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AN wy;-MINIMAL BOOLEAN ALGEBRA

MARIUSZ RABUS

ABSTRACT. For every linear order L we define a notion of L-minimal Boolean
algebra and then give a consistent example of an wa-minimal algebra. The
Stone space X of our algebra contains a point {*} such that X — {*} is an
example of a countably tight, initially Nj-compact, non-compact space. This
answers a question of Dow and van Douwen.

1. INTRODUCTION

In this paper we define, for a linear order L, a notion of an L-minimal Boolean
algebra and construct an ws-minimal algebra. L-minimal algebras are, when L is
an ordinal, a special kind of minimally generated Boolean algebras, see [5] and [6].
Moreover for an ordinal x, the Stone space of a k-minimal algebra can be identified
with k + 1 = {a: @ < k} with a topology which is right separated, i.e., the initial
segments are open. We denote the maximal point of k + 1 by {x}.

We deal with the following generalization of compactness:

Definition 1. A topological space X is Nj-compact if every open cover of X of
cardinality < N; has a finite subcover.

It is easy to see that a space X is initially N;-compact if and only if every subset
A C X of cardinality < N; has a complete accumulation point, i.e., a point p such
that |U N A| = |A| for every open U containing p.

Note that the ordinal space wy = {€ : §& < ws} with the order topology is
an example of initially N;-compact space which is not compact. However this
space contains points of uncountable character and, more generally, of uncountable
tightness. This led to the following question. Dow and van Douwen asked whether
every initially N;-compact space of countable tightness is compact and proved that
the answer is positive under CH. Later it was proved that the answer is positive in
the Cohen model, Dow [4], and under PFA, Fremlin and Nyikos [2].

The main result of this paper is to give a consistent counterexample to the above
question. More precisely we construct by forcing an we-minimal Boolean algebra
B such that its Stone space has countable tightness and there are no w; nor w
sequences converging to the distinguished point {x}. Recall that we say that a
set A is a k sequence converging to a point p if |A] = x and for every open set U
containing p we have | A—U| < k. Note that if X is the Stone space of the algebra we
construct, then X — {x} is initially X;-compact. Indeed, suppose that A C X — {x}
has cardinality < N;. Since X is compact, A has a complete accumulation point
p € X. If there is such a point not equal to {x}, then it is in X — {x} and we are
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done. Otherwise {x} is the unique complete accumulation point of A, which implies
that A converges to {}, a contradiction. Note that, since {*} is non-isolated, the
space X — {x} is non-compact.

The algebra we construct can be seen as a generalization of an example of Baum-
gartner and Shelah of a thin-very tall superatomic Boolean algebra. In particular
we use the A function as defined in [1] and prove some of its additional properties
which are necessary for the proof of the non-existence of sequences converging to

{x}.

ACKNOWLEDGMENTS

I would like to thank Juris Steprans, my Ph.D. advisor at York University, under
whose supervision the results of this paper were obtained.

2. L-MINIMAL ALGEBRAS

In this section for every linear order L we associate a class of Boolean algebras,
L-minimal algebras. It turns out that, for an ordinal k the Stone space of a k-
minimal algebra can be identified with x + 1. For a generalization to partial orders
see [7].

Definition 2. Let (L, <) be a linear order. We say that a Boolean algebra B is
L-minimal if there is an ideal {a, : € L} C B with the following properties:

(1) B is generated by {a, : € L},

(2) if 21,... ;20 <y, then ay — U, @z, # 0,

(3) if x < y, then a; Na, € By, where B, is the subalgebra of B generated by
{a,:z < z}.

Lemma 2.1. Let k be an ordinal, B a k-minimal Boolean algebra generated by
{az : © € K} and let X be its Stone space. Then there is an isomorphism H
between X and k + 1 with some right separated topology.

Proof. Let F be an ultrafilter on B. Define H(F) to be the minimal ordinal o < &
such that a, € F and let H(F) = & if there is no such a. To prove that H is a
bijection we define its inverse.

