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L? THEORY OF DIFFERENTIAL FORMS ON MANIFOLDS

CHAD SCOTT

ABSTRACT. In this paper, we establish a Hodge-type decomposition for the L?
space of differential forms on closed (i.e., compact, oriented, smooth) Rieman-
nian manifolds. Critical to the proof of this result is establishing an LP es-
timate which contains, as a special case, the L2 result referred to by Morrey
as Gaffney’s inequality. This inequality helps us show the equivalence of the
usual definition of Sobolev space with a more geometric formulation which we
provide in the case of differential forms on manifolds. We also prove the L?
boundedness of Green’s operator which we use in developing the L? theory of
the Hodge decomposition. For the calculus of variations, we rigorously verify
that the spaces of exact and coexact forms are closed in the L? norm. For
nonlinear analysis, we demonstrate the existence and uniqueness of a solution
to the A-harmonic equation.

1. INTRODUCTION

This paper contributes primarily to the development of the L? theory of dif-
ferential forms on manifolds. The reader should be aware that for the duration
of this paper, manifold will refer only to those which are Riemannian, compact,
oriented, C>= smooth and without boundary. For p = 2, the L? theory is well
understood and the L2-Hodge decomposition can be found in [M]. However,
in the case p # 2, the L? theory has yet to be fully developed. Recent appli-
cations of the L? theory of differential forms on R” to both quasiconformal
mappings and nonlinear elasticity continue to motivate interest in this subject.
Specifically, in the case of quasiconformal mappings, see [IM] and [I], and in
the case of nonlinear elasticity see [RRT] and [IL]. We expose many of the tech-
niques used for p = 2, add critical new techniques for p # 2 and provide a
general framework for developing the L? theory of forms on manifolds. Also,
we carry out this program for the restricted class of manifolds mentioned above
as well as provide applications to both the calculus of variations and the study
of A-harmonic equations.

Let /\’ M denote the /th exterior power of the cotangent bundle. Also, let
C°°(/\1 M) denote the space of smooth /-forms on M (i.e., sections of /\1 M).

The familiar Hodge decomposition for C*°( /\1 M) says that w = h+Ap where
dh=d*h =0, d is exterior differentiation, d* is coexterior differentiation and
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A =dd*+d*d is the Laplace-Beltrami operator. Actually, the decomposition is
even more descriptive (§6, [M] or [W]), but this will serve us here. We express
this decomposition as

(1.1) ce (/\’M) =¥ 8 AC* (/\’M)

Let LP(A'M) denote the space of measurable /-forms on M satisfying [, ||’
< oo. Perhaps the first complication in replacing the left side of (1.1) with
LP(/\I M) is the fact that the meaning of d* and d of an L? form is unclear.
This leads to the introduction of the Sobolev spaces 7/1’?(/\' M). There is
a classical definition available (see [M]). Using this definition and Gaffney’s
inequality for L2, it is possible to introduce a potential operator

(1.2) Q12 (/\'M) ZR: (/\’M)

which yields the decomposition

(1.3) L2 (/\’M) - % o AQL? (/\'M)

In fact, the result is even better. Namely, we have the following identity which
uniquely determines the potential.

(1.4) = h+AQ(w)

for we LA\ M).

In §5, we define an L? analogue to Q. In keeping with some other standard
references (e.g., [W]), we refer to this operator as Green’s operator and denote
it by G. Of course, before G can be effectively exploited, its L? theory must
be developed. This leads us to a more geometric definition of Sobolev space
(see §3). Namely,

(1.5) y AR (/\'M) E{Q)GW(/\IM) cw,dw, d*w e LF}

where 7' ( /\’ M) is the space of /-forms which have generalized partials (again,
see §3). In order to make use of this definition, we require that it be equivalent
to the usual one. It turns out that showing that the usual Sobolev space is
imbedded in ours presents little difficulty but the reverse is quite challenging. A
key step is showing that for any smooth /-form with compact support in R”,
we have the Gaffney type inequality

(1.6) IVl < C [ (doP+ld"aP)  (see 34

where C = C(n, p) and 1 < p < oo. Using this Euclidean result, we establish
a local version of (1.6) for an arbitrary manifold (see [M] for the case p = 2)
which gives equivalence of (1.5) with the usual Sobolev space. We indulge our-
selves a bit by commenting that both (1.6) and the rest of our techniques are
valid for a much wider class of manifolds than those treated here. Unfortu-
nately, manifolds which are noncompact or with boundary require a study of
growth conditions for the metric tensor. Such concerns would distract us from
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the more concise presentation of techniques we intend to give. Consequently,
those results will appear separately (see [Sc] for some further discussion).

Using Q, we then give a definition for Green’s operator and establish fun-
damental results about its L? theory leading fairly quickly to the LP-Hodge
decomposition (see §6).

Finally, using Hodge’s decomposition, we are able to rigorously establish the
closedness of the spaces of exact and coexact forms in the L? norm. Of course,
such information is essential to the calculus of variations and in the case of dif-
ferential forms on manifolds, it constitutes a nontrivial part of this calculus.
Further, we exploit the LP-Hodge decomposition in defining a nonlinear op-
erator from the exact L? forms to the exact LY forms. Appealing again to
this decomposition as well as to Browder’s theory, we show that there exists a
unique (modulo closed forms) solution to the A-harmonic equation.

2. NOTATION AND PRELIMINARY RESULTS

Unfortunately, the notational complexities of the local expressions of the
exterior and coexterior derivatives often obscure very elegant facts concerning
these operators. We take some time here to expose, as cleanly as possible, one
such fact which will be of essential importance (specifically in §4).

