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REAL ANALYSIS RELATED TO
THE MONGE-AMPERE EQUATION

LUIS A. CAFFARELLI AND CRISTIAN E. GUTIERREZ

ABSTRACT. In this paper we consider a family of convex sets in R"™, F =
{S(z,t)}, z € R", t > 0, satisfying certain axioms of affine invariance, and
a Borel measure p satisfying a doubling condition with respect to the fam-
ily F. The axioms are modelled on the properties of the solutions of the real
Monge-Ampere equation. The purpose of the paper is to show a variant of
the Calderén-Zygmund decomposition in terms of the members of F. This is
achieved by showing first a Besicovitch-type covering lemma for the family F
and then using the doubling property of the measure p. The decomposition
is motivated by the study of the properties of the linearized Monge-Ampére
equation. We show certain applications to maximal functions, and we prove a
John and Nirenberg-type inequality for functions with bounded mean oscilla-
tion with respect to F.

1. INTRODUCTION

The properties of the solutions of strictly elliptic partial differential equations in
R"™ are described in terms of the geometry determined by the euclidean balls and
the Lebesgue measure. The connection between the geometry, the measure and the
strict ellipticity is contained in the equation

2
det D%ﬂ) =1,
2
i.e., the Lebesgue measure can be viewed as the Monge-Ampere measure given by
a paraboloid, and the balls in R™ are the sets where the paraboloid is smaller than
an affine function. In addition, the Laplacian can be viewed as the linearization
of the Monge-Ampere equation. In other words, euclidean balls, Lebesgue measure
and Laplacian are all implicitly contained and related in the equation above. This
phenomenon can be naturally generalized in the following way. Suppose we have a
convex function ¢ in R™ and we generate the Monge-Ampeére measure

(1-1) det D?*¢ = pu.

We look at the geometry given by the sets defined as follows: given a point z € R"
let £(y) be a supporting hyperplane of ¢ at the point (z, ¢(x)), and given t > 0 we
define the set

S(x,t) = Sp(x,t) ={y € R" : ¢(y) < L(y) +1}.
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These sets are obtained by projecting on R™ the points on the graph of ¢ that
are below a supporting hyperplane lifted in t. We shall call these sets sections.
They are convex sets and can in principle give a very degenerate geometry, in the
sense that they can become very narrow in certain directions as ¢ becomes small.
In fact, this is the case when ¢ contains lines in its graph. These degeneracies can
be avoided by assuming the following doubling property on the measure u: there
exists a constant C' > 0 such that

(1-2) H(S(, 1)) < C (5 S(,0),

for every section S(z,t), where 1 S(z,t) denotes the i-dilation of the set S(z,t)
with respect to its center of mass. In fact, it is proved in [Ca2] that if u satisfies the
doubling condition above, then the graph of ¢ does not contain lines, and the sets
S(z,t) are of a size that can be controlled by euclidean balls when these sets are
re-scaled by using affine transformations. This is true in an essential way because
the equation (1-1) is invariant under affine transformations. On the other hand, if
one looks at the linearization of the equation (1-1) then the equation obtained is
in general not strictly elliptic, but it is elliptic and in non-divergence form. More
precisely, if one considers for a function u(z) the det D?(¢ + tu), it is easy to see
that
det D?(¢ + tu) = det D*¢ + t trace (<I>D2u) + ...+ t" det D?u,

where ® = (®);; is the matrix of the cofactors of D?¢. The coefficient of the linear
term in this expansion is called the linearization of the equation (1-1) and it will
be denoted by Lyu, i.e.,

Lyu = trace (<I>D2u) .

Since D?¢ is positive semidefinite, the matrix ® = (®);; is also positive semidefinite
and consequently the operator L is elliptic, possibly degenerate. In other words,
the linear operator Ly plays the role of a Laplacian associated with the equation
(1-1).

Our purpose is to study the properties of the solutions of Lyu = 0, and we shall
show that they can be naturally described in terms of the sections S(z,t) defined
above and the measure p. In particular, a Harnack’s inequality holds in terms of
the sections S(xz,t). The first step in this study is to determine the properties of
the sections defined above under the hypothesis (1-2). Some of these properties
have been established in [Ca2]. The study of the properties of the solutions of the
pde above is based in a fundamental way in a variant of the Calderén-Zygmund
decomposition in terms of the sections S(z,t). The purpose of this paper is to
describe this decomposition and show some applications to real analysis. The proof
of the Harnack inequality will be the subject of a forthcoming paper.

