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ON THE EXISTENCE OF CONVEX CLASSICAL SOLUTIONS
FOR MULTILAYER FREE BOUNDARY PROBLEMS
WITH GENERAL NONLINEAR JOINING CONDITIONS

ANDREW ACKER

ABSTRACT. We prove the existence of convex classical solutions for a general
multidimensional, multilayer free-boundary problem. The geometric context
of this problem is a nested family of closed, convex surfaces. Except for the
innermost and outermost surfaces, which are given, these surfaces are inter-
preted as unknown layer-interfaces, where the layers are the bounded annular
domains between them. Each unknown interface is characterized by a quite
general nonlinear equation, called a joining condition, which relates the first
derivatives (along the interface) of the capacitary potentials in the two adjoin-
ing layers, as well as the spatial variables. A well-known special case of this
problem involves several stationary, immiscible, two-dimensional flows of ideal
fluid, related along their interfaces by Bernoulli’s law.

1. INTRODUCTION

Our purpose is to study the existence question for convex classical solutions of
multilayer free boundary problems of the following general form:

1.1. Problem. In RN, N > 2, let an annular domain 2, of the form €,
= D} \ CI(D]) be given, where CI(-) denotes the closure of a set. Here, DF
denote fixed, bounded, convex, nested domains with boundaries S* = dDF. Given
the twice continuously-differentiable functions F;(z,p,q) : RY x Ry x Ry — R,
t=1,...,k, we seek an ordered family of convex domains (D, ..., Dy) such that
Cl(D;) C Djyq fori = 0,1,...,k (where Dg = D and Djy1 = DY), and such
that

(1.1) Fi(z,|VU;(z)],|VU;j+1(x)]) =0 on S; := dD;

fori=1,...,k, where U(z) solves the boundary value problem

(1.2) AU(z) =0in Q. \ (S1U---US), U(S:)=i(t=0,...,k,k+1),

and where U; denotes the restriction of U to the (closure of the) annular domain
Q, :=D;\ Cl(D;_1).

In Problem 1.1, equation (1.1) represents a general, nonlinear “joining condition”
relating the first derivatives of the capacitary potentials on opposite sides of each of
the (convex) free-boundary surfaces S;, i = 1,..., k. The main focus of this paper
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is on obtaining existence results for Problem 1.1 which apply to a very general class
of nonlinear joining conditions.

The author’s previous existence results for Problem 1.1 (see [7], [8], [9]) are
limited to joining conditions of the form:

(1.3) |VU;(2)* = |[VUyut1(2)> + Ai(z) on S;,

i = 1,...,k, corresponding to functions F;(z,p,q) = A;(z) + ¢*> — p* in which
A;(z) > 0 and the related functions (1/v/A;(x)) are concave in Q.. To the author’s
knowledge, the only alternative treatment of the existence question for the convex
multilayer problem is due to Laurence and Stredulinsky [20], [21]. Their existence
results in [21] are limited to joining conditions of the form (1.3) in the particular
case where N = 2 and each function A;(z) is a positive constant. (No existence
proof is yet available for the interesting and closely related multilayer free-boundary
problem proposed in [20]. See [6].) The most general available existence results for
the two-layer problem in the geometrically general (non-convex) setting, due to Alt,
Caffarelli, and Friedman [13], also involve joining conditions of the form (1.3), in
which, however, the function A; (x) satisfies no requirements beyond regularity. The
existence proof of Alt, Caffarelli, and Friedman is based on the method of variational
inequalities, and the convex existence proofs in [9] and [21] were accomplished
essentially by adapting the method of variational inequalities to a convex setting
(in the tradition of the convex variational proofs in [2], [3], [15]). We remark that
the joining condition (1.3) is of special interest in the context of the theory of
two-dimensional ideal fluids, where Problem 1.1 can be interpreted in terms of a
layered flow involving several immiscible ideal fluids. In this setting, (1.3) can be
interpreted as a relation between the speeds of the neighboring flows along their
interface, governed by Bernoulli’s law of fluids.

Our present existence results will be stated in §2 (see Theorems 2.3 and 2.11),
along with a number of concrete special cases which very substantially generalize
the form given in (1.3). The main obstacle to the proof of these results is the
absence of any variational formulation for the generalized problem, necessitating
a new proof based on an alternative principle. Essentially, the new proof is an
adaptation of the idea of obtaining a solution as the limit of an increasing (resp.
decreasing) sequence of inner (outer) solutions (see §§3 and 5).

The author’s old and new existence results for Problem 1.1 are all based on
the application of a one-parameter family of free-boundary perturbation operators
T., 0 < € < 1, which preserve the geometric convexity of the members of the
ordered families of free boundaries occurring in the problem. The author originally
introduced these operators in [1], adapted them to convex free boundary problems
in [2] and [3], and then adapted them (together with their various properties and
uses) to the case of joining conditions of the form (1.3) in [5], [7], [8] and [9]. In [9],
the operators 7., 0 < ¢ < 1, are used to define the family of convexity-preserving
variations of the free boundaries by which it is shown that the convex functional
minimizer satisfies (1.3) in a weak sense. For a general discussion of the variational
aspects of the operator method in the context of a convex free-boundary problems,
we refer the reader to the author’s survey article [10]. In essence, the present
generalization of the existence results in [7], [8], and [9] is accomplished by applying
the same operators T, but in generalized form corresponding to the generalized
functions F;(x,p,q), i = 1,...,k (see [11]), and in a new context in which the
previous emphasis on their variational properties is replaced by an emphasis on
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their monotonicity properties. By means of these operators, we define (for each
0 < & < 1) a multilayer fixed-point problem which approximates Problem 1.1 (for
small €). By using the monotonicity properties of the operators T, we prove that
for each sufficiently small € > 0, this multilayer fixed-point problem has a solution
which is obtained as the limit of an increasing (or decreasing) sequence of successive
approximations which are all inner (outer) solutions (see §§3-5). Then the “weak”
solutions of Problem 1.1 are defined to be the limits of convergent sequences of
these multilayer fixed points (corresponding to positive null sequences of values of
). We then show (in §§6-10) that the weak solutions of Problem 1.1 are actually
classical solutions.

It is the author’s impression of the literature on free boundary problems (of
all kinds) that the conditions characterizing the free boundaries are usually very
specific (in each particular problem). By comparison, the present paper studies
the existence question for an unusually broad class of joining conditions (see §2).
However, it is important to realize that the convexity requirement in Problem
1.1 necessitates restrictions on the joining conditions (1.1) which go well beyond
the regularity of the functions F;(z,p,q), i = 1,...,k, and the solvability of the
equations F;(x,p,q) = 0 for either p or ¢ in terms of the other variables. In fact
the author showed by a counterexample in [6] that (in general) no convex solution
exists even in the two-dimensional, two-layer case of Problem 1.1 if the one joining
condition is of the form (1.3), where A(x) is a negative constant.

For the purpose of focusing attention more directly on the quite difficult questions
associated with the treatment of very general, nonlinear joining conditions of the
form (1.1), the present treatment of the multilayer problem has been restricted
to the case where U is harmonic in the layers 2; between the free boundaries.
However, the author is quite certain that the operator structure explored here
can be generalized to other cases, in which U solves various other elliptic partial
differential equations in the layers between the free boundaries (see [11], [12], [23]
regarding convergence properties of the operators T in the case of one-layer and
two-layer problems for the p-Laplacian). In this context, it should be apparent
that the author’s primary motive for the present work is to develop an alternative,
non-variational version of the general operator method with potential application
to numerous (convex) multilayer problems with general joining conditions. The
author also hopes to extend the operator method to obtain existence results for
Problem 1.1 in the corresponding starlike case.

1.2. Remark. A powerful simplifying principle for the multilayer problem is the
obvious fact that if S = (S7,...,Sk) is a classical (or weak) solution of Problem
1.1, then for each ¢ = 1,...,k, the surface S; is a classical (or weak) solution of
a two-layer version of Problem 1.1 (see Problem 2.1) relative to its neighboring
surfaces S;11. This principle permitted the author to simplify the treatment of
the convex variational multilayer problems in [7], [8], [9] by a reduction of the
most difficult aspects of the problem to a suitable analysis of the two-layer case.
Although the present paper also makes maximum use of the same principle (see
§82-5), it is no longer possible to avoid directly studying the operators T; in the
multilayer context.

1.3. Remark. Although the method of variational inequalities has been applied very
successfully in the study of numerous free boundary problems, there is great aes-
thetic appeal in the idea of extending the study of the multilayer problem beyond
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the scope of this method. This endeavor also has much practical significance, since
there are numerous interesting joining conditions of the form (1.1) which do not
appear to arise from any natural variational formulation of the problem, but which
might nevertheless occur in models of observed physical phenomena. A number of
such examples are given in §§2.6-2.9.

1.4. Remark. An important aspect of the operator method in all cases is the fact
that each existence proof embodies (in analytical form) an algorithm for the suc-
cessive approximation of solutions. The aspect of successive approximation was
particularly emphasized in [4] and [5].

2. MAIN RESULTS

It is natural to begin any discussion of Problem 1.1 with the important particular
case of two layers and one free boundary. Our study of the general problem is in
many ways based on a reduction to this particular case.

2.1. Two-layer problem. In RV, N > 2, let an annular domain €, be given of
the form Q, = D} \ CI(D;). Here, DF denote fixed, bounded, convex, nested
domains with boundaries SF = 90DZF. Given a twice continuously-differentiable
function F(z,p,q) : RV x Ry x Ry — R, we seek a convex domain D such that
Cl(D;) c D C Cl(D) C Df, and

(2.1) F(z,|VU (2)|,|VUT (2)]) =0 on S := dD,
where the functions U*(z) solve the boundary value problems
(2.2) AUF(z) =0in QF, U*(S)=0,UF(SF) =1,

and where QF denotes the annular domain whose boundary is given by 9Q* =
SUSE.

