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THE DIRECT DECOMPOSITIONS OF A GROUP G
WITH G/G’ FINITELY GENERATED

FRANCIS OGER

ABSTRACT. We consider the class % which consists of the groups M with
M/M' finitely generated which satisfy the maximal condition on direct factors.
It is well known that any %-group has a decomposition in finite direct product
of indecomposable groups, and that two such decompositions are not necessar-
ily equivalent up to isomorphism, even for a finitely generated nilpotent group.
Here, we show that any %-group has only finitely many nonequivalent decom-
positions. In order to prove this result, we introduce, for % -groups, a slightly
different notion of decomposition, that we call J-decomposition; we show that
this decomposition is necessarily unique. We also obtain, as consequences of
the properties of J-decompositions, several generalizations of results of R. Hir-
shon. For instance, we have Z x G = Z x H for any groups G, H which
satisfy M x G= M x H fora %-group M.

In the present paper, the laws of the groups are written with multiplicative
notation. For each group M and for each subset £ of M, we denote by (E)
the subgroup of M which is generated by E . For each group M and for each
integer k, we write M* = ({x*; x € M}); we denote by x*M the direct
product of k copies of M.

We say that a group A is cancellable if, for any groups G, H, AxG=2 AxH
implies G = H .

For each group M and for any subgroups 4, B of M, we say that B is
a supplementary of A in M, and we write M = Ax B, if M = (4, B)
and ANB =[A4,B]) = 1. For each x € M, we consider the decomposition
x = pry(x)prg(x) with pr(x) € 4 and prg(x) € B. A subgroup 4 of M
which has a supplementary in M is a direct factor of M .

We say that a group M is indecomposable if M is nontrivial and if we have
A=1 or B=1 forany subgroups A, B such that M = AxB. We say that M
is finitely decomposable if it is a finite direct product of indecomposable groups.
Then, a decomposition of M is a finite sequence of indecomposable groups
Ay,..., A, such that M = 4, x --- x A,. We identify two decompositions
M=A x---xA, =B x---x B, if m=n and if there exists a permutation
o of {1,...,n} such that 4; = B, foreach i€ {1,..., n}. In particular,
we say that M has a unique decomposition if this property is true for any two
decompositions of M .
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Any group which satisfies the maximal condition on direct factors clearly
has a decomposition. In this paper, we are going to prove that, if M is such
a group and if M/M’ is finitely generated, then M only has finitely many
decompositions.

First, we recall some examples and results which illustrate how several de-
compositions may arise for the same group.

The infinite cyclic group J and, for each prime number p and each inte-
ger k > 1, the cyclic group J, , of order pk , are indecomposable. For each
finitely generated abelian group, we have a unique decomposition M = (xkJ) x
"D Ty k) X - x (X" Ty k) With k, rointegers, p(1), ..., p(r) dis-
tinct primes, and k(1), ..., k(r), n(l), ..., n(r) € N*. The classical result of
R. Remak [R] states that each finite group also has a unique decomposition.

On the other hand, we have J x G = H x K for the indecomposable finite-
by-abelian nilpotent groups of class 2

G=(a,b,v;a*=1,0°=1,[a,bl=1,[a,v]=a%[b,v]=0%,

H=(c,w;c*=1,[c,w]=c?) and K={d,x;d’=1,[d, x]=4d>.
If u is a generator of J, then we obtain an isomorphism f: Hx K - J x G
by writing f(c) = a, f(w) = uv3, f(d) =b, and f(x) = u~'v~2, since we
have

[a, uv3]=[a, v]} =a® =a?, b, uwd)=[b,vP=0b=1,

[a, " v7 2] =[a,v]2=a*=1, (b, u" v 2]=[b,v]2=b"%=b3

By [W. Theorem 2.1, p. 127], for any finitely generated finite-by-abelian
groups G, H, we have J x G = J x H if and only if G and H have the
same finite images. According to [B1, p. 249], the two indecomposable finite-
by-abelian nilpotent groups of class 2 G = (¢, v;c? =1, [c,v] = ¢°) and
H={d,w;d® =1,[d,w] = d'0 satisfy these properties without being
isomorphic.

Now, for each integer ¢ > 1, let us denote by .#; the class of finitely gener-
ated torsion-free nilpotent group of class ¢. By [H3, Theorem 5, p. 158], any
-group has a unique decomposition. This property is not true for .#3-groups
since, by [H3, pp. 154-155], there exist two nonisomorphic .#3-groups G;, G,
such that J x G, & J x G, . Moreover, according to [B2, p. 6], for each inte-
ger n > 1, there exist some indecomposable .#;3-groups H, H,, H, such that
H, x H, 2 (x"J) x H. In [B2], G. Baumslag also proves that, for any integers
m, n > 2, there exists a .#3-group which has a decomposition with m factors
and a decomposition with n factors.

On the other hand, many surprising positive results were obtained by
R. Hirshon. For instance, by [H7, Theorem 3.4, p. 361}, if U is a group
such that U/U’ is finitely generated and U/Z(U) satisfies the minimal condi-
tion on direct factors (or, equivalently, the maximal condition), then, for any
groups G, H,Ux G = U x H implies J x G = J x H. Also, according to
[HS, Theorem 1, p. 333], for each integer » > 1 and for any groups G, H
which satisfy the maximal condition on normal subgroups, if x"G and x"H
are isomorphic, then J x G and J x H are isomorphic.

