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CONDITIONS ON THE LOGARITHMIC DERIVATIVE
OF A FUNCTION IMPLYING BOUNDEDNESS

T. H. MACGREGOR AND F. RONNING

ABSTRACT. In this paper we investigate functions analytic and nonvanishing in
the unit disk, with the property that the logarithmic derivative is contained in
some domain Q. We obtain conditions on Q which imply that the functions
are bounded and that their first derivatives belong to H? for some p >'1.
For certain domains Q the sufficient conditions that we give are also, in some
sense, necessary. Examples of domains to which the results apply are given.

1. INTRODUCTION

Let A={z:|z] < 1}, and let & be the set of functions that are analytic in
A . The main purpose of this paper is to formulate conditions on the logarithmic
derivative of a nonvanishing function in & which imply that the modulus of
the function is bounded from above and below. We also obtain conditions
from which it follows that the function’s derivative belongs to the Hardy space
HP . The results tie in with the theory of starlike univalent functions which
are characterized in terms of the logarithmic derivative. In that context we
usually adopt the normalization f(0) = f’(0) — 1 = 0, and then the class S*
of functions starlike with respect to the origin is characterized by
zf'(2)
f(z)
The functions in S* are in general not bounded, and a typical example of an
unbounded function in S* is given by the Koebe function k(z) = z/(1 — z)2.

Well-known subclasses of S* are the functions starlike of order a, S}, given
by

f€S* < Re >0, zeA

!
fes ReZL ) 5 0<ac<i1, zea,

flz) =
and the strongly starlike functions, S, given by
/A
(1.1) feSS: arg% 5%, 0<a<l, zeA.

For a <1 the class S contains unbounded functions, and a typical example
is ko(z) = z/(1 — z)>~2=; whereas all functions in SS}, a < 1, are known
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to be bounded [1]. The same is true if the wedge in (1.1) is replaced by a
parabola with vertex at the origin and axis along the positive real axis [6]. In [5]
the question was raised whether all bounded starlike functions have an integral
representation

(1.2) f(z)=/||_llog

for some complex-valued measure 4 on the unit circle. The investigations in
this paper to some extent also relate to this question.

—— du(x) +/(0)

2. THE MAIN RESULTS

Before we get to the results we shall describe the basic setup for the whole
work. Suppose that f is a function which is analytic and nonzero in A, and
let g(z) = f'(z)/f(z). Assume that g(z) € Q where Q is a simply connected
domain and Q # C. Let wy = g(0), and let G be a conformal mapping of
A onto Q such that G(0) = wy. Under these assumptions we can prove the
following results which will be used later.

Lemma 2.1. Let M(r) = max);<,|G(z)| for 0<r<1.

(a) If
@.1) | /01 M(1)dt < oo,
then f and 1/f are bounded functions.

(b) If
(2.2) /01 MP(t)dt < 0o

for some p > 1, then f' € HP.
Proof. Clearly g < G, so we have

<
gllglg(Z)l < flzﬂé’glG(Z)I

for 0 <r < 1. Because M is nondecreasing, this implies that

1 1 1
/ \g(t2)|dt < / M(t|z))dt < / M)t
0 0 0
Therefore (2.1) implies that

1
(2.3) sup/ |g(tz)|dt < oo.

izI<1 Jo
We have log(f(z)/f(0)) = [ g(w)dw where C is the line segment from 0 to
z. Hence

1 1
= z/ g(tz)dt| < / |g(tz)|dt.

0 0
Thus equation (2.3) implies that sup, ., [log(f(z)/f(0))| is finite and hence
sup|,i<; |1og(|f(z)/f(0)])| is finite, and the conclusion of part (a) follows.

To prove part (b) note that (2.2) implies (2.1) since p > 1 and therefore f
is bounded. Because g(z) = f'(z)/f(z), we have |f’(z)| < ||flln-|g(z)|, and

f(2)
logm
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hence, f' € H? if we can show that g € H? . By Littlewood’s subordination
principle we get
L 0P 49 < - i G(re'®)|P do
5 [ letrer a0 < 5 [iGre)

for 0 < r < 1, so it suffices to prove that G € H?. Let K(z) = G(z) — G(0)
and N(r) = max|;<,|K(z)|. Then N(r) < M(r)+|G(0)|. Since K is analytic
and univalent in A and K(0) = 0, we can use Prawitz’s theorem [3, p. 61] to
get

1 2n . 1 1

1 / IK(re®)P df < p / Ine@yar.