2.2. Assumptions for Problem 2.1. Define the twice-continuously-differentiable
function f(z,p,q) : RN x Ry x Ry — R such that f(z,p,q) = F(z,1/p,1/q).
Throughout this paper, our results in the context of Problem 2.1 will all require
various combinations of (but not necessarily all of) the following additional assump-
tions:

(a) The function F'(z,p, q) is strictly decreasing in p and strictly increasing in q.
Thus f(x,p,q) is strictly increasing in p and strictly decreasing in q.

(b) For any pg > 0, there exists a value go = qo(po) > 0 such that F(x,po,q) >0
whenever ¢ > qo, independent of 2 € RY. For any gy > 0, there exist values
0 < po = po(qo) < p1 = p1(go) such that F(x,p,qp) > 0 whenever 0 < p < py and
F(z,p,q0) < 0 whenever p > py, independent of x € RV,

(¢c) For any 1o > 0, there exists a value 6y = 6y(rg) > 0 such that

f(z,rocos(0), rosin(d)) >0

for all z € RN and 6 € (0, 6], whereas f(z, 7 cos(),rsin(f)) < 0 forallz € RV, 0 ¢
[(m/2) — By, (7/2)), and r € (0,7q].

(d) For any linear function ¢(\) : [0,1] — Q. x Ry x Ry such that f(¢(0)) <0
and f(¢(1)) <0, we have that max{f( (A )) :0<A<1}<0.

(e) We assume F(z,p,q) = F*(x,q) — F~(x,p) for all (z,p,q) € RV xR, xRy,
where the positive functions F*(x, t) RY x R, — R are both twice continuously
differentiable, and are such that dF*(x,t)/0t > 0 and 0?>F~(z,t)/0t> > 0.



MULTILAYER FREE BOUNDARY PROBLEMS 2985

2.3. Theorem. (a) Problem 2.1 has at least one weak solution S (in the sense of
Definition 3.12), provided that the given function F(x,p,q) satisfies Assumptions
2.2(a)—(d).

(b) Under Assumptions 2.2(a)—(e), any weak solution S of Problem 2.1 is a
classical solution.

2.4. Remark. (a) The proof of Theorem 2.3(a) is given in §3.17, while the proof of
Part (b) is given in Theorem 10.1

2.5. Remarks. (a) Under Assumption 2.2(a), let the equation f(z,p,q) = 0 be
solved by p = h(z,q) : RN x Ry — Ry. Then Assumption 2.2(d) is satisfied
if, for any linear mapping ¢(\) : [0,1] — Q., the function ¥(A,q) = h(d(N),q)
satisfies ¥y < 0,1 < 0, and 93 g S Ua A¥qq, Where the subscripts denote partial
differentiation. (b) In the context of Part (a), let Assumption 2.2(b) hold. Then
h(z,q) — 0+ (uniformly over all z € RY) as ¢ — 0+. If f(x, rg cos(f), rosin(6)) < 0
for fixed x € RV, 0 € (0,7/2), and 79 > 0, then h(z,70sin(d)) > ro cos(d). If one
assumes that hgq < 0 (as in Part (a)), then it follows that h(z,rsin(6)) > r cos(d)
for all € (0, r¢], whence f(z,r cos(f),rsin(d)) < 0 for all r € (0, ro].

2.6. Example. Theorem 2.3 applies in the case of numerous nonlinear joining
conditions (2.1) in which F(z, p, ¢) does not depend on position. Essentially all such
cases can be expressed in the form F(z,p,q) := ¢(¢) — p = 0. Then Assumptions
2.2(a)—(e) are all satisfied if the equation F(x,p,q) = 0 is equivalent to an equation
of the form ph(1/q) = 1, where h(q) : R; — R denotes any C?-function such that
hg > 0,hgy <0, and h(q) — 0+ as ¢ — 0+ (clearly ¢(q) = 1/h(1/q)). For example,
Assumptions 2.2(a)—(e) are all satisfied by joining conditions of the following forms:
p = ¢* for fixed a € (0,1]; p>_" , aig* = 1, where a; > 0 and 0 < o; < 1;
q(cosh(1/p) — 1) = 1; gtan(1/p) = 1; pIn(1 + (1/q)) = 1; gsinh(1/p) = 1.

2.7. Example. It is easily seen (using Remarks 2.5) that Assumptions 2.2(a)—(e)
are all satisfied by joining equations of the form F(x,p,q) := A(x)+¢(1/q9) —p = 0,
where A(z) : RN — R is a uniformly positive C2-function such that the first and
second order directional derivatives of A(x) satisfy the condition: 242 < AA,,
throughout 2, for any unit vector v, and where ¢(q) : Ry — R, is a positive C?-
function such that ¢(q) — oo as ¢ — 0+, ¢4 < 0, and 2¢2 < ¢dgq. (This includes
the case where ¢(q) = ¢—¢ for some fixed a > 0.) Therefore, Theorem 2.3 applies
to these cases.

2.8. Example. It is easily seen (using Remarks 2.5) that Assumptions 2.2(a)—(e)
are all satisfied by joining equations of the form A(x)¢(1/q)p = 1 (corresponding to
F(z,p,q) == (1/[A(z)¢(1/q)]) —p = 0), where the C2-functions A(x) : RY — R and
#(q) : Ry — Ry are chosen such that A(x) is uniformly positive, ¢4 > 0, ¢(g) — 0
as ¢ — 04, and there exist fixed positive constants A\, p with Ay = 1 such that
DPyq +u¢§ <O0forallg>0and AA,, + A2 <0 for all # € , and all unit vectors
v. Therefore, Theorem 2.3 applies to these cases.

2.9. Example. Consider joining conditions of the general form:
F(z,p.q) = A(z) + B(x)¢” - p* =0,
where «, 3 denote positive constants and A(x), B(z) denote uniformly-positive C?-

functions. Assumptions 2.2(a), (b), (c) are clearly satisfied. By expressing the
joining condition in the equivalent form: Fy(z,p,q) := (A+ Bq?)(/®) —p =0, one
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can easily verify that Assumptions 2.2(e) is also satisfied. As we will show in the
appendix (§11), Assumption 2.2(d) is satisfied provided that § < « and the first
and second order directional derivatives of A(x) and B(x) satisfy the conditions:

((a+1)/a)AL < AA,; (14 (1/(a— B)))BL < BB,,,

in Q,, both for any unit vector v. (Alternately, one can assume that o = 3, B(z) is
a constant, and ((a+1)/a)A2 < AA,, in Q, for each direction v.) Thus, Theorem
2.3 applies under these assumptions. The convex existence results in this example
are very general by contrast to the author’s previous existence results for the convex
two-layer problem (see [9]).

2.10. Remark. With reference to the author’s counterexamples in [6], we remark
that the function F(z,p,q) := A + ¢*> — p? satisfies Assumptions 2.2(a)—(e) in the
case where A > 0, but does not satisfy Assumption 2.2(d) in the case where A\ < 0,
for which the counterexamples were obtained.

2.11. Theorem. (a) Problem 1.1 has at least one (convex) weak solution S =
(S1,...,8Sk) (weak in the sense of Definition 5.4), provided that each of the given
functions Fi(x,p,q) : R" x Ry x Ry — R, ¢ = 1,...,k, satisfies Assumptions
2.2(a)—(d).

(b) Any weak solution S = (Si,...,Sk) of Problem 1.1 is a classical solution,
provided that each of the given functions Fi(z,p,q) : RN x Ry x Ry — R, i =
1,..., k, satisfies Assumptions 2.2(a)—(e).

2.12. Remark. The proof of Theorem 2.11(a) is given in §5.12. Part (b) follows
from Theorem 2.3(b), in view of Theorem 5.13.

2.13. Remark. Obviously Theorem 2.11 applies to particular cases of Problem 1.1
in which each of the functions F;(z,p,q), i = 1,...,k, has any one of the forms
already discussed in Examples 2.6, 2.7, 2.8, and 2.9.

2.14. Remark. The purpose of this remark is to point out a uniqueness result which
applies to classical solutions of Problem 1.1 under different assumptions than those
listed in §2.2. Namely, assume in Problem 1.1 that the given domains DF are
starlike relative to the origin, and that the functions F;(z,p,q), i = 1,...,k, satisfy
Assumption 2.2(a). Also assume fori = 1,...,k that F;(Az,p/), ¢/\) > 0 whenever
Fi(z,p,q) > 0 and A > 1. Then there exists at most one classical solution S =
(§1, .. .7§k) such that the surfaces §i, i =1,...,k, all have bounded curvature.
Moreover, this solution (if it exists) must be such that the interior complements of
the surfaces §1, cee Sy, are all starlike. The proof, which we omit, is closely related
to previous uniqueness proofs in [7], [8], §2, and [11], §2.