By [O1, Theorem, p. 7], any groups G, H such that J x G = J x H are
elementarily equivalent. The converse is true for finitely generated finite-by-
nilpotent groups, according to [O2].
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Here, we mainly consider groups M with M /M’ finitely generated; we call
them ABFG, which is an abbreviation for “groups whose abelian quotients are
finitely generated”. Taking into account the importance of the group J in
the examples and results above, we introduce, for ABFG, the notions of J-
equivalence and J-decomposition. We show that a ABFG has a J-decomposi-
tion if and only if it is finitely decomposable, and, also, if and only if it satisfies
the maximal condition on direct factors.

The Theorem asserts the unicity of the J-decomposition for finitely decom-
posable ABFG. Moreover, any finitely decomposable ABFG only has finitely
many decompositions in direct products of indecomposable groups, and Corol-
lary 3 provides a bound for the number of such decompositions. Corollary
6 describes a sequence of factors which appears in each decomposition. The
properties of J-decompositions also enable us to generalize several results of R.
Hirshon, including the theorems mentioned above, and to simplify their proofs.
These generalizations are given by Corollaries 1, 2, 4, 5. Corollary 7 provides
another connexion between the J-decomposition of a finitely decomposable
ABFG and its decompositions in direct products of indecomposable groups.

We say that two ABFG G, H are J-equivalent, and we write G ~; H , if
there exist two integers r, s > 0 such that (x"J) x G = (x°J) x H. According
to Lemma 1 below, this property is true if and only if G and H satisfy J x G &
JxH,or (x™J)xG= H foran integer m, or G = (x"J)x H for an integer
n. Any ABFG is J-equivalent to 1 if and only if it is torsion-free abelian.

Lemma 1 ([H3, p. 148]). For any groups G, H, J x J x G = J x H implies
JxG=H.

Proof. We show that, for each group M , for any subgroups G, H of M, and
for any elements of infinite order u, v, w € M ,if M = (u)x(v)xG = (w)xH,
then J x G and H are isomorphic. There exist some elements u’, v’ € (u, v)
such that (u) x (v) = (¢') x (v’) and w € (v') xG. We have (v') xG = (w) x K
for K = Hn ((v') x G), and therefore (w) x H = M = (u') x (V') x G =
() x (w) x K = (w) x (#) x K. But (w) x H = (w) x (#') x K implies
He(W)yxK=2(wyxK=®)xG. O

We say that a ABFG M is J-indecomposable if M is not J-equivalent to
1 and if, for any groups A, B such that M ~; A x B, we have 4 ~; | or
B ~; 1. A finitely generated abelian group is J-indecomposable if and only if
it is isomorphic to (x"J) x J, , with r € N, p prime, and k > 1.

A J-decomposition of a ABFG M is a finite sequence of J-indecomposable
ABFG A;,..., A, such that M ~; A; x --- x A,. We identify two J-
decompositions M ~j; A;x---X Ay, ~j By x---xB, if m = n and if there exists
apermutation ¢ of {1, ..., n} suchthat 4; ~; B, foreach i€ {1, ..., n}.
According to the proposition below, any ABFG has a J-decomposition if and
only if it is finitely decomposable:

Proposition 1. If M isa ABFG, then the following properties are equivalent:
(1) M satisfies the maximal condition on direct factors;
(2) M is finitely decomposable,
(3) M has a J-decomposition.

Remark. A finitely generated group may have a strictly increasing sequence of
direct factors. For instance, J. M. T. Jones proved in [J] that, for each integer
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n > 3, there exists a finitely generated group 4 which is isomorphic to x"A4
and not isomorphic to x*¥4 for each integer k suchthat 2<k<n-1.

The following lemma is used in the proof of Proposition 1:

Lemma 2. For each group M and for any subgroups A, B, Cy, ..., C, of M
such that M = AxB=Cyx---xCy,,wehave A' = (A'NC])x---x(A'NCy).
Proof. For any elements x, y € A, we have [x, y] = [Ti<i<alpre,(x), Pre, ()1

Moreover, for each i € {1, ..., n}, we have [prc (x), y] € ANC;, and there-
fore

[prc,(x), pre,(¥)] = pre,([pre, (%), ¥1) = pra([pre, (%), ¥1)
= [pry(prc,(x)), 1€ 4'nCj. O

Proof of Proposition 1. First, we show that (2) implies (1). We suppose M =
G, x---x G, with Gy, ..., G, indecomposable. If M has a strictly increasing
sequence of direct factors, then there exists a sequence of nontrivial subgroups
(H;)i>1 such that, for each integer n, (H;,..., H,) = H; x --- x H, and
(Hy, ..., Hy) is a direct factor of M . As the groups x<;<,(H;/H]) are direct
factors of the finitely generated abelian group M/M’, there exists an integer n
such that H; = H| for each integer i > n.
For each integer i > n, it follows from Lemma 2 that we have

Hi=H =HNG)) x - x(HNG)C(HNG)x-x(HNG,),

and therefore H; = (H; N Gy) x --- x (H;n G,). So, for each integer i > n
and each j € {l,...,r}, H;N G, is a direct factor of M, and therefore
a direct factor of G;, which implies H;NG; = 1 or G; C H; since G; is
indecomposable. Consequently, for each integer i > n, there exists an integer
J€{1, ..., r} such that G; C H;, which implies a contradiction.