Fix 1</<n.Forall I={l<ij<..<j<n},J={1<j;<..<ji<
n} and all 1 < i, j < n, there are polynomials a/ f , b/ and ¢!/, so that for
any /-form w, represented in any system, we have

dwrdw
*, 12 2 _ 1 J
|d* o +|do* = Y af(g ) %l Bl
NN
ow
(2.1) + ) bl(e, Vg)6 -
i1,J
+Y (g, Ve)ww,.
17

Perhaps some explanation is required. The notation a’ 7(g) means that the
polynomial a has exactly enough variables to accommodate all the compo-
nents of g and that a{ jJ is being evaluated pointwise at the components of
g(x). Similarly, b/ and ¢!/ have exactly enough variables to accommodate
all the components of g as well as all the partials of these components. For
later use, when the metric tensor is fixed, we will usually write

dw;ow dw
* 12 2 1 9%r J 1y9%r 1J
(2.2) |d*w|*+|dw| —E sy E b; Pyl +§ cHojwy .

An easily overlooked fact is that these polynomials, af/, bl and ¢!’ have
absolutely nothing to do with coordinate systems. They are bemg evaluated at
points depending on the representation of the metric tensor and consequently
the values of a//(g), b//(g, Vg) and ¢’/(g, Vg) at a given point of the man-
ifold depend on the coordinate system. The explicit forms of these polynomials
are not given here since they are quite complicated and play no role in forth-
coming analysis. Another fact that will be useful is that when the metric tensor
is locally represented with constant coefficients then a//(g) = af/ are constant
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over the domain of the system and b//(g, 0) = c//(g, 0) = 0. This simplifies
(2.2) giving

”3(01 30)1
i axt axi

In particular, when g;; = J;;, the constants are exactly those occurring for
Euclidean space.
For the formulation of Sobolev space in §3, it will be useful to define

(2.4) [w]p, = |wf + |[dwl? + |d*w|?

for differential forms w and 1 < p < co. Indeed, we make immediate use of
this notation by citing the following pointwise inequality:

(2.5) [fw], < Clfplwl,

where f is a function, w is a differential form, C = C(p) and 1 < p < .
Another use of (2.4) is given by observing that locally, say within open U
compactly contained in a regular coordinate system, we have

(2.6) [w], < C(U, p)|Val

(2.3) ld*w]? + |do)* =

where |Vol? = () |§%|2)§ , =Y widx!', {x!, .., x"} arelocal coordinates
and regular coordinate system is defined in §3. Recall that, classically, the
(1, p)-Sobolev space of /-forms is given (see [M]) as

!
2.7 wht» (/\ M) = {w with generalized gradient : w and |Vw| € L?}

and so (2.6) expresses that d and d* are continuous linear operators of #'!-?
to LP. As we shall see, (2.6) also gives that the classical Sobolev space (i.e.,
(2.7)) is imbedded in the one given by a more geometric definition which we
provide in §3.

The familiar integration by parts formula,

(2.8) (du,v) = /M(du, v) = /M(u, d*v) = (u, d*v)

for C*°-smooth forms expresses a duality relationship between d and d* that
is of critical importance. Once we show equivalence of (2.7) with (1.5), the
Meyer and Serrin result asserting density of the smooth forms in classical
Sobolev space will allow us to argue that (2.8) holds for u € 7/"”(/\1 M)
and v € W""(/\I M) with p and g are Holder conjugate, 1 <p, g < o©.

Finally, we mention one fact from abstract measure theory which will be
useful in §4. Suppose (X, u) is a measure space and &/ = {4, :i € N} isa
cover of X by measurable sets. Denoting the multiplicity of &/ by

K =sup{ ) xa(x):x€ X}
Aes/

we have

(2.9) 5 [ san<k [ fu.
i=1 i
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3. A FORMULATION OF SOBOLEV SPACE

We take a moment to introduce the so-called classical or usual Sobolev spaces.
Given an /-form which is locally integrable (w € L} ( /\1 M)), we say that it
has a generalized gradient in case, for each coordinate system, the pullbacks of
the coordinate functions of @ have generalized gradient in the familiar sense
(see [S]). We set

! !
v ( N\ M ) = {w eLl, ( N\ M ) : @ has generalized gradient}

Of course, for the manifolds we consider here, L,‘oc = L!'. If we now choose an
atlas for M, say & , then for (U, ¢ = (x!, ..., x")) € &, we can define the
local gradient modulus by

ow
Voo =3 |55 ()P
I,k

and the global gradient modulus by

(3.1) Vo)l = Y V)P

Uess
Notice that this definition of modulus depends on the atlas chosen and that the
gradient itself was not defined. If we choose .7 so that it is a locally finite
cover of M, then we may define (classical) Sobolev space as

v, </\1M) ={we (/\IM) ‘o, |Vo| € LP}

with norm |w||, + ||Vo||, . Similarly, W;”’ is constructed for k=2, 3, ....

Simple examples demonstrate that it is possible to choose, in perfectly rea-
sonable ways, two atlases which yield Sobolev spaces that are not equivalent
as normed linear spaces. It is important then to specify some class of atlases,
call them regular, all of which yield equivalent Sobolev spaces. When referring
to a coordinate system (U, ¢) as regular, we shall mean that there is another
system (V, w) with U compact, U C V and y|y = ¢. A regular atlas is
simply a locally finite cover by such systems. From here on, classical Sobolev
space refers to one constructed as above using a regular atlas. This is all fairly
familiar and once again, [M] is a fine reference. Further, it is also well known
that many of the results concerning Sobolev space in R” are transferred and
that perhaps cheif among these is the Sobolev Imbedding Theorem.

Unfortunately, this definition is unsatisfying from a geometric perspective.
We would like to define these spaces without reference to coordinate systems.
We propose the following definition.