3. THE CONVEX TWO-LAYER PROBLEM:
OPERATORS, FIXED POINTS, WEAK SOLUTIONS

3.1. General notation and definitions. We define the ball B.(z¢) = B(zo;¢e) =
{zx e RN : |z — 20| < €} for any xp € RY and € > 0. We define a¥ = {az : 2 € X}
for any set ¥ and value oo > 0. H(X) denotes the convex hull of a set £, and N (%)
denotes the e-neighborhood of ¥ (for any € > 0). For any sets ¥;, i = 1,2, we
define the distances d(X1,¥2) := inf{|z —y| : © € E1,y € X} and A(Z1,%3) =
inf{e > 0 : X7 C N(X2) and Yo C N.(31)}. For a set ¥ and a point zg, we
define d(zp,X) = d({zo},X). For any set ¥ and any sequence of sets (X,,)% ;, we
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say X, — Y asn — oo if A(Z,,X) — 0asn — oo. We use z(t) to denote any
particular real valued, continuous, strictly increasing function on R4, such that
z(t) — 0 as t — 0+, and we use ((n) to denote any particular positive, decreasing
function defined on N such that ¢(n) | 0 as n — oco. Similarly, z(¢,n) denotes any
particular positive function of ¢ > 0 and n € N such that z(¢,n) — 0 as t — 0
and n — oco. These are all called null functions. Also, |- | denotes volume of an
N-dimensional domain, the area of an (N — 1)-dimensional surface, and the length
of a curve.

3.2. Definitions for the operator method. Let X denote the family of all
(N — 1)-dimensional hypersurfaces of the form S = 9D, where D is a bounded,
convex domain in RV, For each surface S € X, let D(S) denote the interior com-
plement for S. For 51,5 € X, we define S; < Sy (resp. S1 < S3) to mean that
Dy C Dy (resp. Cl(Dy) C D3), where D; = D(S;), i = 1,2. Given S, 55 € X such
that S1 < Sz or S; > Sa, we use Q(S7, S2) to denote the annular domain whose
boundary is S; U S3. We also use Ut = UT(S57,Ss;z) to denote the capacitary
potential in Q = Q(Sy, S2), oriented such that U+ = 0 (resp. UT = 1) on the inner
(outer) boundary of Q. We also define U~ (S, S2;2) = 1 — UT(Sy, S2; ). Given
e € (0,1) and surfaces S1, 52 € X with S; < S3, we define

DE(Sy, Sp) = BE(S, So;¢) := {2 € Q(S1, S9) : UE(Sy, So;2) =€}

Observe that ®F(S;,5) € X due to Lemma 3.4(c). Clearly, we have S <
OE(S1,52) < Sy and ®E(S1, ) = ®]__(S1,52). Also, for € € (0,1) and any
surfaces 51,52 € X with S; < S, we define

\115(51, Sg) = \I/(Sl, Sg; E)
= 9(CU(D(S1)) U{x € Q(S1, S2) : f(z, (d(z,S1)/¢e), (d(x, S2)/e)) < 0}),

where U, (S, 52) € X due to Lemma 3.6. Finally, for any € € (0, 1) and any surfaces
S, 8% € X with S~ < 8 < ST, we define

(3.1) T.(57,8,87)=T(S7,5,5;¢) = U (¥ (57,9),01(5,5")) e X.
3.3. Lemma. For surfaces Sf, ST € X such that Sy < Sy, Sy < Sy, and S <

SE, we have 0 < UF(x) < 1 in Q; and £(UE(z) — U (x)) <0 in Qo N Qy, where
UE(z) = U(S;, 8 2) in Qi = (S, S;F).

Proof. This follows from the maximum and comparison principles for harmonic
functions.

3.4. Lemma. LetU(x) = UT(S™,S%;z) in C1(Q) where Q = Q(S—, %), S* € X,
and S™ < ST. Then:
(a) We have U(z) > (x-vg —a)/(B—a) in QN {a <z vy < B} for any unit
vector vy and values o < 3 such that S~ C {z - vy < a} and ST C {x - vy < 3}.
(b) We have that

U(z) > (d(z,S7)/A(S™,S7))
and
(1-U(x)) < (d(z,57)/d(S~,57)),
both in ).
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(c) For any a € (0,1), the real-analytic surface Sy = {U(x) = a} is convex. It
is also strictly convex in the sense that any supporting plane intersects S, at only
one point.

(d) The function Q(x) := |VU(z)| is weakly decreasing (with increasing U) on
all the curves of steepest ascent of U.

(e) The function Q(x) := |[VU(z)| is subharmonic in Q, and the function W (x)
= g(Q(z)) is superharmonic in 2 provided that g(t) : Ry — R is a C%-function
such that d(tg'(t))/dt < 0, where ¢'(t) = dg/dt > 0 (this includes the case where
g(t) = In(t)).

(f) For0<a < <1, let xzq € So and xg € S3 be the endpoints of an arc vy of
steepest ascent of U. Then Q(zg)ly| < (8 — «) < Q(za)|v| if the derivatives exist,
where |y| denotes the arc-length of ~.

(g) For any unit vector vy, any values 0 < a < § < 1, and any points x, € Sy
and xg € Sg such that (x —x4) v <0 for allz € S, and (x — ) - vy <0 for all
x € Sp, we have that Q(x) < ((f — a)/d(a, 5)) < Q(xo) if the derivatives exist,
where d(a, B) = (xg — o) - Vo.

Proof sketch. Part (a) follows from the comparison principle, and both inequalities
in Part (b) follow from Part (a) (the first inequality in Part (b) also follows from
the fact that d(x,S™) is subharmonic in Q). Regarding Part (c), see [14], [15], §2,
[17], [19], or [22]. Part (d) is a direct consequence of Part (c) and the Laplace
equation. The assertions in Part (e) also follow from Part (c¢), as is seen by a direct
computation of AQ and AW (observe that @ > 0 in {2, essentially due to part (d)).
Finally, Part (f) follows from Part (d), and Part (g) is obtained by applying Part
(a) to the capacitary potential (U(z) — a)/(8 — «) in the domain Q(S4, Sa).

3.5. Lemma. For any ST € X such that OBs(wg) < S~ < St < 0Bg(wo)
(for some 0 < § < R and z9 € RY), we have A=(S7,5%) < AT(S—,8T) <
(R/6)A=(S™,ST), where we define AT(S~,8%) = max{d(z,ST) : = € S*}.
Therefore, A(S™,S5T) = AT(87,5%) and A(S~,8T) < (R/§)A~(S~,ST).

(We leave this proof to the reader.)

3.6. Lemma. Let Si,Sit € X denote conver surfaces such that Sy < Sg, Sy
St and Sf < SE. Then for any e € (0,1), we have that: (a) ®E(S;,S;")
X, (b) @2(Sy.55) < OX(S7,SF) . (0) Wo(S7.S7) € X, (d) (S5, 50)

U (S,S81), (e) if the surface Sy is strictly convez, then the function ¢o(x) :
f(z,(d(z,85)/¢), (d(z,S5)/€)) is strictly positive in the exterior complement
the surface So := V(S ,Sy) relative to the annular domain Qo = Q(Sy,Sy).
Therefore So = {x € Qo : ¢o(x) = 0}.

Proof. Parts (a) and (b) follow from Lemmas 3.4(c) and 3.3. Parts (c) and (d) are
given in [11], Lemma 3.8 and Theorem 4.3(b), and Part (e) follows from a slight
generalization of the proof of [11], Theorem 4.3(b).

S IIAMA

3.7. Lemma. Let S, 5%, §, St ex deAnote convez surfaces such that S~ < S <
ST, 87 <8< 8+, 8<8, and ST < S*. Then for any ¢ € (0,1), we have that:
(a) T-(S™,5,5%) € X, and (b) T.(S~,5,5T) <T.(S7,S,S5™).

Proof. This proof follows from Lemma 3.6 (see [11], Theorem 3.3 and Lemma 3.9).

3.8. Lemma. The surface T-(S1,S,52) € X depends continuously on Si, S2, S € X
(such that S1 < S < S3) and on € € (0,1).
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Proof sketch. Assume for n — oo that Si, — 51,5, — S, and Sy, — Sy in
X (where S1 < S < S3) and ¢, — € € (0,1). It follows from the continuity of
F(x,p, q) and well-known properties of harmonic functions that U* (S ,,, So.n; ) —
U*(S1, S2;x) and

On () == F(z, (e /d(x, S1,n)), (en/d(z, S2,n)) — &(x)
= F(*T’7 (E/d(fb, Sl))v (E/d(ZIJ, SQ))v

both as n — oo, where the convergence is uniform in any particular compact
subset of  := Q(S1,S2). The first convergence result implies that for each point
x in the interior (exterior) complement of ®* (S, So;¢) relative to 2, the value
+(U*(S1.n, S2.n; ) —€5) is negative (positive) if n € N is sufficiently large. In view
of Lemma 3.6(e), the second convergence result implies that if S; is strictly convex,
then for each point x in the interior (exterior) complement of ¥(Si, S2;€) relative
to Q, the value ¢, (x) is negative (positive) if n € N is sufficiently large. It follows
that ®*(Sy ,, So.n;en) — ®F(S1,S2;¢) as n — oo, and that U(S),,,S2,;6) —
U(Sy,S2;¢) as n — oo, provided that S; is strictly convex in the second case.
Since the surfaces ®¥(Sy, So;¢) are in fact strictly convex, it follows from (3.1)
that T'(S1,n, SnsS2,n;€n) — T(51,5, Sa2;€) as n — oo.

3.9. Fixed-point problem. Given ¢ € (0, 1) and surfaces ST € X with S~ < S*,
we seek surfaces S. € X such that S~ < S. < ST and T.(S~, 5., ST) = S..

3.10. Definitions. Given ¢ € (0,1) and the surfaces ST € X with S~ < S+, we
use the notation &.(S~,5%) = &(S7,5T;¢) to denote the family of all solutions
of Problem 3.9. Also, 67 (57, S™) (resp. 6F(S7,S™)) denotes the family of all
surfaces S € X such that S~ < S < ST and such that T.(S~,S5,5T) > S (resp.
T.(S~,S,8%) < S). Thus, for fixed e € (0,1) and ST € X,&-(S7,5%) (resp.
S+ (S~,S81)) is the family of all inner (outer) solutions of the fixed-point problem
3.9. Clearly 6.(S—,S1")=62(57,5")N&F(S~,ST).

