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ON EXTENSION OF COCYCLES
TO NORMALIZER ELEMENTS, OUTER CONJUGACY,
AND RELATED PROBLEMS

ALEXANDRE I. DANILENKO AND VALENTIN YA. GOLODETS

ABSTRACT. Let T be an ergodic automorphism of a Lebesgue space and «
a cocycle of T" with values in an Abelian locally compact group G. An au-
tomorphism 6 from the normalizer N[T] of the full group [T] is said to be
compatible with « if there is a measurable function ¢ : X — G such that
a(0z,0T0~ 1) = —p(x) + a(z,T) + ¢(Tx) at a.e. x. The topology on the set
D(T, a) of all automorphisms compatible with « is introduced in such a way
that D(T, «) becomes a Polish group. A complete system of invariants for
the a-outer conjugacy (i.e. the conjugacy in the quotient group D(T, «)/[T])
is found. Structure of the cocycles compatible with every element of N[T] is
described.

0. INTRODUCTION

0.1. The study of cocycles of dynamical systems is an important trend in modern
ergodic theory. Cocycles retain essential information about the dynamical system as
group representations do about group structure. They have numerous and diverse
applications. So, cocycles arise naturally when studying extensions of ergodic group
actions and equivalence relations [FSZ], [Z], in the representation theory, etc. [M1],
[K], [G]. And one of the most important aspects explaining a vigorous interest
in cocycles is G. Mackey’s construction of a group action associated with cocycles
[M2] which generalizes the well known notion of a flow built under function.

0.2. Let a be a cocycle of an ergodic dynamical system (X, p,I") with values in a
locally compact second countable Abelian group G. We say that an element 6 of
the normalizer N[I'] of the full group [I'] is compatible with « if the cocycle a0 8 is
cohomologous to « (this implies that « can be extended to the group I'y generated
by I' and 6 as a cocycle with values in an extension of G). Denote by D(T", ) the
group of all a-compatible automorphisms. D(T',«) is an a-analogue of N[I'| and
precisely coincides with it when « is a coboundary or the Radon-Nikodym cocycle.
This group retains essential information on «. So, for example, if D(T',«) = [T]
then « is transient, or if I" is of type II and N[I'] = D(T', ) then « is a coboundary.
In the paper the topological and algebraic structures of D(T', ) are studied. It is
proved that D(T',«) is a Polish group with respect to some metric d, which is
determined explicitly. The group of approximately inner automorphisms, i.e. the
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closure of [I'] in d,, is described. The continuous a-fundamental homomorphism
from D(T', &) into the centralizer C'(W,,) of the action W, (G) associated with « is
constructed. It is established that the quotient group D(T', «)/[I'] is isomorphic to
C(W4)/Wa(G) when « is transient. Moreover, we obtain a simple complete system
of invariants for the a-outer conjugacy of automorphisms compatible with «, i.e. the
conjugacy of their projections in D(T',«)/[I']. Notice that this equivalence relation
is a natural generalization of the classical outer conjugacy in N[I']. However, as
it turns out the above system contains an invariant that has no analogy in the
classical case (see § 1.4 and Theorems 3.1 and 5.8). Thus, one more problem of the
“relative” classification is solved: the classification of automorphisms with respect
to an amenable equivalence relation and a cocycle defined on it. In addition we
consider a problem of the “converse sort”. Namely, given an abstract group D,
[l ¢ D c N[I'|, what can be said about the cocycles a with D(I',a) = D?
We solve only a particular case of this extremely hard problem: the complete
weak classification of cocycles a of the Radon-Nikodym type is obtained, i.e. with
D(T, ) = N[I'], and their structure is described in a transparent way.

When « is a coboundary the above results are well known [CK], [BG1], [H], [HO].
But in the general case (for an arbitrary «) one encounters certain new problems
such as the possible nondivisibility of G (this fact puts an obstacle for the extension
of a cocycle to outer periodic automorphisms). Moreover, transient cocycles exist,
the extension of a cocycle to an automorphism compatible with it is not unique,
etc.

The theory developed in this work turned out to be a useful tool in the paper
[GS2] devoted to classification of cocycles of amenable equivalence relations, and
in [GD] where the joint actions of two ergodic actions of an Abelian group were
studied.

0.3. The outline of the paper is as follows. Section 1 contains some background
in the ergodic theory. The basic concepts of the present paper are also formulated
here. Section 2 is devoted to the study of some topological properties of D(T', «)
and introduces the a-fundamental homomorphism. In Section 3 regular cocycles are
considered. We describe the group of approximately inner automorphisms, struc-
ture of automorphisms compatible with « and find simple necessary and sufficient
conditions for two automorphisms compatible with « to be a-outer conjugate. The
same problems are solved for nonregular cocycles when the actions associated them
are free (Section 4) and nonfree (Section 5). And in the last section we study struc-
ture of cocycles which satisfy the property D(I',«) = N[I'] and prove the results
announced in [Da2].
We thank the referee for valuable comments.

1. PRELIMINARIES. EXTENSION OF COCYCLE TO NORMALIZER ELEMENTS

One can find a detailed outline and discussion of the results stated below in [Kr],
[HOJ, [S], [BG3], [H].

1.1. Let (X,B, ) be a non-atomic Lebesgue space, Aut(X, ) the set of all its
automorphisms, i.e. one-to-one bimeasurable nonsingular transformations of X,
and let T' be a countable ergodic subgroup of Aut(X, ). We shall assume that T’
acts freely. The set {t € Aut(X, p) | tx € Tz for a.e. x} is called the full group [T']
of automorphisms of (X, B, u) generated by I'. If there is a single transformation
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T such that [['] = [{T™ | n € Z}] then T is called approzimately finite (a.f.). An
ergodic group I is said to be type I1; (I1) if there exists a finite (infinite o-finite)
T'-invariant measure, equivalent to . Otherwise I' is said to be type I11.

A quadruple £ = (A, =, A(.),~(.,.)) is called a T'-array on the set A € B, u(A) > 0,
if

(i) Z is a finite set,

(i) Ujez A() = A, A(1) NA(j) = 0 for all i # j, u(A(i)) > 0,
(iii) ~(¢,7) is a nonsingular isomorphism A(j) — A(¢) such that (i, j)z € I'z for
a.e. v € A(j) and v(k,7)v(j, i) = v(k, 1), (i,i) = id4(;) for all 4, j, k € Z.

By G(&) we denote the (finite) group of automorphisms of A whose restrictions
to every subset A(7) coincide with some ~(4,7), 4,7 € Z, and by P(&) the collection
of the sets | J,c o A(¢), where A is an arbitrary subset of Z.

Let & = (A2, A(),v(,,.)) and & = (A(io),Q, B(.),6(.,.)) be two TI'-arrays,
ip € Z. By the refinement of & by & we mean the I'-array

&1 x&E=(A=2xQ,C(,.),7(,..),

where C(i,n) = 7(i,i0)B(n) and 7(i1,n1;i,n) = ~v(i1,40)0(n1,n)y(ig,?) for all
1,109,171 € Z, n,ny € .
We denote by N[I'] the normalizer of [I'] in Aut(X, ), i.e.

N[ = {0 € Aut(X, ) | O[]0~ = [T}

The least positive integer p such that 67 € [I'] is called the outer period (p(#)) of
6. If such an integer does not exist, we set p(6) = 0. As usual, C(T") stands for the
centralizer of I', i.e. C(I') = {0 € Aut(X,pu) | 6y = 0 for all v € T'}. It is clear
that C(T') € N[T).

1.2. Let G be a locally compact second countable (l.c.s.c.) group. A measurable
map « : X XxI' — G is said to be a cocycle of the dynamical system (d.s.) (X, B, u,T')
with values in G if a(x, v172) = a2z, v1)a(z,v2) for all v; € T at a.e. © € X. The
set of all cocycles will be denoted by Z'(X x I', ). It is easy to extend a to [I].
Two cocycles a and 3 are said to be cohomologous if 3(x,~) = ¢(yr)a(x,v)d(x) !
for some measurable function ¢ : X — G and all v € " at a.e. . By a coboundary
we mean a cocycle which is cohomologous to the trivial one.

Let us consider two d.s. (X;, B;, i, I';) and their cocycles o; € ZH(X; x Ty, G),
i = 1,2. Two pairs (I'1, 1) and (T2, a2) are said to be weakly equivalent if there
is an isomorphism ¢ : X; — Xy such that [['1] = ¢~ !['2]¢ and the cocycles ¢ o ay
and g are cohomologous. The cocycle ¢ o ay is defined as follows: ¢ o aq(z2,v2) =
ai(¢p o, ¢ tyag) for all 45 € Ty at a.e. z3 € Xo.

Let 7 be the shift on the group Z, I' =T x {r" | n € Z} and a(z, k,v x 7") =
a(z,) for all n € Z, v € T at all (z,k) € X x Z. The pair (I',@) is called the
countable extension of (T',a). We say that (I'1,1) and (T's, ) are stably weak
equivalent if their countable extensions are weakly equivalent.

Let pug be a left Haar measure for G. Then one can define the actions V' of G
and V, of T'on (X X G, X pug) as follows:

V(g)(:r, h) = ($,hg_1), Va(’Y)($,h) = (vx,a(x,'y)h).

Since Vo, (7)V(g) = V(9)Va(y) for every g € G,y € T, it follows that V induces a
new action of G on the space (2, v) of V,,-ergodic components. We call it the action
associated with (T', ) or the Mackey action and denote by W,,. If T is of type II1,
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then we shall consider the “double” cocycle g = (a, p) € Z1(X x T, G x R) as well
as «, where p is the Radon-Nikodym cocycle, i.e. p(z,7) = log i’ﬁ(x).

Let G be an Abelian group and G the one-point compactification of G. An
element g € G is called an essential value of « if for every set B € B, u(B) > 0,
and each neighborhood U of g in G there exist a subset By C B, u(B1) > 0, and
an automorphism v € I' such that yB; C B and a(x,v) € U for a.e. € B;. By
7(T', &) we denote the set of all essential values of . Let r(I', &) = 7#(I', &) N G. The
set (T, @) is a closed subgroup in G and is invariant (as well as 7(T", @)) under the
stably weak equivalence.