The point of view taken in this paper is axiomatic: we assume that an abstract
family of convex sets S(z,t) is given and they satisfy certain properties. Basically,
all we ask from this family is that when one section Sy is renormalized to be equiv-
alent to a ball, all those smaller sections that intersect Sy deteriorate polynomially,
i.e., the space is locally isotropic after renormalization. From these properties we
shall prove a Calderén-Zygmund decomposition of open sets in R™ in which the
classical cubes are replaced by the given family. This decomposition has indepen-
dent interest and this is the reason we presented it separately. In the particular
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case of having sets coming from the equation (1-1), the decomposition plays a key
role in the proof of Harnack’s inequality for non-negative solutions of Lgu = 0. In
fact, it is to used to show that the distribution function (at altitude t) of a super
solution decays like a negative power of ¢, see [Cal|, Lemma 6 for the elliptic case.

The paper is organized as follows. In §2, we define the class of sets we shall
work with and postulate their properties. In §3, we prove a Besicovitch-type cov-
ering lemma; this lemma is purely geometric and with no reference to measure.
In §4, we introduce a doubling measure on the sections given in §2 and prove the
decomposition. In §5 and §6, we show certain applications of the decomposition to
maximal functions, and we prove a John and Nirenberg-type exponential inequality
for functions in a BMO space defined in terms of the sections.

2. PROPERTIES OF THE SECTIONS AND THE MAIN RESULT

In order to motivate and postulate the properties of the class of convex sets
which we are going to work with, we begin by mentioning a geometric lemma due
to Fritz John: Let S be a convex set in R™ with non-empty interior, and let E be
the ellipsoid of minimum volume containing S whose center is the center of mass
of S. There exists a constant a(n) depending only on dimension such that

an)EC SCE,

where a(n) E means the a(n)-dilation of E with respect to its center.

Since F is an ellipsoid, there is an affine transformation 7" such that T(E) =
B(0,1). In other words, this lemma says that every convex set S with non-empty
interior is ”similar” to the unit ball at certain scale, i.e., there exists an affine
transformation 7" such that

B(0,a(n)) C T(S) c B(0,1).

Given a convex set S with non-empty interior, the set T'(S) shall be called a
normalization of S, and T shall be called an affine transformation that normalizes
S.

The equation (1-1) is invariant by affine transformations of determinant 1. In

fact, if T : R™ — R"™ is an affine transformation, i.e., Tx = Az 4+ b where A is an
n X n real matrix and b € R™, and for A > 0 we set

¥(y) = oa(Ty)
where ¢ satisfies (1-1), then v, satisfies the equation
1
Mpx(y) = det(D*$x)(y) = 37 (det T)*w(Ty) = fly).

If 11 satisfies (1-2), then by the definition of section it can be shown that the new
measure [ is doubling with respect to the sections of ¢, i.e.,

(1) (Sl 1) < CR(3S4(n,1)),
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with the same constant as in (1-2). Moreover, the sections of ¢ and 1) are related
in the following way. If h(z,y) is a supporting hyperplane to ¢ at the point z, then

MT 'z, y) = A (2, Ty)

is a supporting hyperplane to 1y at the point T~ 'z. This implies that the sections
of ¢ and v are related by the the following useful formula:

T (Syp(,t)) = Sy, (T 1, At).

We may rewrite this formula in the following way: if T : R™ — R is an affine
transformation and we set

Ua(y) = be(T*ly),

then
(2-2) T(Sy(z,t)) = Sy, (Tx, At).

In particular, this formula says that a normalization of a section corresponds to
a normalization of the equation (1-1). In other words, if we normalize a section of
¢, we then a obtain section corresponding to another solution of an equation of the
form (1-1). These facts and the properties of the sections S(z,t) proved in [Ca2]
lead us to consider a general family of convex sets with the following properties.
For each = € R™ we have a one-parameter family of open and bounded convex
sets denoted by S(z,t), t > 0, S(z,t) C S(x,t’), for t < ¢/, which shall be called
sections, and satisfy:
(A) There exist constants K1, K3, K3 and €1, €2, all positive, and with the follow-
ing property:
given two sections S(zo,to), S(z,t) with t < to such that