We claim that for every « € &, the set 4, = {ag1 : 8 < a}U{aq} generates an
ultrafilter on B. Since B is minimal it follows that A, has the finite intersection
property. Moreover, A, generates an ultrafilter on the algebra B,. Let a be any
element of B. Then a is a Boolean combination of some elements a, with x € k.
But, since B is minimal, the intersection a, N a, is in the algebra B,. Also, since
a;tNae = aq — (az Nay) is in By, it follows that a N a, is in B,. Hence the
ultrafilter on B, generated by A, decides a N a, i.e., there is an element of this
ultrafilter contained in or disjoint from a N a,. Therefore it also decides a. This
proves that H is a bijection between X and k + 1.

Using the above correspondence we can identify X with « + 1. If v € wq, then
a typical neighborhood of v is Uy (aa,... ,a;) = ay N ({aa, ' i < k}, where
oq,... 0 <. If <7, then § € ay iff a, Nag is in the ultrafilter generated by
Ag. Note that if 8 > «, then 8 ¢ a., so X is right separated.
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2.1. Finite amalgamations. We are going to construct our wo-minimal algebra
by forcing with finite approximations, L-minimal Boolean algebras for finite L C ws.
Below, we introduce some notation and define a minimal amalgamation of two
isomorphic algebras.

Let L = {x1,... ,z, <} be a finite linear order. Suppose that B is an L-minimal
Boolean algebra generated by {a, : © € L}. Of course B is atomic with the atoms
{bo, b1, ... ,br}, where {b;,} = az;, —JH{as, : j < i} fori=1,... kand {bo} is
the complement of | J{a, : * € L}. Since by is definable from {b1, ... ,bx} we often
abuse the notation by saying that {b1,...,bx} are the atoms of B. We do not
distinguish strictly between b and {b}. Since each element of the algebra B is a
set of atoms it follows that B is completely determined by the truth values of the
statements b, € ay, ¥y, € L. Since B is minimal it follows that if b, € a,, then
y < z and we always have b, € a,.

Definition 3. Let L be a linear order and let B be a L minimal algebra generated
by {a; : x € L}. Let K C L. We say that K generates a subalgebra of B if
{a; : © € K} generates a K-minimal algebra. Equivalently: for z < y in K, the
intersection a; N ay is in the algebra generated by {a, : v < z,v € K}.

Note that if K is an initial part of L, then K generates a subalgebra of B.

Definition 4. Let L, L’ be two finite linear orders of the same size, A = L N L’
has the same position in L and L/, i.e., the order isomorphism between L and L’ is
constant on A. Let B be an L-minimal algebra generated by {a, : x € L} with the
atoms {b; : © € L} and let B’ be an L’-minimal algebra generated by {a}, : x € L'}
with the atoms {b), : € L'} such that the order isomorphism between L and L’
rises to the isomorphism between B and B’. Assume that A generates a subalgebra
of B (thus also B’). Let M = LU L’ be a linear order extending both K and K'.
The minimal amalgamation of B and B’ is an M-minimal algebra C' generated

by {¢y : * € M} with the atoms {d, : @ € M} defined as follows. For x € L — A let
Dy ={d;}, for z € Alet D, = {d, :y € L',bj, € a’, — | J{a;, : v € A,v < z}} and
D,={dy:zeLb,€a,—H{a:veAv<z}} Forye L' — Alet D, = {d,}.
Define ¢, :

(1) ca =U{Dy:v€eL, by €an},forae Ll —A,

(2) ca =U{D,,:wel, b,ecal}, forael —A,

(3) ca =U{D,UDL :x €A, by €ag}, for a € A.

Lemma 2.2. Let B, B’ be as above. Then the minimal amalgamation of B and
B’ exists.

Proof. We have to prove that the minimal amalgamation is well defined. It follows
from the following claims.

Claim 2.3. If z;,2; € L, i < j, then D, N D, = 0.

Proof. The only nontrivial case is when z;,z; € A. Suppose that d, € Dy, N Dy;.
Then by, € a;, — a, and also by € a;,, a contradiction.
Similarly we have the following.

Claim 2.4. 1f y;,y; € L', i < j, then Dy N Dy = 0.
Claim 2.5. If z;,z; € A, i < j, then (D, UD. )N (D; UD. ) = 0.
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Lemma 2.6. Let B, B’ be as above, C the minimal amalgamation of B and B’.
Then L generates a subalgebra of C which is isomorphic to B and L' generates a
subalgebra of C which is isomorphic to B'.