3.11. Lemma. Assume that Sy € &1 (Sy,Sy) for a given value € € (0,1), and
for given surfaces S’SE € X. Then Sy € &F(S™,S%) for any surfaces ST € X
such that S= < Sy < ST and S* < SE. Analogously, if So € 6-(Sy, S ), then
So € 62(S~, ) for any surfaces ST € X such that S~ < Sy < St and Sy < S*.

Proof. This follows from Lemma 3.7(b).

3.12. Definition. A surface S € X (such that S < S < S7F) is called a weak
solution of Problem 2.1 if there exist a positive null sequence (£,)52; and a cor-
responding sequence of ordered triples (S ,,, 55,5}, )02, (with S;,, < S, < S},
in X) such that A(S,,S) — 0 and A(SE,,SE) — 0, both as n — oo, and such
that for each n € N, S, solves Problem 3.9 in the particular case where £ and S*
are replaced respectively by e, and ST, (i.e., we have S, € 6(S;,,,SF,;¢x)). The
sequence of ordered triples is called an approximating sequence corresponding to
the weak solution S.

3.13. Remarks. (a) Our definition of a weak solution is based essentially on the fact
that if S is a sufficiently regular classical solution of Problem 2.1, then
A(T.(S7,8,5F),5) =ez(e) ase |0,

so that S nearly a solution of Problem 3.9 for small ¢ € (0,1) (see [11], Lemma
3.13). (b) The above definition of a weak solution is slightly more general than
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necessary (in the present context), in order to accommodate the requirements of
the multilayer problem in §5.

3.14. Lemma. Given the surfaces S* € X with S~ < S*, let S, = {x € D(S7) :
d(z,St)=a} eX for 0 < a <d(S™,ST). Then for fized, sufficiently small a, we
have S, € &1 (S~,ST) for all e € (0,1).

Proof. We have S, . :=T-(S™,Sa,ST) < S, provided that
fx, [d(x, S5 ) /el [d(x, S5 ) /e]) > 0

for all z € S,, where ST_ = ®F(5,,5%). However, it follows from Lemmas
3.4(b) and 3.5 that (d(z,SZ.)/e) < A*(S4,ST) < (R/d)a and (d(z,S;.)/e) >
d(S7,84) > (d(S7,57%)/2), both whenever 0 < e <1 and 0 < a < (d(S~,S)/2),
where we choose xg € D(S7) and 0 < § < R such that dBs(z9) < S~ < ST <
OBR(z9). The assertion follows in view of Assumption 2.2(b).

3.15. Lemma. Let S* € X denote fized surfaces such that S~ < S*. Let S, =
D1 (S7,51) € XNC™ for a € (0,1). Then there exist a value g > 0 and a function
eo(@) : (0,a0] — R such that S, € SZ(S™,ST) for a € (0, 0] and e € (0,20(c)].

Proof. One can easily verify that U, (z) = ((a—U(x))/a) and |[VU; (z)] = (Q(x) /)
both in 7, and U (z) = (U(z)—a)/(1—a)) and |[VUT (z)| = (Q(x)/(1—«a)) both
in QF, where U(z) = UT(S7,5%;2),Q = Q(S7,57),Q(z) = |VU(2)|, UL (z) =

UE(S%, Sa;7) and QF = Q(S*,S,). Also, we have Sy < Sae = Te(S™, Sa, ST)
provided that

fla, [d(z, S5 .) /), [d(@, 53 ) /<)) <0

for all # € S, where 53 = ®F(5*,S,). Also [d(z, S5 .)/e] = (a/Q(x)) + z; (x,¢€)
and [d(z,SF.)/e] = (1-a)/Q(x))+ 27 (x,¢), both for all 2 € S, by the theorem of
the mean, where 2 (z,¢) — 0 as ¢ | 0, uniformly over all x € S, for each a € (0, 1).
It follows that S, < Sq. provided that

(3.2) f(a, (a/Q(2)) + 25 (w,€), (1 — @)/Q(x)) + 24 (x,€)) <0

for all x € S,. Now (3.2) holds for all sufficiently small ¢ € (0,1) (depending on «)
provided that

[z, (a/Q(2)), (1 — a)/Q(x))) <0

for all x € S,. Since min{Q(z) : U(zx) < 1/2} > 0, the assertion now follows from
Assumption 2.2(c).

3.16. Lemma. Assume that S < ST, where ST € &X(S~,ST). Then there
exists at least one solution S: € &.(S™,ST) of Problem 3.9 such that ST < S, <
St

Proof. Define the sequence (S:,)%, C X such that S.o = S and S.,41 =
T.(S™,8:n,ST) € Xforn=0,1,2,.... It follows inductively from Lemma 3.7(b)
that S& > S.,, > Scpqg1 > ST for n = 0,1,2,.... Therefore, S:,, | S- € X as
n — oo, where (by Lemma 3.8):

T.(S7,8:.,87)=T.(S", lim S.,,ST)= lim S., 41 =S..
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3.17. Proof of Theorem 2.3(a). According to Lemmas 3.14 and 3.15, there exist
a value £ € (0,1) and fixed surfaces S* € X such that S7 < S~ < 5+ < §F and
such that S* € &F(S7, 8f) foralle € (0,e0]. It follows by Lemma 3.16 that for any
e € (0,e0], there exists a solution S, of Problem 3.9 at ¢ such that S- <S8, < S+,
Given a null sequence (g,)52; such that &,, € (0,£¢] for each n, let (S,)5%; denote
a sequence such that for each n € N, §,, € &(S, S* ;€n) denotes a solution of
Problem 3.9 in the case where ST = Sf and ¢ = g,. The surfaces S,, have
equicontinuous, uniformly bounded polar-coordinate representations relative to a
fixed origin located anywhere in D(S"). Therefore, by the theorem of Ascoli-Arzela,
we can pass to an appropriate subsequence (still indexed by n € N) such that S,, —
S (in the polar-coordinate maximum norm) as n — 0o, where S denotes a particular
limit surface (with a continuous polar-coordinate representation). Clearly, S e
X, S- <8< §+, and A(Sn,g) — 0 as n — oo. Thus, S is a weak solution of
Problem 2.1.

4. UNIFORM RESULTS INVOLVING SOLUTIONS
OF THE TWO-LAYER FIXED POINT PROBLEM

The purpose of the present section is to develop some uniform estimates for
solutions of the two-layer fixed-point problem (Problem 3.9) which will be essential
in our study of the multilayer fixed-point problem and the multilayer free-boundary
problem.

4.1. Lemma. For given constants 0 < oy < Ry and any given unit vector vy,
define K, = rK and SF = rS*, and Q, = rQ for any r € (0,1], where K =
H({0} U Cl(Bx(dov0))), A = (63/Ro),S™ = 0K, ST ={z ¢ K : d(z, K) = 1}, and
Q=Q(87,58"). Also define U.(z) = Ut (S, ,S;F;2) in Q,, Sp.o = @L(S;,S}) =
{Up(z) = a}, and Sya,. = T:(S;, Sr0,S;) forr € (0,1] and a,e € (0,1). Then
there exist a value ag € (0,1) and a positive, continuous function o(a) : (0, ag] —
R (neither of which depends on the unit vector vg) such that if o € (0, ] and
e € (0,e0()], then Syo < Sr.a.e for all v € (0,1].

Proof. For any r € (0,1] and a,e € (0,1), we have that S,, = 7S,, where
S, = ®1(57,S8t). By a change of scale, we also have that S,n. = 7S,.0.c =
7T, (S™,Sa,ST), where we define

§r,a,s = r,s(S_ Sa78+)

= {2 € U(Ssc, Sac) : frlw, [d(x, S5.0) /], [d(x, 87 .) /<)) = O},
for all r € (0,1], with S¥_ = ®F(S*,5,) and f,(z,p,q) = f(rz,rp,rq). Clearly
Spae > Spo for r € (0,1] if and only if Sy.o. > Sq for r € (0,1]. A sufficient
condition for the latter is that
(4.1) flrz,rld(z, S5 .) /e, rld(z, S5 ) /e]) < O

for all » € (0,1] and « € S,. However, by the argument given in the proof of
Lemma 3.15, (4.1) holds if we have

sup{f(y, (ar/Q(x)), (1 — a)r/Q(x))) : @ € Sa,r € (0,1],y e RY} <0

for sufficiently small a > 0 (i.e., for a« € (0,ap], where ap > 0 is sufficiently
small), where Q(z) = |VU| and U(xz) = Ut (S~, S*;z). However, this follows from
Assumption 2.2(c).
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4.2. Corollary. Let the constants 0 < 09 < Rg be fized. For all values o € (0,1
and r € (0,1], and for all points xo # 0, define S; (zo) = 0K, (x0) and S (x¢)
{z ¢ K.(x0) : d(x, K, (x0)) = r}, where K,.(xo) = H({zo}UCI[Bx(po(xo,7))]), A
(62/Ro), and po(zo,7) = ((|wo] — So7)/|x0])0. Then there exist a value ag € (0,
and a positive, continuous function go(a) : (0,a0] — R (neither of which depen
on the unit vector vy) such that if o € (0, ] and € € (0,e0()], then

Sr.a,e(20) 1= To(S7 (20), Sr,a(w0), S (x0)) > Sralwo) := ®F(S; (x0), Sy (z0))
uniformly for all xo # 0 and r € (0,1].