Definition 1.1. An automorphism § € N[I'] is called compatible with « (or ad-
missible for o [BGD]) if & and 67! o v are cohomologous, i.e. there is a measurable
function ¢ : X — G such that

(1) a0z, 07071 = o(yx)a(z, v)e(z) forall y e T at a.e. z € X.

By «(6) we denote the set of all functions ¢ satisfying (1) and by D(T", @) the
set of all automorphisms compatible with «. Obviously, D(T', «) is a subgroup of
NII']. Since for each automorphism é € [I'] we have

a6z, 67671 = a(yz, §)a(z, y)a(dz, 671 = a(yz, 8)a(z, v)a(z, §)

for all vy € T at a.e. z, it follows that [I'] € D(T',«). If ( € N[I'], then D(I', o) =
¢(D(T, )¢~ If a is a coboundary, then D(T', ) = NII.

Example 1.2. Let X = [0,1) C R, p be the Lebesgue measure on X, {t;}32, a
sequence of rationally independent irrational numbers, G an Abelian l.c.s.c. group
and Gy = {gj}?i1 a countable dense subgroup of G. Let us consider automorphisms
v; and 0, on (X, pu): vjz =z +t; (mod 1), O,z =z +t;p~' (mod 1). By I we
denote the group generated by v;, j € N. Obviously, v, 0, € N[I'] for all j,p € N.
We define the cocycle a by setting a(x,7;) = g;, j € N. It is easy to see that g
and 6}, are compatible with «, and p(v) = 0, p(6;p) = p.

Example 1.3. Let (X, u) = []72,(Xi, i), where X; = {0,1} and p;(0) = pi(1) =
271, An Abelian measure preserving group I' is generated by the automorphisms
v, J € N, given by (y;x); = x; + 6;; (mod 2) for every sequence z of 0’s and
1’s. A cocycle « of the d.s. (X, u,T') with values in Z is determined as follows:
a(z,v;) = (=1)%j. We define the automorphism 6 by setting (0z); = z; + 1
mod 2, ¢ € N. Evidently, § € N[I']. If 6 is compatible with o and ¢ € «(6), then
it follows from (1) that ¢(z) — ¢(y;jz) = (—1)%2j for all j € N at a.e. z. Take a
number N such that u({z € X | |p(x)] < N}) > 271, Then for every j € N we
have |¢(z) — ¢(v;2)] < 2N on some set of positive measure, a contradiction. So,
is not compatible with . We have established also that « is not a coboundary.

Let H be a central closed subgroup of G and a(z,v) € H for all v € T at a.e. z.
Then we consider the cocycle ay € Z1(X x ', H) given by ay(z,7v) = a(z,7).

Proposition 1.4. D(T',ay) = D(T, a).

Proof. Let § € D(T', ) and ¢ € a(f). Since p(yz)p(z)~! € H for all v € T at a.e.
x and T is ergodic, we have p(z) = gy (x) at a.e. x for some function ¢ : X — H
and some element g € G. Evidently, § € D(I', ay) and ¢ € ag(6). It is trivial that
D(T,ay) C D(T, ). O
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Definition 1.5. Two a-compatible automorphisms #; and 6, are said to be a-
outer conjugate if there exist automorphisms ¢ € D(I',«) and ¢ € [['] such that
C01¢7 1 = Oat.

Obviously, the a-outer conjugacy is an equivalence relation on D(T, «).

Let an automorphism 6§ € D(I,«) and a function ¢ € a(f). We define an
automorphism 6, of (X x G,u X pg) by setting 6,(z,9) = (8z,¢(z)g). Then
0, € N[Vo(I)] N C(V) (see §1.2), where C(V) is the centralizer of V(G) in
Aut(X x G,p x pe). Hence, 6, induces an automorphism of (€Q,v) (the space
of V,(I')-ergodic components). We denote it by ¥, (0, ¢). Evidently, ¥, (0, ) €
C(Wy).

1.3. Below in this paper we assume that G is an Abelian group. Then for every two
functions ¢, ¥ from «(f) there exists an element g € G such that ¢(x) — (z) = ¢
for a.e. x, i.e. (1) determines ¢ up to an additive constant. Therefore, ¥, (6, ¢) =
U, (0,9)W4(g) and it is natural to define a map ®, : D(T,a) — C(W,)/Wu(G)
by ®,(0) = U, (0, o)W, (G). We call it the a-fundamental homomorphism.

Let W,, be the action of G x R associated with (T, ag) on the space (g, vp).
We consider the action W[ of R given by W[ (t) = W,,(0,t). The W -ergodic
decomposition of (Qg,vy) induces the map 7 : C(W,,) — C(W,) which can be
extended to the homomorphism 74 : C(W,)/Wa, (G, 0) — C(W,)/W,(G) and the
diagram

D(T,a) —20 C(Woy (G % R))/Way (G, 0)

(2) idl l‘ro
D(T,a) ——  C(WalG))/WalG)
is commutative.

If 6 € D(T',«), one can extend « to a cocycle of the group I'y generated by T'
and 6 and whose values are in an extension of G. Let ¢ € a(f). We separately
consider two cases.

1. 0 is outer aperiodic, i.e. p(6) =0 (see §1.2). Set

a(z,v) = (afz,7),0),
a(z, 0) = (p(x),1),
where the right-hand side belongs to G' x Z. Obviously, & € Z1(X x 'y, G x Z).
2. 0 is outer periodic, i.e. p=p(#) > 0. It follows from (1) that ¢(z) + ¢(6z) +
-+ (0P~ tx) € a(HP). On the other hand, the function X > z +— a(x, #”) belongs
to a(6P). Therefore, there exists an element g = g(0, p) € G with

a(z,07) — p(x) —p(fx) — - — (0" 'z) =g

for a.a. z. Notice that if another function ¢ belongs to a(f) then ¢(z) —¢(z) = pg1
at a.e.  for some g; € G. The Cartesian product G x {0, 1,...,p—1} is an Abelian
l.c.s.c. group if one introduces addition as

(3)

(91,m1) + (92,m2) = (g1 + g2 + gl(n1 + n2)p™ '], n1tna),

where the sign + means addition modp and [] the integer part. We denote
this group by G(g,p). Then G is contained in G(g,p) as a closed subgroup of
all elements of the form (g,0). The element ¢ = ¢(6,p) can be divided by p
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in G(g,p), since p(0,1) = (g,0). Therefore, (3) correctly determines a cocycle
a € Zl('X X F@,G(Q,p))

Remark 1.6. In the case (i) (or (ii) if ¢ = pg1 for some g1 € G), one can define
an extension at € Z1(X x Ty, G) of « as follows: a™t(z,0) = o(z) (or at(x,0) =
©(x) + g1 respectively). But the extension & is more useful to study the a-outer
conjugacy (see Lemma 3.2 below).

It is easy to check that if two a-compatible automorphisms 6, and 65 are a-outer
conjugate, then g(01,¢1) = g(02, 2) for some functions ¢; € a(6;) (if p(d) = 0 we
put g(#,¢) =0). In Example 1.2, g(6;,,¢) = g; for ¢ =0 and every j € N.

2. ToproLoGy oN D(T, «)

Throughout this section we assume that p(X) =1 and 7 is a bounded invariant
metric on G compatible with the l.c.s.c. topology. A sequence {¢,}22; of measur-
able functions ¢, : X — G is said to converge in measure to a measurable function
¢: X — Gif p({x | 7(¢n(x), d(x)) > 6}) — 0 as n — oo for every § > 0. We recall
the definition of the Polish topology on N[I'] introduced in [HO] (cf. [Da3]). Let
d,, denote the uniform distance on [I'], i.e.

du(61.62) = n({z € X | 610 # 8o} + p({a € X | 67w # 85 'a}),

and d,, a metric being compatible with the weak topology on Aut(X,u). If we
enumerate elements of I' as {7x | ¥ € N} then d given by

=1
d(01,02) = du(61,02) + > (01907, 02005
k=1

is a distance on N[I'] giving a Polish topology. It is clear that this topology is
stronger than the weak one. Now we define the a-topology on D(T',«) via the
a-convergence as follows.

Definition 2.1. A sequence {6,}52, of a-compatible automorphisms is said to
a-converge to an automorphism 6 € D(T',«) if there are functions ¢, € a(6,),
n € N, and ¢ € a(f) such that {¢,}52; converges in measure to ¢ and {6, }52,
converges to 0 in the metric d.

Let 6, € D(T', &) and ¢; € a(h;), i = 1,2. Put

Qo(01.02) = inf, [ 7(61(2). 62(0) + g)dta) + (1.0

Theorem 2.2. The a-topology on D(T, «) is Polish and compatible with the metric
dg.