Proof. We prove that the restriction of C to L is isomorphic with B. The other
case is symmetric. First we prove the following claim.

Claim 2.7. Forz <yin K, if b, € a,, then D, C ¢, and if b, & a,, then D,;Ne, = 0.

Proof. Assume b, € a,. The only non-trivial case is when y € A and x € L — A.
Then D, = {d,}. Let z € A be minimal such that b, € a,. Then z < y. Tt follows
that d, € D). We are going to show that D) C ¢,. It is enough to show that
b. € ay. This follows from the fact that A generates a subalgebra of B. Indeed,
since by € ayNa; and a, —J{a, : v € A, v < z} is an atom in the subalgebra of B
generated by A, we must have that a. — (J{a, : v € A,v < 2z} C ay. In particular
b. € ay, and we are done.

Assume now that b, ¢ a,. Again the non-trivial caseis wheny € Aand z € L —
A. Tt is enough to show that if b, € a, for z € A, then d, ¢ D, UD/,. Suppose that
dy € D,UD!. Then d, € D/, and hence b, € a, —J{a, : v € A,v < z}. As above,
since A generates a subalgebra of B, it follows that a. —|J{a, : v € A,v < 2} C ay.
Thus b, € ay, a contradiction.

Now we finish the proof of the lemma. The restriction of C' to L has atoms
co —U{cz 1z € K,z < a}, for a € L. Tt follows from the claim and the definition
of ¢, that the above difference is in fact equal to D,. Hence, by the claim, C
restricted to L is isomorphic to B.

The following lemma gives an explicit formula for the intersection of two gener-
ators of the minimal amalgamation algebra. It is used in section 4.

Lemma 2.8. Ifx € L - A, ye L' — A and x <y, then
cmﬁcy:(cmﬂU{cz:z<x,z€A})ﬁ(cyﬂU{cZ:z<x,zEA})

UU{{(cw—U{cv:v<w,v€A})ﬁcz}:x<w<y,w€A,
and d,, € ¢y}

Proof. Suppose that d € ¢; N¢y, is an atom. If d € Y{c, : z < z,z € A}, then
we are done. Suppose that d is disjoint from the above set. Then d = d,, for some
acL—-A a<z Sincedc€cy thereisw€A7x<w<ysuchthatd€D;)Qcy.
Then d € ¢; N (cw — U{cv;v < w,v € A}) and also dy, € ¢y.

Conversely, assume that w € A is such that ¢ < w < y, dy, € ¢y and d €
¢z N (cw — U{ev;v < w,v € A}). We have to show that d € ¢,. Note that
D), C ¢y as dy € ¢y, N D). So it is enough to show that d € D,,. Note that
(cw — U{ev;v < w,v € A}) = D, UD,,, and d € D,,. Therefore d € D) ,. This
finishes the proof.

3. A REMARK ON THE A-FUNCTION

A function with the A-property, or a A-function, is a function f : [we]? — [wo] =¥
with the following properties:
(1) f{z,y} € min{z,y} + 1 and min{z, y} € f{z,y}.
(2) For all uncountable sets D of finite subsets of wy there are a,b € D, a # b
andVeea—-bVyeb—aVzeanbd
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(a) if x,y > z, then z € f{z,y},
(b) if y > z, then f{x,z} C f{z,y},
(c) if x > z, then f{y, 2z} C f{z,y}.

Note that there is a slight difference between the above definition of a A-function
and the definition in [1], namely we added the condition min{«, 8} € f{«,0}. It
is easy to see that if f is a A-function as defined in [1] and we put f{a,3} =
f{a, B} U{min{a, 8}} for all a, B, then f is a A-function in the above sense. It has
been shown in [1], that a A-function can be forced by a o-closed wa-cc poset P.

Let us recall the definition of the poset P. Let H be a family of functions h
such that for some a € [wo]=¥; h : [a]* — [a]=* and h{«, 3} C min{a, 8}, and we
also add min{e, 8} € h{a,B}. Suppose that g is another function in H, with the
domain [b]? such that there are sets x,y, z with a = zUy, b = xUz, Va € 2, V3 € v,
V71 € z a < B < 7, and suppose that there is an order-preserving mapping 7 : a — b
which lifts to an isomorphism of A with g. Then define f € H to be the maximal
amalgamation of h and g if dom(f) = [a Ub]?, h,g C f and for every a € a — b,
geb—a, f{a, 8} = (aUb) N (min{e, 8} + 1).

