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SOME RAMIFICATIONS OF A THEOREM
OF BOAS AND POLLARD CONCERNING
THE COMPLETION OF A SET OF FUNCTIONS IN L2

K. S. KAZARIAN AND ROBERT E. ZINK

ABSTRACT. About fifty years ago, R. P. Boas and Harry Pollard proved that
an orthonormal system that is completable by the adjunction of a finite number
of functions also can be completed by multiplying the elements of the given
system by a fixed, bounded, nonnegative measurable function. In subsequent
years, several variations and extensions of this theorem have been given by a
number of other investigators, and this program is continued here. A mildly
surprising corollary of one of the results is that the trigonometric and Walsh
systems can be multiplicatively transformed into quasibases for L'[0,1].

1. A curious connection between disparate mathematical ideas occurs in the theory
of complete systems of real-valued measurable functions. The first of these notions
is due to Boas and Pollard [3], who showed that certain incomplete systems in
L? may be transformed into complete systems by multiplying the elements of the
system by a (fixed) bounded, nonnegative measurable function.

Subsequently, Talalyan [17], [18] proved that a system @ is complete in measure
on a set E if and only if, for every positive ¢, ® is complete in L?(E.), where E.
is a measurable subset of F that has measure greater than |E| — e. In addition,
Talalyan showed that if ® has these properties, so also does any family obtained
from ® by deleting a finite number of its members. Later, Goffman and Waterman
[6] gave a new proof of this theorem and observed that it is always possible to make
certain infinite deletions from a system that is complete in measure so as to leave
a residual system that also satisfies this condition.

The somewhat surprising coincidence of these ideas was noted in [15], where the
following result was established.

Theorem A. Let E be a measurable set of finite, positive measure, and let ® =
{pn :n = 1,2,...} be a subset of L>(E). Then, the following conditions are
equivalent:

(BP) There exists a bounded, measurable function, m, such that {mey, : n =
1,2,...} is complete in L*(E);
(M) @ is complete in measure on E;
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(T) For every positive €, there exists E. C E such that |E.| > |E| —¢, and @
is complete in L?(E.).

Although the details are not given in [15], adaptations of the arguments given
there can be used to establish the corresponding theorem in which the role of L?
is played by any space LP, with 1 < p < 4oc0. It follows, in particular, that all
cofinite, and some coinfinite, subsets of a system that is complete in LP(E) are
multiplicatively completable.

In the ensuing years, many investigations of problems related to the foregoing
have been undertaken, and the theory continues to be developed along various lines.
It is to these matters that the present article is devoted.

2. The following notation and terminology are employed in the sequel. Let B be a
Banach space, and let B* be the conjugate space associated therewith. A system
X ={x, :n=1,2,...}, of elements of B, is complete in B iff the closure of the
set of all finite linear combinations of elements of X coincides with B. If, for every
natural number j, z; € cl(X \ {z;}), then X is termed minimal. This condition is
equivalent to the following [7, 264]: there exists a conjugate system

X*={z;:n=12,...} C B*
such that
Z‘:(ZEJ) = 6ij, Vi € N, V] e N.

A set X* C B* is total on B if the condition z*(x) = 0, Vz* € X*, implies that
z=0.

If X ={x,:n=1,2,...} is a minimal, complete subset of B, and if its associ-
ated conjugate system is total on B, then X is a basis in the sense of Markusiewicz,
or, simply, an M—basis for B [16, 219]. A system X = {z,, : n=1,2,...} is a qua-
sibasis for B iff there exists a system {y* : n =1,2,...} C B* such that, for all z in
B, > yi(z)x, converges to - in the norm of B. This latter generalization of a
Schauder basis, introduced by Gelbaum [5], is a weaker notion, since the associated
coefficient functionals need not be uniquely determined [16, 278, 766]. Nevertheless,
one can employ the Banach—Steinhaus theorem to show that the operators

Sﬂ:zy;g()xka neNa
k=1

are uniformly bounded in this setting as well.
The Haar functions may be defined in the following manner: For all ¢ € [0, 1],
let

hi(t) =1,
and for k=0,1,2,...;7=1,2,...,2F let
E 22 25 —1
22, if ShFT t T
A () = 20— 2j
k -2z, if 9k+1 ¢ 9k+1"
0, otherwise;

and, for n = 2% + 4, let hy, = h{").
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For each a € (0,1), let I, be the real function of period 1 defined by the conditions

a—1

L(t) = — ift € 0,al;
1, if t € (a,1].