S($07t0) N S(.I,t) # wv
and given T an affine transformation that ”normalizes” S(zo, o), i.e.,
B(Ov 1/”) - T(S(‘T07 tO)) - B(Ov 1)5
there exists z € B(0, K3) depending on S(zo, %) and S(x,t), such that
£\ t\“
B(s, Ky (r) ) C T(S(x,1)) € B(z, Ky (r) )
0 0

and
Tz € B(s, LK <i) “
x € z, 5 2 o .
Here B(z,t) denotes the euclidean ball centered at the point x with radius ¢.
(B) There exists a constant ¢ > 0 such that given a section S(z,t) and y ¢ S(z, 1),
if T is an affine transformation that "normalizes” S(z,t), then

B(T(y)7 66) n T(S(‘Tv (1 - E)ﬁ)) = @7

for any 0 < e < 1.
(©) ﬂt>0 S(xz,t) = {x} and Ut>0 S(xz,t) = R"
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Condition (A) can be phrased in the following way: if two sections intersect,
then if we normalize the "larger” of the two, the other one looks like a ball with
proportional radius at the scale in which the ”larger” is normalized.

In addition, we assume that a Borel measure p finite on compact sets is given,
1 (R™) = +o0, and satisfies the following doubling property with respect to the
parameter:

(2-3) 1(S(w,26)) < Cu(S(x,1)).

In the case that the sections S(z,t) are coming from the Monge-Ampere equation
then condition (2-3) is implied by (1-2).
The main result of this paper is the following decomposition.

Theorem. Let S(x,t) be an abstract family of sections satisfying properties (A),

(B) and (C). Let A be a bounded open subset of R"™, and 0 < § < 1. There exists

a countable family of sections {Si = S(xk,tx)} 72, xx € A, and ti, < M with the

following properties:
(a) Cil < u(SkﬂA)

1(Sk)
(b) AcC Uk Sk.
(¢) p(A) <o p(Us° Sk), where 8g = 60(6,C2) < 1, and Cs is a constant depend-
ing only on the parameters in (2-3), (A) and (B), and dimension.
(d) If 7 > 0 is sufficently small and ST = S(xg, (1 — 7)tx), then

<6, Cy > 0 depending only on C in (2-3).

- 1
Z XS(ar,(1-7)tx) (2) < K log =
k=1

where K is a constant depending only on the constants in (A) and (B).

Remark. By the example (b) in §8.8, page 40 of [St], there exists an absolutely
continuous doubling measure (with respect to euclidean balls in R™) u = fdx,
where f vanishes on a set of positive measure. Therefore, the theorem above cannot
hold for arbitrary bounded measurable sets A.

3. A BESICOVITCH-TYPE COVERING LEMMA FOR SECTIONS

It is well-known that the Besicovitch covering lemma does not hold for general
families of convex sets. However, for the convex sets S(z,t) we have the following
lemma.

Lemma 1. Let A C R" be a bounded set. Suppose that for each x € A a section
S(z,t) is given such that t is bounded by a fized number M. Let us denote by F
the family of all these sections. Then there exists a countable subfamily of F,
{S(zk, te) 1521, with the following properties:

() AC U, Sew, te).

(i) zx ¢ Ujop Sz, t5),  VE 2 2.

(iii) For e > 0 small (smallness depending only on the constants in (A) and (B))

we have that the family

Fe={S(xk, (1 — )tx) }rza
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has bounded overlaps; more precisely
Gt 1
ZXS(IK.,(ke)tk)(iv) < K log Py
k=1

where K is a constant depending only the constants in (A) and (B); xg
denotes the characteristic function of the set E.

Proof. We may assume M = sup{t: S(z,t) € F}. Let
M
Fo={S(z,t): 5 < t< M, S(x,t)€ F},

and
Ay = {JJ : S(.%',f) S ]:0}

Pick S(x1,t1) € Fo such that ¢; > 3M. Then either Ay \ S(x1,t1) = 0 or
Ap \ S(z1,t1) # 0. In the first case, A9 C S(x1,t1) and we stop. In the second
case, the set

{t:S(z,t) € Foand x € Ag \ S(x1,t1)}

is non-empty and let ais denote its supremum. Pick 5 in this set such that as > to >