~—

=2
S~—

S

Proof. For each xg # 0, the surfaces S*(xg) and S, (7o) are obtained from the
corresponding surfaces Sﬁ: and Sy  defined in Lemma 4.1 (in the specific case where
vo = —(x0/|x0|)) by applying the transformation y = y(x) = & — x¢. Therefore, the
assertion follows from Lemma 4.1 by replacing f(, p, q) by the function f(z,p, q) :=
f(@ —z0,p,9).

4.3. Remark. It is obvious in the context of Lemma 4.1 that there exists a null
function zo(-) such that U(z) := UT(S™,ST;2) < zo(|]z]) in 2, and that there exists
a positive function p(t) : (0,1) — R such that d(S™,S5;.) > p(a(l — ¢)) for each
a,e € (0,1), where S := ®- (57, Sa) = {U(x) = a(1—¢)}. By rescaling, we have
Ur(wo;7) < 20(|z —w0|/7) in Q(20) and d(S; (w0), Sy, (%0)) > p(a(l —¢))r, both

uniformly for all g # 0 and all » € (0, 1], where S, (o) := @2 (S, (20), Sr.a(20)),

T,0,E T

and U, (zo;x) = UT (ST (20), ST (x0);2) in Q-(z0) := Q(S,” (:1:03, S+ (xo)).

4.4. Lemma. Let Xy = {5 € X:9B(0;d0) < S < 9B(0; Ro)}, where the constants
0 < dp < Ry are given. Then there exist constants 9 > 0 and ¢ € (0,1) such that
d(S™,S87) > nod(S~,8T) for any e € (0,20, any surfaces S* € Xo satisfying
S™ < 87T, and any surface S. € SF(S™,ST), where we define ST = ®7(S7, S:).

Proof. In the context of Lemma 4.1 and Corollary 4.2, choose g9 = £o(«), where
a € (0,a9] is fixed. Let S. and S* be any fixed surfaces in Xg such that S— <
S. < St and S. := T.(S™,S:,8T) < S.. In the notation of Corollary 4.2, we have
that S, (x¢) < S~ for any r € (0,1] and zo € S, as follows from properties of Xp.
Choose the value r > 0 to be maximum subject to the requirements that (a) r < 1,
(b) S (zg) < ST for all zp € S™, and (¢) Sya(xo) < S. for all zyp € S~. Then,
by continuity, one of the following alternatives must hold: either (a) r = 1, or (b)
ST NSt (xg) # @ for at least one point zg € S™, or else (¢) Sc N Sy.q(xo) # @ for
at least one point g € S~. However, Corollary 4.2 implies that

Sra(0) < Spac(ro) < S.:=To(S7,85.,87) < 5.

for all zgp € S7, so that the alternative (c) is impossible. Therefore, one of the
alternatives (a) and (b) holds. In other words, we must have that S, o(z¢) < S for
all g € S~, where r = min{1,d(S~,S")}. Due to Lemma 3.6(b), it follows that
S ae(®o) := @7 (S™(20), Sralxo)) < S7 := @ (S, S:). Therefore, we have

T,0E

d(0,S=) > d(z0, Sy o(20)) > p(a(l — ¢)) min{1,d(S~,ST)}

OHE

for all zy € S, where we have applied an estimate in Remark 4.3. This completes

the proof, in view of the fact that there exists a uniform upper bound for the values
{d(S—,85%): S* €X,,5 < St}
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4.5. Corollary. In the context of Lemma 4.4, for any € € (0,&0] and any surfaces
S* e Xo such that S= < ST, there exists a_surface S. € 6.(5,5%) such that

d(S~,8.) > nod(S~, ST and such that S > S. for all surfaces S € SF(S~,57).
We call §E the minimal solution of Problem 3.9 at €.

Proof. For fixed € € (0,¢], let §5 = 8ﬁ5 € X, where ﬁs denotes the intersect
of the interior complements of all surfaces S € &1 (S7,S1). Clearly, we have
d(S’E,S_) > nod(S™,ST), due to Lemma 4.4. For zy € §5, and for any n € N,
there exist an outer solution S,, € & (S~,S") and a point z,, € S, such that
|, — 20| < 1/n. Since S, > 8., it follows (by Lemma 3.6(b)) that St.> §Ei for
all n € N, where S¥,_ := ®2(5,,5%) and SF := ®F(S., S*). Therefore, we have

+[d(wn, SiEL) —d(n, §5i)] > 0 for sufficiently large n € N (so that x,, € Q(§€_, §j))
Therefore,

f(@o, [d(z0, 57 ) /2], [d(wo, SF)/e]) = lim f(xn, [d(zn, S5 )/e], [d(wn, ST)/e])
> hmlnff(xnv [d(xm 5;5)/8]7 [ (xm n, a)/E]) 0.

n—oo

Since x is arbitrary in S., it follows that T.(S™, S., S*) < 5., i.e. 8. € 6+(S , ST,
Therefore T-(S~, Sz, §) € 6 (S~, %), by Lemma 3.7. Therefore T.(S~, 5., 57)
> 5., due to the minimality of S. in &1 (S, ). Therefore T.(S™, 5., 1) = 5.,
whence S, € 6.(57, SH).

4.6. Lemma. Let X1 = {S € X: S < 9B(0;Ry)}. Then there exists a positive,
continuous, increasing function h(r) : Ry — Ry with the following property: For
any values ¢ € (0,1), § > 0, a € (0,h(8)] and any surfaces S*,S. € X; such
that S— < S*,d(S,8%) > 4§, S: € 6(S7,57), and d(S.,S™) > «d, we have
d(Se, ST) > ad(S™,ST). Under the same assumptions, we also have d(SF,ST) >
(a/2)d(S™,ST) fore € (0,1/2], where St := ®F(S.,ST).

Proof. This proof is based on a comparison to the operator method in the limiting
case in which the convex surfaces become parallel planes. Let xg,79 € RY (such
that |vg| = 1) be fixed. For any r > 0, define S;f = {¢(x) = 0}, S = {¢(z) =
rhSna = {6(5) = ar}, Ura(@) = (6(x) — ar)/(1 — a)r) in Qg = {ar <
p(x) <7}, Ut (x) = ((ar — ¢(x))/ar) in Qf, = {0 < ¢(zx) < ar}, where ¢(z) =
(xo — z) - vo. Then T.(S;,Sra,S}) < Spo (where the ordering “<” is defined
relative to the direction vp) for all € € (0,1) provided that f(z, (1 — a)r,ar) >0
for all z € S, . However, for any given value § > 0, there exists a value h(d) > 0
(which does not depend on xy or vg) so small that f(z,(1 — a)r,ar) > 0 for all
z € RN, r € [§,2R], and a € (0,h(5)]. Thus, for any ﬁxed a € (0, h(&)], we have
Spe = T.(S7,8,,85) < 8, for all ¢ € (0,1) and r € [5,2Ry], where S, := S, 4.
For fixed a € (0, h(d)] and € € (0,1), let Si and S. be any fixed surfaces in X; such
that S— < S. < SF, 8. := To(S~, 5., 57) > S., d(S~,S%) >4, and d(S., 5F) >
ad. Let M denote the set of all pairs (zg,v) such that g € ST |u0| =1, and
(o — 2) -vo > 0 for all z € D(ST). For any r > 0, let S (0, 1), Sr(xo,uo), and
§T,5(:z:0, vp) denote the surfaces S: S and S, e corresponding to each particular
choice of (xg,v9) € M. For any (:z:o,uo) € M, it is easily verified that ST <
S+ (w0, 1) for all 7 > 0, and that S— < S7 (20, o) and Se < S, (0, ), both for all

€ (0,6]. Now choose the value r > 0 to be maximum subject to the requirement
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that S~ < S7(zo,10) and S: < S,(zo,0). Then r € [6,2Ry], and by continuity,
one of the following alternatives must hold: either (a) S~ NS (zg,10) # @ for at
least one pair (zo,v9) € M, or else (b) S: N §T(x0, vy) # @ for at least one pair
(zo,v0) € M. However, since r € [§,2Ry], it follows by (a slight generalization of)
Lemma 3.7(b) that

Se < §€ < §r7€(x0a VO) < §r(x07V0)

for all (xo,v0) € M, so that the alternative (b) is impossible. Therefore (a) holds,
implying that r > d(S—,ST). Therefore, d(S., ST) > ad(S~,ST), as was asserted.

4.7. Corollary. In the context of Lemma 4.6, for any 6 > 0, there exists a value
g0 = €0(8) € (0,1) such that for any ¢ € (0,e0] and any surfaces S*,S. € Xy such
that S— < ST,d(S~,8%) > 4,5. € 6-(S~,ST), and d(S,ST) > 5h(§/2), there
exists a surface S. € 6.(S~,ST) such that S- > S. and d(S-, S*) > 6h(5/2).

Proof. Define the sequence (S )52, inductively such that S, 1 = Se and S p+1 =
T.(S™,S:n,ST) for all n € N. By Lemma 3.7, we have S.,, € 627 (5~,5") and
Sen < Se g1 < ST for all n € N. Assuming that d(S: ,, ST) > 6h(§/2) for some
n € N (as is certainly true in the case n = 1), we have d(Sc 541, 5") > (6/2)h(5/2)
for sufficiently small e > 0. Since S; 5,41 € 62 (57, S5T), it follows from Lemma 4.6
that actually d(S: n+1,5") > 0h(§/2). Therefore, if € > 0 is sufficiently small, then

d(Se.n, ST) > 6h(6/2) for all n € N. Therefore, S.,, 1 S. € 6.(S~,5T), where
d(S., S*) > 5h(6/2).