3. In [2], Braun strengthened the theorem of Boas—Pollard and generalized that
theorem, so as to include other LP—spaces, in the following manner.

Theorem B. Let E be a measurable set of finite positive measure, and let & =
{on : n = 1,2,...} be a Schauder basis for some space LP(E), with 1 < p <
+o00. Then, to every natural number N there corresponds a bounded measurable
function m such that every element f of LP(E) can be represented by a series
Z?’:NH apmpy that converges to f in the LP—norm.

In other terminology, Theorem B asserts that {mepy : k > N} is a system of
representation for LP(FE). Neither does the theorem claim, nor are the arguments
originally used to establish this result sufficient to show, that {myy : k& > N} is,
again, a Schauder basis for LP(E). Thus, one is led to inquire whether it is always
possible to obtain a Schauder basis, from the residual system, by means of this sort
of multiplicative transformation.

This question was addressed in the series of monographs [8]-[12], where it was
shown that one of three situations may obtain. In the first of these, one may
remove any finite number of elements from the basis and the residual system can
be multiplicatively transformed into a basis. In [10], it was shown that the Haar
system has this property; a characterization of the usable multiplier functions was
given; and it was observed that certain coinfinite subsystems of the Haar system
could be transformed in this way. At the other end of the spectrum, there are
Schauder bases for LP(E) for which no cofinite subsystem can be multiplicatively
transformed into a basis for LP(E). The trigonometric and Walsh systems are
familiar examples of this type. (See [9], [11], [12].) Finally, there are Schauder
bases for which some, but not all, of its cofinite subsets can be multiplicatively
transformed into bases.

Taking now a different tack, suppose that the requirement that ® be a Schauder
basis is replaced by some weaker condition. Then, a variety of interesting proposi-
tions of Boas—Pollard type obtain.

Theorem 1. Let ® = {¢, : n = 1,2,...} be a quasibasis for some LP(E), 1 <
p < 0o, with E a measurable set of finite, positive measure. Then, to every natural
number, N, there corresponds a bounded, measurable function, m, such that {my,, :
n > N} is a system of representation for LP(E).

For the proof of this modest assertion, it suffices to repeat, mutatis mutandis, the
arguments employed by Braun in his demonstration of Theorem B, but a somewhat
more extensive modification of those arguments yields a much stronger result.

Theorem 2. Let ® = {¢, :n=1,2,...} be a quasibasis for some LP(E), 1 <p <
oo, with E a measurable set of finite, positive measure. Then, to every nonnegative
integer, N, there corresponds a bounded, measurable function, m, such that {me, :
n > N} is a quasibasis for each L"(E), 1 <r < p.

Corollary 3. Let ® = {p, : n = 1,2,...} be a complete, orthonormal system
on E, a measurable set of finite, positive measure. Then, there exists a bounded,
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measurable function, m, such that {my, : n = 1,2,...} is a quasibasis in each
space L™(E), 1 <r < 2.

In particular, the corollary shows that the trigonometric and Walsh systems
can be multiplicatively transformed into quasibases for L'[0,1], a result hitherto
unknown.

The following proof of Theorem 2 depends upon a proposition of Menshov—
Talalyan type. (See, for example, [18].)

Lemma 4. Let ® = {p, : n = 1,2,...} be a quasibasis for some space L?[0,1],

with 1 < p < oo, and let f € LP[0,1]. Then, to each positive real number, €, and

each natural number, N, there correspond a measurable set e and a ®—polynomial,
M

P =3""\arpk, such that:

eC[0,1], and le| <e;
|f = Pllrre) <&, where G =[0,1]\ e;

and
sup {

Proof. The argument employs the following result, due to Fejér (see [19, 49, 376].)

s
E Ak Pk
k=n

for every measurable subset, E, of G.