2n 0 0 t
For a >0 and b > 0 there is a constant A4, , depending only on p, such that
(a+b)? < Ay(a®? + bP). Therefore,

L / " Gre® P do < 4, | L / " K (re )P d6 + |G(O)P
27 Jo =P 2% J,

1
<4, [p [ 18 de+ |G<0)|”] .

Because N(r) < M(r)+ |G(0)] and K(0) = 0, Schwarz’s lemma implies that
N(r) < r(M(r) +|G(0)|). Thus

1 2n 0 [ 1 |
= /0 (Gre®)Pdo < 4, |p /0 - (M(z)+|G(0>|)pdz+|G(0)|P]

[ 1
<4, |p /0 (M(t)+IG(0)|)"dt+IG(O)I"}

i 1
< 4p (p4p (/ MP(t)ydt + IG(O)I”> + IG(O)I”} -
0
This shows that (2.2) implies G € HP. O

In the following we further assume that Q is an unbounded Jordan domain
and that the origin is on the boundary of Q. Then some point z,, on A cor-
responds to oo under the mapping G, and some other point, zy, corresponds
to 0. By a rotation in z we can assume that z., = 1. The point 0 breaks up 6Q
into two Jordan curves, which we denote I'* and I'~, each having endpoints 0
and co. Let T" be a Jordan curve with endpoints 0 and oo all of whose other
points belong to Q. For each R > O there is an arc denoted yz which is on
QNn{w : |w| = R}, meets I', and has one endpoint on I'* and the otheron I'~.
Let £(R) denote the length of yg, and let ¢(R) = £(R)/R. Then ¢(R) gives
the angular variation of yr. We have 0 < ¢(R) < 27 and 0 < {(R) < 2nR.
Now we are ready to state the main theorem about boundedness of the function
f.

Theorem 2.2. Let Q and ¢ be as described above. Let f € &, f(z)# 0 for
z €A, and assume g(A) C Q where g(z) = f'(2)/f(2). If

(2.4) / du < oo,
1 d

p(u)exp {n [ L&
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then there are positive constants m and M such that

m<|f(z)| <M, zeA
Proof. The proof basically involves setting up a suitable composition of confor-
mal mappings, so the Ahlfors’ distortion theorem (see [4, p.136]) can be used.
Recall that G(A) = Q, G(zp) =0, and G(1) = co. There are complex numbers
x and a such that |x| =1, |a| < 1, and the function

z+a
w(z) —xm, lz| <1,
satisfies w(1) =1 and w(zp) = —1. An easy computation shows that there are
positive constants 4 and B, depending only on «, such that
1 - |o(z)]
. <—=<
(2.5) A< T—17] <B

for |z| < 1. Indeed we can let 4 = (1 — |a|)/4 and B = 4/(1 — |a|). Write
w=G(z), {=logw, and ¢ =log((l + w(z))/(1 — w(z))). Then z+— ¢ is a
conformal mapping of A onto the strip ¥ = {¢ : |Imo| < 7/2}. Also w — {
is a conformal mapping of Q onto a domain ®. The domain ® is unbounded,
and each line {{ : Re{ = constant} meets ®. The arc yg corresponds to a
line segment denoted 6; where s = Re{ = logR. If we let O(s) denote the
length of 6;, then O(s) = ¢(R). The boundary of ® consists of two Jordan
arcs At and A~ having endpoints at co. Through the composition of the
mappings described above we obtain a mapping ¢ = g{{) of ® onto ¥ such
that —oo corresponds to —oco and oo corresponds to co. We can apply the
Ahlfors’ distortion theorem to this mapping. Hence if ag < @ and

a
(2.6) /a0 554> 2
then
a
2.7) Re[0() — 0(8o)] > 7 / s —4m.

