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DISTINCT DEGREE FACTORIZATIONS
FOR POLYNOMIALS OVER A FINITE FIELD

ARNOLD KNOPFMACHER AND RICHARD WARLIMONT

ABSTRACT. Let ﬁq [X] denote the multiplicative semigroup of monic polyno-
mials in one indeterminate X , over a finite field F, . We determine for each
fixed ¢ and fixed n the probability that a polynomial of degree n in F4[X]
has irreducible factors of distinct degrees only. These results are of relevance
to various polynomial factorization algorithms.

1. INTRODUCTION

Let ﬁq[X ] denote the multiplicative semigroup of monic polynomials in one
indeterminate X over a finite field with g elements. Many deterministic as
well as probabilistic factorization algorithms for polynomials in F,[X] require
that a distinct degree factorization of the polynomial be performed as the initial
step. See, e.g., Knuth [6, pp. 429-431] and more recently [1, 2, 3, 8]. Further
references can be found in Shparlinski [9, Chapter 1]. In particular, the further
application of all such algorithms becomes unnecessary in the case that the poly-
nomial has only irreducible factors of distinct degrees. The probability that this
occurs, as determined below, is therefore of particular interest when applying
any such methods. Previously, Greene and Knuth [4, p. 48] also considered this
question but only in the limiting case g — oo, for which they showed that an
asymptotic probability e~? is obtained, where y is Euler’s constant. In prac-
tice, however, such factorization algorithms are most frequently applied over
small finite fields, in particular when ¢ = 2. Our result allows us to compute
an accurate probability in this case as well as for a finite field of any fixed size.

These results indicate that a distinct degree factorization of a polynomial has
a significantly lower probability of occurrence than the limiting value e~ when
the size of the field is small.

We determine in addition the related probability that a polynomial has all its
distinct irreducible factors of different degrees. In this case we show that these
probabilities are higher than the limiting value of e~? for small finite fields.
Since the square-free part of a polynomial is easily determined [7, Chapter 6],
this larger class of polynomials also admits a rapid method of factorization.
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As is well known there are ¢" monic polynomials of degree n in F,[X] and

n(n, q)——Eﬂ(d n/d

din

monic irreducible polynomials of degree n, where u(-) denotes the Mobius
function. _
Let 0 f(X) denote the degree of f(X) € F,[X].

Let yo(n, q) denote the number of polynomials f(X) € f‘q[X ] of degree n
with canonical factorization

f(X)=pi(X) -+ pe(X), where d(pi(X)) # 9(p;j(X)) for i #j.

Let y,(n, q) denote the number of polynomials f(X) € Fq[X ] of degree n
with canonical factorization

S(X)=p(X)* - p(X)™*  (ej €N),
where 0(pi(X)) #0(pj(X)) for i # j. Put

[e o]

(1) Li@:= T (1+ 28D exp(-1/m)  (1=0,1).

m=1
We formulate our results.

Theorem 1. There is some absolute constant ¢ > 0 such that

(2) |7j(n,q)g™" = Lj(g)| <c/n foralln>1(j=0,1).
Corollary.
(3) Jim y;(n, q)¢™" = Lj(q)  (j=0,1).

For comparative purposes, we note that y,(n, q)/q9" = 9;—‘ , where y(n, q)
denotes the number of squarefree polynomials of degree n, n > 2, in f‘q[x] .
(See, e.g., [7, Chapter 6].)

Using the above formulas and a computer leads to the following estimates of
these probabilities for small g .

g Lo(q) Li(q) 251
2 0.39673 0.66559 0.5
3 0.46934 0.61230 0.666
4 0.49834 0.59477 0.75
5 0.51370 0.58615 0.8
7 0.52951 0.57769 0.857
8 0.53408 0.57530 0.875
9 0.53752 0.57353 0.888
oo e 7=0.5614--- e7? 1

The numerical results suggest that as ¢ — oo, Lo(g) increases monotonically
to e~? while L;(q) decreases monotonically to e~?. These observations are
made precise in the next theorem.
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Theorem 2. Let q be a real variable with q > 2. Then

3 1
-1 2 -r(1- =
(4) e (1 Zq) <Log)<e (l 3q) :
(5) Ly(q) is a strictly increasing function of q .
1 7
-y - -y '
© e (1+ 1) Sb@<e” (14 =)
) Ly(q) is a strictly decreasing function of q .