Conditions in P are certain countable subsets p of H with the property that
Up € p, Up is called the base of p. If p, ¢ are such sets, then p < ¢ iff base(q) € p
and g = {h € p: h C base(q)}. For a € wy define P, C H as follows. Py consists
of sets of the form {h}, where dom(h) = {{a,3}} for some {a,} € [w2]? and
ha, f} = min{«, 5}.

Let « = 8+ 1. Then p € P, iff 3¢,7 € P, q # r and if g = base(q), dom(g) =
[a]?, h = base(r), dom(h) = [b]? then there are sets z,y, z with a = zUy, b=z Uz,
Va e x, VB €y, V1 € z a < § < 7 and there is order preserving bijection 7 : a — b
which lifts to an isomorphism of ¢ with =, and p = ¢ U r U {f} where f is the
maximal amalgamation of g and h.

If o is a limit, then p € P, iff p = J{pn : n € w} U{Up}, where po > p1 > ...,
each p, € P,, and (o, : n € w) is an increasing sequence cofinal in «. Let
P =J{P.: a € wi}, ordered by <.

For h € H define the support of h, supp(h), to be the set a such that dom(h) =
[a]? and for p € P let supp(p) = supp(base(p)).

Let G be P-generic, then |J|JG is a A-function on a set A cofinal in wy. We
can identify A with ws by an order preserving bijection. We denote the generic
function by f.

We will need the following property of the A-function f.

Lemma 3.1. Let v € wa, ¢f(y) =w1. Let BE [y]¥, E € [wa—7]<¥ and x € E.
Then there is A € [y]¥ and x' < v such that:

(1) BC A,

(2) 2" > sup(A),

(3) Hz,y} = f{z',y} for everyy € A.

(4) for everyv e E, AC f{v,2'},
(5) for everyy € A, f{z',y} C AU{z'}.

Proof. Let p € P be any condition. We can assume that p decides v, z, F and, since
P is o-closed, also B, i.e., all these sets are in the ground model. We can assume
that BU E'U {~} C supp(p). Our intention is to find a condition ¢ € P, A and 2’
such that the maximal amalgamation of g and p forces the conclusion.

Let A = supp(p) N7y, 6 = sup(A). Let C = supp(p) N (w2 — 7). Let C" C~v—6
be a set of the same order type as C and let 7 : C — C’ be the order preserving
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bijection. Then 7 lifts to a order preserving bijection from supp(p) onto AUC” which
is constant on A. Using 7 we can define a condition ¢ such that supp(q) = AU C’
and 7 lifts to an isomorphism between p and ¢. Let 2’ = 7(z) and let r € @ be the
maximal amalgamation of p and ¢q. Then r forces the required properties: (1) is
obvious, (2),(3),(4) and (5) follow from the definition of a maximal amalgamation.

Lemma 3.2. Let v € wq, cf(y) = wi. Let B € [y]¥, E € [wa —v|<¥, E
{x1,...,wx}. Then there is A € [y]* including B, and E' € [y —sup(A)|*, E' =
{ah,...,2}.} and F € [[y)?]* such that F = {{y},y?} : i < k} and letting D =
E'UF, i.e., D is the set of ordinals appearing in E' or in F, we have
(1) For alli,j <k, sup(A) <z <yj <y’
2) Fori<j,y?< yJ1
YIfze DUA and y € A, then f{z,y} C A.
) Fori <k, if z is any element of D with a subscript i, then f{z;,y} = f{z,y}
for every y € A.
(5) Fori <k, for everyve D, (AU{z:z€ D,z <v})C f{z;v}.
(6) For every v,w € D, if v < w, then (AU{z:z€ D,z <v}) C f{v,w}.