Now, we prove that (3) implies (1). If M has a J-decomposition, then
there exists an integer r such that (x’J) x M is a finite direct product of J-
indecomposable ABFG. The group (x"J) x M is also a finite direct product
of indecomposable ABFG, because any J-indecomposable ABFG is a direct
product of an indecomposable ABFG which is not infinite cyclic and a finite
number of infinite cyclic groups. As (2) implies (1), it follows that (x"J) x M
satisfies the maximal condition on direct factors, and the same property is true
for M.

As (1) clearly implies (2), it only remains to be proved that (1) implies (3).
We suppose that M has no J-decomposition. Then, there exist a sequence
(An)nen of finitely generated torsion-free abelian groups and two sequences
(Gn)nen and (Hy)nen of ABFG which are not torsion-free abelian, such that
Go=M and A4, x G, = H, x G,,, for each n € N. We see by induction on
nthat Agx - x Ay x M =Hyx---x Hy x Gpy1 .

For each group K, let us consider Q(K) = K/(K’, Z(K)) . For each integer
n, we have Q(M) = Q(Hp) x - x Q(Hy,) x Q(Gpyy) since Q(Ag X -+ x Ay) =
1. As Q(M) is finitely generated abelian, there exists an integer n such that
Q(H;) =1 for each integer i > n.

For each integer i > n, we have H; = (Z(H;), H]), and therefore H; =
(Z(H)), Hin M) . As H;/(HNM) = (H;, M)/M C (Ag x --- x Ai x M)/M is
finitely generated and torsion-free, it follows that H; N M is a direct factor of
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H;. So, HiN M is a direct factor of Ay x --- x A; x M , and therefore a direct
factor of M .

The groups (H,NM)x---x (H,,,NM) for k € N form a strictly increasing
sequence of direct factorsof M. O

It follows from the Theorem below that any finitely decomposable ABFG has
a unique J-decomposition:

Theorem. If Gy, ..., G, are J-indecomposable ABFG and if H,, ..., H,
are ABFG such that Gy x --- x Gy, =5 H| x --- x H,, then there exists a
map o:{1,...,m} = {1,..., n} such that Hy =; Xq;=xG: for each k €
{1,...,n}.

The proof of the Theorem is based on three lemmas:

Lemma 3. For any groups A, B, G, for each prime number p, and for each
integer k > 1, if J, x x G is isomorphic to A x B, then A or B has a direct
Jactor which is isomorphic to J, j .

Proof. Tt suffices to show that, for each group M , for each prime number p,
for each integer k > 1, for each element u € M of order p*, and for any
subgroups 4, B, G of M ,if M = (u)xG = Ax B, then A or B has a cyclic
direct factor of order p* .

The elements v. = pry(u), w = prg(u), and x = prg(pry(u)) belong to
Z(M) since u belongs to Z(M). We have w = vP* = wP* = xP* = 1. There
exists an integer n such that v = u"x and w = u'~"x~!. If n is not divisible
by p, then we have M = (v) x G and 4 = (v) x (GN A). Similarly, we have
M= (w)x G and B=(w)x(GNB) if 1 —n is not divisible by p. O

Lemma 4. The groups J, y for p prime and k > 1 are cancellable.

Proof. It suffices to show that, for each group M, for each prime number p,
for each integer k > 1, for any elements u, v € M of order p*, and for any
subgroups G, H of M, if M = (u) x G = (v) x H, then G and H have a
common supplementary in M .

Let us consider S = (u, v). We have S =(u) x (SNG)=(v) x (SNH). If
SNG=SNH=1,then (u) = (v) is a supplementary of G and H in M.
Otherwise, there exists an integer 4 < k such that SNG and SN H are cyclic
of order p*, we have |S/S?| = p?, and the images of SNG and SN H in
S/SP are cyclic of order p. Then, there exists an element w € S/S? such that
(w) is a supplementary of the images of SNG and SNH in S/SP. If x is
a representative of w in S, then (x) is a supplementary of SNG and SNH
in S, and therefore a supplementary of G and H in M. O

Lemma 5. Let M be a groupandlet A, B, C, D be subgroups of M such that
M =AxB=CxD. If A isa J-indecomposable ABFG, then A' is contained
in C orin D.
Proof. By Lemma 2, A'NC’ and A’N D’ are nontrivial if A’ is not contained
in C orin D. We are going to see that this property contradicts the J-
indecomposability of 4.

For each x € 4, we have prg(prp(x)) = prg(pre(x))~!; we also have

pre(prp(pre(x))) = pre(pra(pre(x)) ™! pre(x))
= pre(pra(pre(x))) ™! pre(x) € pre(A)
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and
prp(pre(pre(x))) = prp(pra(prp(x)))~" € prp(A).

So, the ABFG pr-(4), prp(A4), and prg(pre(4)) = prg(prp(4)) satisfy A4 x
prp(prc(A4)) = pre(A) x prp(A4) . Consequently, we can suppose that 4, B, C,
D are ABFG.

We have M/B' = A x (B/B')=(C/(B'NnC")) x (D/(B'nD’")) according to
Lemma 2. So, we can assume B finitely generated abelian. We can also assume
B torsion-free, because Lemma 3 and Lemma 4 allow us to cancel out the finite
direct factors of B. Now, the decomposition 4 x B = C x D contradicts the
J-indecomposability of 4 since C and D are not abelian. O

Proof of the Theorem. The Theorem is clearly true for n = 1. We see by
induction on » that is it also true for each integer » > 3 if it is true for n = 2.