TN <s< m} <e+ | fllre(m),
Ly (E)

Lemma C. Let : R — R be periodic, of period 1, and let (3 |jo,;j€ L*[0,1], for
some p € [1,+00]. Then, for every a € L2[0, 1], where p and q are conjugates, one
has

liin /01 a(t)B(nt)dt = /01 a(t)dt/ol B(t)dt.

Certainly, one may assume, without loss of generality, that 0 < ¢ < 1.

Let U = {¢% : n = 1,2,...} be a system of coeflicient functionals associated
with @, and, for each n, let ¥,, € L9[0,1] be a representative of 1. Then, the n'h
partial-sum operator is given by

where

Since
111£n|\a—5n(a)||p20, Yo € LP[0, 1],
an application of the Banach—Steinhaus theorem yields a positive constant, C,,
such that
1Sl < Cp, Vn € N.
There exist a natural number n and a corresponding step function

2" . .
. 1—1 ¢
:E iXai, where A! = [ ——, — |, =1,...,2",
g gt /y XAn wihere n < 271 271) ?
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such that
€
J— <_7
1 =gl < 5

and

€
lgllzoniy < =—=,  i=1,...,2™
4 < 3¢,

(For example, one could use an integral mean of f associated with a dyadic partition,
of [0, 1], of sufficiently high order.)
Let n; = N, let
By = max{||¢kllp : 1 <k <ni},

and let

3

= 2n+3nlBl :

By virtue of Fejér’s lemma, there exists a natural number, s;, such that s; > n,
and

by = ‘/ g ()1 (2°1t)dt| < m, VEk € [1,n4].
AL

Let g1 be the function defined on [0, 1] by the equation

g1(t) = mixaL (t)15(2°'1),

let ny be a natural number, greater than nq, such that

n2—1
‘91 — Y alg)er|| <e27" 7P,
k=1 P
and let
ng—l
Pr= Y ar(gr)ex.
k:n1
Then,
ng—l n1—1
g1 — Prllp < ‘ g1 — > ar(g)er|| 1| D ar(gr)er
k=1 P k=1 P
n1—1
<e2™" 3 4 Z bi(pk
k=1 P

< 62_n_3 + ’IL1771B1 < 52—71—2'
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Writing, for the moment, a = £, one finds that

/Al lgilPdt = (1 — a)/a)”InlPalAn] + [y [P(1 = a)| Ay

= [0 =0y + @@= @)l AL e < /e [ laPar

thus,

P

sup {

N n} < 2CP g

> arlgr)en
kZ:’I’Ll

< @*icrjar ) / lglPdt < (22PCE [P~ (c/8C, )P
AL

P

=e27P <¢g/2

Proceeding inductively, suppose that the polynomials associated with the inter-
vals A7, 1 < j < i, have been determined. Let

B; = max{||¢kllp : 1 <k <n;},

and let
L g
771 o 2n+37’LiBi '

Another application of Fejér’s lemma yields an integer, s;, such that
S; >N,

and
bi| = ‘/ g(t)@[zk(t)I%(Tit)dt’ <, Yk € [1,n].
A,

Following the same course traversed above, one determines a natural number n;41,
greater than n;, such that

nig1—1
gi — Z ar(gi)er|| < 27" 3.
k=1

Then, for

nip1—1

P, = Z ar(9i) ek,

k=n;

one has
llgi — Pill, < 27" % + mini B; < 27" %,

and

P €

2

sup {

ny <k < n+} < CPllgilE <

> an(gi)er
k=n;

P
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Finally, let

on

P=>"p,
=1

let
on
e = {t S [071] : ZI%@S%)XA%@) #* 1},
i=1
and let

G=10,1]\e.
From the definition of Iz, one has
i Py £ i
e al:rs @ £ 1) = (5l

so that

on
€ i
le] = Z (5) |A}] < e.

i=1
Since g; agrees with g on G,
E 2’7l
|f = Pllrey = I(f = 9) + (9 — P)llLre) < 5t Z lg: — Pill <e.
i=1