(
(3
(4

Proof. Let p € P be such that supp(p) includes B, F and {v}. Let A = supp(p)N~,
6 = sup(A). By induction we define elements {z; : i < 3k} of E' U F together with
conditions p; and ¢; for ¢ < 3k such that:

(a) p1 =p,

(b) g; is obtained from p; as in the proof of the previous lemma, i.e., supp(g;) C v
and there is an order preserving bijection m; : supp(p;) — supp(g;), constant
on supp(p;) N+, which lifts to an isomorphism of p; with ¢;,

(¢) pi+1 is the maximal amalgamation of p; and g;

(d) ifi <k, then put z; = m;(x;), ifi = k+(2l—1)ori =k+2lforl =1,2,...  k,
then put z; = m;(x;).

Now put z} = z; for i < k, y} = zkro-1, Y7 = zg4o for | < k. It is easy
to see that that the conditions of the lemma hold by the definition of a maximal
amalgamation. Let us check for example (6). So suppose that i < j. We have to
show that (AU {z : | <i}) C f{z;,2;}. Note that z; = m;(x) for some z € E.
Moreover f{z;,z;} = f{z,x}. So by (5) we are done.

4. THE CONSTRUCTION

Let us define now a ccc poset @ which forces an ws-minimal Boolean algebra A
generated by {aq : @ € wa}. A pair (B, L) is a condition in Q if L = {x1,... ,z%}
is a subset of wo, and B is a L-minimal Boolean algebra generated by {c, : € L}.

For every ¢,7 < k the element c;, Nc,; is in the Boolean algebra generated by
{cz,, : Tm < min{z;,z;} and z,,, € f{x;,x;}}.

A condition (B’,L’) extends (B,L) if L C L' and L generates a subalgebra of
B’ which is isomorphic to B.

Note that @ forces an wo-minimal algebra A.

Lemma 4.1. The forcing @ satisfies the ccc.

Proof. Let {(Bq, Ly) : @ € w1} be an uncountable subset of ). By thinning out we
can assume that {L,, : a € w;} form a A-system with the root A; for every o # g,
the structures (Lo, A) and (Lg, A) are isomorphic and the isomorphism lifts to the
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isomorphism between B, and Bg. Let A € [w2]* be such that A is closed under f
and A C A. Let o, 3, « # 3 be such that L, N A=A and LgN A=A and Lo, Lg
satisfy conditions (a), (b), (c) of the definition of a A-function. Note that it follows
that A generates subalgebras of both B, and Bjg.

Let L = LoULg and let C' be the minimal amalgamation of B, and Bg. Suppose
that C is generated by {c, : x € L}. We have to prove that (C, L) is a condition
in Q. To see this it is enough to prove that if z € Lo, — A, y € Lg— A, z < y,
then the intersection ¢, N ¢, is in the algebra generated by {c, : v < min{z,y},v €
LN f{x,y}}. Assume e.g. that z < y. Recall now Lemma 2.8. For z € A, z < z,
the intersection ¢, Nc, is in the algebra generated by {¢, : v < z,v € Lo N f{z,z}},
and also ¢, N ¢, is in the algebra generated by {c, : v < z,v € Lg N f{z,y}}. Note
that we have that f{z,z}U f{y,2} C f{x,y}. Therefore the above intersections
are in the algebra generated by {c, : v < z,v € LN f{x,y}}. Similarly we show
that for w € Az < w < y we have ¢; N (¢ — J{cv : v < w,v € A}) is in the
algebra generated by {c¢, : v < x,v € LN f{x,y}}. This follows from the fact that
f{z,v} C f{z,y} for v € A, v < y. This finishes the proof of the lemma.

5. TOPOLOGICAL PROPERTIES OF THE STONE SPACE OF A

Let X be the Stone space of A. As we showed in the introduction we can identify
X with we U {x}.

We use the following notation: if ¢ € @, then ¢ = (B(q), L(¢q)) and B(q) is
generated by {a,(q) : © € L(q)} with the atoms {d,(q) : v € L(q)}.

Lemma 5.1. X — {*} has countable tightness.

Proof. Suppose that v € we and v € cl(D), where D C wo. We can assume that
D C . We want to find a countable set £ C D such that v € cl(F). Suppose
that there is no such set. Then we can find an w;-sequence of points in D and
neighborhoods of v, {(ve¢, Ue) : € € w1}, such that

(1) ved({re : £ €wi}),
(2) for every ¢ € wy, {ye: £ <CNU: = 0.