for {o € 6, and { € 6,. We fix ap and choose a point {y € 6,,. Then for
z sufficiently near 1 the corresponding { satisfies { € 6, and a > ag. Let
Ry =e% . Then

a1 R R 1 R
—ds=/ ——dx > —dx = —log —.
/,,0 9(s) R X000 = Jr, 2nx Y T 22 B Ry
Hence (2.6) is satisfied for all z sufficiently near 1. Since
a () =log((1 + w(2))/(1 — w(2))),
(2.5) implies

Rea({) =log <10g2+1081_ 1 Slog2—logA+logl—l_—r

- |(2)|

1+ w(z)
1 - w(z)
where r = |z|. Hence (2.7) implies

1

/aids<llo —+C
W 0 S T BTy
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for some constant C . This is the same as
R
1 1 1
(2.8) / ——dx < =log— + C.
R, X9(X) n 1-r

Hence (2.8) holds for all z sufficiently near 1, where r = |z| and R = |G(z)].
For 0 <r<1,let u=u(r) be defined by the equality

o 1 1
(2.9) /1;0 de =7 logm + C.
Since 1/x¢(x) > 0, this uniquely determines u. Moreover u(r) > Ry and
(2.8) and (2.9) imply that R = |G(z)| < u(r) for |z| = r and for all z suffi-
ciently near 1. Forevery ¢ (0<ée<2) G isboundedin A\{z:|z—-1]|>¢}.
Hence if we have

(2.10) /l u(r)dr < oo,
0

then fol M(r)dr < o and by Lemma 2.1(a) we have that f and 1/f are
bounded.
What remains to establish the theorem is therefore to prove that the condition

(2.4) implies (2.10). Let R; be defined by f dx = C, where C isasin
(2.9). Then

W(X)

! < dr
d=/ ar gu,
/Ou(r)r Rluduu

dr ne€r

d_ =
u ugy CXp { fRo xq:(x)}

From (2.9) we get

and further,
1 oo
(2.11) / u(r)dr = neC"/ du .
0 R o(u) exp{nfR0 o) }
We now see that (2.4) implies (2.10). O

The examples of starlike functions mentioned in the introduction might sug-
gest that boundedness or nonboundedness is connected to how close Q is to a
halfplane. Indeed it is the case that the integral in (2.4) may exist or not exist
depending on how fast the function ¢(u) tends to @ when u — oo. We will
give examples illustrating this in the last section. In order to obtain, in some
sense, a maximal domain Q which yields f and 1/f bounded, it is therefore
natural to put further assumptions on ¢, e.g., that it is monotonically increasing
to . Under such assumptions the condition (2.4) can be replaced by simpler
conditions.

Theorem 2.3. Let Q, ¢, f, and g be as in Theorem 2.2.
(a) Assume that lim,_ o, ¢(u)==n. If

(2.12) / d’: —— < oo,
L exp {n [} s }
then f and 1/f are bounded.
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(b) Assume that lim,_.., ¢(4) = n and that for some o > 1 the function ¢
is nondecreasing in [a, o). If

* du
(2.13) /1 W<OO,

then f and 1/f are bounded.

Proof. Since lim,_,., ¢(u) = n then 1/¢p(u) is bounded for u large enough,
and part (a) follows from Theorem 2.2. Assume also that ¢ is nondecreasing
in [a, co) for some a > 1. Then

R | logu loga
/a X0 X2 o) " v

Hence exp{—n N Wl(xjdx} < Du~"?® for some constant D. Therefore
(2.13) implies (2.12) and part (b) follows. O

We now turn to the discussion of conditions which imply that the derivative
of the function f belongs to some Hardy space H? . The arguments used here
will be parallel to those used for proving boundedness. Assume that Q has
the properties described before Theorem 2.2, and let f, g, G, and ¢ be as
before. Also let u be defined as in (2.9). Then it is easy to see that

1
(2.14) /u”(r)dr<oo, p>1,
0

implies (2.2) just as (2.10) implies (2.1). Thus the conditions we pose will
be such that (2.14) holds, and therefore by Lemma 2.1(b) we conclude that
f' e HP

Theorem 2.4. Let Q and ¢ be as described before Theorem 2.2. Let f € &/
and f(z)#0 for z € A, and assume g(A) C Q where g(z) = f'(2)/f(z). If

oo -1
(2.15) / ub~du <o
! u)exP{ fl x(o(x)}

for some p > 1, then f' € HP.
Proof. The argument leading to (2.11) yields

1 oo -1
(2.16) / wP(rydr = nec"/ ur” du ,
0 Ry exP{ fR x¢(x)}

s0 (2.15) implies (2.14) and the proof is complete. O

Under additional assumptions on ¢ it is clear that we can obtain a theorem
parallel to Theorem 2.3.