%az and let S(x2,t2) be the corresponding section. We then have xzo ¢ S(z1,t1)
and t; > %M > %ag > %tg. Again, we have either Ag\ (S(z1,t1)US(z2,t2)) = 0 or
Ao\ (S(z1,t1) US(22,t2)) # 0. In the first case, we have Ay C S(x1,t1) U S(x2,t2)
and we stop. In the second case, we continue the process. In general, for the

jth-stage we pick ¢; such that a; > t; > 3a; where
a; =sup{t: S(x,t) € Fop and = € Ap \ U S(ziti)},
i<j
and select S(xz;,t;). We have ¢; > (3)77%; for j > i. Continuing in this way we
construct a family, possibly infinite, which we denote by

Fo = {8 (@, i) }ia

with
z§ € Ao\ U S(a7,t7).

i<J

We now consider the family 7 = {S(z,t) : & <t < 2} Let

Ay ={z:5(z,t)eF; and I¢GS(IQ tH}.

Rt
i=1

We repeat the construction above for the set A; obtaining a family of sections
denoted by
Fi = {S(xi t))}Z1-
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We continue this process and in the kth-stage we consider the family Fj, = {S(x,1) :
2k+1 <t< 2k} and the set

Ap={z:S(x,t) € Fry and x ¢ U sections previously selected}.
In the same way as before we obtain a family of sections denoted by
‘7:12: = {S(‘T17tf) i=1"

Obviously, each section S(z%,t¥) in the generation F .. has the property that

A

Mo M
2k+1 <t1 —2k

We claim that the collection of all the sections in all generations Fj,, k > 0, is
the family that satisfies the conclusions of Lemma 1.

To show (i), we shall first prove that each generation Fj, has overlapping bounded
by a constant depending only on the parameters in (A), and independent of k and
M. Second, we shall deduce from this that each generation F;, has a finite number of
members; in particular, by relabeling the members of F}, we obtain (ii). This implies
that the process in the construction of F}, stopped at some point and therefore all
the points of Ay are covered by the union of Fj,. Consequently, (i) follows.

Let us then show that each generation Fj, has bounded overlapping. Suppose
that

€S thyn.. NSk th ),

Jl’ J1 JN’ IN
with S(z f ,t;“ ) € Fj.. To simplify the notation we set xji = xi,ti =t;, and let tg
be the maximum of all these ¢;, 1 < i < N. We may assume by construction that

xy ¢ S(x;,t;) for I > 4. By (A) we have that

Bz, Ks (;)62) C T(S(xs, 1)) C Bz, K (t—)q),

to

and
(3-1) T(x;) € B(z, = Kg <t0>€2)’

for 1<i< N where T is an affine transformation that normalizes S(zo, to). Since
2k+1 <t < 2,“ this implies that

B(zi, Ko (%)) C T(S(@i,t:)) C Blzs, K1 29).

Since x; ¢ S(x;,t;), we have that

T(w) ¢ T(S(wi b)), 1>,

and consequently,

to

T(w) ¢ Bz, Ko (1)> -
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This together with (3-1) implies that

(3-2) IT(2) = T(s)| > %Kz @) s

Let @Q be the cube in R™ with center T'(z9) and edgelength 4K;2°*. We have
T(S(zi,t;) CQ, 1< z < N. We chop the cube Q into a™ congruent subcubes Q

I T(x), T(wiy1) € Q then

4
with edgelength

4K12 !

T (i) = T(wi)| < v

4K,12%
If we select « large such that /1 !

1 1\“
< §K2 <§> , then by (3-2) each subcube
Q contains at most one T'(z;). Therefore, the overlapping in each generation 7, is at

K;
the most o™, where o can be taken the smallest integer bigger than 8\/_ Loertes,
K>

Let us now prove that the family F|, = {S(zF,t¥)}2°, is finite. We set again for
M it A
oRTT <t; < 2—k,t e set Ag
is also bounded and by property (C) there exists a positive (large) constant C' such
M
that the section S(z1,Ct1) covers Ay and Ct; > ok In particular, z; € S(z1,Ct1)

and then S(z;,t;) N S(z1,Ct1) # 0, and t; < Cty. So, we can apply (A) to obtain

simplicity ¥ = z; and t¥ =¢,. Since A is bounded and ——

t;
B(Zz, Kg (Ctl

)52) C T(S(xs, 1)) C Bz, K <C’ft1)él),

where T is an affine transformation that normalizes S(x1, Ct1), and |z;] < K3. We

also have that
1 < t;

<1,
20 =~ Cty

and therefore
1\
B(z;, K» <2C) ) C T(S(zi,t;)) C B(0, K1 + K3).