Note that this can be arranged since the character of v is wi;. Now we argue
in the model V*. Suppose that g € @ forces the above situation. We can assume
that v is already determined by ¢. Let {g¢ : £ € w1} be a set of conditions in @,
extending g such that for each £ there is {p%, - ,plg} such that

ge Ik Ue = Uy (pg, - .- 7p’g) = n{ap_; (1 <k}Na,.

By further extending the conditions g¢ we can assume that {p, ..., pf} C L(ge)-
Now recall the proof of the ccc. We can find an uncountable subcollection W of
{g¢ : &€ € w1} such that any two conditions in W can be minimally amalgamated.
Moreover there exists a finite set A C wy such that for every g¢,qc € W, if € < (,
then for all x € L(ge) — A, y € L(gc) — A, azNay CU{a: : 2z € A,z < min{x,y}}.
Note that this implies that the minimal amalgamation of g and g forces that
Ugl N UC_1 CV, where V. =a;"U{a. : z € A,z < v}. Tt follows, by (2), that
the minimal amalgamation of g¢ and g¢ forces that {y, : 7 < ¢} C U{l N UC_1 cV.
Note that the definition of V' does not depend on &,(. Therefore, for every g,
and ¢, in W, if p < v, then the minimal amalgamation of g, and ¢, forces that
{7+ : 7 < pu} C V. Consider now any uncountable set of pairwise disjoint pairs of
elements of W and let Z be the set of the corresponding minimal amalgamations.
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Since @) satisfies the ccc we can assume that H is @-generic such that H N Z
is uncountable. Then in the extension we have that {y¢ : £ € w1} C V. This
contradicts (1) as v ¢ V.

Lemma 5.2. There are no wi-sequences in X converging to {x}.

Proof. Suppose that D = {y¢ : £ € w1} is an wi-sequence in X converging to {*},
i.e. every neighborhood of {x} contains all but countably many elements of D. As
before, working in the model V¥ we can find conditions {g¢ : €& € wq} such that
every ge determines ¢ to be some ordinal ¢¢ and 8¢ € L(ge). Let p € wa be such
that p > sup(L(qe)) for each £ € wi. We extend each condition g to a condition
g defined as follows. We put L(gqz) = L(ge) U {p}. We form B(gg) by adding one
new element ¢, to B(ge¢) and putting ¢, C ¢, for every z € Lg.

Note that g; is well defined as ¢, Nc, = co and a € f{a,p}. It is easy to see
that g; IF ¢ = 0¢ and é6¢ € cs, € cp. Since @ is ccc it follows that uncountably
many elements of {7 : { € w1} are contained in ¢,. But ¢, is a clopen subset of X
disjoint from {x}, a contradiction.

Before the proof of the next lemma we need some more observations about the
relationship between the forcing @ and the A-function f.

Lemma 5.3. Let A C ws be closed under f, i.e., f{x,y} € A for every z,y € A.
Suppose that ¢ = (B1,L1) and qa = (Ba, La) are two conditions in Q such that
L4 CA D=Ly— A is such that if y € A and z € D, then y < z and AU D is
closed under f. Suppose that a condition q = (B, L) extends both ¢1 and g2. Then
the restriction of ¢ to AU D is a condition in Q extending q1 and qs.

Proof. Let ¢ = (B, L) be a condition in @ extending ¢; and ¢o. Let ¢ = (B’, L")
be a restriction of ¢ to AUD. Let # < y be in L’. We have to show that a, Nay, is
in the algebra generated by {a, : z € L' N f{x,y}}.

Assume first that x € A. Then, as ¢ is a condition, we have that a, N ay is in
the algebra generated by {a, : v € LN f{x,y}}. By our assumption it follows that
f{x,y} C A. Hence L' N f{z,y} = LN f{z,y} and we are done.

If z € D, then z,y € Lo and since ¢ is a condition it follows that a, Na, is in
the algebra generated by {a, : z € Lo N f{x,y}}. Now note that Ly C L'.

Lemma 5.4. There are no w-sequences in X converging to {*}.

Proof. Suppose that {z, : n € w} C ws is a sequence converging to {*}. We work
in the model V¥. For n € w let 4,, be a maximal antichain in @ that determines
Znp, 1.e., for each u € A,, there is some «, € L(u) such that v IF z, = «a,. Let
v € wa, cf(y) = wy be such that for every n, for every u € A,, L(u) C ~.