Definition 3.2. The (1, p)-Sobolev space of differential forms on M is given by
Wi (/\’ M) = {w eV (/\' M) nLe (/\'M) L dwelr (/\’+l M)
and d*w € L? (/\1—l M)}

with norm

ol , = /M [©], .
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The fact that classical Sobolev space is imbedded in the one given by this
new formulation is a nearly immediate consequence of the pointwise estimate
(2.6). However, the reverse is far from clear. We shall find a regular atlas
yielding classical Sobolev space for which the imbedding is reversible. Since
the manifolds of concern here are compact, this issue will be essentially a local
one. The next section is dedicated to establishing the local bounds.

4. GAFFNEY’S INEQUALITY

Given a point y € M and p = 2, we may choose a regular coordinate system,
(U, ¢ = (x', ..., x™), containing y and a constant, say C > 0, so that

@n [ 1veer= [ Zlf;‘;’,’ ) <C [ (0l +1dop +1d"oP)

for any w € C(§’°(/\ U). See for example [M, p. 292]. This result is a corner-
stone in the variational method leading to the decomposition theorem and it
is our goal in this section to establish this for p # 2. We point out here that
(4.1) is quite simple for p = 2 while for p # 2, it is far from clear even for
M =R".

In the proof of upcoming Proposition 4.3, we will make use of two identities
for the Riesz transforms in R”. For appropriate definitions, LP theory and
other basic results, see [S].

Lemma 4.2. Let R denote the ith Riesz transform. Then
(1) Jen S)(Rig)(x)dx = [z 8(x)(Rif)(x)dx
(feL” geL",p+q=pqand 1<p,qg<o0).
(2) Ri(ZL, 2L for feWP(RY).

R; 6x' 9x7

Proposition 4.3 (Gaffney type inequality for L? ; Euclidean case).
l
IVolf < CDy(w)  forwe C§° (/\ R")

where Dp(w) = [, |[dwlP +|d*w? and C = C(n, p).
Proof. For w = Y wydx!, set

n
F=|VoPP*Vwand ¢ =) R,;F/.

j=1
FJ in this case is the differential form |Vw|P~20w/8x/, where dw/dx/ is the
I-form with Ith (I = {1 < i) < .. < i; < n}) component dw;/0x’. Then
R;F/ means the differential form with Ith component R;(|Vw[?~20w,/dx/).
Let u satisfy
(4.4) Vu=R¢=(R\&, ..., Rno).

See for example [S, §V] to confirm that such a solution u exists. Notice that
this means

ow
= Ridr = R ZR )1 = R ZR (IVoP?57))-
Jj=1 Jj=1

3“1
axk
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Recalling the notation from (2.8) and using basic relationships between d , d*,

A, V and div, we observe

(dw, du) + (d* o, d*u) = / (dd* + d*d)o, u) = / (Aw, 1)
R” R
= /R"(Z(Awl)dx’, u) = /R,.(Z]: divVerdx’, u)

=/ (div(Vw), u) = —/ (Vo , Vu)
R R#

- _ / AVl Rg) (by 44)
k=1

=— [ S(Ve), Y RR;F)
j=1

R® o1

== Y (Vw)*, ReR;F)

R k=1 j=1
Now applying Lemma 4.2(1) to this last expression gives
n n . n n .
B ‘/ YD (ReR;(Vo), /) =~ / > (> ReR;(Vw), F/)
" k=1 j=1 R" jo1 k=1
Next, applying Lemma 4.2(2) gives

= (Vw), F/y = | (Vo, F)
L A

- /R (Yo, [VoP~Vo)
- [ Ivap
~ IVal?.
So we have
IVl =| /R (do, du)+ ("o, du) |

s/ Nde, du)| + |(d"w, d*u)|

Ru

< lldwllplldullg + lld* wlllld*ull,

< (ld* |2 + ldewliB)? (Id* ulld + lldulld)?
= Dy(0)7 Dy(u)7 .

This last inequality follows from the numerical fact that for a,, a,, by, b >0,
we have a\b; + azb; < (af + a} )%(b{’ + bd )5 when p, ¢ are Hélder conjugate.
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We now make use of (2.6) to continue with

IVolf < C(Dyw)} |Vl
< C(D,w)?|R|lsll¢ll;  (boundedness of R)
< C(Dpw)" I1Flq
= CR} ([ (VoP 2 va)?

= CDw)([ [Vape~)}
R”
= C(Dy)7 ||Vl

For notational simplicity, we are employing the convention of generically de-
noting constants by C, despite the fact that the constant may be larger from
one inequality to the next. Dividing both sides by ||Vw||§'l gives

Vo, < C(n, p)(Dyw)?

as desired. O

Remark. Notice that Proposition 4.3 can be immediately strengthened to
7/01’”(/\’ R”). Indeed, choosing w, € Cf,’"(/\’ R") so that w, —» @ in Z'1-?
and observing that D,(w,) — D,(w) gives the desired strengthening.

Proposition 4.5 (Gaffney type inequality). Given y € M, there is a regular
system, (U, ¢ = (x!, ..., x")), containing y and a constant, C = Cy(n, p)
(depending on U, dimension and p), satisfying

Jywoor = [ 1550 < Lok,

for any w e #V-P(N\ M) with spt(w) C U.