Theorem 2.5. Let Q, ¢, f, and g be as in Theorem 2.4.
(a) Assume that lim,—o ¢(u) =n/p, p> 1. If

/°° uP~'du <o
1 exp{ I d"}

1 xe(x)

then f' € H? .
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(b) Assume that lim,_, ., p(u) = n/p, p > 1, and that for some o >1 ¢ is
nondecreasing in [a, oo). If

*  du
| urere <%

then f' € HP.

3. CONVERSE VERSIONS OF THE RESULTS IN SECTION 2

The basic setup remains the same as it has been. Under certain additional
assumptions on the domain , expressed in terms of ¢, we can prove results
converse to Theorem 2.2 and Theorem 2.4. The basic tool here is a theorem of
Warschawski [4, p. 140] which we state below. With the same notation as in
the proof of Theorem 2.2, suppose that the curves A* and A~ have the form
y =1%(x) and y = 7= (x), where 7+ > v~ . Then 8(x) = t*(x) — 7~ (x), and
we define 7(x) = 1(t*(x) + 17 (x)).

Warschawski’s theorem. Suppose that for all x we have |T'(x)| < M, |6'(x)| <
M.Ifay<a, {o€0,, {€0,, then

2
Re[o(¢) — a({o)] < ﬂ/ 1+gz )(x)d ) 12 60(56);)
a

where B is a constant depending on M .

dx+ B,

Let Q be as before, and in addition assume that it is symmetric about the real
axis. Also assume that there is a constant M such that |r¢'(r)] < M. With
these assumptions we have 7(x) = 0 and |6'(x)| < M, so the Warschawski
theorem can be applied to get

“9"%(x)
0( ) —dx+ B.

Now [ ‘Z) %—ldx < M(logf(a) — logO(ag)) which is bounded by an absolute

constant, so for some C >0 we have
a
1
Re[o({) - o ()] < @ /ao FE+C.

Choose G, analytic and univalent in A, such that G(A) = Q, G(1) = o, and
G(-1) = 0. For real r close to 1 we now have, in the same way as (2.8) was
proved,

Re[o(() - 0(o)] < 7 / ﬁdx + 2

R 1 1
(3.1) /ROWdXZEIOgm—C
With u = u(r) defined such that equality holds in (3.1) we get
(3.2) u(r)y< R= |G z)| < M(r)

and so fol (r)dr = oo implies fo rydr = co. Define F by F'(z)/F(z) =
G(z). From the assumptions on Q 1t follows that M(r) = G(r), so we have

F(r) / G(t)dt—/ M(t

hm log —= F(0)

|—11m

/ rG(tr)di| =
0
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Therefore the function F will be unbounded if fol u(r)dr = . Hence, by
(2.11), we have the following result.

Theorem 3.1. Let Q, ¢, G, and F be as above. If

/°° du o
opwexp{n [ 25

1 x¢(x)
then F(r) > oo as r— 1.

Under the same assumptions on ¢ and  as given above we can also for-
mulate a converse to Theorem 2.4.

Theorem 3.2. Let Q, ¢, G, and F be as in Theorem 3.1, and define

oo uP~du
b= .

1 (0(“ exP{ f] x¢(x }
If I, <oo for 1 <p<gq and I;=oc, then F' € HP for p<q but F' ¢ H?.
Proof. That F' € HP for p < q is the result of Theorem 2.4. In particular
since I, < oo, F is bounded from below by a constant m (Theorem 2.2). If
I; = oo, then fol M4(t)dt = o because of (2.16) and (3.2). By a theorem of

Hardy and Littlewood [2, p. 87] this implies that G ¢ H?. Now |F'(z)| =
|F(z)|-|G(z)| > m-|G(z)|, so we also get that F' ¢ H9. O

4. EXAMPLES

As we have commented on before, the conditions that we have given in terms
of convergence of certain integrals are linked to how close Q is to a halfplane.
The examples that are given below will shed further light on this fact.