Since a, is a clopen set disjoint from {x}, there is some condition ¢ € @ and
m € w such that ¢ IF z,, € a, for every n > m. Let ¢ = (B(q), L(¢)) and let B(q)
be generated by {a,(q) : © € L(q)} with the atoms {d;(¢q) : * € L(q)}. We can
assume that v € L(g). Then L(q) = L' U E, where L' = L(q) N, E = L(q) — L.
Let {x1,...,2x} be an enumeration of F in the increasing order. Note that z; = 7.
Let A € [7]“ be such that A is closed under f and includes L(g) N~ and L(u) for
every u € A,, n € w. Let E’', F be as in Lemma 3.2.

Let us now give the idea of the rest of the proof. Our intention is, of course, to
find a condition r < ¢ and n > m such that r I- z,, € a,. To do this we first find a
condition s, such that L(s) = L' U E’, and B(s) is isomorphic to B(q) via bijection
from F to E'.
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Let U be a name for |J{a, : * € L(s)}. If p € @ is any condition such that
L(s) C L(p), then by U(p) we denote J{ax(p) : * € L(s)}. In particular p IF
U(p) = U. Next we find an auxiliary condition ¢ < s such that L(t) = L(s) U|J F,

B(t) restricted to L(s) is isomorphic to B(s). Since t forces that U is a clopen
set disjoint from {+} and {z, : n € w} converges to {*}, we can find a condition
t' <t and n > m such that ¢’ I z, € U. We can assume that ¢’ extends some
condition u € A,, so there is some «,, € L(t') such that ¢ I+ «, = z,. By
Lemma 5.3, since L(u) C A, we can assume that L(t') — L(t) C A. Let W be a
name for (J{a,(t') : z € L(¢')}. For any condition p such that L(¢') C L(p), let
W(p) = Ulaw(p) : = € L(E)}.

Finally we define r < ¢’. Our intention is to define r such that r extends ¢ and
W(r)—=U(r) C ay. Then r |- z,, € ay, a contradiction. The main part is to prove
that r is a condition in Q). That is where the auxiliary condition ¢ helps.

Continuation of the proof. We first verify that s and ¢ are conditions in @ and
then we define r and show that it has the required properties.

Recall that L(s) = L' UE’ and the bijection between L(s) and L(g), constant on
L', lifts to an isomorphism of B(s) with B(q). Hence for y < = in L(s), if y,x € L/,
then dy(s) € ag(s) iff dy(q) € ax(q). fy € L',z € E', then x = z for some i < k
and dy(s) € ay(s) iff dy(q) € az,(q). Finally, if y,z € E', then y = 2,z = z] and
dyr (5) € ag(s) iff da; (q) € az,(q)-

We check that s is a condition in Q. Let y < = in L(s). We have to show that
az(s) Nay(s) is in the algebra generated by {a,(s) : v < y,v € L(s) N f{z,y}}.
If z,y € L', then we have nothing to do since the isomorphism is constant on L’.
Assume that y € L',z = xj. Then a,(s) N a,(s) has the same representation
by {a,(s) : v < y} as ay(q) N ag,(¢) by {av(q) : v < y}. Moreover, since ¢ is
a condition the intersection a,(q) N ay,(q) is in the algebra generated by {a,(q) :
v € L(g) N f{z;,y}}. By Lemma 3.2(4), we have f{z;,y} = f{«},y}, hence the
intersection ay(s)ﬁaz; (s) is in the algebra generated by {a,(s) : v € L(s)Nf{z,y}}.

If y = 2, » = x} with j < 4, then by Lemma 3.2(6), {v : v € L(s),v <
y} C f{z}, 25}, hence ag:(s) N ag(s) is in the algebra generated by {a.(s) : v €

L(s) N f{z},z}}} and we are done.

Now we define ¢, extending s. Let L(t) = L(s) UJF. We define B(t) such
that B(t) restricted to L(s) is isomorphic to B(s). We define a,:(t) and a,:(t) for
i =1,... k such that a,u(t) Nayy (t) = U(t) for every (u,i) # (v,j). Recall that
U(t) = Uyer(s) av(t). To check that ¢ is a condition note that if (y, i) # (v, j), then
by Lemma 3.2(6), L(s) C f{y}’,y}}.