Now, let us consider some J-indecomposable ABFG Gy, ..., G, and two
ABFG H;, H; such that G| x---xG,, ~; H x H,. We may assume G X - - X
G, = Hy x Hy, since it is possible to replace Gy, ..., G, H;, H, by groups
which are J-equivalent to them. We can also suppose that Gy, ..., G, H;, H,
have no finite abelian direct factor, since Lemma 3 and Lemma 4 allow us
to reduce ourselves to this case. For each i € {l,...,m}, as G; is J-
indecomposable, it follows from Lemma 5 that G; is contained in H, or H,.

Now, let us consider E={ie{l,..., m};G,Cc H} and F={1,..., m}
— E. We have H| = x;cG} and H; = X,erG; according to Lemma 2, and
therefore Hyx(Hy/H;) = (H\xHz)/H} = (XicpGi) X (xier(Gi/G)) . As Hy/H,
and x;cr(Gi/G)) are finitely generated abelian, it follows from Lemma 3 and
Lemma 4 that H; and x;cgG; are J-equivalent. Similarly, H, and X;crG;
are J-equivalent. 0O

By [H3, Theorem 1, p. 149], if U is a group which satisfies the maximal
condition for normal subgroups, then, for any groups G, H, U x G2 U x H
implies J x G = J x H. In [H4, Theorem 1, p. 28], R. Hirshon generalizes this
result to groups U such that U/U" is finitely generated, U/Z(U) is hopfian
and U/Z(U) satisfies the minimal condition on direct factors. In [H7, Theorem
3.4, p. 361], he generalizes [H4, Theorem 1, p. 28] to groups U such that
U/U’ is finitely generated and U/Z(U) satisfies the minimal condition on
direct factors (or, equivalently, the maximal condition).

If U is such a group, and if (V,),en and (W,).en are two sequences
of direct factors of U such that W,,, = V, x W, for each n € N, then
(W, Z(U))/Z(U))nen is an increasing sequence of direct factors of U/Z(U).
So, there exists an integer k such that (W, , Z(U)) = (W;, Z(U)) for each in-
teger n > k. For each integer n > k, we have V, c Z(U). As U/U’ is
finitely generated, there exist only finitely many integers n > k such that V), is
nontrivial. It follows that U is a finitely decomposable ABFG.

Consequently, the following result generalizes [H7, Theorem 3.4, p. 361]:

Corollary 1. Let U be a finitely decomposable ABFG . Then, for any groups
G, H UxG=UxH implies JxG=>=J x H.

Proof. According to Lemma 1 and Lemma 4, it suffices to show that, for any
groups G, H such that U x G = U x H, there exists a finitely generated abelian
group A suchthat AxG2Ax H.
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There exists a finitely generated torsion-free abelian group D such that D x
U is a direct product of J-indecomposable ABFG U, ..., U,. We see by
induction on k that, if the result is true for Uy, ..., Uy, then it is also true
for U; x --- x Uy, and therefore true for U. So, we can suppose for the
remainder of the proof that U is J-indecomposable.

Now, let us consider a group M and some subgroups G, H, V, W of M
suchthat M =V xG=W xH and UV = W. By Lemma 5, we have
V'=W',or V' and W’ are respectively contained in H and G. In the first
case, we have M/V' = M/W' = (V/V')x G = (W/W') x H with V/V' =
W /W' finitely generated abelian. In the second case, the groups V/(V N H)
and W/(W NG) are finitely generated abelian. But it follows from the lemma
below that V/(VNH)x W/(WNG)xG and V/(VNH)x W/(WNG)x H
are isomorphic. O

Lemma 6 ([H1, p. 402]). Let M be a group and let A, B, G, H be subgroups
of M such that M = Ax G = Bx H and A= B. Then we have (A/S) x
(B/T)xG=(A/S)x (B/T)x H for S=ANH and T =BNG.

Proof. We have M/(S xT) = (A4/S) x (G/T) = (B/T) x (H/S), and therefore
Ax (A/S) x (G/T) = B x (B/T) x (H/S) since A and B are isomorphic.
Moreover, we have A x (G/T) = (Ax G)/T =(Bx H)/T = (B/T)x H, and
therefore A x (4/S)x(G/T) = (A/S)x (B/T)x H. We also have B x (H/S) =
(Bx H)/S = (AxG)/S = (A/S) x G, and therefore B x (B/T) x (H/S) =
(A/S)x (B/T)x G. It follows (4/S) x (B/T)x G=(A4/S)x (B/T)x H. O

Any group which satisfies the maximal condition on normal subgroups is a
finitely decomposable ABFG. So, the following result generalizes [HS, Theorem
1, p. 333]:

Corollary 2. For each finitely decomposable ABFG G, for each group H, and
for each integer n > 1, if x"G and x"H are isomorphic, then J x G and
J x H are isomorphic.