Proof. By M(X,G) we denote the space of all measurable maps from X to G. The
metric A given by

A1, o) = /X (1 (), fo(x)) dpu(z)

determines the topology of convergence in measure on M (X, G). Let us prove that
the subset

L={(0,9)[0€ DI, a), ¢cal)}
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is a closed subset of N[['] x M(X,G). Consider a pair (6,¢) € L. There is a
sequence {(0,, ¢n)}22, of pairs from L such that d(,,0) — 0 and ¢, (x) — ¢(x)
as n — oo for a.e. x. We shall assume below for simplicity’s sake that I" is a.f. (for
non a.f. groups the proof can be slightly changed in an obvious way). Denote by
T an ergodic transformation with [T'] = [I'] (see §1). Then for every n € N

(4) a(x,0,176,) = ¢n(x) + (0px, T) — ¢, (0, T6,,2) at a.a. .
Let us choose a dense countable subset {gx}32; in G and consider the positive

bounded functions 7 (x) = 7(a(z,T), gr), k € N. It follows from the weak conver-
gence 6, — 6 that for every kK € N
dp o6, dpof

x) — 711(0 z)|du(z) — 0
/. 2 (@)~ (0) LR @) dita)
as n — oo. By the diagonal process one can choose a subsequence {n;}52,; such
that for every k € N
dp o6, dpof dp o6y, dpod
T @) = (00 T (@) and S @) - TS (@)
as j — oo for a.e. x. Hence, there exists lim; .o 7x(0p,7) = 7% (0x) at a.e. x for
every k € N. We deduce from this that
(5) a(On,2,T) — a(0z,T)
as j — oo for a.e. x. Denote by 7 (resp. <;) the automorphism 6176 (resp.
nglTé?nj, j € N). We have

(pn; (132), d(V2)) < (b, (132)s by (v2)) + (b (v2), $(y2)) = I} + I
Put A; = {z : vjz # ~yx}. Since d(6,,,0) — 0, we have u(A;) — 0 as j — oo.
Without loss of generality, one can assume that Zj‘;l 1(A;) < oo. Then, it follows

Tk (Onx)

Tk (O, )

from the Borel-Cantelli lemma that a(z,v;) — a(z,y) and I} — 0 as j — oo for
a.e. x. Therefore, using (5), we pass to a limit in (4) as n; — oc:

a(x,071T0) = ¢(x) + a(fz,T) — ¢(Tx)

for a.e. x, since I]2 — 0. Thus, (0,¢) € L. Hence L is a Polish space as a closed
subset of N[I'] x M(X,G). Consider the equivalence relation on L: (61,¢1) ~
(02, ¢2) if 61 = B2. One can naturally identify the set L/ ~ with D(T", «). Moreover,
the Polish quotient topology on L/ ~ (or, equivalently, the a-topology on D(T', «))
is compatible with dy. Thus, the theorem is proved. O

Now let do (01,602) = da (03 01,1) + da (07 02, 1) + da (0207, 1) + da (01651, 1).
Theorem 2.3. D(T', ) is a Polish group with respect to the metric dy.

Proof. Let {0,}22 and {(,}52; be two sequences of a-compatible automorphisms
converging to some 6 and ¢ from D(T',«) respectively. Let us choose functions
On € afby), Yn € a(Cn), ¢ € a(f), and ¢ € «(¢) according to Definition 2.1.
Put n,(z) = ¢n(x) + ¥n(0nz) and n(x) = ¢(z) + ¥(0z). Then n, € a((,6,) and
n € a((h). It follows from the definition of d,, that the multiplication in D(T", «) is
continuous if 7, — n in measure as n — co. We need an auxiliary lemma. O

Lemma 2.4. If a sequence {0,}52, of automorphisms of (X, u) weakly converges,
then for every e > 0 there exist § > 0 and N € N such that u(6,A) < e for every
subset A, p(A) <6, and every n € N,
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Proof. Suppose {0,,}52; weakly converges to an automorphism 6 € D(T', «), but
the conclusion of the lemma is not valid. Then there are a real number € > 0 and a
sequence of measurable subsets {A,}52; such that u(A4,) < 27" and p(0,A4,) > €.
We have

dp o6, dpof
6 w0, A,) = n(0A, —|—/ ( ) — x)d,ux.
(6) un) =04 + [ (F )~ TR @ ) du
Since the absolute value of the second term in (6) is less than
dpob, . duod

() ()] dp().

A

and {6,,}>° ; weakly converges to 6, one can pass to the limit in (6): u(6,A4,) — 0
as n — 00, a contradiction. O

du du

Let us return to the proof of Theorem 2.3. For every positive integer n

(M) 7 (x), n(x)) < 7(¢(2), on(2)) + T7(Vn (Onz), P(On2)) + T((On), ¥ (02)).
Now apply Lemma 2.4 to deduce that

p{ | 7(¢n(0n2), ¥(On)) > 8}) = u(0; {z = T(vn(x),¥(x)) > 6}) = 0

as n — oo. It is easy to see that the other two terms on the right-hand side of
(7) vanish also in measure as n — oo. The continuity of the inverse operation in
D(T, @) is established in a similar way.

Proposition 2.5. Let a cocycle a € Z1 (X x T, G) take its values in a closed sub-
group H C G and the cocycle ag be the same as in Proposition 1.4. Then the
topology of ag-convergence on D(T',ag) = D(T, «) is equivalent to the topology of
a-convergence.

The proof is obvious.

Theorem 2.6. Let a sequence {0,521 of a-compatible automorphisms a-converge
to 0 € D(I',«) and functions ¢, € a(fy) and ¢ € «(f) be chosen according to
Definition 2.1. Then the sequence {U o (0n, Pn)}o2, of automorphisms from C(Wy,)
weakly converges to W, (60, ¢).

This statement is similar to Theorem 4 from [H], where the Radon-Nikodym
cocycle was considered. Therefore we state it here without proof.

3. AUTOMORPHISMS COMPATIBLE WITH REGULAR COCYCLES

In this section we assume that I' is a.f. A cocycle o € Z}(X x I',G) is called
regular if the Mackey action W, of G is transitive [S], [BG3]. Then the stabilizer
of W, is equal to r(T', «) (see §1).

Theorem 3.1. Let a cocycle a be such that the “double” cocycle ag = (a, p) is
reqular. Then two a-compatible automorphisms 61 and 02 are outer conjugate iff

p(01> = p(92)7 9(917¢1) = 9(927¢2>7 and \I/ao(ela ((bl)O) = Waq, (027 (¢2)0>
for some functions ¢; € a(;), where (¢;)o(x) = (¢s(x), p(z,6)).
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Proof. Tt follows directly from Definition 1.5 that the above conditions are necessary
for the a-outer conjugacy. So, we have to prove their sufficiency. Let p = p(6;) >
0 (if p(6;) = 0, the proof is simplified). Set g = ¢(0;,¢;) and Hy = r(T, ap).
Let &; be the extension of «; on T'y, with values in G(g,p) (see §1), i = 1, 2.
Then Proposition 1.4 implies the existence of pairs (g;,s;) € G x R such that
(¢i(x) — giy p(x,0;) —s;) € Hy for a.e. z. Hence (g + pgi, psi) € Hp. It is easy to
see that the cocycles (&;)o = (&, p) are regular and

r(To,, (@i)o) = {(4gi + h, j,jsi +s) € G(g,p) x R for all (h,s) € Hy
and j=0,...,p—1},

i =1,2. Since Vo, (0i, (di)0) = Wao(gi,8:) and o, (61, (¢1)0) = Wa, (62, (¢2)0),
we have (g1 — g2,81 — s2) € Ho. Thus, r(Tg,, (G1)0) = r(Te,, (G2)0). It is known
that the groups I'y, are a.f., i = 1, 2 [CFW]. Therefore, (T'g,,&1) and (I'g,, &2) are
weakly equivalent [BG3], [GS1]. To complete the proof we need only to apply the
following lemma. O

Lemma 3.2. Let 61 and 02 be compatible with a (not necessary regular) cocycle a,

p(61) = p(:2), and g(01, d1) = g(02, p2) for some functions ¢; € a(6;). If (To,, 1)
and (To,, @2) are weakly equivalent, then 61 and 02 are a-outer conjugate.

Proof. Let p = p(;) > 0 (if p = 0, the proof is similar). Then there exist an
automorphism ¢ of (X, ) and a function v : X — G(g,p) such that (71[[p,]¢ =
[Ty, ] and

(8) Coan(z,72) = —¢Y(x) + dz(z,72) + P (y27)

for every o € T, at a.e. x. We assume that ¢(x) = (¢1(x),0) for some function
11 : X — G. This can be obtained by left multiplying ¢ with a certain automor-
phism ¢ € [T'g,] (see Lemma 2.2 from [BG2]). Let us substitute automorphisms
v € T and then 6 in (8). We have: ¢ € N[['], (7102¢ = 617 for some 7o € [['] and

Coa(r,7) = —u(z) + alz,y) +¢1(y2)
for a.e. x, i.e. ¢ € D(I',«). This proves the lemma. (]

If ap is regular then « and p are also regular. The converse statement is not
true [BG3]. If T is of type III and p is a regular cocycle, then (T, p) is equal to
{n-logA|n € Z} for some 0 < A < 1ortoR. Then I is said to be of type III
or I1I; respectively. If p is not regular, I' is said to be of type I11y. Let p € Z,.
In [Dal] a pair (I',«) is constructed in such a way that «g is regular and there
exists an uncountable family of a-compatible automorphisms which are pairwise
not a-outer conjugate. Moreover, I' is of type I1I]; and the outer period of every
element from the family is equal to p. Hence, these automorphisms are pairwise
outer conjugate.

Our purpose now is to describe the group of approximately inner automorphisms
Clg, ([T]), i.e. the dy-closure of [Il. By H we denote the projection of Hy =
r(T,ap) C G xR to R. First, we formulate an auxiliary lemma. Its proof for a type
11, group I is given in Example 1.2. A similar argument proves the lemma in the
general case (see [Dal]).

Lemma 3.3. Let ag be a regular cocycle and 6 an a-compatible automorphism.
Then there exist a d.s. (X1,p1,T1), a cocycle oy € ZY (X1 x 'y, G), and an auto-
morphism 01 € D(I'1, 1) such that
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(i) (T'y,aq) is weakly equivalent to (T, ),

(i) (a1)o takes its values in a countable dense subgroup of Hy and we have
(a1)o(z, Q) = 0 for some ergodic automorphism @ € [I'1],

(iti) p(61) = p(0), 9(01. 1) = g(0,¢), and (4, (01, (1)0) = Yo, (0, ¢0) for some
functions ¢ € a(0) and 1 € a(6y),

(iv) the class a1(61) consists of constant a.e. functions and we have p(x,01) =
const,

(v) if Woo(0,00) = Way(h,0) for some h € G, then 61 can be chosen to be -
preserving,

(vi) for every s € CI(H) there exist an automorphism ¢ € Cly, ([['1]) and element

h € G with U (q,),(¢, ) = Wa,(h, s), where 1 = 0.

Theorem 3.4. If ag is regular, then Clg_([T']) = D(T, ) N Clg([T)).