As for the third condition, one notes that, for every measurable subset, E, of G,

max {

+

J
P
i=1

J
Z 9i = fXUi’.:lAiz
i=1

J
<Y 2%+
=1

9 9
< 7 T lg=Flo + 1 lerimy < 5+ 1 llero);

J

Z(Pz‘ - 9i)

=1

:1§j§2”}§max{

:1§j§2”}

Lr(E) Lr(E)

+ 1 fllzr(m)
Lr(E)

> (g — Pxa:

=1

+ 1 flle(m)
Lr(E)

thus, for m > N, say n; < m < mj 41, one has

m 7 m
> akpr < P; +11 D anlgy)en <e+|flrrm- O
k=N Lr(E) i=1 Lr(E) k=n; Lr(E)

Proof of Theorem 2. Without loss of generality, one may assume that E = [0, 1].
If {fx : k= 1,2,...} is any denumerable subset of LP[0,1], then, by virtue
of Lemma 3, one may follow the trail blazed by Braun in order to construct a
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measurable function, m, with 0 < m(t) < 1, for all ¢t € [0, 1], a double sequence of
®-polynomials {Py;}72, 22,

1 (5)

Py= Y aws

i=n_1()+1
with
N =ng(1) <ni(l) =np(2) < n1(2) <n2(2) =nop(3)
< <ng(f) <ni(j) <o <ni(y) =no(+1) < ...,
and a sequence {D,,}22 ; of measurable subsets of [0, 1] such that:
(i) 1[0,1] \D"e| < bny {0n}ny LO;

(i) e —m>_ Pujlly <27°, Vk, V2 > k;
j=k

(iii) sup{ mZ;‘:nkq(f)H aipi|| s < nk(ﬂ)} <27H205f 0 >
p

and, for every measurable set F' C Dy,

@) sup { S, gmros| s <m(O) <204 il

L (F)

@ s {|m i, g0 s <ul} <2
L7 ([0,1]\Dy)

Now let {fx : k=1,2,...} be the Haar system, normalized with respect to the
LP-norm, and let {g; : k = 1,2,...} be the corresponding conjugate system. One
associates with {myy : k > N} the system ¥ whose members are determined in
the following manner:

Ui = a;gk, if ng_1(€) <i < ng(l), for some k and ¢ > k.
Then, with the functionals defined on L"[0, 1] by setting

1
bi(')Z/(-)widt, fori=N4+1,N+2,...,
0

{my; : i > N} proves to be a quasibasis for L"[0, 1], for each r € [1, p].
The following estimates suffice for the demonstration.

Let f be an arbitrary element of L"[0,1], and let ch (f)fr be the expansion

k=1
of f in the p-normalized Haar system. Since

1 1 k—1 k—1
il =| [ saan) =| [*[1= et |oar] < |- Eear
0 0 = =
and since {f : k =1,2,...} is a Schauder basis for L"[0, 1], it follows that
tim i (1) gl = 0.

The partial sums S, (f) of the series

Y bilf)me;

i=N+1

gl

T
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fall into two disjoint classes according as
n =mng(f), or np_1(£) <n < nk(l),

for some natural numbers k and ¢ (with £ > k). One estimates the error made in
approximating f by S, (f), for each variety of n.
In the first case, if £ < ¢, then one has

n k 4 —1 (-1

Hf— > bilf)mes ZHf—ZZijPﬁ— > chmPﬂ

i=N+1 T j=1i=j j=k+1 i=j

-1 l—1 k 14 —1 ¢—1

< f—Zijj + Zijj—ZZijPji— Z Zc]mPﬂ
=1 ro =1 =1 i=j =kt i=j
-1 k 4 -1 -1

=|1f =D k| + ch<fj—Ziji>+ >, cj(fj—Ziji>
=1 ro = = jfk+1 i=j r
—1 k

<|r-Tas] +Swils Zmpﬂ S e ZmPaz
j=1 T r Jj=k+1
-1 -

<|F=> ¢t Jr2_£+12|Cj|,
j=1 r J=1

while, if k£ = ¢, then a similar analysis yields

n 4
Hf— S bi()mes <‘f—Zijj
r j=1

i=N+1

4
+2703 eyl
T j:1

Now,

1
|0j|=|cj(f)l=‘/0 fgjdt‘ﬁllfllrllgjllw, Lyo=1,
and
lgs 1 = 1A llpllAs - = 11218515+, where A, s the support of I,
|A|(+_’_1) |A|1(+) j( )<]