Proof. Initially choose a system (V, ¢ = (x!, ..., x")) so that g;;(y) =J;; and
¢(V) = B where B is a Euclidean ball centered at ¢(y) = 0 and g;; are the
components of the metric tensor w.r.t. ¢. We observe that given € > 0 there
is C(e) and 0 < p = p(e) <1 giving

aw ow ow
/IZ NG5t axr + 2o b grr@s + 2o e wrwyf

(4.6)
<e / VoaP + C@llol
1%

where U = ¢~ 1(pB), w € #'1-?(\' M) with spt(w) C U, the special poly-

nomials al/, b]/ and ¢’/ were given in §2 and & denotes the tensor with
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constant components J;; . To see this estimate, consider

6w ow dw
/lZ(a 6x'1 axlj Zb” x’w +Zc”w,a),|§
dwrdw dw
< / (Z|a,-,- aff Oll557 557!+ 2 b1 gr sl + 3 | wrw;)f
ow 10w
< [1X 16l alf @)l wlinggr +1n~' G2

F Y6 Ny o1 9L + fens?)
+ 3Ny, sollneor? + 11~ s )8
<K[[ Vool Y laff —aff @)+ 1% [ Vool +(nf +17F) [ |op].
U ! / U U

Recalling that U = ¢~!(pB), we see that the continuity of a//(g) and conti-
nuity of g along with g(y) = d provide for the existence of a small p > 0 for
which

lal} - al @)y, = llaff (8) ~ alf (O)llv. 0 < 5

Also, we may choose a small n > 0 so that #” < 5% . Denoting C(¢) =
K(n? — n~P), we have (4.6).
Now that U is in hand, observe that there is a constant C > 0 so that

Bw dw

1000 et Bdad')

(47) |15 @5 gtz c [ vuop.

To see this estimate, recall from (2.3) that for Euclidean forms we have
> all (6)(8iwr)(Bjw;) = |dw| + |d* w]?

where 0; denotes the Euclidean partial with respect to the ith standard basis
vector. This gives

(4.8) / 13" ald (6)(Bicon) (000115 = / (o +|d° o)} .

pB
Now observe that

[T a@gusmt=a [ 15 areGea G
e / |13 alf (9)(Biwg)1(0j04)1}
e /p (dwy +ld"wy)f  (by 48)
> G, /p . [VaylP (by Proposition 4.3)

>C / Vool .
U

Notice that when C; and C were introduced, there was a dependence on
the metric tensor hence on the location of y and when C, was introduced,
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Proposition 4.3 was used which gives a dependence on dimension and p. Also
observe that we are using the notation w, to indicate the ‘pullback’ of the
form w to Euclidean space via the chart ¢ (i.e., wy is the Euclidean form
with components (wy); = (wr)y = wro¢™!).

Before giving the final analysis, consider the following L? estimate.

dwy d Y 9
/|Z /(0) 5 | 6‘;’/’ C/ 13 alf (s a(;),’ w1)¢|
< CZIa,J(J)I/ (i) 1(8;w4) 12

<c ([ 1w (oea.r)
pB pB

< CDp(wy)  (by Remark after 4.3)

< Cll@ly,p < oo.

This means |3 al/(6)525% (! is an L function, Thus we may add and
subtract its L? norm without fear. We are now in position to make the final
string of estimates. First though, keep in mind the following numerical fact.

(4.9) la+b|" 2 —|b]" +2'""|al"

for arbitrary real numbers a and b but with r > 0. For completeness, notice
that (4.9) follows by |a|" = |a+b—b|" < (Ja+b|+b))" <2 (la+b|"+|b|")
for r > 1 and for 0 < r < 1 we can replace 2! with 1. Finally, let us
estimate.

Il , = el = [ 1doP + 1P > €, [ (dof + 0P
(where C; =2""% forp>2and C; =1 for 1 <p<?2)

dw;dw 8w
17901 oWy 17 9%r 1J
=C1/UI % 3% Bxs z bl —aw, +§ st (2.2)

=G|l - e e,
+ zc”wle + Za,’f( ?3‘)‘:’, %i)ﬂ
> [ 154l 6) 55 ?9‘;’,’1
- |\ - a0
+ Zb”a zw + ZC”wlelg (by 4.9)
> Gy /U VyoP - 3 /U Yyl — CyllZ  (by 4.6 and 4.7)

This gives c
ol +(Cs = Dllwlly > 3 [ [Vowl.

By factoring a large enough number from the left-hand side, the result follows.
]
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Proposition 4.10. There is a regular atlas for M, say & = {(U;, ¢;)}Y,, satis-
fying

N
> [ wiep < Clalf,
i=1 7Ui

forany w € #VP(N' M) and some C =C(¥ ,n,p).

Proof. Using the compactness of M and Proposition 4.5, we may select finitely
many systems {(V;, ¢;)}¥, and C=C(¥, n, p) >0 so that

(4.11) /V VioP < Cllolf , (Vi wrt. ¢)

for i=1,2,..,N and any w € W"P(/\I M) with spt (w) C V;. Also, while
choosing the V;, we can choose open U; C V; and partition of unity {C,-}f‘;l
satisfyingg U, =M ,spt({;)CV; and {i(x)=1 when x¢€ U;. Now,

/M IViwp = /U VG < /V V()P
<cC / [Liwl,  (by (4.11))
I/,.

<C /V @], (by(2.2)).

Thus
N N .
,~=Z1/U.- Vol < C;/Vi[a)]p < C/M[a)]p (by (2.9)). O

An immediate consequence of Proposition 4.10 and the comments following
Definition 3.2 is

Corollary 4.12. Regular atlases yield classical Sobolev space (§3) equivalent to
the geometric one (Definition 3.2).

5. HARMONIC FIELDS AND (GREEN’S OPERATOR
Definition 5.1. We define and denote the harmonic I-fields by

Z’(/\IM) = {we‘W(/\lM) rdo=d*w=0,

weL? forsomcl<p<oo}.

Proposition 5.2. #Z(\' M) c C>(\' M).

Proof. Let w € #(N\' M). Thus there is 1 < p < co so that w € L?. Also
d*w =dw =0 gives w € . If p > n then w € C(\ M) and hence
we L*. If p < n then choose r < p so that for some positive integer, say k,
we have -2 >n. Now w € L and d*w = dw =0 imply w € Z'!>". Since
Corollary 4.12 gives that || - ||;,, is equivalent to the classical Sobolev norm,
we may apply the Sobolev imbedding theorem to get w € L!':#= . Of course
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we still have d*w = dw = 0 so that w € #Z'!>*= . We repeat this process k
times to get w € 7% so that w has a continuous representative and hence
® € L?. In [M, Chapter 7], it is shown that the L? harmonic fields are C®
and we have just observed that # c L2 O.