Proof. As G is a finitely decomposable ABFG, the same property is true for
x"G = x"H , and therefore true for H , since the maximal condition on direct
factors for x"H implies the same condition for H. There exist some J-
indecomposable groups U, ..., U,, Vi, ..., V; suchthat G, U; x--- x U,
and H=; V) x---xV;. Wehave x"G ~; (x"U;)x---x(x"U,) and x"H =y
(x"N) x --- x (x"V;). It follows from the unicity of the J-decomposition of
x"G=x"H that r=s and |{ie{l,...,r}; Ui=; W} =|{je{l,...,r};
V; =y W}| for each J-indecomposable group W . So, we have G ~; H .
Now, let us consider some finitely generated torsion-free abelian groups A, B
such that AxG=B x H. We have 4 x (G/G') = Bx (H/H'). But x"G =
x"H implies x"(G/G') = x"(H/H') and G/G' = H/H'. So, A and B are
isomorphic, and we have J x G = J x H according to Lemma 1. O

For each group M and for each subgroup S of M, the isolator of S in
M is In(S) = U,>{x € M; x" € §}. We denote it by I(S) if it does not
create ambiguity. The subgroup S is isolated in M if 1(S) = S. We write
AM) =1(M'").

For each ABFG M , we consider the finite abelian quotient

QM) = I((Z(M), A(M)))/(Z(M), A(M)).
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We have Q(M x N) = Q(M) x Q(N) for any ABFG M, N.

We say that a ABFG M is regular if Q(M) is trivial. This property is true
if and only if M = A x N with A torsion-free abelian and Z(N) C A(N).

In fact, if M is regular, then there exist some elements u,, ..., U, € Z(M)
such that the abelian group (Z (M), A(M))/A(M) is freely generated by the im-
agesof u;,..., Uy, and some elements vy, ..., v, € M such that the abelian
group M/(Z(M), A(M)) is freely generated by the images of v;, ..., v,. The
group A = (U, ..., Uy) is torsion-free abelian. We have M = 4 x N and
Z(N) C A(N) for N=(vy,...,vn, A(M)).

We are going to prove that any finitely decomposable ABFG M only has
finitely many decompositions in direct products of indecomposable groups. We
shall obtain a bound for the number of decompositions of M which only de-
pends on Q(M).

In [H6], R. Hirshon shows that, for each group G with G/G’ finitely gen-
erated, there exist only finitely many pairwise nonisomorphic groups H such
that J x G = J x H. First, we give a simpler proof of Hirshon’s result; this
proof provides a bound, depending only on Q(G), for the number of pairwise
nonisomorphic groups H such that J x G = J x H. For each group M, we
write | Aut(M)| for the number of automorphisms of M .

Proposition 2. Let G be a group with G/A(G) finitely generated. Then, there
exist at most | Aut(Q(G))| pairwise nonisomorphic groups H such that J x G =
JxH.

Proof. We consider a group M such that G has an infinite cyclic supplemen-
tary in M, and we show that there are at most | Aut(Q(G))| pairwise noniso-
morphic subgroups of M which have infinite cyclic supplementaries.

We denote the ranks of the free abelian groups I({(Z(G), A(G)))/A(G) and
G/I(Z(G), A(G))) by m and n, respectively. There exists a unique m-tuple
of integers r(1), ..., r(m) € N* such that r(i + 1) divides r(i) for each i €
{1,...,m—1} and Q(G) = (J/J" W) x ... x (J/J" M),

If H is a subgroup of M which has an infinite cyclic supplementary, then we
have A(H) = A(M). We also have H/I((Z(H), A(H))) =2 G/I({Z(G), A(G))),
I((Z(H), A(H)))/A(H) = I(Z(G),A(G)))/A(G), and Q(H) = Q(G).

We choose some elements wy 1, ..., Wy, m such that I((Z(H), A(H))) =
(We 1y ..., Wi, m, ACH)) and (Z(H), A(H)) = (wi’,, ..., wi™,, A(H)).
We have
I(Z(M), A(M))) = (Wu,15 .- s WH,m» Z(M), A(M))
and
(Wh 15 oo Wi, m) NZ(M), AM)) = (Wi, .. wi™).
Consequently, the map wg,; — WH,1, ..., We,m — WH,m induces an auto-

morphism pg of Q(M) = Q(G).

Now, we are going to see that, if H and K are subgroups of M with infinite
cyclic supplementaries, and if pg = px, then H and K are isomorphic.

For each i € {1, ..., m}, we have wx, wy'; € (Z(M), A(M)); we may
assume for the remainder of the proof that wg iw,}f ; € Z(M), since it is pos-
sible to multiply wg ; by any element of A(M) = A(K) without changing pk .
For any elements x;, ..., x, such that H = (xy, ..., x,, I[{Z(H), A(H)))),
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we have K = (prg(x1), ..., prg(xs), I({(Z(K), A(K)))) and prg(x;)x;" €
Z(M) for each j € {1,...,n}. Consequently, we obtain an isomorphism
0: H — K by writing 6(u) = u for each u € A(H), 0(wy ;) = wg ; for each
i€e{l,..., m} and 6(x;) = prg(x;) foreach je{l,...,n}. O

Corollary 3. If G is a finitely decomposable ABF G, then the number of decom-
positions of G is bounded by the product of | Aut(Q(G))| and the number of
equivalence relations on a set with n(G) elements, where n(G) is the number of
factors in the decomposition of Q(G).

In the proof of Corollary 3, we use the following lemma:

Lemma 7. Let M bean ABFG andlet A, B, C, D be subgroups of M such
that M = Ax B =C x D. Let us suppose Z(A) C A(A) and D torsion-free
abelian. Then A is isomorphic to a direct factor of C.