thus,

?
27N "ol < 27 + )| £l

j=1
Finally, if ng_1(¢) < n < ng(¢), with k € N, £ € N and k < ¢, then, for k < ¢,

n

> aimy,

i=ng_1(0)+1

1 — S ||THf anfa DI+

P

+ 270+ 1) + 4K £ |-

< Hf - Zijj
j=1 r
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On the other hand, if k£ = ¢, then

n

c Y ame;

i=ng,_1(0)+1

/-1
1 = Su(F)llr < ‘f SNk e+ D)+
j=1

T T

Setting

n

Ofn = E a;Mmp;,

i:ng,1(5)+l
one has, by virtue of condition (v),
loenlls = loenllzronpe) + loenllzrp,)
—L T r r
<20ty loenllzr(ponay) + loenllTr oy ay)-
Now, from condition (iv), one finds that
loenllzr ooy < loemlliepa,)
<@ I fell e anay)” =200,
while
loenllrr(ponay < Nomlliepnn, - |A' 7
< 2T|Ag|l_%(2(_e+l)r + HfZH;Z) _ 2T|A£|1—%(2(—E+1)T + 1)17'
Thus,

n

co > ame;

i=ng,_1(£)+1

= |cel lloenll
s

5l

< (2(—é+2)r+1 n 2T+p|A€|l—£) o(|Ag|FT7), as £ — +oo,
and it follows that, for all r € [1, p],
tm 15, (/) — 1], = 0.
O

4. Continuing along this avenue of investigation, corresponding results are obtain-
able if a completeness condition is substituted for the basis hypothesis.

Theorem 5. Let ® = {p, :n=1,2,...} be a minimal, complete system in some
LP(E), 1 < p < oo, with E a measurable set of finite, positive measure. Then,
to every natural number, N, there corresponds a bounded, measurable function, m,
such that {mep,, : n > N} is a minimal, complete system in LP(E).

The demonstration given below depends upon the following result from [11].

Theorem D. Let E be a measurable set of finite, positive measure, let {f, : n =
1,2,...} be a minimal, complete system in some LP(E), 1 < p < 400, and let
{fF:n=1,2,...} be the corresponding conjugate system. If N is a natural number,
and if m is a bounded, measurable function, then the system {mf, : n > N} will
be complete and/or minimal in LP(E) iff the following conditions (1) and/or (2),
are satisfied:
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(1) A function of the form
N
(1/m) > arfs
k=1

will be an element of LY(F) (% + % =1;q9=+o0, if p=1) iff every ay is 0.

(2) To every n > N there corresponds a unique numerical sequence {al(cn)}fc\[:1
such that

go = (1/m) [ia%ﬁf: +1]

k=1
belongs to L1(E).

Proof of Theorem 5. Let the elements of the system conjugate to ® be denoted by
vy, n €N, and let F' be the (measurable) subset of E which contains those points
that are simultaneously points of approximate continuity for each ;. Since each
©¥ is approximately continuous almost everywhere in F, one has |F| = |E|. Let the
natural number N be specified. One defines, inductively, a set T = {t; : 1 < j <
N} C F, on which {¢7,...,¢x} is linearly independent, in the following manner:

(i) Let ¢; be any point of F' such that o} (t1) # 0;

(ii) Suppose elements t1, ..., t; of F have been chosen so that Z;ﬂ:l a;jp;i(ti) =0,
Vi =1,...,k, only if each a; = 0. Let the numbers b; be chosen (uniquely)
so that 07, = pp | + Z?Zl bjp; satisfies 07 (¢;) =0, for 1 < j < k. Since
S Prr1051dt = [ pry19f,dt =1, 05, is nonzero on a subset of F' that
has positive measure. Let t;41 be any point of the latter set. It follows, at
once, that {(¢}(t1),...,¢}(tk+1)) : 1 < j <k + 1} is linearly independent.