4.8. Lemma. Let Assumptions 2.2(a)—(c) hold. Given constants 0 < dg < Ry, let
Xo ={S € X:9B(0;6y) < S < 9B(0;Ry)}. Then for any given value dy > 0,
there exist constants 0 < €5 < 1 < &€; < oo such that for any ¢ € (0,1), any
surfaces ST € Xo such that S~ < ST, and any surface S. € &.(S~,S8T) such
that d(S*,SF) > 2dy (where SF := ®F (5% S.)), we have € < (g/d(xo,SF)) <
¢y for all xg € S.. Moreover, we have QC (z) < &1 in Q(Sy,S:), QT (x) <
¢ in ST, 51),QF (x) > & in Q(S., SY), and Q- () > & in QS™,S0),
where UX(x) = UF(S*, S.;x),QF (2) = |VUE(z)|, and S5 = {x € Q(S—,S*) :
d/((E, Si) = do}

Proof. Let an admissible pair S* € X, be fixed. We first obtain the uniform
upper bounds for QZ(x) and (g/d(xo, SZ)) (with zp € S:). For any ¢ € (0,1)
and solution S € &.(S™, ST) such that d(S~,S-) > 2dy, it follows from Lemma
3.4(f) that Q- (z) < (1/d(z,S7)) < By := (1/dp) for all z € Q(S~,S.) such
that d(zo,S™) > do. Therefore (e/d(x0,57)) < (¢/d(S7,S:)) < Q (z1) < By,
by Lemma 3.4(g), where zg € S. and z; € S_ is chosen such that d(z1,S5:) =

(SE_,S ). Since F'(xo, [E/d(xo, )], [e/d(zo, S+)]) = 0, it follows by Assumption

2.2(a) that F(xo, B1, [¢/d(z0, S; )]) <0 for all zy € S-. Therefore, (¢/d(xo, ST)) <
Cl for zyp € Sc by Assumption 2 2(b), where we define ¢€; = max{1, By, qo(B1)} >
By. Therefore d(x1,S:) > (¢/€1) for x; € ST, from which it follows by Lemma
3.4(f) that QF(z) < €; on SF. Thus QF () < €; throughout Q(SF,S™), by
Lemma 3.4(d).

We now turn to the proof of the uniform, positive lower bounds for QF (x) and
(e/d(zo, SF)) (with g € S.). Given ¢ € (0,1) and a solution S. € &.(S~,S%)
such that d(S*,SF) > 2dy, we have (1 — x¢) - vo < Ry for any zp € Q(S.,ST)
and x; € ST, where vy = v(zg) = VU (29)/QF (x9). Therefore, QF (x¢) >
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(1 —=UF(x0))/Ro for zp € Q(S:,ST), due to Lemma 3.4(g). On the other hand,
for any z9 € Q(Se,S7), we have that S™(zg) < S., 5" (z) < ST, and (1 —
Uf(xz)) > (1 = Ut (xo;x)) for all z € Q(S., ST) N QS (z0), ST (x0)) (by Lemma
3.3), where S~ () = 0B(0;60/2), St (20) = OH(B(0; 50)U{(1+(do/|xo|)z0)}), and
Ut (zo;x) = UT(S™(xg), ST (x0); x). However, the continuous function ¢(xg) :=
(1 — U™ (z0;20)) : (B(0; Ro) \ B(0;00)) — R is strictly positive (by the strict max-
imum principle for harmonic functions), and therefore uniformly bounded from
below by a positive constant C' > 0. Therefore, QF (x¢) > By := C/ Ry, uniformly
for ¢ € (0,1),5. € &.(57,5%) such that d(S*,SF) > 2do, and o € Q(S., S7)
by Lemma 3.4(g). Therefore, (¢/d(zo,St)) > By for xy € Se, due to Lemma
3.4(f). Since F(zo,[e/d(xo,ST)], [e/d(x0,ST)]) = 0 for zyp € S, it follows by
Assumption 2.2(a) that F(xo,[e/d(x0,57)],Bo) < 0 for 29 € S.. Therefore,
(e/d(z0,S7)) > € := min{1, By, po(Bo)} > 0 for xy € S, by Assumption 2.2(b).
Thus, Q- (z1) > €y for all 1 € ST, due to Lemma 3.4(g). Finally, we have
Q7 (z) > &, throughout Q(S~,S7), by Lemma 3.4(d).

4.9. Corollary. Let S € X denote a (fizred) weak solution of Problem 2.1, where
we assume §2.2(a)—(c). Then there exist positive constants 0 < € < € < ©
(depending on do := (1/3) min{d(S;,S),d(S,S)}) such that €, < |[VUE ()] < €&
uniformly over all x € QF such that d(x,SE) > do, where we define ﬁi(x) =
U£(SE,S;2) in QF := Q(SE,5).

Proof. Let (S_,,,
positive null sequence (,)22,. Since d(S, S¥) > 3dy, we have d(S,, SE,) = 2do
for all sufficiently large n € N. Since S, € &(S;,,, S}, ;en) for each n € N, the
assertions of Lemma 4.8 apply to (S;,,, Sy, ST,,) for all sufficiently large n € N.

S, S;ﬁ )22, be an approximating sequence corresponding to a

*,M)

The present assertions follow from this, in view of the fact that UF — U* and

VUE — vU * both uniformly relative to all compact subsets of (Nli, where we
define UF (x) = U(S*,S,;2) in QF := Q(SE, S,).

4.10. Lemma. In the context of Lemma 4.8, there exist a value ag € (0,1) and
a positive, continuous, monotone increasing function z1(t) : [0,00) — R (with
21(0) = 0), such that for any e € (0,1/2] and o € (0, 0], any surfaces ST € X
such that S~ < S*, and any S- € &.(S~,St) such that d(S*, S*) > 2dy, we have:

(4.2) (€odo/Ro)d(x, ) < U (z) < ez1(d(x, S-)/e) in Q(S, ST).
(4.3) QI (x) < €F(a) == (2N/z; H()) in CUQ(ST,, ST)),

where U (x) := Ut(S.,S%;2) and ST, = {US (z) = ac}.

Proof. Since €yd(x,ST) < e for x € S., by Lemma 4.8, it follows by Lemma 3.5
that €od(z, S.) < (Ro/dp)e for all z € SF. Thus, the first inequality in (4.2) holds
for all z € S. U StH. Therefore, it holds throughout Q(S:, St), since d(z, Sc) is
subharmonic there. Turning to the second inequality in (4.2), we have Uf(z) < e
in Q(S:,SF). Thus (in terms of notation from Corollary 4.2 and Remark 4.3),
for any xz¢p € S., we have UX(z) < eU,(zo;2) in w(zg) = Q(S,ST) N Q- (x0)
for r = r(zg) = min{l,d(xg, ST)}, since the inequality holds on dw(zp). Now
U, (xo;2) < zo(|lx—20]/7) in Q. (x0) for each zy € Se, due to Remark 4.3. Moreover,
we have r = r(zg) > (¢/€) for xg € Se, due to Lemma 4.8. Thus, U,(zo;z) <
20(€1|z — mo|/e) in Q(xg) for each xg € Se, from which the assertion follows.
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Turning to the proof of (4.3), it follows from Lemma 4.8 and Lemma 3.4(g) that
d(z,S%) > (/@) for © € Q(S.,SF) and = € (0,1/2], where S+ = {UF(y) =
2¢}. Let ap = min{l,z1(1/¢1)} > 0. For any a € (0, o], and for any point
x € Q(Se, ST) such that U (z) > ae, we have ae < z(d(z, S:)/¢) by (4.2), from
which it follows that

d(z, Se U §:) > min{d(z, S.), d(z, §:)} > emin{z; *(a), (1/€1)} = ez ().
Therefore if x € Q(ST,,ST), then

Q7 (z) < N(sup{UZX(y) : y € Q(S., SH)}/d(x, S- UST)) < € (a).

4.11. Lemma. In the context of Lemma 4.8, there exists a positive, continuous,
monotone increasing function zo(t) : [0,00) — R (with 22(0) = 0), such that for any
£ € (0,e0], any surfaces S* € Xg such that S~ < ST, and any S. € &.(S~,ST)
such that d(S*,SE) > 2dy, we have:

(4.4a,b) eza(d(x, Se)/e) < UZ (x) <e in QS , Se).
It follows from (4.4a) that
(4.5) d(z,8:) < ezy M) if U (z) = ae for a € (0,1].

Izroof. For fixed constants 1 < p < 1\’ and for a VariabAle unit vector Yo, let
U™ (vo;2) = U~ (S (1), ST (v0); @) in Q(ro) = QS (v0), ST (1)), where S*(vp)
= 0K*(1vp), K*(vo) = H({0} U B, (\wp)), and

K~ (1) = H{ro} UB((x-1)/2u(M0)) = {2 € K¥ () : d(a, 0K () = (1/N)}-

Then 25(t) == ﬁ_(uog try) > 0 for 0 < ¢ < 1, where this expression is independent
of vy, due to the congruence of the figures. For any zy # 0 and small r > 0,
define U= (zo;2) = U~ (vo; (z — mo)/r) for & € Qu(z0) := o + rQ(rp), where
vy = —(xg/|xo]). Observe that U (xo;xo + vot) = 22(t/r) for 0 < t < r, and that
O (20) = S (20)USH (20), where ST () := 2z +75% (1) (and vy = —(z0/|20))).
For any ¢ € (0,1), surfaces S., ST € Xq such that S. € &.(S~,S7), and o € S.,
we conclude from Lemma 4.8 that (d0/Ro)|zg — 20| < d(zg,S:) < (¢/€o), where
z, denotes the point of intersection of S with the line-segment joining ¢ to the
origin. Using this, it is easily checked that if we choose A = (2Ry/dp) and p = 2,
then S;F(zg) < S: and S, (x¢) < S7, both for all 2y € S: and € € (0,e;], where
r = (Roe/€odp) and 1 = min{eo, (€od3do/R3)}. Thus, we have

(46) UE_(ZZZO + I/()t) > 6UT_(ZIJ();ZIJ() + I/()t) = 622(15/7”) > EéQ(@Qéot/Roé‘) =: EZQ(t/E)

for xg € S and t € (0,7] (where vy = —(x0/|2z0])). Inequality (4.4a) follows from
(4.6) and the fact that d(xo + tvg, Se) <t for t € (0,7].