This fegulan'ty result reveals that even though we have expanded the space of
forms from C* to L?, we haven’t introduced any new harmonic fields. Con-
sequently, it is classically known that #( /\1 M) constitutes a finite dimensional
real vector space.

In analogy with the classical definition of the Dirichlet integral, we define the
LP-Dirichlet integral by

(5.3) Dy(w) = /M dol? + |d* o

and use the ‘perp’ notation to denote the orthogonal complement of # in L!,
as

(5.4) ZLt={wel':(w,h)=0forall h e #}

Employing only minor modifications of the reasoning in [M, Chapter 7], we see
that
O<n=inf{Dy(w):|w|,=1,we F+tnw' P}

as well as

1+
(5.5) Dy(@) < ll0lf , < — Dy (w)

for w € H- N#"'-? . This means that D,;l’ is a norm equivalent to ||+ ||:,, on
H-n#':7 . But of course the L” norm is equivalent to ||-||;,, on Z Cc #Z'!-?
and (Hin#Z \:P)eo# = #!-? . These facts motivate the following observations
and definition.

Lemma 5.6. For w € L( /\’ M) there is unique H(w) € Z such that

(5.7) (@-H(w),h)=0 forallhe#.
Proof. Let {e!, ..., e"} be an orthonormal basis for # (in L? of course).
Set

Hw)=) (o, ek)e*
and write h = ¥ heX , then
(w-H(w), h)= (0, h) - (Hw), h) = (0, ) =Y (0, ) =0.
Now if &' =3 hje* also satisfies
(w—Hh,h)=0 forallhe #
then
0=(w-H(w),h-Hw) - (w-h,h - Hw))
= (k' - H(), k' — Hw)) = | - Hw)|} = 0.
Thus, ' = H(w). O
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Definition 5.8. Given w € L', we set H(w) to be the unique element of #
guaranteed by Lemma 5.6 and refer to H(w) as either the harmonic projection
or sometimes the harmonic part of w.

Proposition 5.9 (Harmonic Projection).
(1) H:L?P - # is a bounded linear projection (regardless of the norm on
Z).
2) LP=(LPNZYHYeX for 1<p< .
1
(3) For 1 <p < oo we have that ||H(w)||, + D (@) is a norm equivalent to
lolli,p on VP =(F'PNnFLHYeo#.
Proof. As discussed after Proposition 5.2, # is finite dimensional as a real
vector space. This gives part (1). Part (2) follows since @ = (w— H(w))+ H(w)
and if T € L NZ then 0= (7, 7) = ||7||3 implies 7 = 0. For part (3), we
1
noted in (5.5) that D} and ||-||; , are equivalent norms on Z+N% -7 The

definition of ||-|;,, and # give that ||-||;,, =] ||, on # . Part (3) is then
a consequence of the inverse function theorem. 0O

In [W, Chapter 6], Green’s operator is defined as

! i
G:C> (/\ M) S Z+tnCc® (/\ M)
by letting G(w) be the unique element of #+NC>®(A'M) satisfying Poisson’s
equation
(5.10) AG(w) = w - Hw).
That there is such a unique operator is part of the Hodge theory and can be
found in any standard reference such as [W]. We would like to define Green’s
operator more generally for L?. This work will be broken into the cases of
2<p<oo and 1< p <2 and greatly facilitated by the following information
which can be found in [M, Chapter 7]. We are given an operator Q : L2n#+ —
#'':2n #L which is rather extensively developed there. Further, for p > 2,
Morrey gives
(5.11) dQ(w), d*Q(w) and Q(w) e #''P n#+
and the estimate
(5.12)
ldd*Q(w)l2 + |d"dQ(w)l|2 + [|dQ(w)]|2 + [|[d* Qw)]|2 + |[Q(w)]]2 < Cllo]2.

He also shows that Q(w) is the unique form in #Z°1-» N #+ satisfying
(5.13) AQw)=w forweX*tnLP (p>2).

With these facts in hand, we see that we can make the following
Definition 5.14. For p > 2, we define Green’s operator

!
G:L* (/\ M) S AV
by G(w) = Q(w — H(w)), where H is the harmonic projection (see Definition
5.8).

Remark. Notice that G(w) = Q(w— H(w)) so that by (5.13) we have AG(w) =
w — H(w) . By the uniqueness result for Poisson’s equation, we find that Defi-
nition 5.14 extends the one given above.
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Proposition 5.15. For p > 2, thereis C = C(p) so that
ldd*Q(w)ll, + ld*dQw)llp + [dQAw)]l, + [|d*Q@)ll, + 1), < Cllell,

forall e L?.
Proof. We apply the closed graph theorem. Let ||w,||, + ||G(w,) — v, — 0 as-
n — oco. Since L? is imbedded in L2, we see that ||w,]2 + ||G(w,) —v]2 = 0
as n — oo. But now
1G(wn)ll2 = |G(wn — H(wn))ll2
< Cllop — H(ws)ll2  (by 5.12)
< C(llwnll2 + [|H(wn)ll2)  (by triangle inequality)
< Cllwnllz  (by5.9)
—0 asn— oo.

Thus v = 0 and so the closed graph theorem says that G is bounded. We
repeat this argument for d*dG, dd*G, dG and d*G to finish the proof. O

We will observe that for p < 2, we have Proposition 5.15 as well. In prepa-
ration for the next result, we recall that for smooth forms, Green’s operator
commutes with anything the Laplacian does (e.g., d* and d, see [W]) and is

selfadjoint. In particular, when 7, w € C °°(/\’ M), we have

(G(n), w) =(n, G(w)),
(5.16) dG(n) =Gd(n),
d*G(w) = Gd*(w).
Proposition 5.17. For 1 < p <2, there is C = C(p) so that
ldd*Q(w)ll, + [|d*dQw)ll, + [dQw)l, + |d*Q(w)]|, + |Q(w)]l, < Cllwll,
Jorall e C*>.