Example 1. Let F(z) = 1/(1 - z)*, a > 0. Then G(z) = F'(z)/F(z) =
a/(1—z). In this case Q is the halfplane Re w > /2, and the function F is
certainly unbounded in A.

The critical situation is of course when Q opens up to be more and more
like a halfplane, which means that ¢(r) — n as r — oo. The condition (2.12)
basically says that ¢ cannot approach n too fast. This is seen most clearly in
the stronger condition (2.13) where, to get integrability, the ratio n/¢(u) must
not go to 1 too fast.

Example 2. Let
nt®
(p(t)—__A+t°’ A>0, a>0.

Then ¢(t) —» n as t - oo. Computing we find that

" dt A 1 A
E(r)_n/l m—logr+-&(l—r—) <logr+—.

0 dr K (A+r*)d r K dr
/1 p(Nexp{E(N} ~ e /

where K = exp{—A4/a}. Hence the 1ntegra1 diverges. The functlon @ satisfies

the conditions of Theorem 3.1 and therefore, if the corresponding domain Q

is symmetric about the real axis, the function F will not be bounded.

So
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Example 3. Next we consider
nlogt

p(t) = A+logt’ A4>0,
for ¢t > 2. This function also satisfies the conditions of Theorem 3.1. Now
"A+logt ,
E(r)= A Tgt-dt =logr + Alog(logr) — K.

Further we get

o dr *® dr *  dr
/2 co(r)exp{E(r)}=AC/2 r(log’)A+'+C/2 r(log )

for some constant C . The first integral above converges for all 4 > 0, whereas
the second converges if and only if 4 > 1. So in this case we get bounded
functions F depending on the value of 4. With the same ¢,

5 rﬂ/¢(") ) r1+A/Iogr_

This shows that the stronger condition (2.13) does not hold for this ¢, no
matter how large A is.

Concerning the question of membership in H” spaces, we see that with this
function ¢ we get F' € H'for A>1 and F’ ¢ HP for p > 1. If we modify
@ to ,

amlogt
v(t) = A+logt’
then ¢(¢) —» an when ¢t — oo, and a similar computation shows that then we
get F' e HP for p<1l/a if 4> a.

The methods developed in this paper can also be applied to classes of normal-
ized starlike functions. In that case g(z) = zf"(z)/f(z) and g(z) lies in some
domain Q in the right halfplane. The next example deals with such functions.

A>0, O<a<l,

Example 4. In [6] the second author studied classes of normalized starlike
functions with zf’(z)/f(z) lying inside a parabola. It was shown that these
functions were bounded and that f’ € H2. With the notation we have used we
now have

p(t) =2tan™! L aso

VAL’
Then Vi
n [ dt /4
E = e - l .
(r) 2 J; ttan~! L / vr=1

Putting this into (2.15) we get for some constant K that

/°° rP=dr K /°° r-1gy
—_— < — .
1 e(r)exp{E(r)} ~ 47 Jyz tan~'(1/v)exp(v/VA)
For large enough v, tan~! 1/v > C/v for some constant C, so the integral on
the right-hand side of the above inequality behaves essentially as

[
\/Z ev/\/]
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which converges for every p and every 4. This means that these starlike
functions satisfy f’ € HP for all p > 0. In the case of SS: (a < 1) we
have ¢(t) = am, and we immediately see from Theorem 2.3(b) and Theorem
2.5(b) that all these functions are bounded and that f’ € H? for p < 1/a, in
accordance with results in [1].

Remark. Let Q be a domain in the right halfplane such that (2.4) holds, and
define S$*(Q) to be the class of functions f with f(0) = f/(0)—1 =0 and
zf'(z)/f(z) € Q. Then all functions in S*(Q) will be bounded starlike func-
tions with derivatives in H'. Therefore they will all have an integral represen-
tation

(4.1) fe)= [ logr—— du(x

for some measure u. (See [5] and [6] for details.) Furthermore, since f’ €
H', the boundary of f(A) will be a rectifiable Jordan curve. In [6] these
results were obtained in the case that 9Q is a parabola, so this is a considerable
generalization.
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