5. THE CONVEX MULTILAYER PROBLEM: FIXED POINTS AND WEAK SOLUTIONS

5.1. Definitions, notation, assumptions. In the context of Problem 1.1, let Y =
Y(S;,SF) denote the family of all k-tuples S = (Si, ..., Sk) such that S; € X for
i=1,...,kand such that S, < S <--- < S, < S;. For S; = (S;i1,...,5k) €Y,
i=1,2, wesay S1 < Sy if S1; < So; for j =1,...,k. Also, we define A(Sy,52) =
max{A(S1,;,52,;) :j=1,...,k}, and we say that S, — S as n — oo (for S, 5, €
Y) if A(Sp,S) — 0 as n — oo. We assume throughout this section that the given
functions F(z,p,q) : RN xRy xR, — R, i=1,...,k, satisfy Assumptions 2.2(a)—
(d) For each i = 1, ey /{J, the notations Ts,i(Si—h Si, Si+1), 65)1'(51'_1, Si+1), and
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Gii(Si_l,SHl) coincide with 7T.(S~, 5, S%),&.(57,8T), and &F(S~,S*) in the
case where S = S; € X,8% = S;1; € X, and F = F; (here we define Sy =
S, Sky1 = SF). Finally, we define the mappings T.(S) : Y — Y,0 < ¢ < 1, such
that (TE(S))Z = Tg,i(Si_l, Si, Si—i—l) for i = 1, ey k.

5.2. Problem. Forany e € (0, 1), we seck a multisurface S; := (Se1,...,5:%) € Y
such that T.(S:) = S: (i.e., such that S.; € &.,;(Se,i—1,Sei41) fori =1,2,... K,
where S: o = S, and S; g+1 = S;).

5.3. Definitions. We define 6% = 63(S;,5F) = {S = (S1,...,5) € Y: S; €
Gii(Si_l,SiH) for i = 1,...,k} and 6. = &.(S;,5F) = 62 N &7 for each

e € (0,1). We call & (resp. &) the family of inner (resp. outer) solutions of
Problem 5.2 at €, whereas &, is the family of all solutions of Problem 5.2 at ¢.

5.4. Definition. A multisurface S = (S,...,S) € Y(S7, S7) is a weak solution
of Problem 1.1 if there exist a sequence of ordered (k+2)-tuples (S, ., Sn, S5, )02,
and a corresponding positive null sequence (e,)22 ; such that for each n € N, we
have S, € 6(S;,,, S ,;en) (ie. So,, < SF, inX, S, € Y(S;,,,S,), and S, solves

Problem 5.2 with £ and SF replaced by ¢, and SE , respectively), and such that

S’fn — 5% and S,, — S both as n — oo. The sequence (ST, Sy, SHoe, is called

*,M0 n=1

an approximating sequence corresponding to the weak solution S.

5.5. Theorem. There exist constants eg € (0,1) and C > 0 such that for every
e € (0,eq], there exists at least one solution Se := (Sc1,...,5:k) € & of Problem
5.2 at € such that d(Se,i, Seit1) > C fori=0,...,k.

5.6. Remarks. (a) As in the two-layer case, the intuitive justification for our defini-
tion of a weak solution of Problem 1.1 is based on the fact that if Sis a sufficiently
regular classical solution of Problem 1.1, then A(S,T.(S)) = ez(¢) as ¢ | 0, so that
S is nearly a solution of Problem 5.2 for small ¢ > 0. (b) The remainder of this
section is devoted mainly to the proofs of Theorems 5.5 and 2.11(a). For the proof
of Theorem 5.5, we actually show (for aesthetic reasons) that the “fixed point”
can be obtained as the limit of either a decreasing sequence of outer solutions (of
Problem 5.2) or an increasing sequence of inner solutions, although obviously the
study of either one of these two cases would suffice for establishing existence. The
proof involving decreasing sequences of outer solutions is more straightforward.

5.7. Lemma. There exist two fized multisurfaces
Si = (ST,...,ST,) € Y(S,,5)

such that ST € &(S7,SF) for all e € (0,é0), where &y € (0,1) is sufficiently
small.

Proof. We will prove the existence of S;. As an application of Lemma 3.15, we
define the convex C'*-surfaces Sy, i = 1,...,k inductively (as i decreases, be-

ginning with i = k) such that S}, € &_,(57,57,,,) for € € (0,¢;] and for each
i=1,...,k where S;, | = SF. Since S; < Sy} < -+ < S, < S, it follows
from Lemma 3.11 that Sy, € &_,(S;,; 1,5, ,41) for i = 1,... k, provided that
0 < e < £y := min{ey,...,ex}. The analogous construction of Sfr is based on
Lemma 3.14.
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5.8. Definitions. For i = 1,...,k, let n;” > 0 and 5;{)1- € (0,1) denote the con-
stants 7o and €9 of Lemma 4.4 in the case where f = f;, and let h;(t) and e ;(¢)
denote the functions h(t) and eo(t) of Lemma 4.6 and Corollary 4.7 in the case

where f = f;. For any given, sufficiently small 6 > 0, we define the values
Of .., 0,00, 0y, and i, ..., i Tecursively such that 6y = 6;7; = & and
6?;1 =nFoF fori=1,...,k, where n; = h;(6; /2) and 1] was defined previously.
In terms of these values, we define £y(d) = min{sal, s EQ ks E(Jh, .. .,83:,6, éo} €
(0,1), where €9 1= E(Ii(éi_) € (0,1) for i = 1,...,k, the values aar)l, - ,53",6 were

defined previously, and £y occurs in Lemma 5.7. We also define

Y{ = {S=(S....5) € Y:d(Sk,5) > 6 and
d(Si—1,8:) > n;7d(Si—1,Sit1) for i =1,...,k},

Yy ={S=(S1,...,5) € Y:d(S,51) > d and
d(ShSi—H) Z n[d(Si_l,SiH) for 7 = 1, .. ,k}

5.9. Remarks. (a) Observe that if the multisurfaces S* := (SE,S5,...,S5) € Y
are chosen such that

d(S,57) > 6,d(S},5F) 26 and d(SF, S,
fori =1,...,k, then d(Sii,Siil) > (5?[ fori=1,...,k. (b) It follows from Part
(a) that for each sufficiently small § > 0, there exists a value C' = C(d) > 0 such
that d(S;, S;11) > C for i =0,...,k, uniformly for all multisurfaces S € Y5

5.10. Lemma. Given the fized values§ > 0 ande € (0,80(5)], let ST := (ST, 5=

n,1>»~n,2
.., 8E ) denote a multisurface in GF(S;, ST)NYE. Then there exists at least one
multisurface Si , = (Sfﬂ)l,SfH)Q, . .752[4_1 p) € Y(S;,S}F) such that for each

i =1,...,k, we have (a) Sf+1,i € (‘5571-(5’321-_1, Sii_H), (b) S:+l,i < S’L, (c)
Spi1i = Sy and (d) d(S’;+17i,S;i+l) > ni_d(S’;i_l,S;iH), It follows from
these properties that S, € 6F(S;,SF)NY3.

Proof. For eachi=1,...,k, the existence of a surface sz_+1,i € 6671'(5:,1‘—1’ S:{)Hl)
with property (b) follows from Corollary 4.5, whereas the existence of a surface
Spi1i €6:i(S, 1,5, 1) with properties (c) and (d) follows from Corollary 4.7.

n,i—1
Clearly

+ + + + + +
(5.1) Spt1im1 S Snim1 <Sni1i <80 < Syt < Sniv1e
(5.2) Spic1 <841 <80 < Shi1 < Snir1 S Snitin

fori=1,...,k. In view of (5.1) and (5.2), it follows from Lemma 3.11 that
(5.3) S:zt-i-l,i € Gii(svzzt-i—lj—l’ Srjzc+1,i+1)
fori=1,...,k. Thus, S,irl € 6’?(5’;, S;H). Now Lemma 4.4 implies that

(5.4) d(Sr—l_—Fl,i—l?Sr—l_—Q—l,i) 2 n;rd(S:H,i—le:{H,z‘H) > njd(5:+l,ivsr—r+l,i+l)
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for i = 1,...,k. Since d(S;},, ,,SF) > d(S:{,k,Sj) > 6 (due to (5.1)), it follows
from (5.4) that S;7,, € Y. We also have
A(Sy 100 Smyriir1) = S0 Smiv)

>, d(S, -1 Sni41) = M A(Sp 4115 Sng1i)
fori=1,...,k, due to (5.2) and property (d), while also
(5.6) d(S. 5 Spy) 2 (S5, 5, 0) 26,

due to (5.2) and the fact that S, € Yy . It follows from (5.5), (5.6), and Remark
5.9(a) that for each i = 1,... &k, we have

(5.5)

(5.7) d(Spi1im1Sna1ie1) = A0S, 11215 Snv14) = 0;
(5.8) d(S;+1,i7Sr:+l,i+l) 2 51'_4-1 =04, n; =0; hi(6; /2).
In view of (5.7) and (5.8), it follows from Lemma 4.6 that

(5.9) d(Sr:+1,i7Sr:+1,i+l) 2 ni_d(sr:+1,i—17sr:+l,i+l)

for i =1,...,k. Then (5.6) and (5.9) imply that S, , € Yj.

