oaix*, a; 20, 0<i<n,then

/ pi(x)x°e*dx = ZZa,a,/ xititee=xdx

i=0 j=0

x

where
by = / xHiteeXdx = T(i+j+a+1),
0

B = (bij)o<i, j<n-
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And similarly, we have
o) n n

/ (Py(x))2x%e~*dx =Y > aiajc;j=a'Ca

0 i=0 j=0
where

Y7o, i=0orj=0,

C = (cij)o<i, j<n-
Therefore, we need to find the least A such that
lb,-j—cijzo, fOI'lSi,an.

That is, the maximum value of the function

; 1 ——ﬁ: l]
D =g = ajrai+ira=1)

Let k =i+ j;then

oo ij
S D= v iva=D
i(k - i)

=~ Gkrofkta-D  EE K-
If we consider g as a function of two continuous variables i and k, then we
have
ogli, k) _ k—2i
9i  (k+a)k+a-1)
Therefore, g(i, k) takes on its maximum value at i = k/2 if we fix k (consider

it as a function of i alone). Now it suffices to consider the maximum value of
the function

hik) = g (5 k) - k2 .
2’ 4k+a)k+a-1)
Following the exactly same argument of Milovanovi¢ [4, p. 425], we can see

that the best possible value of A is C,(a) . We omit the details. This completes
the proof. O

Remark. The same idea also seems to work for other L, norms when p is
an integer, but they become more and more complicated as p is bigger and
bigger. We will not formulate them here. However, for the L; norm, the result
is simple.

Theorem 3.2. Let p,(x) € Sy, a > —1; then

9) / ” pL(x)x%e*dx < dn(a) / pn(X)x%e~%dx
0 0
where Ll +0) | ca<o
«), -_— asV,
An(a)z{n/(n+a), 0<a<oo.

Moreover, A,(a) is the best possible constant.
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2
4. THE WEIGHT w(x) = e~ ¥

In this section we discuss the weight function w(x) = e=>' a >0, on the
whole real line. The corresponding result is the following theorem.

Theorem 4.1. Let p,(x) € Sy, a>0; then

2a

1) [ Giyeax <

© 2
n2/ p2(x)e~*"dx

| R S
with equality when p,(x) = x".
Proof. Let pu(x) =Y [_oaix’ € S,; then

n

o0 n
| pixetax =3y aab; = a"Ba

—oo i=0 j=0
where
< 2
bij = / x'te *Xdx
- 00
= (1 _ (_1)i+j+l)(i+j _ 1)!!2-—(i+j)/2—la—(i+j+l)/2\/ﬁ’
B = (bij)o<i, j<n s
and
00 ) n n
/ (Py(x))?e™dx =YY aajc;=a"Ca
-0 i=0 j=0
where

o 5
cij = ij/ xi*ti—2emex dx
—o00
= (1 _ (_l)i+j+l)ij(i +j _ 3)!!2—(i+j)/2a—(i+j—l)/2ﬁ,

C = (cij)o<i, j<n-
For i+ j even, let

.. ’=ﬁj_'= ij <i i<n-
S, J): B, Za—i+j_1, 1<i,j<n;
then considering f as a function of two continuous variables i and j, we can
obtain 0. ) 2aili—1)
1, ] ajlj — .
= >0 forl< <
57 (i+j—1)2‘0 orl<i,j<n,
and 0/, j) _ 2ai(i-1)
l,] al(l — ..
= > < <n.
3 (i+j—l)2-0’ for1<i,j<n

Therefore, f(i, j) attains its maximum value at i = n, j = n, which implies
the desired result. O

Added in Proof. After this manuscript was written, the author learned that Pro-
fessor A. K. Varma [11] had written a paper on the same subject. There are
some overlaps between his results and our results in §§2 and 3, but we do use
different methods.
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