Proof. We put L = G x Cl1(H). Let 6 be a a-compatible automorphism and
W, (0, 00) € Wy, (L) for some ¢ € o). It follows from (i) and (vi) of Lemma 3.3
that there exists an automorphism ¢ € Clg, ([I']) such that ®,,(0¢) = Wy, (G,0).
Apply Lemma 3.3 to the triple (T',«,0¢). Then by virtue of Theorem 3.1 one
can deduce that the isomorphism n : X — X; taking (I',a) to (I'1,aq) takes
automorphism 6t to 61 with some transformation ¢t € [I']. Consider a sequence
{&n}22, of T'y-arrays on (X7i,p1) such that (see [BG2, Theorem 2.1] and [BG3,
Lemma 3.11]:
(i) & = (An—1(in-1),Zn, An(.),¥n(.,.)) for some i,,_1 € =, _1 (we assume that
Ao (io) = X1);
(i) UL, G(6n x -+ x €0)] = [T}
(iii) Uy2, P& x -+ x &) = B1 mod 0;
(iv) for every v € G(& x -+- x &,) and an atom ¢ € P(& X -+ x &,) we have
(a1)o(x,y) = const at a.e. x € X;.

Since 61 and Q preserve py (see Lemma 3.3(ii) and (v)), we have that for every
n € N there exists an automorphism ¢, € [Q] such that 014, (in) = gnAn(in) [Kr],
[HO]. Put

ro(x) = 01701_1(1”7_196, x € YA (in),

where T="N (j17i1>72(j277;2) o 771(.77177’71)7 ]k € Ek? k= 17 sy Then the auto-
morphisms r,, € [I'1], n € N. A routine calculation shows that (aq)o(z,7,) = 0 and
d(rn,01) — 0 as n — oo. Therefore 61 € Clg,, ([I'1]). Hence 6t € Clg, ([I']). By
virtue of Theorem 2.4, § is an approximately inner automorphism. So,

{0 € DT, ) | Wooll,00) € Wy (L) for some ¢ € a(6)} C Cly, ([T7).

Theorem 2.8 implies the converse inclusion.

Let T' be of type II, § € N[I'], and A be a I'-invariant p-equivalent measure.
Then one has log 42 (z) = mod 6 at a.e. = for some positive number mod ¢ [CK],
[HOJ. Hence, if T" is of

(i) type II, then Cly, ([I']) = {0 € D(T', @) | mod 6 = 0};

(i) type I11;, then Cly_ ([T]) = D(T, a);

(iii) type ITIx, 0 < A <1, then Cly_ ([T']) = {0 € D(T', a) | o, = Wa,(G,0)}.
Since g is regular, we see that I" is not of type 11y and the map 79 in diagram (2)
is onto. By virtue of the results from [BG1], [HO], [H] the theorem is completely
proved. O
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4. AUTOMORPHISMS COMPATIBLE WITH NONREGULAR COCYCLES.
FREE ASSOCIATED ACTIONS

4.0. It is known that the Mackey action W, of G (associated with (T, «)) is free if
and only if r(I';a) = 0. Let T" act freely. A cocycle « is called

(i) transient if the a-skew product action V,, of T' (see §1.2) is of type I, i.e. the
Vo (T)-orbit partition of (X x G, u X pg) is measurable,
(i) recurrent if it is not transient.

4.1. Throughout this section we assume that a or, equivalently, ag [BG3] is tran-
sient. If (and only if) " is of type I, then one can assume that v is W, (G)-invariant.
Note that v may be finite or infinite (o-finite) regardless of T" being of type II; or
Il.

Theorem 4.1. Let an automorphism ¢ € C(W,,). If T is of type Il or 111,
then there exist an automorphism 6 € D(T',«) and a function ¢ € o) such that
¢ =",(0,0). The same is true when T' is of type II1 if ¢ preserves the W4 (G)-
invariant measure v.

Proof. We shall only consider the case of continuous group G. If G is discrete,
the proof is clear. It is convenient to apply the theory of measurable equivalence
relations (measurable groupoids) [M2], [R1], [R2], [FHM]. Let H be a measurable
equivalence relation generated by W, and F be the transitive equivalence relation
on the circle T. By E we denote a full lacunar countable section for W, and by
vg the projection of v on E along W,-orbits [FHM], [R2]. Since E is lacunar,
there is a discrete equivalence relation R on it and, hence, a countable group X
of automorphisms on (F,vg) generating R [FM]. The map 7g(w, Wy (g)w) = g
is called the return homomorphism on E. An automorphism of H corresponding
to ¢ will be also denoted by (. It is known that the Cartesian product R x F is
isomorphic to H [FHM, Theorem 6.4]. Therefore we shall identify them. Then
there exist an inner automorphism 7 of H (i.e. w and 7w are W, (G)-equivalent for
a.e. w) and an automorphism ¥ of R such that

(9) ¢ =19 xid

(see [GS1, Theorem 2.4]). Let the homomorphism 7 of H into G be given by
m(w, Wa(g)w) = g and let ¥(w) = m(w, 7w). Then

(10) (rQ) ™" o m(w,v) = =Y (w) + 7m(w, v) + ¥(v)

for all (w,v) from some inessential reduction of H. Hence there defines an element
to € T such that (10) is valid for a.e. (w,v) € R x {(to,%0)}. It follows from (9)
that 9 is compatible with 7g, i.e. g and ¥ o mg are cohomologous. Theorem 7.4
from [FHM] implies that (T, «) and (X, 7g) are stably weak equivalent. Therefore
¥ corresponds to a a-compatible automorphism 6. A calculation implies ®,,(6) =
(WalG). O

Remark 4.2. Since « is transient, it follows that ®,(0) # Wyu(G) for any 6 €
D(T, ) \ [I'].

Corollary 4.3. If T' is of type Il or III then the quotient groups D(T',«)/[T]
and C(Wo)/Wo(G) are algebraically isomorphic. The same is true when I' is of
type 11 if the W4 (G)-invariant measure is finite.
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Corollary 4.4. If T is of type II, § € D(T,a), ¢ € a(f), and mod § = 0, then
U, (0, ¢) preserves the Wy (G)-invariant measure.

The next statement follows straightforwardly from Theorem 4.1 and Corol-
lary 4.3.

Theorem 4.5. Let I' not be of type I11,. Two a-compatible automorphisms 61 and
02 are a-outer conjugate iff there exists an automorphism ¢ € C(W,) such that

(11) Vo (01,91) = (Wal(ba,02)¢"

for some functions ¢; € a(6;), i = 1,2. The same is true when T is of type 11 if
¢ preserves the W, (G)-invariant measure.

Note that (11) implies p(61) = p(62) and g(61,v1) = g(02, 2).

Definition 4.6. An ergodic action V of G on (X, ) is called w-rigid if the set
V(Q) is weakly closed in Aut(X, p).

Proposition 4.7. If the action Wy (G) is w-rigid then Clg, ([[']) = [T].
The proof is obvious.

Example 4.8. Let T be an ergodic automorphism on (X, u) such that C(T) =
{T"™ | n € Z} (see, for example, [O]). Set a(x,T") =n forall z € X, n € N. It is
easy to see that the cocycle o € Z1(X x [T],Z) is transient. Since the centralizer
of W, is trivial, the action W, is w-rigid. Therefore D(T,«) = [T], i.e. each
automorphism compatible with « is inner. Note that only transient cocycles can
satisfy this property.

Remark 4.9. Since the commutativity of G is used nowhere in Theorem 4.1, all
statements of §4.1 can be easily reformulated for non-Abelian G.

4.2. Throughout this section (if the contrary is not stated explicitly) we assume
that I" is an a.f. type Il group, « is a nonregular recurrent cocycle, and W, is
free. Replacing if it is necessary (', &) by a weakly equivalent pair we can assume
that [BG3]:

Al) (X, u) = (Z x Y,k x A) for some Lebesgue spaces (Z, k) and (Y, \);

A2) T is generated by two automorphisms Sy and Qq:

SO(Z7y> = (Z7Sy>7 QO(Z7y> = (QZ7Uzy>7

where S is an ergodic type Il automorphism of (Y;\), A is a S-invariant
measure, () is an ergodic automorphism of (Z,k), and Z > z — U, is a
measurable field of transformations on (Y, \) such that U, € N[S] for a.e.
z € Z.

A3) « is determined on the generators of I' by:

a(z7y750) = 07 a(z7y7QO> = 6(2762)7
where § € Z1(Z x [Q],G) is a transient cocycle.
Moreover, since all ergodic type I1,, automorphisms are orbitally equivalent, we
can assume that
A4) (Y, \) = (Y1 xR, A1 xo) and S(y1,t) = (Ty1, t+p(y1,T)), where T is an ergodic
type I1I; automorphism of (Y7, 1), and o is the measure on R determined
by log ddT”R(t) = —t for all t € R (remind that \g is Lebesgue measure on R).
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Then the map m : R — N[S] determined by n(t1)(y1,t) = (y1,t + t1) is a Borel
homomorphism with mod 7(t;) = ¢; for each t; € R. Therefore we can assume
that
A5) U, =n(p(z,Q)) for a.e. z, i.e. Qp preserves f.

Now we can describe a structure of automorphisms compatible with «.

Proposition 4.10. For every automorphism 0 € D(T,«) there exist transforma-
tions T € [I'] and ¥ € D(Q,8) such that 70(z,y) = (92, Vyy) for a.e. (z,y) € X,
where Z 5 z — V, is a measurable field of transformations on (Y, \), V, € N|[S]
and mod § = mod V, + p(z,9) for a.e. z.