Remark. The multiplicative semigroup f‘q [X] constitutes the simplest example
of an additive arithmetical semigroup (G, 8) satisfying axiom A*, as intro-
duced by J. Knopfmacher [5]. Distinct degree factorization can be studied in
this more general context. We shall deal with these questions elsewhere.

2. PROOF OF RESULTS

Lemma. Let the complex sequences (ay), (bn) be formally related by

oo oo
1+ Za,,w” = exp (Z bmw'"> .
n=1 m=1

Assume there is some constant K > 0 such that |b,,| < Km=2 for all m. Then

lan| < €' n=2 foralln.
Proof. One has

n
1
ap = E FBk(n),
k=1""

where

B (n) := Z b, b, .

my+-+my=n

From this we see that
n Kk
] < 3 T Sutm
=1

where

Se(n):= Y (my--omy)7R

my+--+my=n

We prove by induction on k that
Sk(n) < 16%n=2
and this will yield our results. Firstly
Si(n)=n"2.
Now let k£ > 1 and assume

Sp_1(n) < 165'n~2,
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One has
n—1

n)= 3 m S y(n—m)

m=1

n—1
<161Y  m i (n - m)~?

<160 (£ (3)” £ (3)0-m)

n#g g<m<n

[
<16¢71.2.4. (Zh‘z) n~2<16kn72. O
h=1

We now derive generating functions for y;(n,q), j=0,1.
Put P, := {p irreducible |0(p) = m}. Then

St 97 = 1 (1 > zzaw)
n=0 m=1 DEPy a=1
el m
='1_=[l <1 +n(m, q)1 z'")
Similarly,
0 9 = 5 .
Zy n,q)z H(I+Zz(”)) [T +am, g)zm)
m=1 DEPy, m=1

Proof of Theorem 1. We start by combining the above generating functions to
obtain
o o)

1+Y yi(n, 9z" =[] (l +n(m, q)TTZ:.'—Z,;)
n=1

m=1
oo

(1+(n(m, q) —j)z")

=1

l—jZ'" (|Z|<q"1).

Put
m

9i(n, q)=yj(n,q)q”",  ¢&i(m,q):=(x(m,q)-j)g™",
and substitute z = wg~! (jw| < 1). Then

Z (n, g)w" _H(1+£,(m Qw m)

m=1
_ 1
=1

q—mwm

—F;(w)Gj(w)
where

exp(—w)

1+ -jg Hw
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and "
exp(—4-)
- Jjqmwm’

Gj(w): H(1+8;(m Qw3

m=2
Let us write
Gj(w) = exp(Sj(w, q)).

We shall show that S;(w, g) can be expanded into a power series

Si(w, q) = Zb(m q)w™

m=1

and that there is some absolute constant ¢ > 0 such that
(8) |bj(m, q)| <cm™% forall m.
One has

Si(w, q) = Zdj(w; m,q)

m=2
where
m wm
oj(w; m, q) :=log(l +¢&;(m, q)w )—_+logl—jq—-mwm
m ( 1k+l k,, mk
= sj(m,q)—— w +Z ji(m, @) w

1
+ZE(-jq—m)kw’nk‘
k=1 '
From this we see that
where
ri(m, q) :=¢j(m, q)—1/m,
-1 k+1
si(m,q):= Y ( ,z &i(l, q)k,

1 2 1.
774 ja~t <&, O<g-Jj4

and
lej(l, )l < 1/1 forl>2.
Therefore )
lri(m, q)| < ;q""/z +gq "< 2-m/2+1
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Further
11\ 1 NN k\*!
Isj(m, q)| < - (—) =— > (-) < — (_)
ki=m kI m kl=m ! mz_kszg m
k,1>2 k,1>2
k=2 (o)
m 2<k<y m m- =
Finally

|tj(m, q)] < 27"1(m).
Together these yield (8). Now let

Fj(w) = ch(n ,q)w™" and Gj(w) = Zaj(n , w ",

n=0 : n=0
Then -
Fi(w)Gj(w) = Zdj(n, qw™",
n=0
where

di(n,q):=>_cik,qal,q).
kl=n
Now we have

8i(n,q)=> dj(h,q)=Li(q)-Y_dih,q),

h=0 h>n
using the result

S dj(h, q) = F;(1)G;(1) = Ly(q).
h=0
Therefore
16j(n, @) — Li(@)] < > 1d;(h, 9| < Y lej(k, @)l la;(L, q)
h>n ki>n
= (E lej(k, q)I) (Z la; (7, q)|) + D leitk, @)Y las(l, 9)l.
k>n 1=0 k<n >4