Since the family Fj has overlapping bounded by o™, the family T'(S(z;,t;)) also
has overlapping bounded by ™. Hence

ZXT(S(zi,ti))(z) <a",

which implies
ZXB EAERLINC

Integration of this inequality over the ball B(0, K), where K = K; + K3, yields

S (1)) 5 a6
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which implies that the number of terms in the first sum is finite and we are done.
We now estimate the overlapping of sections belonging to different generations.
To this end, we need to ”shrink” the sections selected. Let 0 < ¢ < 1 and

(3-3) 20 € ﬂ S(x8, (1 — e)teh),

where e; < ey < ... < e < M2_(ei+1) <t < M27%, and for simplicity in
the notation we set x; = zel and t; =t Fix i and let j > i, we shall measure
the gap between e; and e;. Let T; be an afﬁne transformation that normalizes the
section S(z;,t;). Since j > 4, ¢; > (1 — €)t; and then by (A) there exists a point
zi; € B(0, K3) such that

B(zij, K> ((1;7:)%)62) C Ti(S(xj, (1 = €)t;)) C Bz, K (@)61)-

t;
By construction x; ¢ S(x;,t;). Then by (B) we have that
B(T;(x;),€") N T;(S(zi, (1 = e)t:)) = 0.
Consequently,

€ < |Ty(x;) = Ti(=0)]
<|Ti(z;) — zi;| + |25 — Ti(20)]

S Kl <(1 E)t.]) +K1 <(1 G)t]>
t; t;
. €1

o)

S 21+51K12(€i*€j)€1.
This implies that the number of terms in the intersection (3-3) is finite and
26]'—61' < 21+61 K16_61/6,

which clearly implies that
1
€j — € < Ollnz,

where C] is a constant depending only on €1, 6 and K7, for all € > 0 small, smallness
depending only on the previous constants. In particular, the number of members
in (3-3) is at the most C; In % Since we have proved before that the overlapping of
members in the same generation is at most o, property (iii) follows. The proof of
Lemma 1 is now complete.

4. THE DECOMPOSITION
Let A be an open bounded set in R™ and for « € A consider the averages

p(S(xz, )N A)

o) == (8@ )
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as a function of A. The function a()) is continuous and satisfies a(\) — 0 as A — oo,
and a(\) = 1 as A — 0.

Let 0 < § < 1 and pick the largest A = A, with the property that a(\) > é and
let S(x, ) denote the corresponding section. Let

F = {S(:Cv A)}meA-
We then have

pSANA) o
n(S(z, )

and

w(S(z,N)N A)
WSy =0

for all X > A. Since u (R™) = 400, by property (C) and (2-3) we have that A, is
bounded.

The family F is too small for our purposes; we shall enlarge it and in order to
do this we prove the following lemma.

(4-1)

Lemma 2. Let p be a doubling measure on the sections S(x, A) in the sense that
there exists C' > 1 such that

(4'2) M(S(‘Tv 2)‘)) < CN(S(% )‘))7

for all A > 0, where C is independent of © and . Given € > 0 (small) and A > 0
there exists 1 <t < 2, depending on A and € such thatt —e > 1 and

(4-3) u(S(x, (t —€)A) = (1 —elog C)u(S(z,tA)).

Proof. Let g(t) be the monotone increasing function defined by

g(t) = log(u(S(x,tA))),

and let us look at g on the interval [1,2]. Set g(1) = log(u(S(x,\))) = A. Then
by (4-2) g(2) = log(u(S(x,2X))) <logC + g(1). Consequently, the variation of ¢ in
[1,2] satisfies V{1,919 = g(2) — g(1) <logC.

Given € > 0 and small, divide the interval [1,2] into N equal subintervals I;
of length €, i.e., Ne = 1. At least in one of the I; the variation of g is < elogC
because, if for each j, Vi,g > elog C, then

N
NelogC < vajg = V1,219 < log C,
1
a contradiction. Therefore on some I;, say I; = [t —€,¢], 1 < t < 2, we have

g(t) — g(t — €) < elogC, and by exponentiating this inequality we obtain

H(S (@, (t— N) > e~V (S, 1)),
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The lemma now follows by observing that e > 1 — s,Vs > 0.