Proof. Choose ¢ € «(f) and set ¢ = U, (0, ¢). It is straightforward that W, = W
(see A3)). Then by Theorem 4.1 there are ¥ € D(Q, ) and ¢ € §(¢) with ¢ =
Ws(¥,1). One can check that the formula

5(27 y) = (19'27 W(p(z, ) — mod 9>y>

defines an a-compatible automorphism & with mod ¢ = mod 6 and ¥, (6,x) = ¢
for the function x(z,y) = ¥(z) at all (z,y) € X. We put n = 0¢~L. Then 5 is
a p-preserving, a-compatible automorphism, and ¥, (n,v) = id for some function
v € a(n). We write n as n(z,y) = (A(z,9),B(z,y)). Note that a.e. V,(I')-
ergodic component is of the form: Vs(Q)-orbitxY. By the Vs(Q)-orbit of a point
(2,9) € Z x G we mean the set {(Q"z,9+ 6(2,Q)) | n € Z}. Since Uo(n,v)w = w
for a.e. w € ), a.e. M,-orbit (see §1.3) is contained in a V,,(T')-ergodic component.
Hence A(z,y) = Q"*¥)z for a.e. (z,y), where n : X — Z is a measurable function.
Let X, = {(z,9) | A(z,y) = Q™}. Then X = X,. Since 1 and Qo preserve
w, we have

meZ

MyeY | (zy) enXm}) =A{y €Y [ (2,9) € Q' Xm})
for a.e. z € Z and each m € Z. Therefore there exist one-to-one maps 7, :
QI Xy — nXm with 7,,,(2,y) = (2, S'(2¥)y) for ae. (2,y), where | : QF' X, — 7Z
are some measurable maps, m € Z [Kr|, [HO]. Now we define an automorphism
T € [I] by
T(z,y) = Q"' (2,9)

for all (z,4) € nXm. Obviously, 70(z,y) = (z, V.y) for a.e. (z,y), where Z 3 2 — V.
is a measurable field of transformations on (Y, ). Since 7 € N[I'] it follows that
Tn € N[Sp]. Hence, V, € N|[S] for a.e. z € Z. Thus the proposition is proved. O

Remark 4.11. The a-fundamental homomorphism @, : D(T', o) — C(Wy)/Wa(G)
is onto.

Theorem 4.12. Two a-compatible automorphisms 61 and 0 are a-outer conjugate
if and only if p(61) = p(f2), mod 6; = mod Oy and there exists an automorphism
¢ € C(Wy,) such that

(12) q104(917 SOl) = C\I/a(027 SOQ)C_l

for some functions ¢; € a(6;), i = 1,2.

Proof. Tt is sufficient to prove the if part. Set p = p(f;). By Proposition 4.10
we can assume that 0;(z,y) = (¥;2,Vi(2)y), where ¥; € D(0,6) and Z 5 z —

Vi(z) are measurable fields of automorphisms from N[S]. It is easy to check that
vi(z,y) = ¥i(2) at a.e. (z,y) € X for some functions ¢; € §(¢;). Consequently,
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90, ;) = g(¥i,;),i = 1,2. Then (12) implies g(8;, ;) = g(J;, ;) (see the remark
just after Theorem 4.5). Hence one can define the extensions &; of « on T'yg, with
values in G X Z or G(g,p) when p = 0 or p > 0 respectively, where g = ¢g(0;, ¢;),
i =1,2. It follows from the assumptions of the theorem that the actions associated
with (Tg,, (a)o), ¢ = 1,2, are isomorphic. Hence (T'g,, 1) and (T'g,, a2) are weakly
equivalent [BG3, Theorems 5.12 and 7.2]. To complete the proof, it remains to
apply Lemma 3.2. O

Note that any condition of Theorem 4.12: (p(61) = p(62), mod §; = mod 65, and
(12)) does not follow from the other ones. By d,, we denote a metric compatible
with the weak topology on the set of all automorphisms of (X, u) [HO].

Theorem 4.13. Cly_([T]) = {0 € DI, a) | 2,(0) € Clg, (Wo(G))/Wa(G) and
mod 6 = 0}.

Proof. We only consider the case of a continuous group G. Assume that there are
a sequence {g,}52; of elements from G and an automorphism ¢ € C(W,) such
that dy,(Wa(gn), () — 0. Choose a countable dense subgroup G4 in G containing
{gn}22 ;. Then W,(Gy) is a countable ergodic a.f. group of automorphisms on
(Q,v). Put (X1, 1) = (2xY,v x A). By I'; we denote the group of automorphisms
on (X1, 1) generated by Sy and v,,9 € Gg:

S1(w,y) = W, 8y), vg(w,y) = Walg)w,m(p(w, Wal(9)))y)-
Define a cocycle a; of the d.s. (X1, pu1,T'1) by

ai(z1,51) =0, ai(z1,7) =9
at all 1 € X; for every g € G4. It is easy to see that the actions W, and W, of

G are isomorphic. Hence (I',«) and (I'1, 1) are weakly equivalent. Consider the
automorphism & on (X7y, p1):

& (w7 y) = (Cw7 W(p(w, C))y)
It is straightforward to check the following properties of &: & € D(T'1,aq),
mod & = 0, and ®q,(§1) = EWa, (G). Moreover, one can check that {~,, }52;
ap-converges to & as n — oo. Therefore & corresponds to an automorphism
&€ € Clg, ([I) so that mod £ = 0 and ®, (&) = (W, (G). Thus for the completion
of the proof we need to establish that

Clg ([I])) 2 {0 € DI',) | mod 6 = 0 and @, € W,(G)}.

Suppose that § € D(T',a), mod § = 0, and there exists a function ¢ € «(f) with
U, (0, p) =id. By Proposition 4.10 one can assume that 6 is of the following form:
0(z,y) = (2,V,y), where modV, = 0 and p(V,) = p(#) for a.e. z. Choose the
automorphisms t,, € [S] and n € N[S] so that modn = 0, p(n) = p(0), t,U, = U.t,
for all n € N and a.e. z, and ¢, — 71 in the metric d [HO] as n — oco. We put
no(z,y) = (z,my) for all (z,y) € X. Then ny € D(I',a). Theorem 4.12 implies
that 6 and 79 are a-outer conjugate. Now define an automorphism =, € [['] by
Y (2,9) = (z,tny) for all (z,y) € X, n € N. A routine calculation shows that
{1 }22, a-converges to 1. Since D(T', ) is a topological group, it follows that
6 € Clg, ([I), as desired. |

Corollary 4.14. If W, is w-rigid, then
Clg () ={0 € DI, ) | Do(0) € W,(G) and mod § = 0}.
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Remark 4.15. Theorems 4.12 and 4.13 are also true when I' is of type II;. To
prove this one must only consider a countable extension (I, &) of (T, ) and notice
that if mod 6; = 0 under the conditions of Theorem 4.12, then there exists an
automorphism £ that a-outer conjugates 6, and 63 and whose mod £ = 0.

4.3. Using Theorem 4.13, we can describe the group of approximately inner auto-
morphisms compatible with a transient cocycle (see also Proposition 4.7).

Theorem 4.16. Let ¥ be an ergodic a.f. group of automorphisms on a Lebesque
space (Z,k) and & a transient cocycle of (Z, k,X) with values in G. Then

Clgs ([X]) = {d € D(%,6) | 25(9) € Cla,, (Ws(G))/Ws(G)}

Proof. Take an automorphism @ € [¥] with [¥] = [Q]. Consider the pair (I', )
determined by the quadruple (Z, k, @, §) in such a way that A1)-A5) are valid (see
§4.2). Select an automorphism ¢ € D(X,6) with ®s(9) € Cly, (Ws(G))/Ws(G).
By Theorem 4.13 there are an automorphism 6 € Clg_ ([I']) and a sequence {7, }22
of automorphisms from [I'] such that ®,(0) = ®s(9) and do(yn,0) — 0. In view
of Proposition 4.10 and Remark 4.2 we may assume that 6(z,y) = (Jz,V,y) for
a.e. (z,y) € X. Moreover, we assume that V, = 7(p(z,9)) for a.e. z, since every
automorphism 7 € N[T] of the form n(z,y) = (z,V,y) is approximately inner and
compatible with « (see the proof of Theorem 4.13). Since 7(R) C C(S5) (see A4)),
it follows that 8 commutes with Sy. By p1 we denote a probability measure on X
equivalent to p. Since d(vyy,60) — 0 as n — oo, we have

(13) pm({z [ v, Soyme # Sox}) = 0. O

Lemma 4.17. For an automorphism v € [I'] let B = {x € X | Soyx # vSox}.

Then there exists an automorphism n € [I'] with nSo = Son and nr = vz for all
x & B.

Proof. Note that Syy(B) = 7S9(B) (mod 0). Set nz = v for all x ¢ B. We
continue the construction of n inductively. Let

CO:Ba Bn:S()_l(X\Cn—l)mOn—la Cn: n—l\Bn-

Put nz = Sy 'nSpx for all x € B,,. If there is N € NU{oco} such that B = (J°° | B,
(mod 0), then the above formula determines a well-defined automorphism 7 as
desired. Otherwise we denote by Bo, the set B\ J.~, B,. One can check that it is
So-invariant. Hence Boo = A X Y mod 0 for some subset A C Z, k(A) > 0. Then
we set nx = Spx for all z € By,. Evidently, n is the desired automorphism. O

Return to the proof of Theorem 4.16. Apply Lemma 4.17 to ~,, and denote by 7,
n € N, the automorphism whose existence is asserted in the lemma. It follows from
(13) that n,, — 6 in d, as n — oo. But since 79 commutes with Sy, we have

Mn(2,y) = (qn2, Va(2)y)

for a.e. (z,y) and an automorphism ¢, € [¥], where Z 5 z — V,,(z) is a measurable
field of automorphisms from N[S]. One can check that ¢, — ¥ in ds. So,

Cla, ([X]) 2 {v € D(%,6) | 5(9) € Cla, (Ws(G))/W5(G)}-

The inverse inclusion is obvious. Thus the theorem is proved completely. O
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4.4. Now we consider an ergodic type III a.f. group I' of automorphisms on
(X, u) and its cocycle a such that the “double” cocycle g = (v, p) is recurrent and
nonregular, and W,, is free. Then one can replace (I', ) by a weakly equivalent
pair in such a way that the following five conditions are valid: Al), A2), A4) (see
§4.2),

B3) «g is defined on the generators Sy and Qg by
OCO(Z, Y, SO) =0 and 050(2, Y, QO) = 6(25 Q)7

where § = (61,62) € Z1(Z x [Q],G x R) is a transient cocycle [BG3, Theo-
rem 5.6],
B5) U, = 7(p(z,Q) — 62(2,Q)) for all z€ Z.
We do not provide the proof of the next theorem, since it is a slightly modified
version of Proposition 4.10 and Theorems 4.12, 4.13.