For each n > N, let
N
vh=gh+ Y aler,

k=1

where the numbers a,(cn) have been determined (uniquely) by the conditions

Un(t;) =0, 1<j<N,
and, for each natural number n, let m,, be the function given by
my(t) = max{|Y;(t)]: N+ 1<k <N +n}.

Then, m,(t;) =0, Vn € N, Vt; € T, and every m,, is approximately continuous at
each t;.
Since [, @1 oN+1dt = [ NN 1dt, and since

1= /E S ironsrdt < [ llallonsrl

it follows that [1)% ], and thus also m;, are positive on a subset of E that has
positive measure. Let A1 be a positive number such that
Fr=Fn{t:mi(t) > \}
has positive measure, and let
Ey = (F\ F1)N{t:ma(t) #0}.
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If |E1| > 0, then one chooses a A2 € (0, A1/2) such that
Fr,=FEnN {t : mQ(t) > )\2}

satisfies |Fz| > |E1|/2. If |E1| = 0, one sets Fy = ¢ and takes Ay = A1 /2.
Proceeding inductively, suppose that the triples (A1, E1, F1),...,(An, En, Fy)
have been defined so that

k
B =(F\|JF)n{t:mea(t) #0},  forall 1<k <n,
i=1
and, if |Ey| = 0, then
Fiy1 = ¢, and Apy1 = A /2,
whereas, if |Eg| > 0, then 0 < Ap11 < Ag/2,
Fri1=EpN {t : mk+1(t) > )\k+1}, and |Fk+1| > |Ek|/2.

If |E,| =0, take A\pt1 = A\ /2, and let Fy1 = ¢. If |E,| > 0, choose A\,q1 €
(0, A, /2) such that

Fn+1 =FE,N {t : mn+1(t) > )\n+1}

satisfies |F11] > |Enl/2.
Let the function mg be defined, on E, by setting

mo(t) =\, ift € F,, VYneN,

and, for those ¢ that lie in E\|J7—; Fy,, let mo(t) = A1. A function of the type guar-
anteed by the theorem will be obtained, in the sequel, by modifying the structure
of mg in the neighborhood of the set T'.

Since each m,, is approximately continuous on 7', and since m,(t) > \,, Vt €
Ur_, F», it follows that each ¢; is a point of density of F'\ |J_, F;, Vn € N.

Let 7" = {t; : t; is a point of density of Fy = ;- F,,}, and, if 7" is nonempty,
relabel the elements of T' so that 77 = {t; : 1 < j <r}, and, if T\ 7" is nonempty,
let T\T'={1;:1<j<s}.

Let 260 = min{|t; —t;] : 1 < i < j < N}, and let I = (t; — 6o,t1 + 6p). Since
each ¢7, j=1,..., N, is approximately continuous at ¢1, there is, for each natural
number n, a 8 in (0, 8p) such that

Ht € F:lgi(t) — ol(t)] < %} At — 61 +5)'

1
2— — " j=1,...,N.
> (255 ) weoa, i-1..

Let
N

5 = {t< F:lejo - eien < 1 }

j=1

N ((t1 —&,t1 + )\ (tl—g,t1+g)>.

Since t; € T, there is an nf > 0 such that

3 *
|[Fo N (tr —n,t1 +1)| > 3% Ve (0.m),
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Let 61 be an element of (0, min{67,n;}), let J1 = J1(61), and let
S={n:|F,NJi| > 0}.

Because Fy N J; has positive measure, it follows that S is nonempty. Let j; be any
element of S, and let

H, = Fjl nJi.

Since Fp \ zlzl F; has density 1 at t1, there is an 75 > 0 such that

J1

3 x

(FAUE) G| > 5 wme 0.
i=1

Let 65 € (0, min{%, 65, m5}), and let Jo = Jo(62). Then, |(Fo \ UL, Fi) N Jo| > 0,
from which follows the existence of a natural number, jo > ji, such that

H2=Fj2 N Jo

has positive measure.