Proof. Set n, = G(w)(|G(w)|* + %)LE‘Z and observe that 7, € C* . Also notice
that by the Lebesgue Dominated Convergence Theorem (LDCT),

(5.18) 71§ = IG(@)ll;  as n — oco.

Next, observe that |(G(w), #,)| increases to ||G(w)|5 (again by the LDCT).
Thus, given € > 0, we may select a large positive integer, say N, so that for
n > N we have ||G(w)||5 < |(G(w), n,)| + € . Now we have

1G(@)II7 < [(G(@), nn)| + €
= |(@, G(n.))| +€  (by 5.16)
< llolpllG(nn)llg + € (by Holder)
< Cloliplinnllg +€  (by 5.15)

14
— Cllol|G(o)lg +€  (by 5.18).

Thus, letting € — 0, we see

(5.19) IG@)I < Clloll,IG@)3 -
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Under the assumption that ||G(w)|, > 0, dividing 5.19 by ||G(w)||§ gives
(5.20) 1G(w)ll, < Cllwllp .

Of course, when ||G(w)||, = 0, we see that (5.20) is immediate. Next, we set
fn = dG(w)(|[dG(w)|* + 1)*T* . As above, 7, € C* and by the LDCT,

(5.21) 711§ — ldG(w)ll;  asn — oo.

Again we observe that |(dG(w), 71,)| increases to ||dG(w)||5 by the LDCT.
Thus, given € > 0, we may select a large positive integer, say N, so that for
n> N we have |[dG(w)||§ < |(dG(w), na)| + €. Now we have

1dG ()|l < (dG(w), nn)| +€
=|(w, G(d*nn))| + € (by 2.8 and 5.16)
< lwlpIG(@*na)llq +€  (by Holder)
< Clwllplinally +€  (by 5.15 and 5.16)
2
- Cllo|,ldG(w)||l§ +€  (by 5.21).
Thus, as argued above we have the following analogue to (5.20)
(5.22) ldG(w)l, < Cllallp -
Finally, setting
* 1 o
n = d*G(@)(d"G(@) + )T,

M = dd*G()(dd"G(o)} + )%

M = d*dG(w)(d*dG()P + )
in turn, we argue analogously to obtain
ld*G(w)|| < Cllwllp,
ldd*G(w)|| < Cllwllp,
ld*dG(w)|l < Cllall, -

These inequalities, together with (5.20) and (5.22) give (5.17). O

Notice that §4 (e.g. Corollary 4.12) and Proposition 5.17 guarantee that G
is a bounded linear operator of C* (as a subspace of L?) into # 2P N#+.
This allows us to give

Definition 5.23. For 1 < p < 2, we define Green’s operator
I
G:L? (/\ M) —wrrnzt
to be the unique bounded linear extension guaranteed by the density of C* in

L? and the boundedness of G into Z'2:?N#+L.

Observe that for any w € LP(/\IM) and any 7 € Lq(/\IM) with p, ¢
Hoélder conjugate indices, we have

(5.24) (G(w), n) = (@, G(n)).
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The verification of (5.24) is a standard density argument using (5.16). Of
course, selfadjointness is not the only useful property which is preserved by
our extension of Green’s operator to L?. Indeed, we will use that G and A
commute when operating on sufficiently smooth forms. This fact, together with

(5.24), reveals that for w € LP(/\’ M) and n € C°°(/\' M), we have
(5.25) (AG(w), n) = (@, AG(n))

6. LP-HOoDGE DECOMPOSITION

Proposition 6.1. For 1 <p < oo and w € LP(/\I M), we have AG(w) = @ —
H(w).

Proof. Let w, € C* satisfy: ||w — wp|l, = 0 as n — oo. According to the
Remark following Definition 5.14,

(6.2) AG(n) =n—-H(n)

when n € C*. Since H is L? bounded, we see that AG(w,) - w — H(w) in
LP . Of course, this strong convergence implies weak convergence. We will now
show that AG(w,) — AG(w) weakly in L? . By the uniqueness of weak limits
we will then be done.

Let n, € C> satisfy: ||n, —n|lq = 0 as n — oco. Now

I(AG(wn) — AG(w), n)| = [(AG(wn — @), 1)
= |(AG(wn — @), 1 — M) + (wn — @, AG(nk))|  (by 5.25)
< AG(wn — @)llplin — nicllg + llwn — @llpIAG (1) llq
< 1AG(@n = 0)lplin = 1illg + lwn = @llplime = H(ni)llq -
Now letting k — oo gives
[(AG(wn) — AG(w), n)] < Cllw, —w|, =0 as n— oco.

As discussed, this settles the issue. O

Lemma 63. If a € PN "'M), B € ' P(N*'M) and h € # satisfy
O=da+d*'B+h,then 0=da=d*"B=h.

Proof. Let ¢ € C( /\' M) . According to the C>°-Hodge Decomposition, there
are 1€ C2(A™"), we C(AN"*' M) and 7 e # satisfying
p=dn+d*'w+rt.
Notice that (d*f,dn) = (f,ddn)=(8,0)=0 and (h,dn)=(d*h,n) =0
thanks to the duality between d and 4*. Linearity then gives
(6.4) (da,dn)=(da+d*B+h,dn)=(0,dn)=0.
Finally, we have
(da, ¢) = (da,dn) + (da, d*w) + (da, 1)

=0+ (a,d'd*w) + (a, d1) (by 6.4)

= (a, 0) + (a, 0) (since d*d* =0and 1 € #&)

=0.
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Since C°°(/\1 M) is dense in Lq(/\' M) for p, g Holder conjugate and ¢ was
arbitrary, we see that da = 0. Analogously, we see that d*f = 0 and it follows
that A=0. O

Proposition 6.5 (The L? Hodge Decomposition). Let M be a compact, ori-
entable, C*>, Riemannian manifold without boundary and 1 < p < co. We
have

(1) LP(AN'M) = AG(LP) & # = dd*G(L?) @ d*dG(LP) & #

(1 <l<dim(M)).