Theorem 4.18. (i) Let an automorphism 6 be compatible with o. Then there
exist automorphisms T € [I'] and 9 € D(Q,6) such that

7'9(2, y) = (192:, sz)

fora.e. (z,y) € X, where Z > z — V, is a measurable field of automorphisms
on (Y,\) and V, € N[S] at a.e. z,
(i) the ag-fundamental homomorphism @, : D(T,a) — C(Wya,)/Wa,(G,0) is

onto,

(iii) two a-compatible automorphisms 01 and 0y are a-outer compatible iff p(61) =
p(02) and

(14) W, (01, (91)0) = (Way (02, (92)0)¢

for some automorphism ¢ € C(Wy,) and for (pi)o(z) = (vi(2), p(z,6:)),
where @; € a(B;), 1 = 1,2,
(iv) Cla, ([]) = {0 € DI, ) | @0, (0) € Cla, (Wao(G,0))/Wa, (G, 0)}.

Remark 4.19. Note that even if ; and 0y are outer conjugate and ¥, (01,v1) =
£V, (02,102)E~ L for some ; € a(f;) and € € C'(W,,), then they need not be a-outer
conjugate, i.e. (14) need not be valid—one can construct a pair (I', @) in such a
way that T is of type I1I1, r(T',a) = G, W, is free, and the centralizer of W,
contains nonconjugate elements [BG3, Example 7.4].

5. AUTOMORPHISMS COMPATIBLE WITH NONREGULAR COCYCLES.
NONFREE ASSOCIATED ACTIONS

5.0. Throughout this section we assume that I' is a.f. and a cocycle « of the d.s.
(X, u,T) is such that «q is nonregular and W, is nonfree. All the other cases were
considered before (for an a.f. group I'). The stabilizer of W, is equal to (T, ag)
(see §1.2).

5.1. In this subsection we assume T" is of type Il (if the contrary is not stated
explicitly). Then there exists a closed subgroup H C G such that H = r(T, ). Re-
placing if necessary (T, &) by a weakly equivalent pair we assume that the following
conditions are valid: A1), A2), A4), A5) (see §4.2), and

C3) « is determined on the generators of I" by

OC(Z,y,So) :ﬂ(yas)v a(zavaO) :6(Z,Q),
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where 8 € ZY(Y x [S],G) is a regular cocycle with r(S,8) = H, and é§ €
ZYZ x [Q],G) is so that the H-factor cocycle ég € Z1(Z x [Q],G/H) (i.e.
6 (2,Q) = 6(2,Q) + H) is transient (as well as §).
Set (Y, ) = (Y,N) ® (V,A), St = Sxid, Sz = id x S8, B(y,y1,5) = B(y,S),
B(y,y1,S2) =0, 7(t) = id x w(t) for all (y,y1) € Y, t € R. Denote by S an ergodic
automorphism of (Y, \) such that [S] is equal to the full group generated by S; and
Sso. Now identifying Y, 5\, S, B, 7 with Y, A, S, 8, 7 respectively we obtain a pair
(T, @) satisfying the conditions A1), A2), C3), A5) and
C6) n(t) € D(S,0) and w(t)o = for all t € R.

Lemma 5.1. Given an automorphism ¢ € C(Ws,), there exist a cocycle § €
ZNZ x [Q],G) and an automorphism ¥ € D(Q,él) such that 6;1 =6y and \IlézH =
Proof. By Theorem 4.1 there are an automorphism ¢ € D(Q,6y) and a function
o € 6 (1Y) so that ¢ = Vs, (9, ¢m). Let 0 : G/H — G be a Borel cross-section of
the projection j : G — G/H, i.e. joo =id and T an automorphism on (Z, k) such
that [T] equals to the full group generated—as a full group—by @ and 9.

We first assume that p(J) = 0. Denote by 6}, € Z'(Z x [T], G/H) the extension
of 6g to [T] (see Remark 1.6) and consider the function

f:Z3z2— f(2) d:efcr(é}_”}(z,T)).

We define the cocycle §' € Z1(Z x [Q], G) by setting

, R+ F(T2) + -+ f(T ), ifi >0,
(15) o (= Q)= {—f(T—lz) — f(T722) = — f(T'2), if1<0,

where the integer [ = I(z) is determined by Qz = T'z for a.e. z. It is straightforward
to check that 6;{ =6y and ¥ € D(Q, 6l), as desired.

Now let p = p(1) > 0. Consider the extension 6y of 8 on [T] with values
in (G/H)(gu,p), where gg = g(¢, o) (see §1.3). Set ¢ = o(gy). Consider
the function f; : Z — G(g,p) given by f1(z) = (f(2),m), where m = m(z) is
determined by Tz = Q"9™z, 0 < m < p, for a.e. z. Substitute f; in (15) for
f. Then (15) defines a cocycle 6 of the d.s. (Z,,Q) with values in G C G(g,p).
Evidently, ¥ € D(Q,6). O

Proposition 5.2. For any automorphism 6 € D(T',«) there exist a cocycle § e
ZNZ x Q, Q) and transformations T € [['] and ¥ € D(Q, ') such that §;; = 6y and
70(z,y) = (92, V,y) for a.e. (2,y) € X, where Z 3 z — V., is a measurable field
of automorphisms on (Z, k) satisfying the conditions: V, € D(S,3) and mod 0 =
mod V, + p(z,9) for a.e. z € Z.

Proof. Set ¢ = U,(0,p) for a function ¢ € «(f) and apply Lemma 5.1. The
completion of the proof coincides almost literally with that of Proposition 4.10. O

Notice, that the change of § for 6 in C3) implies that we pass from (I', @) to a
weakly equivalent pair.

Corollary 5.3. The a-fundamental homomorphism
D, : DT, a) — C(W,)/Wu(G)

18 onto.
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Theorem 5.4. Two a-compatible automorphisms 61 and 6> are a-outer conju-

gate iff p(61) = p(f2), mod 6 = mod b2, g(bh, 1) = g(02,p2), and Vo (b1, p1) =
CV (02, 02)C L for some functions ; € a(f;) and an automorphism ¢ € C(W,,).

This theorem is an analogue of Theorems 3.1 and 4.12 and can be proved in a
similar way.

The following example shows that the condition g(61,¢1) = g(f2, ¢2) in Theo-
rem 5.4 may not be omitted (cf. Theorem 4.12).

Example 5.5. Let (T, «) satisfy A1), A2), C3), A4), and A5), the automorphism Q
preserve k, and U, =id for a.e. z. Select automorphisms 7; € D(S, 8) such that the
following conditions are satisfied: mod 6; = 0, p(6;) = p, and g(m1, ¥1) # g(N2, P2)
for all p; € B(n:), i = 1,2 (see, for instance, Example 1.2). Put 6;(z,y) = (2, m:v)
for all (z,y) € X, G =7Z xZ, and H = Z x {0}. Then p(§;) = p, mod §; = 0,
D, (0;) = Wo (@), but g(61,11) # g(02,12) for every 1; € a(b;), i = 1,2. Hence, 61
and 6 are not a-outer conjugate.

Remark 5.6. Theorem 4.13 is also true for pairs (T, @) described in the beginning
of the section and its proof may be obtained in a similar way.

Remark 5.7. Theorems 5.4 and 4.13 are also true when T" is of type II; (cf. Re-
mark 4.15).

5.2. Now let T be of type ITI. Set up Hy = (T, ap). Replacing if it is necessary
(T, @) by a weakly equivalent pair, one may assume that [BG3, Theorems 6.4 and
7.5]:

D1) (X, ) = (Z,5) @ (y, A),

D2) T is generated by the automorphisms Sy and Qp:

So(z,y) = (2,9Y), Qol(z,y) = (Qz,U.y),

where S and @ are ergodic automorphisms on (Y, \) and (Z, k) respectively
and Z 3 z — U, is a measurable field of automorphisms such that U, € N[S5]
for a.e. z,

D3) « is determined on the generators of T by

040(279750) :ﬁO(y75)7 CYO(%?%QO) :6(2762)7
where the cocycles 8 € Z1(Y x [S],G) and § = (61,82) € Z1(Z x [Q], G x R)
are such that [y is regular, r(S, 8y) = Ho, and ég, € Z1(Z x [Q],G x R) (see
C3)) is transient (as well as 6),

D4) there is a continuous homomorphism 7 : R — D(S, 8) such that 7(t)o 5y = Gy
forall t e R and U, = 7(p(2,Q) — 62(2,Q)) for a.e. z € Z.

The specific form of Hy as above ensures that S is of type IT or ITI) (0 < X <1).

Theorem 5.8. (i) For an automorphism 6§ € D(T,a) there exist a cocycle § €
ZN(Z % [Q],G x R) and transformations T € [[] and ¥ € D(Q,8) such that 6;10 =
Om, and 70(z,y) = (92, V,y) for a.e. (z,y) € X.
(ii) Two a-compatible automorphisms 61 and 02 are a-outer conjugate if and
only if p(01) = p(02), 9(01, 1) = g(02, p2), and
Doy (01, (91)0) = (Way (B2, (92)0) ¢
for some functions p; € a(0;), i = 1,2, and an automorphism ¢ € C(Wy,).

Moreover, the statements (ii) and (iv) of Theorem 4.18 are also true for this pair
(T, ).
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6. COCYCLES COMPATIBLE WITH EVERY ELEMENT OF NORMALIZER

6.0. Let a be a cocycle of an a.f. automorphism group I' with values in an Abelian
l.c.s.c. group G.

Definition 6.1. Let us say that « has property A (or is A-cocycle) if D(T',a) =
NITJ.