Proof. We have A(M) = A(A) xA(B) = A(C) and I({(Z(M), A(M))) = A(A4) x
I(Z(B), A(B))) = I({Z(C), A(C)))xD. Consequently, S = I({(Z(B), A(B)))n
I(Z(C), A(C))) is a supplementary of A(4) in I({(Z(C), A(C))), and we
have A(B) c S. Now, let us consider some elements x;, ..., X, € 4 such
that 4/A(A) is freely generated by the images of x;, ..., X, , and some ele-
ments y;, ..., Y, € B such that B/I((Z(B), A(B))) is freely generated by the
images of y;,...,y,. Then, we have C = (prc(xy), ..., pre(xXm), A(A)) x
(prc1), - Prc(¥n), S), and A = (pre(x1), ..., Pre(xm), A(4)). O

Proof of Corollary 3. Let us consider two integers n < p and a J-decomposition
G=; Gy x---xGp with Gy, ..., G, indecomposable and J-indecomposable,
Gy, ..., G, not regular, and Gy, ..., G, regular. Then we have Q(G) =
Q(Gy) x --- x Q(Gy), and therefore n < n(G).

According to the Theorem, for each decomposition G = 4y x - -- x 4, , there
existsamap o: {l,...,p} = {1, ..., h} such that 4; =; x4(=;G,; for each
ie{l,...,h}. Foreach je{n+1,...,p}, we have 6-!(a(j)) = {j} since
G, is isomorphic to a direct factor of 4,(;) by Lemma 7. The map o induces an
equivalence relation on {1, ..., p} such that each elementof {n+1, ..., p}
is only equivalent to itself. The number of such relations is bounded by the
number of equivalence relations on a set with n(G) elements.

Now, let us consider two decompositions G = A; x --+ X A, = By x -+- x By,
and let us suppose that the associated maps o: {1,...,p} — {1,..., A}
and 7: {1,...,p} — {l,..., k} induce the same equivalence relation on
{1,...,p}. Then, for each i € {1,...,h} and each j € {1,..., k} such
that o~!(i) = t7!(j), we have 4; ~; B;, and therefore J x 4; = J x B; since
A; and B; are indecomposable. The relation g~!(i) = t71(j) defines a bijec-
tion from {i € {1,...,h};071(i) # @} to {j € {1,...,k}; t71(j) # @2}.
Moreover, we have 4; = J for each i € {l,..., h} such that 67!(i) = @
and B; = J for each j € {l,..., k} such that 7=!(j) = @. It follows
that |{i € {1,...,h};07'(i) = &} = |{j € {1,...,k};t7I(j) = @},
since we have G/G' = (A;/A}) x --- x (Ay/A4,) = (By/B}) x --- x (Bx/B})
and A4;/A4; = Bj/B; for each i € {1,...,h} and each j € {1,..., k} such
that 6~!(i) = t7!(j) # @. In particular, we have # = k and, by reordering
By, ..., By, we obtain some subgroups C;, ..., C, suchthat Jx4; = J xC;
foreach ie {1,..., h}.
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By Proposition 2, for each decomposition G = A; x --- x A, and for each
ie{l,...,h},there are at most |Aut(Q(4;))| pairwise nonisomorphic groups
B such that J x 4; = J x B. Consequently, the number of decompositions
G=B;x---x By, with J x A; =2 J x B; foreach i € {1,..., h} is bounded
by |Aut(Q(A1))| -+ | Aut(Q(4))] < |Aut(Q(G))|. O

By [H3, Theorem 5, p. 158], any finitely generated torsion-free nilpotent
group of class 2 has a unique decomposition. If G is such a group, then G is
regular since Z(G) contains A(G) and G/Z(G) is torsion-free.

According to [H2, Theorem 1], if G is a group which satisfies the maximal
condition on normal subgroups, and if the homomorphic images of G are can-
cellable, then G has a unique decomposition. The first condition implies that G
is a finitely decomposable ABFG. The second one implies that the finitely gen-
erated torsion-free abelian group G/A(G) is trivial, since J is not cancellable;
so, G is regular.

Thus, [H3, Theorem 5, p. 158] and [H2, Theorem 1] are generalized by the
following consequence of Corollary 3:

Corollary 4. Any regular finitely decomposable ABFG has a unique decompo-
sition.

In [H1], R. Hirshon proves that, if 4 is a group which satisfies the max-
imal condition on normal subgroups, and if no homomorphic image of A4 is
isomorphic to a proper normal subgroup of itself, then A is cancellable. The
first condition implies that A4 is a finitely decomposable ABFG. The second one
implies that the finitely generated torsion-free abelian group A/A(A) is trivial,
since J is isomorphic to J2. So, Hirshon’s result is a consequence of the
corollary below:

Corollary 5. Any finitely decomposable ABFG A such that Z(A) C A(A) is
cancellable. Any ABFG A which is cancellable satisfies Z(A) C A(A).

In the proof of Corollary 5, we use the two following lemmas:
Lemma 8. Any indecomposable ABFG G such that Z(G) C A(G) is J-
indecomposable.
Proof. If A is a finitely generated torsion-free abelian group, then 4 x G has
a unique decomposition according to Corollary 4. O

Lemma9. Let M beagroupandlet A, B, C, D be subgroups of M such that
M = AxB = C xD. Let us suppose that A is an ABFG, A’ c C, and
Z(A) C A(A). Then, there exists a subgroup E of M such that M = E x B
and E=(ENC,A(A)).