We now enlarge the members of the family F. Let € > 0 (small) and for S(z, A) €
Flet 1 <t <2 be the number in Lemma 2. We set r = tA, then (t —e)A =r—e} <
r —e5 =r(1 — §). This implies that

Sz, (t—e)A) C S(z,r(1 — %)),
and since t — € > 1 we have
S(xz,\) € Sz, r(1 — %)).
We shall work with the families
Gg= {S(IE,T)}meA7

Ge = {S(,7(1 = 5)}oca

Note that each member of both families satisfies (4-1), and by the doubling property
6 < p(SNA)

Cy ~ (S
of p.

< 6, for S € GUG,, where C; depends only on the doubling constant

Proof of the Theorem. Since the set A is bounded, we can apply Lemma 1 to
the family G obtaining a countable family of sections whose members are denoted
by Sk = S(zk,tr),k = 1,2,.... We also consider the family whose members are
Sy = S(xp, (1 = §)tr), k =1,2,.... Let f be the overlapping function defined by

#{k:xe S}, ifxelSk,
fz) = : :
1, if x ¢ | Sk;
here we have made f > 1 to prevent f from vanishing. Also, denote by f.(z) the

analogue overlapping function for the family of the S§. Hence 1 < fc(x) < f(x),Vx
We have the following formula:

xus, (z) = fi ;

and an analogous formula for S§ and f.. Since f(z) may be infinite in a large region,
we work with the finite family {Sx} and let N — oo at the end of the proof. Also,
by Lemma 1 we have f.(z) < K log(1/e).

We have A C |J,, Sk and

=u(((JSk)n4) :/f% szknA(w) dp(z)
Z/f Xspna() du(x Z/fe Xsina () dpi(z).
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Also,

(4-4) /fe xs, () dp(x /fe Xsuna(®) du(w /fe Xsp\A () du(z).

Note that, u(Sk) = u(Sk \ A) + p(Sk N A) < u(Sk \ A) + 6u(Sk), i-e, u(Sk \ 4) >
(1 —8)u(Sk). Hence,

/K log(1/€)

/ﬁxSk\A(x) du(z) = Klog /0 Xs\a (@) du(z)

1 1
> K log(1/) /Xsk\A du(z) = m#( Sk \ A)
1-46 1-46
> T 7" = T (75 [ xsi @) duta)

Klog 1/ / Tl X (@) dule

From this inequality and (4-4) it follows that

/ﬁXsmA(fﬂ) du(z) < ( K 1og 1/6 )/fe Xsi (@) dppl

and consequently

(U004 = (1= g ) & f i o) e

Now we write

/ﬁxsk(x)d#(x)
_/ﬁ{Xsk:c Ex}du /

< () — p(S5) /f Xsi (%) dpu()

< e logC u(Si) + / f—XSew)du(z) by (4-3)

_€logC C /
—€ log C fe(z xsi

- 1i1§glch1°g (1/¢) /Wxse () du(w)+/f€(x) Xsi (%) dp(x)

(u%mgue)/f& i (@) diu(z).

By adding we obtain

> [ g < (1 p 22 080/9) [ 70w
k ‘ 6

€ logC
<1+1_610 1< log(1/e ) (Jsp.
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Consequently, we obtain the inequality

(4-5) n(A) = u((JSe) N 4) < 6(e) u(l S5,

where

0(e) = (1 - #@) (1 + %K log(l/e)) .

We shall show that given 6, 0 < § < 1, there exists 0 < eg = €¢(8, C, K) < 1 such
that the function 6(e) is strictly less than 1 in the interval (0, €p]. This together
with (4-5) implies that given 0 < § < 1 by picking e > 0 sufficiently small there
exists 69 = 8p(6, K, C), 0 < 8y < 1, such that

u(A) = (| Se) N 4) < ol S9).

which gives the desired result.

To show the property of 8, we set ¢ = e~*

, m = log C and write

O(e_t)zl—i—im Kte_t—l_(S (1= &)m

1—met Kt 1—me-t

et =1+7().

We look for the values of ¢ > 0 such that () < 0. These are the values for which

m

(4-6) —Kte " (Kt—(1-6)) <1-6.