Proceeding inductively, one determines a decreasing sequence {e,}22 ;, of posi-
tive numbers, an increasing sequence {j,}5 1, of natural numbers, and a sequence
{H,}?2,, of measurable sets, such that lim, 6, = 0; H; N H; = ¢, Vi, Vj, i # j;
|Hy| > 0 and H,, C (t1 — 6n,t1 + 65), Vn; and each of ¢F, ..., % is continuous at
t1 relative to G1 = U, Hn.

If p > 1, one defines the function h;, on E, in the following manner:

1, ift e E\ Gr;
ha(t) = _, TeeBAG
pn|Hp| 9, ifte Hyyn=1,2,..;

where p, = A;,. Then h; € LY(E), since

/hgdt:ZugﬂE\Gng|E|+ZAg<+oo,
E

n=1 n=1

but h1/mo & LYE N (t1 — &,t1 +€)), Ve > 0, since, if §,,, < &, then

LA
(hl/mo)th Z = +o0.
»/Gﬂ(tl—aﬂfl—i-a) n;o |Hn|

If p=1, one takes h; = 1, so that

hi € LOO(E), while hl/mo 6{ LOO(Gl n (tl —&,t1 + E)), Ve > 0.

Similarly, there exist, for each j =1, ..., r, ameasurable set G; C (t;—80,t;+00),
and a measurable function hj, such that each of ¢7,..., ¢} is continuous at t;
relative to Gj; h;(t) = 1,if t € £\ Gj; (mo/hj)xa, is bounded; h; € LI(E); and
hj/mo o4 Lq(Gj n (tj — &t + 8)), Ve > 0.

If T\ T" # 0, one notes that, for every 7 € {1,...,s}, and for every 6 > 0, one
must have

Jimn sup [(rj = 0,73 +0) N (F\ Fy)|
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since, in the contrary case, one would have
|(Tj —9,Tj +9)QF|

1= lim

0—0+ 260
o (=0, 7 +0)NFo| | (7 — 0,7 +6) N (F\ Fo)|
_01_1%1+{ 20 + 20
— lim |(Tj—9,Tj+9)ﬂF0|

60—0+t 20 ’

an impossibility, since no 7; is a point of density of Fy. Thus, if a; is a fixed
element of (0, 3;), there will be a decreasing sequence, {6,,}52,, such that 6; < &,
lim,, 6,, = 0, and

for all n, where
Kn = (F\Fo) n ((Tj — on,Tj + Gn) \ (Tj - 9n+1,7'j + 9n+1)>, Vn c N.

(In general, these sequences will depend upon j, of course.)
If p > 1, one defines the function h,;, on E, by setting

1
Ko|"4, ifteK, n=12_..;
hr+j(t)={| |

1 otherwise.

If p=1, one lets
1
—, ifte K,, n=12 ...,
hrss(®) =< O
1, otherwise.

Finally, one sets

N
mzmg/th.
j=1

Certainly m is both bounded and measurable. In order to show that {m ¢, :
n=N 4+ 1,...} is a minimal, complete system for LP(FE), it suffices to show that
conditions (1) and (2) of Theorem D are satisfied.

For the first of these, let g = Egzl arey, where aq,...,ay are real numbers,
and suppose that g/m € L(E). Such a g must vanish on 7", for otherwise, there
would exist a j in {1,...,r} and a positive number ¢ such that

lg@®)] > 19(tj)/2>0,  VteGj =GN (t; —¢e,tj+e),
from which would follow

lg/mle.q = llg/mlla,..q = (19(t;)1/2)[[hi/molla,. , = +oc.

As for the points of T'\ T”, if such there be, suppose that, for some j, 2y =
lg(m;)] > 0. Let {6,}72, and {K,}>2, be the sequences associated with 7}, in the
construction given above. By virtue of the approximate continuity of g at 7;, there
is a positive number 7 such that

Q

(22190 > 1) 0 (5= 0.7+ 0> (1= F)@0). v e (0
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thus, if no be chosen so that 6,, < n, then
1
[{t =19 >} N Kal > 5Kl Vn2no.
It follows that, in the case p > 1,

- 1
Idt > 1 K,|7Y =|K,| | = ,
[ lapmitae = 57 Y 157 (Gl ) = o0

kZ:TLQ
while
lg/mllEq > llg/mlK.q Y0 > no,
> /0, — o0,

if p = 1. Hence, g vanishes at each point of T'.