Proof. Let us consider some elements x;, ..., x, € A4 such that 4/A(A4) is
freely generated by the images of x;,..., x,. Foreach i € {1,..., n}, let
us write x; = y;z; with y; € C and z; € D. Then, for each i € {1, ..., n},

we have [x;, M] = [x;, A] ¢ A’ ¢ C, and therefore z; € Z(M) C Z(A) x
B C A(A) x B. Consequently, the abelian group M/(A(A) x B) = A/A(A4) is
freely generated by the images of y;, ..., ¥», and we have M = E x B for
E=(yla cee aynaA(A» a

Proof of Corollary 5. In order to prove that any finitely decomposable ABFG
A such that Z(A4) C A(A) is cancellable, it suffices to show that this property



DIRECT DECOMPOSITIONS OF A GROUP 2007

is true if A is indecomposable. Then, A4 is J-indecomposable according to
Lemma 8. We consider a group M and some subgroups C, D, G, H of M
suchthat M = CxG=DxH and A =2 C =2 D. By Lemma 5, we have
C'=D',or C' and D’ are respectively contained in H and G.

In the first case, Lemma 9 allows us to suppose that C = (C N D, A(C)).
Then, C/(C N D) is finite and abelian. We have

C x (D/(CN D))= C x ((C, D)/C) = (C, D)
~ D x ((C, D)/D) = D x (C/(C N D))

since C and D have supplementaries in (C, D). As C and D are iso-
morphic and indecomposable, it follows from Lemma 3 and Lemma 4 that
C/(CnD) and D/(C N D) are isomorphic. Moreover, we have M/(C N D) =
(C/{(CND))xG=(D/(CND))x H, and therefore G = H according to Lemma
4.

In the second case, Lemma 9 allows us to suppose that C = (C N H, A(C))
and D= (DNG,A(D)). Then, C/(CNH) and D/(DNG) are finite abelian,
and we have (C/(CNH))x(D/(DNG))xG=(C/(CNH))x(D/(DNG))x H
according to Lemma 6. It follows from Lemma 4 that G and H are isomorphic.

Now, we prove that, if an ABFG A4 does not satisfy Z(A4) C A(A), then A4
is not cancellable. We consider some elements x, x;, ..., X, € A, an integer
k > 1, an element y € Z(A) — (Z(A4) N A(A4)), and an element z € A(4), all
of them defined in such a manner that x* = yz and the abelian group A/A(A)
is freely generated by the images of x, x;, ..., X,. We also consider a prime
number p > 5 which does not divide k. The groups

G=(a,b;a” =1,[a,b]=a®) and H=(c,d;c" =1, ][c,d]=cP)

are not isomorphic according to [B1, Lemma 1].

For any integers o, B € Z, there exists a unique homomorphism f: AxG —
A x H which satisfies f(u) = u for each u € (x, ..., xXp, A(4)), f(a)=c,
f(x) = xy*dP>, and f(b) = yPd**P# . Moreover, f is an isomorphism if
and only if f induces an isomorphism from (4 x G)/(x;, ..., X, , A(A4), a)
to (Ax H)/(x1,...,Xn,A(4),¢c). In (A x H)/{x1,...,Xn, A(4), c), the
elements xy°dP* and yfd**P# are respectively equivalent to x!*kegro and
xkBd?+rf . So, f is an isomorphism if the determinant (1 + ka)(2 + pB) —
(pa)(kB) =2+ 2ka + ppB is equal to 1. But, as p and 2k are prime to each
other, there exist some integers «, § € Z such that 2ka+pf=1-2=-1. O

The following result provides, for each finitely decomposable ABFG G, a
sequence of indecomposable groups which appears in any decomposition of G .
Moreover, in each decomposition of G, the factors H which do not belong
to this sequence do not satisfy Q(H) = 1; consequently, the number of such
factors is bounded by the number of factors in the decomposition of Q(G).

Corollary 6. Let G be a finitely decomposable ABFG . Let us consider two
decompositions G=A; X+ X Ay x By x---x B, and G=Cy x---x Cp x Dy x
- x Dg with Z(A;) C A(A;) foreach i€ {1, ..., m}, Z(B;) ¢ A(B;) for each
ie{l,...,n}, Z(C) C A(C)) foreach i €{l,...,p}, and Z(D;) ¢ A(D;)
foreach i€ {1, ...,q}. Then, the following properties are true:
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(1) We have m = p and there exists a permutation a of {1, ..., m} such
that A; = Cy;) foreach i€ {1, ..., m};

(2) The group B = By x --- x By, is isomorphic to D, x --- x Dy, and there
exist no nontrivial direct factors E of B such that Z(E) C A(E).

In the proof of Corollary 6, we use the following lemma:

Lemma 10. Let G be a finitely decomposable ABFG and let A, B, C, D be
subgroups of G such that G = AxB = CxD. Let us suppose A indecomposable
and Z(A) C A(A). Then, C or D has a direct factor which is isomorphic to
A.

Proof. By Lemma 8, A is J-indecomposable. We can suppose A nonabelian
according to Lemma 3. By Lemma 5, A’ is contained in one of the groups C,
D. Let us suppose, for instance, 4’ c C.