) d@ VPN M) =dd*G(LP) and d*# P (N M) = d*dG(LP).
Specifically, w = AG(w) + H(w) for w € L?(\' M), where G is Green’s oper-
ator and H is harmonic projection.

Proof. Proposition 6.1 says that AG(w) = w — H(w). Adding H(w) to both
sides of this equation and using the definition of A reveals that

(6.6) w = dd*G(w) + d*dG(w) + H(w).

Since dd*G(L?) c d# '?(N'"' M) and d*dG(L?) c d*# '-?(\"' M), the
uniqueness result (Lemma 6.3) and (6.6) give (1). For part (2), let w €
12N M) . Part (1) gives

do=do+d*p + Hdw)

where o = d*G(dw) and B = dG(dw). Now Lemma 6.3 says d*f = H(dw) =
0 so that da = dw € dd*G(LP) as desired. The equality d*Z1-»(\N"! M) =
d*dG(L*) is verified by analogous reasoning. 0O

Notice that we can make some geometric statements here. In particular,
if do € dZ'?(N"'M) and d*n € d# "IN M) for 1 < p,q <
and p, g Holder conjugate, then (dw, d*n) = 0. This expresses the fact that

dw’ VP (N ' M) and d*#9(A\F' M) are ‘orthogonal’ in some reasonable
sense. It is provocative to reason that 0 = (dw, d*n) by using the duality
relationship between d and d* to write

(6.7) (dw,d*n)=(ddw, n)=(0,n)=0.

Unfortunately, dw may only be in L?( /\1 M) at best. Thus, without using the
general notion of distributions throughout this paper, applying d to dw may
not be possible. Fortunately though, the Meyers and Serrin density result gives
a sequence, w, € C®(A\'~! M), which approximates w in Z -?(\'""' M).
This means, in particular, that dw, approximates dw in Lp(/\l M) . Since
(6.7) is valid for w, , we may write

ldw, d*n)| =|(dw, d*n) - (dwn, d*n)|
=|(dw-dw,, d*n)|
<lldw —dwa|,plld*nll, » 0 as n — oo.

We summarize this reasoning in
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Proposition 6.8. For w € WLP(NT' M), ne #H9AN'M), 1<p,qg<x
and p, q Hélder conjugate, we have (dw, d*n) =0 (i.e, d#VP(N'~' M) is
‘orthogonal’ to d*#1-9(\*! M)).

There is some nice terminology here.  We refer to the forms in
d#’'P(N 7' M) as exact [P forms and those in d*% !1:P(A*1M) as coex-
act L? forms. In order for w € C*® to be closed, it is equivalent to check that
(w, d*n) =0 forall n € C* . Fortunately, this distributional understanding of
closed is available for the L? forms and Proposition 6.8 reveals that the closed
L? forms are exactly those in d#!-»(A\'"' M) ® # . Similarly, the coclosed
LP forms are exactly those in *#Z - P(N'H' M) o 7 .

7. APPLICATIONS TO NONLINEAR ANALYSIS AND THE CALCULUS
OF VARIATIONS
Proposition 7.1. d#''-»(N"' M) and d*®'-?(\*' M) are closed subspaces
of LP(/\’M) Jor 1 <p<oo.
Proof. Let v € Cly(d#''>?). This means there are w, € C*™ satisfying

ldw, —v], = 0 as n — co. The LP-Hodge Decomposition says w, = an +kx
where dk, =0 and o, € d*C>®. We have

lenllf , < CDylan)  (5.5)
= C”dan”g (d*d* = 0)
=Clldwnl;  (dk.=0)
<CK (K >0, independent of n).

But since #Z°!'? is a reflexive Banach space (w.r.t. Sobolev norm), there is
a (Sobolev) weakly convergent subsequence of «,. For notational simplicity,
denote the subsequence again by a, and say a, — o weakly in Z'!-? . Now
|- ll, is (L? ) weakly lower semicontinuous and d is continuous from (#°!:7,
weak) to (L?, weak ). Consequently we have
|da — v||, < liminf|da, — v|,
= liminf||dw, — v|, = 0.

Thus da =v and d#'!:? is closed in L? . Precisely analogous arguments give
that d*#1-? is closed in L?. O

Using this result, we may also give

Proposition 7.2. Let d#'-»(\'~' M) and d® V9N~ M) be regarded as sub-

spaces of LP(/\’ M) and L"(/\’ M) respectively, where 1 <p,q <oo and p, q
are Holder conjugate. The linear transformation

o:dw N\ M) —awio (N My

given by
®(dn)(dw) = (dw, dn)

is a Banach space isomorphism. Here, d¥ ’l’(/\l_l M)* denotes the dual of
av'' PN M),
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Proof. First of all, notice dW‘)I’(/\l"IM) and d#Z'9(\'"' M) are indeed
reflexive Banach spaces since Proposition 7.1 gives that they are closed in L?
and L7 respectively. Linearity of ® is obvious. For injectivity, suppose
(da,dn) =0 forall a € #Z-»(\'"' M) and some 7€ 1 9(\ "' M). Let
be an arbitrary element of L?( /\1 M) . According to the LP-Hodge Decompo-
sition, we may write T = da + d*B + h. This gives

(t,dn)=(da+d*B+h,dn)
= (da,dn)+(d*B,dn) + (h, dn)
=0+ (d*B,dn)+ (h,dn)
=0+ (h,dn) (by Proposition 6.8)
=0 (since dne#4).