1—me

If we pick ¢ > 0 such that 1 —me™" > 1/2, i.e., t > log(2m), then the left-hand
side of (4-6) is bounded by 2m Kte ' (Kt — (1 —§)). By the fast decay of the
exponential, there exists ¢o(8, m, K) such that

2mKte ' (Kt—(1-6)) <1-46,

for all ¢t > t9. Consequently, for ¢ > max{log(2m), to(8, m, K)} we have v(t) < 0.
Therefore, if 0 < € < min{5L, e~ (6mK)} "then (e) < 1.
5. THE MAXIMAL FUNCTION
We define the following maximal function:
1

M (@) = sup s /S L Wl

and we shall show that M f is of weak-type 1-1 with respect to the measure p, i.e.,
there exists a constant C' > 0 such that

pla s M) > 5) < 5 [ 170 duto)

for all s > 0 and any f € L*(R", dpu).
In order to apply Lemma 1, we truncate the maximal function by setting

1
Mpf(@) = s s /S L MWl
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where B > 0, and consider the set
As ={|z| <m: Mpf(x) > s}.
Given = € A, there exists S(x,\) such that A\ < B and
.
— )l duly) > s
p(S(,AN) Js@n

and we call F the family of these sections. Given € > 0, proceeding as in the
argument after the proof of Lemma 2 we shall enlarge the family F; i.e., given
S(xz,\) € F by Lemma 2 there exists t = t(x, A, ¢) such that t —e > 1,1 <t < 2.
We let 7 = ¢\ and consider the family 7' = {S(x,r)}. Note that

(5-1) S(z,\) C S(z, (t—e)A) C S(x, (1 — %)T) c S(a,r).
Also, S(x, (1—§)r) C S(z,2X), and then by the doubling property v (S(z, (1 — §)r))
< Cip(S(x,N)). By Lemma 1, we can select a countable subfamily of 7' denoted
by {S(zk,rk)} ° |, such that A C U, S(x,ri) and by doubling we have

(A

) < ZN (wrori) <CS g (S(:vk, 1- %)rk)) .
k

Now note that by (5-1)

(5-2)

1
1 (S(@,\) /S(m A)l ()] du(y)
p (S, (1= $5)r) 1
= (S, N)  p (S, (1—5)r) /S(ac,(lg)r) Lf ()] dp(y)
p(S(x, 2X)) 1
(S, N) (S, (1 5)r) Jsea—sm Lf ()] dp(y)

1
<o o 1)l du).
(S (1= 5)r) Jse.a-5n
This applied to (5-2) yields

Klogi
wa)SE [ ) < = 1] d),

S

by Lemma 1.
By first letting m — oo and then B — oo, the weak-type 1-1 of M follows.

6. THE SPACE BMO

Let f be a real-valued function defined on R™. We say that f € BMO if there
exists a constant C' > 0 such that

(6-1) / (@) — ms(f)| dulz) < C,

for every section S. Here
5.
=—— [ f(x)du(z
n(S) Js (@)

The "norm” of f in BMO is the smallest constant in C' appearing in (6-1), and it
is denoted by || f||.. We shall show the following variant of the John and Nirenberg
lemma.
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Lemma 3. There exist positive constants C1,Co which depend only on the measure
u such that for every f € BMO and continuous we have

O (e (o @ ms(
157 oo () o <

for every section S.

Proof. We may assume that ||f||. = 1. We shall show that there exist positive
numbers €y < 1 and M depending only on the measure y such that

(62) plzeS:|f(@) —ms(f) >t} < coplw € S : |f(x) —ms(f)] >t — M},
for every section S and every ¢t > M. Let us fix a section S and set
A={zeS:|f)—ms(f) >t} B={reS:|f(z)—ms(f)>t— M}

Let 0 < 6 < 1 and {S(xk,tx)}72, be the decomposition of the set A given by
the theorem in §1. We recall that
(1) There exists ¢; > 0, depending only on the doubling constant of u such that

5 u(SknA)
— < —x <4
c1 w(Sk)

(2) Ac Ul Sk
(3) For 0 < 7 sufficiently small the family S} = S(zx, (1 — 7)tx), k = 1,..., has
bounded overlaps, i.e.,