Recall that ¢ <t is a condition such that L(¢') — L(t) C AN+. Finally we define
r. Put L(r) = L()UE. The algebra B(r) restricted to L(¢') is isomorphic to B(¢').
We have to define ay, (r) for i = 1,... , k. Recall that W(r) = {ax(r) : © € L(t')}.
For x € L(q) we define auxiliary sets D, as follows. If x € L', then put D, = a,(r)—
UHay(r) 1y <x,y € L'}. Assume z € E, i.e., x = z; for some i. Assume first that
i=1. Put Dy, = (aqr (1) —U{ay(r) 1y <2,y € L(s)HU W (r)=U(r))U{ds, ()}
For i > 1 define Dy, (r) = (au(r) — U{ay(r) 1 y < z},y € L(s)}) U {ds,(r)}. Now
define ag, (r) for i < k. Let ay, (r) = {Ds : z € L(q),dx(q) € ax,(q)}

Claim 5.5. For z; € E, a,,(r) NU(r) = ay (r). Moreover a,, (r) NW(r) = mz (r)n

U(r) if du, (q) € a,(q) and ag,(r) N (3 (ag, (r) NU(r)) U (W(r) = U(r)) if
dz, (q) € az,(q)-
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Proof. Note that a,, (r)NU(r) is the union of sets of the form D/, = a,(r)—J{ay(r) :
y <z,y € L(s)}, for x € L(s). Since B(r) restricted to L(s) is isomorphic to B(s)
and the bijection between E’ and E lifts to the isomorphism between B(s) and
B(q), it follows that a,(r) is also the union of sets D} for x € L(s). Moreover
D), C ay(r) if and only if D} C ay,(r) NU(r). The second part is obvious by the
definition of ag, (r).

Consider now B(r) restricted to L(gq). For x € L(q) the set az(r) — J{ay(r) :
y < z,y € L(q)} is equal to D,. By the definition, Dy C a,(r) if dy(q) € az(q),
and Dy Nag(r) = 0, otherwise. Hence, the restriction of B(r) to L(g) is isomorphic
to B(q).

Finally we have to show that r is a condition in @, i.e., we have to show that
if y < zin L(r), then a,(r) N ay(r) is in the algebra generated by {a,(r) : v €
L(s) N f{z,y}}. Since B(r) restricted to L(t') is isomorphic to B(¢'), we can
assume that x € F, i.e., x = x; for some i < k.

Assume first that y € L(t') — (E' U|J F'). By the definition, since a,(r) C W (r
for y € L(t') we have a,,(r) N ay(r) is equal to either a,/(r) Nay(r) or (az (r)
ay(r)) U (ay(r) —U(r)). Recall that U(r) = a,1(r) Nayz(r). Hence ay(r) — U(r)
ay(r) = ((ay (r)Nay: (r))N(ay (r)Nayz(r))). Moreover, since (L(t')—(E'UU F)) C A,
it follows by Lemma 3.2(4) that the sets f{y,z;}, f{y,z}}, f{y,v}}, f{y,y?} are
equal, and we are done.

Assume that y € E'. Then y = z; for some j < k and then, since a . (r) € U(r),
we have ag, (r) N ag; (1) = ag;(r) Nag (r). But, by Lemma 3.2(5), we have {v:v €
L(t"),v < a}} C f{z;, 2} and of course ay;(r) Nay (r) is in the algebra generated
by {ay(r) :v € L(t'),v < a’}.

Finally, if y € JF, say y = yj, then a,(r) N g1 (r) is equal either to a,(r)
or ag(r) U (ay]; (r) = U(r)). In the first case note that zj € f{z;,yj}. In the
second case recall that U(r) = [J{a,(r) : v € L(s)} and L(s) = L' U E’. Hence
ay1 (r)=U(r) = ay1 (r)— U{ay}_ (r)Nay(r) :v e L(s)}. By Lemma 3.2(5) it follows
that L(s) € f{y},:}. Hence r is a condition in Q. This finishes the proof of the
lemma.

~—
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