Then, we have D' N 4’ = 1, and therefore D' C B according to Lemma 2.
It follows A x B/D’' = G/D' = C x D/D'. By cancelling out the finite direct
factors of the abelian group D/D’, which necessarily appear in B/D’ since
A is indecomposable, we obtain a relation 4 x E = C x F with F finitely
generated torsion-free abelian. So, A is isomorphic to a direct factor of C,
according to Lemma 7. O

Proof of Corollary 6. We argue by induction on m. If m = 0, then, by Lemma
10, G has no nontrivial direct factor E such that Z(E) C A(E), and we have
p=0.1If m>O0, then, according to Lemma 10, one of the groups C;, for
instance C,, is isomorphic to A4,,. By Corollary 5, it follows A4; x -+ x Ap_; x
By x: - xB,=2Cyx---xCp_y xDyx---xDg, and we can apply the induction
hypothesis. O

In [H8], R. Hirshon gives some conditions, for an ABFG M such that
M/Z (M) satisfies the minimal condition on direct factors, which imply that
M has a unique decomposition. For each s € N, he introduces the s-terms of
M , which are the direct factors B of (x*J)x M such that B is a direct prod-
uct of an indecomposable group and a finitely generated torsion-free abelian
group. He proves that there exists an integer s(M), which can be expressed in
terms of certain invariants of M , such that M has a unique decomposition if
each s(M)-term of M has a unique decomposition.

This result can be generalized to finitely decomposable ABFG. If follows from
the Theorem that, if M issuch a group andif M = A;x---xA4,, =By x---xB,
with 4y,..., A, By, ..., B, indecomposable, then one of the two following
properties is true:

(1) m = n and there exists a permutation ¢ of {1,..., n} such that J x
A; =2 J x By foreach i € {1,...,n} (some of the groups 4;, B; may be
isomorphic to J);

(2) one of the groups A4;, B; is neither J-indecomposable nor isomorphic

to J.
Consequently, M has a unique decomposition if, for each indecomposable di-
rect factor 4 of M and foreach s € N, (x°J)x A has a unique decomposition.
It follows from Corollary 7 below applied to the indecomposable direct factors
of M that this property is true for each s € N if it is true when s is the number
of factors in the decomposition of Q(M).
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For each ABFG M, we denote by r(M) the rank of the free abelian group
(Z(M), A(M))/A(M), and n(M) the number of factors in the decomposition
of Q(M). We have n(M) =0 if and only if M is regular. For any ABFG 4,
B, we have r(4A x B) =r(A)+r(B) and n(4 x B) = n(A) + n(B).

For each ABFG M, we write s(M) = n(M) —r(M) if n(M) >r(M)+1,
s(M) =1 if n(M) = r(M) > 1, and s(M) =0 if n(M) < r(M)-1 or
n(M)=r(M)=0. In both cases, we have s(M) < n(M).

Corollary 7. If G is a finitely decomposable ABFG, then (x*9J)x G is a
direct product of J-indecomposable ABFG .

The proof of Corollary 7 rests on the following lemma:
Lemma 11. For each ABFG M, if r(M) > n(M), then M has a direct factor
which is isomorphic to x"M)—nM)

Proof. Let us consider some elements X, ..., X, € I(Z(M), A(M))) and
some integers d(1), ..., d(r(M)) such that d(i — 1) divides d(i) for each
i > 2, I{Z(M), A(M))) = (X1, ..., Xeu), A(M)), and (Z(M), A(M)) =

(xf“) s eees xf((ﬁ'}fw)) , A(M)). We necessarily have d(i) =1 for 1 <i<r(M)-
n(M), since there are only n(M) factors in the decomposition of Q(M). So,
we can choose Xp, ..., Xya)-n(am) in such a way that they belong to Z(M).

Then, we have

M = (x1) X - X (Xp(My—n(M)) X (Xr(M)=n(M)415 « -+ s Xr(M) > V1> - 5 Vi » A(M))

for any elements y,, ...,y € M such that M/I((Z(M), A(M))) is freely
generated by the images of y;,...,y,. O

Proof of Corollary 7. We consider the smallest integer 4 such that M = (x*J)x
G is a direct product of J-indecomposable ABFG. There exist two integers
k, m, and some ABFG A4, ..., A,, which are both indecomposable and J-
indecomposable, such that M = (xXJ) x 4} X -+ X A .

By Lemma 11, we have r(4;) < n(4;) for each i € {1, ..., m}, and there-
fore r(M) — n(M) = k + 3, c;<n(r(4i) — n(4;)) < k. Moreover, we have
r(M)—n(M) =h+r(G) — n(G) . It follows that k > h + r(G) — n(G).

If r(G) > n(G)+1 and h > 1, orif r(G) = n(G) > 1 and h > 2,
then we have £k > 2. If r(G) < n(G) -1 and h > n(G) — r(G) + 1, then
we have A > 2 and k > 1. In both cases, it follows from Lemma 1 that
(xh=1J) x G = (xk=1J) x 4 x --- x Ay, contrary to the definition of 4.

If r(G) = n(G) = 0, then we have Z(G) C A(G), and the indecomposable
direct factors of G are J-indecomposable by Lemma 8. So, G is a direct
product of J-indecomposable ABFG and we have #=0. 0O
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