The main goal of this section is to prove the following statement announced in
[Da2]:

Theorem 6.2. « has property A iff one of the following conditions is satisfied (it
depends on the type of T'):

(i) (for T of type IT) « is a coboundary,

(ii) (forT of type IIIx, 0 < XA < 1) ag = a X p is reqular, i.e. Woo (G X R) is tran-
sitive, and r(I';a0) = Usep(r, ) (U(5), ) for some continuous homomorphism
l:r(T,p) — G,

(iii) (for T' of type I11y) a.e. Wy, (G,0)-ergodic component is isomorphic to the
shiftwise action of G on (G, pg) and the natural map C(We,) — C(W,) is
onto.

So, weakly equivalent classes of A-cocycles are in one-to-one correspondence with
elements of G when I is of type 111y, 0 < A < 1, and with the graphs of continuous
homomorphisms from R into G when T" is of type I1[;. Every A-cocycle is a
coboundary for I' of type II, and for type I1I; if, additionally, G is discrete. If T"
is of type IT1y, then W, (G x R) is a free action for every A-cocycle.

The if part of Theorem 6.2 is obvious for (i) and (ii) and directly follows from
Proposition 4.10, Theorem 4.18(i) and [BG3]. In the next two subsections we
produce the proof of the only if part which seems to be more difficult.

6.1. First of all we consider the most important cases of regular and transient
cocycles.

Lemma 6.3. Let p € N, M be a countable subset of G, Y, = {0,1,...,p — 1},
v(0) = =w(p—1) =1/p, (Y,v) = [Tae; Y, k), A the automorphisms group
generated by 6, k € N: (6xy); = yj + 6k; (mod p), and {gr}72, be a sequence of
elements of M, in which every element of M occurs infinitely many times. Set

) if -1,
By, 61) =" Y 7P
—(p—1)gx, otherwise.

Then the cocycle 3 € Z*(Y x A,G) is reqular and r(A,3) is the smallest closed
subgroup of G containing M.

This lemma is a slightly modified version of Theorem 3.2 from [BG3] and can be
proved in a similar way.

Proposition 6.4. Let T be of type II and o a reqular A-cocycle. Then « is a
coboundary.

Proof. Let M be a countable dense subset of r(T', «) and p = 2. Apply Lemma 6.2.
Since the group r(T', o) = r(A, ) is a complete invariant of the stably weak equiv-
alence for regular cocycles, we can identify (I", ) with (A, ). Consider an auto-
morphism 6 € N[A] given by (fy); = y; + 1 (mod p). Since 6 is compatible with
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«a, there exists a function ¢ : X — G such that

(1) ge = —o(y) + (—1)¥ g + ©(6ky)

for all kK € N at a.e. y € Y. Hence (—1)¥2gr = ¢(y) — ¢(bry), i.e. 2a is a
coboundary. It follows then 2r(T, o) C (T, 2a) = {0}. Thus, r(T', @) is a periodic
group and every nonzero element of r(I',«) has the order 2. Now let p = 3.
Reasoning similarly, we obtain that the cocycle ¢ of A given by

0, if yp, =0,
e(y,6r) = < 39, if yp, =1,

is a coboundary. It is easy to deduce from this that 3r(I',a) = {0}. Hence,
r(T', ) = {0}, i.e. v is a coboundary. O

Proposition 6.5. Let a be a transient cocycle. Then a doesn’t have the A-property.

Proof. Suppose the contrary. Without loss of generality we may assume that I’
is not of type II;. Otherwise consider the countable extension (I, &) of (I, ).
Select two automorphisms 6; € N[I'| \ [I'] such that mod§; = 0, ¢ = 1,2, and the
commutator [01,02] & [I'] (see [GS1, Theorem 5.4]). Since 6; € Cly([I']) (see [HO)),

there are two sequences {07(11 )}ZO:1 of inner automorphisms, i.e. from [I'], converging
to 6; in the metric d, ¢ = 1,2. Since the natural embedding D(T',a) — NI is
continuous and onto, then by a version of Banach’s theorem on closed graphs and

Theorem 2.3 it is a homeomorphism. Hence, cry(li) — 0; ind, asn — oo, 1 =1,2.

Choose the corresponding sequences of functions wg) € a(ar(f )) and ¢; € ab;),

i = 1,2, n € N, as in Definition 2.1. In view of Theorem 2.8 \I/a(oq(f),wg)) —
U, (0;,p:) as n — o0, i = 1,2, in the weak topology d,, on C(W,(G)). Since
\Ila(crq(f), tpgf)) € Wo(G), then U, (0;, p;) € Clg, (W4(G)) which is an Abelian group.
Therefore, [Uo(01,¢1), Ya(b2,92)] = id. On the other hand, since « is transient
and [01,62] ¢ [I'], we have by Remark 4.2 that U,([01,62],¢) € W (G) for any

¢ € a([bh,02]), a contradiction. |

Remark 6.6. It follows from the proof that Clg([I']) # Clg, ([I']) for any transient
a.

Corollary 6.7. Let T be an ergodic automorphism. Then there exists an auto-
morphism 0 € N[T| such that 6t ¢ C(T), i.e. [0t,T] # id, for any transformation
t e [T].

Proof. Consider the d.s. (X, u,T) and its transient cocycle a with values in Z given
by a(xz,T™) = n. Then by Corollary 4.3 we can identify two groups D(T, «)/[T]
and C(T)/{T™}, and then apply Proposition 6.5. |

The authors do not know any other method to prove the above very natural
statement.

Lemma 6.8. Let two automorphisms & and & belong to N[T'] for a type I1 ergodic
a.f. group T and [£1,&2] € [T]. Set

D% (T, a) = {¢ € D(T, ) | [§,&] € [T] fori=1,2}.
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Then D$¢2(T, ) is a Polish group with respect to the metric dg given by

do(Cm) = da(Cn) + > du([¢T'0,&],1),

=1
and Cl;_([T)) = Cly, ([[]) N D€ (T, a).

This statement is a generalization of Lemma 3.9 from [BG1]. We do not give its
proof here since it can be obtained in a similar manner.

Lemma 6.9. Let the assumptions of Lemma 6.8 be valid.

(i) If a is transient, then D$¢2(T, o) # D$%2(T, p).
(ii) If a is regular and D% (T, o) = D2 (T, p), then a is a coboundary.

Proof. The proof of (i) is almost the same as that of Proposition 6.5 but Lemma 6.8
should be used instead of Theorem 2.3.

(ii) Consider the cocycle 3 € Z1(X x X x I' x I',G) that is given by
B(x1, 2,71 X v2) = a(x1,71). There is an isomorphism 7 : (X, u) — (X x X, u x p)
such that the following conditions are satisfied: n[['Jn~! = [[' x I'], noa = 3, and
nén~t = (id x &)t; for some automorphisms ¢; € [[' x T'], 4 = 1,2. This can be
proved by the same arguments as in Theorem 3.1. If « is not a coboundary, then
by Proposition 6.3 there exists an automorphism 6 € N[I'] \ D(T',a). Therefore
the automorphism 6 x id ¢ D(T' x I, 8) and commutes with id x &;, ¢ = 1,2. Then
Y0 x id)n € DS+42(T, p) \ D$+42(T, ). O

Remark 6.10. Cl; ([I']) # Cl; ([I']) for any transient a.

Proof of Theorem 6.2(i). Suppose the contrary. By Propositions 6.4 and 6.5 « is
nontransient and nonregular. Without loss of generality we may assume that W, (G)
is free (otherwise consider the quotient cocycle o/ = « + r(I',a) with values in
G/r(T',)). But then one can suppose that the conditions A1)-A5) from §4.2 are
valid. For every automorphism ¥ € N|[Q)] consider the transformation { € N[I
given by &(z,y) = (¥z,7(p(z,9))). Since £ € D(T, «), it follows that ¥ € D(Q, ¢).
Hence 6 has the A-property, a contradiction.

(ii) Let A < 1. Then we can suppose that I is generated by two automorphisms of
(X, u): an ergodic S of type II and £ € N[S] with mod £ = —log A. Obviously,
D%1(S, p) C N[T']. Denote by o the restriction of o on [S]. Since D(T',a) = NI,
we have D%1(S,p) € D(T',a) and, hence, DS1(S,p) = D*(S,a’). By the same
method as in (i) one can prove using Lemma 6.8 that o’ is a coboundary. Therefore,
replacing a by a S-cohomologous cocycle we can assume that a(z,S) = 0 for a.e.
x. Since S is ergodic, a(x,&) = h for an element h € G at a.e. x. Hence, oy is
regular and (', ap) = |,z (nh, —nlog ), as desired.

Now consider the case A = 1. Then we can suppose that I" is generated by three
automorphisms of (X, u): an ergodic S of type Il and &, & € NIS] such that
pi = mod &, ¢t = 1,2, are rationally independent reals. By the above reasoning
one can obtained that g is regular and

r(T, o) = Cl U (hin + ham,np1 + mp2)

n,meZ

for some h; € G, i = 1,2. Since p; and po are arbitrary (rationally independent)
reals, the natural projection of 7(T', ) on R is onto. So, it remains to prove that
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r(T,a0) N (G x {0}) = {(0,0)}. Let Hy be a countable dense subgroup of (T, ap),
{(9k, sk)}32, a sequence of elements of Hy in which every element of Hy appears
infinitely many times, Yy = {0,1}, vx(0) = (1 + %)~ (1) = e /(1 + e%*),
(Y,v) = [Tre; (Ye, ), A the same group as in Lemma 6.3, and 8 the cocycle of
(Y,v,A) given by B(y,8k) = (—1)¥g; for all y € Y, k € N. Then [ is regular
and (A, Bo) = (T, ap) [BG3, Theorem 3.2]. If there are two elements ¢1,92 € G
such that (¢1,0) and (g2,0) € Hy, then there exist two sequences {k;};, {m:}:
of positive integers such that a(y,ér,) = (=1)"%g1, ay,6m;) = (—1)¥migs, and
U, (4) = vm,(j) =%, i €N, j=1,2. Put

Ymis 1f] = ki,
y;j,  otherwise.