This is enough to conclude that the L? form dn is 0. It follows that ® is in-
jective. To get surjectivity, let F € d#'!-? (/‘\1_l M)* . The Hahn-Banach The-
orem says that there is £ € L2(A' M)* with ||F| = ||F|| and F|yp.pn-121) =
F. The Riesz representation theorem for L? gives y € L (/\1 M )~satisfying
F(w) = (w, 7). It is then our job to show that when we restrict F' to exact

LP forms, there is an exact L? form which can be used in place of y. Again,
by the LP-Hodge Decomposition, we can write y = da + d*$ + h. For any

dw e dw'-?(\N'~' M), this gives

F(dw) = (dw, y) = (dw, da) + (dw, d*B) + (dw, h) = (dw, da)
= ®(da)(dw).

Thus, ®(da) = F and @ is surjective. If we verify that ® is bounded then by
the Inverse Function Theorem, we will be done. But this boundedness is clear
since by Holder’s inequality we have

I(dn, dw)| < |ldnlqlldewl, (e, |®]<1). O

We turn now to the study of (homogeneous) A-harmonic equations,
(7.4) d*A(du) =0

where A is a monotone bundle mapping from /\1 M into itself. That is to say
that A satisfies

(1) 14(0) - A < KL+ 1€DP=2C - ¢,

(2) (AQ) =A@ | L-& = k(LI +1€1)P~HE =&,

(3) 4(0) € LY\ M),
where 1 < p, g < oo are Holder conjugate, { and & are arbitrary elements
from the same fiber of /\’ M and both K and k are independent of { and
¢. Of course, A(du)(x) = A(du(x)) and d*A(du) = 0 is meant in the dis-
tributional sense. Making (7.4) nonhomogeneous does not dramatically in-
crease the complexity of the problem and will be dealt with more thoroughly
in work to appear elsewhere. Also observe that conditions (1) and (3) give that
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A(w) € Lq(/\' M) forany w € L"(/\I M) . Indeed,
/ |[A(w)|® =/ |[A(w) — A(0) + 4(0)|?
M M
< 29140)|1F + 27 /M |[4(w) — A(0)|

< 2914017 + 2"K/ (|wlP?|w|)? (by condition (1))
M
= 27| 4(0)||7 + 2K ||w||p < oo

This study is well motivated by the fact that for a large class of bundle maps
!
wi\NM-N\M

there exist such 4 for which solving the 4-harmonic equation (7.4) is equiva-
lent to minimizing the associated functional

Iu) = /M W(du).

A familiar special case is the p-harmonic example where W(du) = |du — off
for a fixed L? form o . In this case, the classical Euler-Lagrange equation yields
AQ) = —af2((~a).

According to the L?-Hodge Decomposition (i.e., Proposition 6.5), we have
i -1 I+1
LN\ M)y=dw" S\ Myedw i\ Mex.

For the purpose of effectively exploiting this decomposition, we define T to
be the projection of L9 onto d#Z !-9. Precisely, if w = da + d*p + h where
aeWVINIM), Be# 9N M) and h € #, then

(1.5) T(w) = da.

We restrain ourselves from a thorough development of this operator and explore
only those properties which will be immediately useful. The most apparent
property of T is that it is a bounded linear projection of L? with the coclosed
forms as its kernel and the exact forms as its range. A slightly less obvious prop-
erty of T is that when TA(du) =0, then u is a solution of the A-harmonic
equation (7.4). Indeed, for such u, A(du) is coclosed giving (A(du), dw) =0
for any w € #'1-7( /\1—l M), which is precisely what it means for u to solve
d*A(du) = 0 in the distributional sense. As we will now demonstrate, we can
do even better. To be precise, we will show that

(7.6) TA@w PN\~ M) =dw N\ M.

Since Proposition 7.2 gives (d# 1-?)* =d# !4, it is natural to use Browder’s
theory to verify the surjection (7.6). Perhaps now it is more or less apparent
why conditions (1) and (2) were imposed since, when we view T4 as an op-
erator from d# P(N"' M) to d#9(N\'"' M), they will yield that T4 is
monotone, continuous and coercive. Indeed, continuity follows from condi-
tion (1) and the boundedness of 7. Next, Propositions 6.5 and 6.8 give that
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A(dw) = TA(dw)+k where (k, dn) =0 forevery n € W‘)l’(/\"1 M) . Thus,
forall w,ne #1»(\'~! M), we have
(1.7) (TA(dw), dn) = (A(dw), dn).
We then argue that
(TA(dw) — TA(du) | dw — du) = (A(dw) — A(du) | dw — du) (by 7.7)

- / (A(dw) — A(du) | dw — du)
M

> k / ((da| + |dul)’~2ldw — dul > 0
M

which is exactly monotonicity for the operator TA4. For coercivity, observe
that

(TA(dw) | dw)  (TA(0) | dw) _ (Adw) - A(0) | dw)

= by 7.7
ol 1ol Tdal, (by 7.7
_ Jy(A(dw) — A(0) | dw - 0)
ldwll,
Jyldowl? .
> kW (by condition (2))
= klldo|g™".

Thus,

(TA(dw) |dw) (TA(0) | dw) .
ldewllp ldwll,
as ||dw||, — oo . Further,
[(TA4(0) | dw)| _ (4(0) | dw)
ldwll, ldwll, ,
< |14(0)]lq (by Holder’s inequality) .

(by 7.7)

It follows that
: (TA(dw) | dw) S

ldwl|,
as ||dwl|l, — oo. According to Browder’s theory (see for example [Z]), T4
is surjective. As discussed, this gives the existence of a solution to the A-

harmonic equation (7.4). Finally, the estimates given above for monotonicity
of T A reveal that the solution is unique up to a closed L? form.
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