1
> xsp(#) < K log —,
k

and 5 SrAA
N
— < ’u(k—’r) S 5,
C2 1(SE)
where c; depends only on the doubling constant of p.
Pick € > 0 sufficiently small such that

€ < min i,i <d6<1l—e
c1 ¢
1 C2

Then we have
(SN 4) u(SEN4)

, = <l-e
w(Sk) N(Sk)
We claim that
w(SE N B) €
6-3 — = >1—- = Vk > 1.
(3) 1(SE) 2

Let us denote g(z) = f(z) — mg(f) and note that (6-3) is equivalent to

p(SEn{reS:lglx)| <t— M}

(6-4) w(57)

<

NN e
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Suppose by contradiction that the claim is false. Then there exists m such that

p(SyN{zresS:|gl)| <t—-M})

(57 ”

(6-5)

NN e

Note that for any section S’ we have g(x) — mg:/(g) = f(z) — mg (f) and conse-
quently, [[g]l. <[[fll. = 1.
Let

We have the following possible cases:
(a) t =4 <l|gm| <t.
(b) t—M < |gm| <t—2.
(©) |gm| > t.
(d) [gm| <t—M.
In the first case we have

1 / _
1> g(x) — gm| du(x
57 L 19 gl du)
1 / B
> lg(x)] = 1Gml| dp(z)
1(S%) Jsr afzesigta)|<t—n
L Mp(Spnfres: lgle)| <t—M))
~ 2 1(SH)
M e
> 5 o
- 22

by (6-5). In the second case we have

1 B 1 _
1> | 1a(e) = Fnl ) 2 s / @) = gl d)
M p (S5, NA)
2 u(Sh)
M

—€

=56

by property (3) of the decomposition. In case (¢) we have

1 / _
1> g(x) — G| dp(z
(5T S:n| (z) | dp()
1 / _
> 9(@)| = [gml|| dp(z
p(SH,) s;m{zes;\g(m)\gt—M}H @) = 15l du()
ZMN(S%Q{HCES! lg(x)] <t —M})

n(ST,)
>ME
=3
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by (6-5). Finally, in case (d) we have

1>t / 19(x) = Gm| dp() > u(;’fn) /S:nﬂAHg(xﬂ — |G| dp(2)

(55 N A)
> peom
- w(ST)

= Me,

again by property (3) of the decomposition. Therefore, if M is sufficiently large
(depending only on the size of €¢) we get a contradiction which shows that the
inequality (6-5) is impossible. This proves the claim.

We now write

W(SENB) = u(SEA{ze S t—M < |g(a)| < t}) +u(SENA).

Hence, by (6-3) and the choice of € we obtain

(1-5) uSH) < n(SEnfa e St =M <g@)] <)) + (L - Iu(S)).

ie.,
€
p(Spn{z €St =M <|g(z)] <t}) > Fu(SP)-

By adding the last inequality over k, using Theorem 1 and the bounded overlaps
we obtain

Klog%(#({fUG& lg(@)| >t —M}) —p({z € S:lg(x)] > t}))
:Klog%,u({xeS:th<|g(z)|§t})
> u(Sin{zeS:t—M<|g(x)| <t})
k

€ € > € _
> 52#(512) Z o (U S/Z) 2 550 u(A).
k k=1

Hence,
1(A) < eop(B),
1y-1\ 7!
with ¢y = (1 +35 (60K log ;) )
The inequality (6-2) implies that
(6-6) p({zeS:|g(x) >M+EMY}) < egu({xeS:|g(x)| >M}) < egu(s),

for k=0,1,....
We write

/eXp (alg(z)]) du(z) = « /OO e'u({zeS:lglx) > t}) dt
S 0
M
—a /0 otz e St g(@) > 1)) dt

+a/ ety ({zeS:|g(x)| > t}) dt = T+ IT.
M
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The integral I is clearly bounded by Cu(S). To estimate IT we write

II =M /OO e'u({r e S:|g(x)| > M+t}) dt
0
= eO‘MZ/ e'u({r e S:lglx) >M+t})dt
< MeQO‘MieakMu({z €S:g(x)| >M+EkM})

k=0

< Me?aMZeakMelocM (S) )
k=0

Since ¢ < 1, €9 = e~ with Ao > 0, by taking o < Ao the series converges and we
obtain the lemma.

[Cal]
[Ca2]
[Ca3]

[St]
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