We see that the transformation 6§ preserves v. Since 86,0~ = 6,068,071 = 6,
for i € N, and 06,.0~! = &, for all k # k;, m;, it follows that § € N[A]. The pairs
(T,a) and (A, ) are weakly equivalent [BG3| and therefore 6 is compatible with
(. So, there is a measurable function ¢ : Y — G such that the following conditions
are satisfied:

(1) g2 = —p(y) + (=1)" g1 + (k. Y),
(16) (=1)¥mig1 = —p(y) + (=1)"" g2 + ¢(6m,y),
0=—py) + ¢(bry) if k # k;,m;, for all i € N.

Consider the cocycle 3’ € ZY(Y x A, G) given by

(=1)%i(g2 — g1), if k= ki,
ﬁ/(y76k) = (_1)ymi (gl _92)1 1fk:mla
0, otherwise.

Then ], is regular and (g1 — g2,0) € (A, 5}). According to (16) G is a coboundary
and therefore g; = go. O

6.2. In this section the last part of Theorem 6.2 will be handled. To this end we
need to generalize some results of the previous section on nonergodic d.s.

Let Sp be a nonergodic conservative aperiodic automorphism on (X, u) and
w(X) =1. We can assume that (X, ) = (Z,k) x (Y,v) and So(z,y) = (2, S,y) for
a measurable field Z 3 z — S, of ergodic automorphisms on (Y, v) [HO]. Without
loss of generality we may suppose that S, is not of type I for all z € Z. Denote
by P the following equivalence relation on X : (z1,y1) ~ (22,y2) if 21 = 22. Let
Autp (X, 1) be the group of all automorphisms on (X, ) which preserve a.e. P-class
fixed (mod 0). Set Np[So] = N[So] N Autp (X, p). Then 6 € Np[Sp] if and only if
0(z,y) = (2,0,y) at a.e. (z,y) for some measurable field Z 5 z — 0, € N[S,] of au-
tomorphisms on (Y, v). For every cocycle a € Z1(X x Sp, G) there exists a measur-
able field of cocycle Z 3 2z — a, € Z1(Y x [S,], G) such that a(z,y, So) = a.(y, S-)
for a.e. (z,y) € X. Put Dp(So, ) = D(Sp, ) N Np[Sp]. Then 0 € Dp(Sy, o) if
and only if 0, € D(S., ) and there is a measurable function ¢ : X — G such that
v, = p(z,.) € ay(0,) for a.e. z € Z.

The next statement follows from Theorem 2.4.
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Lemma 6.11. Dp(Sy, ) is a Polish group with respect to the metric df. given by

dP(0W,0?)) = / A0, 02)) dr(z).
Z

If o is a coboundary then we write d” for d7;.

Since the ergodic components of W, (G) are in one-to-one correspondence with
Wa.(G), z € Z, the formula

Wo(G) = / Wi (G) di(2)
z
has an obvious sense.

Definition 6.12. A cocycle o of a d.s. (X, p, Sp) is called
(i) transient if «, is transient at a.e. z € Z;
(ii) regular if ar, is regular at a.e. z € Z;
(iii) H-regular for a closed subgroup H of G if « is regular and r(S,,a,) = H at
a.e. z € 4.

The following two statements are “nonergodic” analogues of Propositions 6.4
and 6.5.

Proposition 6.13. Let Sy be of type 11, i.e. S, be of this type for a.e. z € Z, «
a H-regular cocycle, and Dp(Sy, ) = Np[So]. Then « is a coboundary.

Proof. Since a.a. pairs (S, a.) are mutually weakly equivalent we can suppose that
So(z,y) = (2, Ry) and a(z,y, So) = B(y, R) at a.e. (z,y) € X for some ergodic Il
transformation R of Y and a cocycle 3 € Z1(Y x [R],G). It easy to see that 3 has
the A-property. Then by Proposition 6.4 it is a coboundary and so is a. O

Proposition 6.14. Let « be a transient cocycle of a nonergodic d.s. (X, u,So).
Then Dp(So, ) # Np[So].

Proof. Suppose the contrary. Let (X, ptst, Lst) be an ergodic d.s. of type I.
Then there exists a measurable field of isomorphisms Z > 2z — P, : Y — Y x X
such that the measures P, ov and v x y are equivalent and P, [S,]P; ! =[S, x ['y]

for a.e. z € Z [HO], [Kr]. Take two automorphisms 0&5) of (Xst, pst) such that
9@? € Cly([Tse])\[Tst], 2 = 1,2, and [Hg), 9@?] & [[st]. Consider two transformations
of (X, u) given by

09 (z,y) = (2, P, 1 (05) xid)Py),  i=1,2.

It is easy to see that () € Clg»([Sp]) \ [So] and [0, 0] & [Sp]. Moreover,
0L e Clg. ([S:]) \ [S:] and [9,(31), 022)] ¢ [S.] for a.e. z, where d, is the Polish metric
on N[S.]. Take ¢ € a(f?), i = 1,2. Since

U, (00, o)) = / Vo (09, 00 dr(z) € C(Wa), i =1,2,
z
it remains only to apply the reasoning of the proof of Proposition 6.5. O

Theorem 6.15. Let Sy be aperiodic conservative transformation of type II and «
a cocycle of Sy such that r(S,,a,) = H at a.e. z for a closed subgroup H in G. If
Dp(So, &) = Np[So], then « is a coboundary.
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Proof. By virtue of Propositions 6.13 and 6.14 we can assume that « is nontransient
and nonregular. Then one can establish the following decomposition of (X, u, So, @)
(as in [BG3] for an ergodic Sy):

Al) (Y,v) = (Y1,11) x (Yo, v2);
A2) Sy is orbit equivalent to the automorphism group generated by Si9 and Sa:
S10(2, y1,y2) =(2, y1, Ty2),
S20(2, 91, 42) =(2, 5P 1, Us 1),
where T is an ergodic type Il transformation of (Y2,12), Z x Y1 3— U,

is a measurable field of automorphisms from N[T], and Z > z — s e
Aut(Y1,v1) is a measurable field of ergodic transformations;
A3) a cocycle «a is determined by

a(z,y1,92,510) = By, T), 2,91, y2, S20) = 6:(y1,52),
where 3 is a regular cocycle, (T, 3) = H, and
Z3z—6, € 7Y x[SP],G)
is a measurable field of transient cocycles.

Consider the d.s. (Z x Y1,k X v1, 5*)7 where the transformation S is given by
S(z,y1) = (2, S§2)y1). Let its cocycle 8§ be determined by §(z,y1,5) = 6. (y1, 5’9)).
Then every automorphism 6 from Np [5] can be extended to an automorphism
6 € Np[Sp] by the following formula:

d 0,
o(zaylvyz) = <Z792y15ﬂ- <1Og 7o (yl)) y2> )

dVl

where 7 : R — N|[I'] is a continuous homomorphism such that mod = (t) = —t for
all t € R. Therefore, if H = {0} then Dp(S,8) = Np[S] and by Proposition 6.14 6
is a coboundary. If H # {0}, consider the factor-cocycle ay given by ap(z,Sy) =
a(x, So)+H. By the above arguments a g is a coboundary. It follows « is H-regular.
Hence, by Proposition 6.13 « is a coboundary. O

Note that Theorem 6.15 generalizes Theorem 6.2(i), where only ergodic trans-
formations have been considered. Similarly, the following statement which we for-
mulate here without proof is a generalization of Theorem 6.2(ii).

Theorem 6.16. Let Sy be an aperiodic conservative transformation of type 111y,
0< A <1, and a a cocycle of Sy such that r(S,, (a.)o) = Ho at a.e. z for a closed
subgroup Hyg C G x R. If Dp(So,a) = Np[So], then o is Hy-regular and Hy is of
the same form as in Theorem 6.2(ii).

Now fix an automorphism Qg from N[Sp]. It follows Qo(z,y) = (Qz,U.y) for
a.e. (z,y) € X, where Q € Aut(Z, k) and Z 5 z — U, € N|[S,] is a measurable field
of automorphisms on (Y, v). Set up DgO(SO, a) = {6 € Dp(Sp,a) | [0, Qo] € [So]}-

Lemma 6.17. Let So be an aperiodic conservative transformation of type Ilo.
Then Dg“ (So, @) is a Polish group with respect to the metric d given by

d(¢,m) = dZ (¢,n) + du([¢, Qo] 1)
and Cl([So]) = Clgr ([So]) N DL (So, a).
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The proof of this statement is routine and therefore we omit it here (see its close
analogue in [BG1, Lemma 3.9]). The following proposition we also formulate with-
out proof since it is an analogue of Lemma 6.9 (see also the proof of Theorem 6.2(i),
(ii)).

Proposition 6.18. Let Sy be an aperiodic conservative transformation of type
Il.. If Dg“ (So,a) = Dg“ (So, p), then « is a coboundary.

Proof of Theorem 6.2(iii). Since T is of type T, we can suppose that T is orbitally
equivalent to the automorphisms group generated by an aperiodic conservative
transformation Sy of type IT, and an automorphism Qo € N[Sp] such that the
function f(z) = p(z,Q) + mod U, > € at a.e. z for some ¢ > 0 [Kr], [HO].
Consider the restriction o of a on [Sp] and apply Proposition 6.18. Then o’
is a coboundary. Hence, replacing a by a Sp-cohomologous cocycle we obtain
a(z, Sp) = 0. Moreover, a(z,y, Qo) = a(z) at a.e. (z,y) for a function ¢ : Z — G.
A cocycle §' € Z1(Z x [Q], G x R) given by

6I(Z7 Q) = aO(z7y7 Q0> = (a(z>7 f(z>>
is transient since its second part is transient. It follows that W, has free transitive
(mod 0) components. The natural map C(Ws,) — C(W,) is onto by Theorem 4.1,
[H, Section 3], and commutative diagram (2). |

Note, that both conditions in Theorem 6.2(iii) are independent.
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