There is an absolute constant ¢; > 0 such that |c;(k, q)| < c;27k forall k.
From (8) and our lemma we infer that there is some absolute constant ¢; > 0
such that |a;(/, q)| < c2/~2 for all /. Therefore

_ ik _
|0j(n, q)—Lj(q)] <2 ”+ZZ ";<<n ' o

k<n

Remark. If we write
1 1 o °°
gi(w;m,q)= (8j(m’q)_E)wm_fsj(m’q)zwzm-"Z”""Z"' ,

we obtain
bj(m, q) = b(m) + bj(m, q),
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where ) [y
+ J—
bm) = =5

and |b}(m, )| < cm™3 with ¢ > 0 absolute.
This refinement in the evaluation of b;(m, g) will possibly entail a corre-
sponding improvement of Theorem 1:

vi(n, q)g™" = Lj(q) + L}(g)n~" + O(n™?)
with an absolute O-constant. We do not pursue this matter further.

3. THE PROOF OF THEOREM 2

The number g comes from F,[X] and thus is a power of a prime.
In particular, ¢ is a real number > 2. We put

o(qg, m):=mn(m, q) = Z,u(d)q'"/d

dlm
and shall study the expressions
@ =TI lw) _
L@ =1 (1455027 ) owtm G=0.1),

as functions of the real variable g > 2. We first collect some well-known facts
which are needed in the sequel:

k
9) S Y <24k,
=1
(10) o(g,1)=gq,
(11) o(qg, m)y=q™—q™"? if m=p°,

and, in particular,

(12) o(q, p)=q”—q,
(13) o(q, m)>q™—2q""2,
(14) a(q,m)>0,
(15) o(g,m)<q"—q form>1,
1 1 1
(16) logl—_)—,siy(wm) for0<y<l,

(17) ﬁ <1+%) exp (—%) =e 7.

m=1

We prove the results for the case j = 0. The proofs for j = 1 are similar
although somewhat more technical.

Proof of (4). We have
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where -
a@)=T] (1+ 5 ota. ma™-1).
m=1
Now
_ alg, m)—q™\ _ 1
o= 11 (1+ 55 ) = (1-30) 20>
where

— T a(g,m)—q"
B(q).—'g3(l+ CESVE )

From (15) we get B(q) < 1. This yields the upper part of (4). Next,

= (1= 35) 1~ ) -kt

T (14 5@ m—-a"
C(q).—'g(l+ mt g™ )

where

Put yn(q) := 737¢~™*. From (13) and (16) we get

o0 oo 1
C(q) > || (1 —ym(q)) = exp (— log —)
I;[ mz=:6 1 —ym(q)

m=6

> exp <— Z %ym(‘I) (1 + 1_—,:'m—@)>)

m=6

1 1 1
>expl|l—-=(1+ ) -3
"( (1 -5 )

55 _, 55 _,
zexp( q )21 549 -

)(-) (-5) () (- 5630)

1 1 1 551)

Now we have

A(q) > (1 -
>1-— - 4 - 4
= ( 442 * 5¢2 * 6g* 5443

1 1 1 1 55\1 3
Sl (ot —t—4+22)2>1-=
. (3+8+10+48+216)q‘1 27’

which yields the lower part of (4).

Proof of (5). We show that f,(q) := a(q, m)g~™ is a strictly increasing func-
tion of ¢ > 2 for m > 1 fixed, from which the result follows.

If m is a power of a prime p then (11) yields f,(q) = 1 — ¢™/P~™ , which
is strictly increasing. Otherwise let p; < p, be the two smallest prime factors

of m. Then
fu(@) =Y p(d)gm™1d=
dim

+

L= L[~
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folg) =mqg="1(q, m),

where

(g, m):=Y_ u(d) (% _ 1) o

d\m
1 m/ppy
> (1 _ _) qm/m _ Z q’
b1 i—1
J_
> %qm/p. _ zqm/p-pz (by (9))
= _;.qm/mpz(qm(pz—l)/mpz —4)

> 1@ -420,

asrequired. O
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