Because the set {(¢}(t1),...,9;(tn)) : 1 <j < N} is linearly independent, one
must have a; = 0, Vk, so that condition (1) is satisfied.

A parallel argument shows that if, for some n > N and real numbers a1, ..., ay,

N
(/)| + Y- anvi| € L(E),

k=1
then
N
Ot + > angi(t;) =0,  Vji=1,...,N,
k=1
which conditions ensure the satisfaction of condition (2). |

In [13] an analogous result was proved for complete, orthonormal systems in
L2, and similar questions concerning some specific CONS were investigated in
articles [11], [4], and [14]. For the classical orthonormal systems examined in [11],
[14], it follows automatically, from the minimality and completeness, in L?, of
{me, :n=N+1,...}, that the system thus multiplicatively completed is, in fact,
an M-basis. This is not generally the case, however, as the following proposition
shows.

Theorem 6. There exist a system {p, : n = 1,2,...} that is an M —basis for
every space LP[0,1], 1 < p < 0o, and a bounded, measurable function, m, such that
U ={mp, :n=2,...} is minimal, complete in LP[0,1], for all p in [1,00), while
U is an M —basis for none of these spaces.

Proof. The demonstration makes use of a construction suggested by Gelbaum [5].
(See also [16, 236].) Let {a;}52, be an increasing sequence of real numbers, such
that g = 1, and

By =1/a;1—1/a; =1/(j +1)°, VjeN,
and let

On = Z20éj_1 cosm(j — 1)(+), Vn € N.

j=1
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Since © = {cos7j(-) : j = 0,1,...} is complete in LP[0,1], for every p in [1,0),
it follows that ® = {¢, : n = 1,2,...} is complete in each of those spaces. If
* ={pr:n=1,2,...}, where

oy = (1/ap_1)cosm(n —1)(-) — (1/ay) cosmn(-), Vn € N,

then {®, ®*} is a biorthogonal system; thus, ® is minimal in each space LP[0,1],
1<p<oo.

Now suppose that f is an integrable function such that ¢%(f) = 0, ¥n € N.
Then,

(1/ozn_1)/01f(t)cos7r(n—1)tdt—(l/an)/olf(t)coswntdt:(), n=01,...,

so that, for each nonnegative integer k,

(l/ak)/olf(t)coskwtdt: (l/an)/olf(t)COSﬁntdt, Wn > k.

By virtue of the Riemann-Lebesgue lemma, it follows that
1
/ f(t)coskmtdt =0, Vk=0,1,...;
0

thus, from the totality of © on L[0, 1], it follows that f(¢) = 0, a.e. Hence, ®* is
total in L'[0,1] and, thus, also in each L?[0,1] with 1 < p < cc.

Let m be the identity function on [0,1], and let ¥ = {my, : n = 2,...}. Since
ap’/m € LP[0,1] iff a = 0, and, since, for each n > 1, (1/m)[a™ ¢} + ¢X] € L[0,1]
iff

a1 —1/ar) 4+ 1/an_1 — 1/, =0,
iff
a™ = —B,(1 - 1/a;)™! = —86,,

an application of Theorem D shows that ¥ is minimal complete in L?[0, 1], for every
p in [1,00). Moreover, for i > 2, j > 2,

1
/0 [t (DI(1/8)(@ (1) — 83,91 (D)]dE = bij;

thus, the system conjugate to ¥ is U* = {¢} :n=2,...} = {(1/m)(¢} — 86np7) :
n=2,...}.

Since ay, < 2, for every n, it follows that Y, 3,¢n, converges in each space
L?[0,1], 1 < p < oo. Denoting the sum of this series by f, one finds that

1
| Bro - ar@ioie =0, vz
0
thus, if U* were total in LP[0, 1], it would follow that
8f(t) — w1(t) =0, ae.

Since this is impossible, by virtue of the minimality of the system @, in each space
L?[0,1], 1 < p < oo, it cannot be the case that ¥ is an M-basis for any of the
LP—spaces. O
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