5.11. Proof of Theorem 5.5. Choose § > 0 so small that Si € Y5, where the
multisurfaces Si were introduced in Lemma 5.7. For each sufficiently small & > 0,
let the monotone sequences (SZ,)72; (with S:l := ST) be defined recursively by
Lemma 5.10. Then for sufficiently small 6 > 0, and for any € € (0,£0(9)], we
have SE, € 6F(S;,5) N Yy for all n € N. Therefore d(SZ, ;, 5%, .,,) > C >
0 uniformly for ¢ = 0,...,k, n € N, and sufficiently small ¢ (by Remarks 5.9),
where we use the component-wise representation ngn = (Sinyl, S:ng, ceey S:n) k)
For fixed ¢ > 0 and fixed ¢ = 1,...,k, it follows from Lemma 5.10(b), (c) that
(S2.i)nzr (resp. (S;n)i);’f:l) is a weakly increasing (decreasing) sequence of convex

surfaces such that S . < Sf (resp. ST, . > S7). Therefore, for each sufficiently

£,n,1 £,n,1
small ¢ > 0 and for each ¢ = 1,...,k, there exists a surface ngi € X such that
A(ngm, ngi) — 0 as n — oo. It easily follows by continuity that d(ngi, Sai,i-i—l) >

C>0fori=0,...,k. Moreover,
+ _ o + L ot + +
Ss,i - nll»lr;o Ss,n—i—l,i - nh—>H;o TE;l(Ss,n,i—lﬂ Ss,n—i—l,i? Ss,n,i—i—l)

— (qQE + +
- TE,Z(SE,i—l’ Sa,i’ Sa,i-i—l)

fori=1,...,k, due to Lemma 3.8 and the fact that Ssi,n—i-l,i € 65(55%”71-_1, S:n7i+1)
(see Lemma 5.10(a)). Therefore szi €6.(8E

E,i_l,S:iH) fori=1,...,k, whence
SF = lim, oo S5, € 6.(57,SF).

5.12. Proof of Theorem 2.11(a). Let a positive null sequence (£,)52; be given
such that e, € (0,&o] for all n € N. For each n € N, let S, = (Sp1,.--,4k) €Y
denote a solution of Problem 5.2 at the value € = ¢, such that d(Sn,i, Sn,i+1) >
C >0 foralli=0,...,k (this exists due to Theorem 5.5). Also, for each n and
i, the surface Sy ; is starlike relative to all points in some fixed ball Bs(0) C D; .
Therefore, the family of surfaces {S,,; : n € N,i =1,..., k} corresponds to a family
of polar-coordinate representations (relative to any fixed origin located inside D)
which is equicontinuous and uniformly bounded. Applying the theorem of Ascoli-
Arzela, we pass to a subsequence (still denoted by (S,,)52 ;) such that S, ; — S; € X
asn — oo for each ¢ = 1,... k. It easily follows from the properties of the
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multisurfaces S,,, n € N, that S = (§1, . ,gk) € Y and d(§i,§i+1) > C > 0 for
1=0,...,k. By definition, S is the weak solution of Problem 1.1.

5.13. Theorem. If§ = (§1, . ,§k) €Y is a weak solution of Problem 1.1, then
for each i =1,... k, the surface S; € X is a weak solution of Problem 2.1 (in the
sense of Definition 3.12) in the particular case where one defines S, = ~i_1, St =
§i+1 and F = E

5.14. Remark. To prove Theorem 2.11(b), we must show that weak solutions of
Problem 1.1 are in fact classical solutions of Problem 1.1. However, in view of
Theorem 5.13, the regularity properties of weak solutions of Problem 1.1 follow
from the same regularity properties of weak solutions of Problem 2.1.

5.15. Theorem. Let (an);io:l and (S,)22, be sequences such that for eachn € N,
§n = (gl,n, R gkn) s a weak solution of Problem 1.1 corresponding to the surfaces
SE, € X (with S;,, < St,). Suppose that Sf, — SF¥ € X and S, — S €

Y(S7,SF), both as n — oo. Then S is a weak solution of Problem 1.1.

Proof. For each n € N, there exist sequences (€nm)5—1, (S, 1)1, (Snm)oe—1

such that €y,m | O,S;'fmm — S’;'fn, and Spm — Sp as m — oo, and such that

Snm € (S5 ms Si i €nm) for each m € N. For each n € N, we define &, =
3 +
€n7m(n)7 Sil_:n = S*,n,m(n)’

Enﬂn(n) < (1/7’1,), A(Si

*,m,m(n)’
~

Then S, — S and §fn — SF asn — oo, and S, € &(5, S}.;én) for all n € N.

*,m7

and S, = n,m(n), Where m(n) is chosen so large that
SE) < 2A(SE,, SE), and A(Sy, m(n), S) < 2A(Sy, S).

*,Mm

6. PRELIMINARY REGULARITY PROPERTIES OF WEAK SOLUTIONS
OF PROBLEM 2.1

6.1. Notational conventions. Throughout the remainder of this paper, S de-
notes a given weak solution of Problem 2.1 (in the sense of Definition 3.12), and
(8750, ST ,)n, denotes an approximating sequence corresponding to a pos-

itive null sequence (£,)5° We define U¥(z) = U*(SE,S;2) and Q*(z) =

n=1"*

IVU*(z)| both in OF := Q(S%,5), and UE(z) = U%(SE,, Sniz) and QfF (z) =
[VUE(x)| both in QF, := Q(SE,,S8,). For n € Nand a € (0,1), we also define
Q*,n = Q(S;n,S:n),gi: = {ﬁi(z) = O‘}vsi: = {U’I;Lt(x) = En}v Q’I:"L: = Q(Snasrzzt)v
S’fia = {U*(z) = asn},QiQ = Q(Sn,Sf;a), §ffa = {U*(z) = a}, and ﬁ,fa =
Q(S,,SE,). Also, #(z) denotes the exterior normal to the level surface of U+
through the point z € Q,, and v, (z) denotes the exterior normal to the level sur-
face of U through the point = € Q. ,, \ Sy, (thus 7(z) = +(VU*(2)/Q*(z)) in OF
and v, (z) = £(VUE (2)/QF (x)) in an)

6.2. Theorem. Under Assumptions 2.2(a)~(d), any (convez) weak solution S of
Problem 2.1 has the following properties: (a) We have that €y < QF(x) < €; in
{x € OF : d(z,SF) > do}, where dy = (1/3)min{d(S, S7),d(S,SH)}. (b) S is

a uniformly C'-surface. (c) The functions U (x) are differentiable on S in the

following sense: For any fized xo € S, there exist positive values /\Oi = M () €
[€o, €1] such that

U*(z) = £\5to - (x — 20) + of |z — 2o])
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as r — xg relative to ﬁi, where vy = P(xg) = the exterior normal to S at To.
We define the derivatives at xog € S by VUT (z0) = £A\5ip. (d) Let QF(x) =
|VU*(2)| = M (2) for x € S. Then the function £+Q*(z) : S — R is lower
semicontinuous in the sense that
+Q* (20) < liminf(£Q* (z)),
T—T0
(¢) For any fized xg € S and constant 0 < C' < 1, we have VU= (z) — VU= (z0)| <
z(xo,€) uniformly in {x ENQi N Be(xo) @ d(z,5) > Ce}, where z(zo,e) — 0 as
e | 0. (f) For any zo € S, we have Q1 (z) T QT (xo) and Q(z) | Q@ (xo) as

x — x0 along a curve of steepest ascent of the function U (-).

Proof. Part (a) is due to Corollary 4.9. The proofs of Parts (b), (c), and (e) (based
on Part (a)) are due to Caffarelli and Spruck [15], Theorem 4.12. Part (f) follows
from Part (e), Lemma 3.4(d), and Lemma 6.4. Finally, the proof of Part (d) (based
on Part (f)) is given in [9], Lemma 5.2.

6.3. Lemma. Let S denote any fived uniformly C'-surface in X, and let (S,)
denote any sequence of surfaces in X such that A(S,,S) — 0 as n — oco. Let v(x)
be the exterior normal to S at x € S, and, for eachn € N and x € S,,, choose vy, (x)
such that vp(x) - (y — x) < 0 for all y € D(S,). Then there exists a null function
z(t,n) : Ry x N — R such that

T
x

lvn(x) — v(z0)| < 2(|Jx — 20[,n)
uniformly for all xo € S,x € S,, and n € N.

Proof. According to [9], Lemma 3.4, there exists a null function {y(n) such that
|vn(2n) — v(2,)] < {o(n) for any point x,, € S, where &,, € S is chosen such that
|£n, — x| = d(S, z,). Thus

[vn(@n) — v(@o)| < [vn(@n) — v(@a)| + [v(En) — v(20)| < Co(n) + 2(|&n — o)
< Co(n) + 2(|12n — @p| + |20 — 20l),

where |z, — x,| < (1(n) := CA(Sy,, S) for some constant C' (independent of z,, €
Shn).

6.4. Lemma. Let S € X be a uniformly C*-surface. For an x € Q. let v(x) de-
note the unit exterior normal to the level surface of U through x, where U*(z) :=
U*(SE,S;z). Then for any given compact subset K of Q., there ewists a null
function z(t) such that

v(z) —vy)l < z(lx —yl)
forallz,y € K.

Proof. Assume the assertion is not true. Then there exist sequences of points
T, Yn € K, n € N, such that |z, —y,| — 0asn — oo, while |v(z,)—v(yn)| > po > 0
for all n € N. By passing to a subsequence (still indexed by n € N), we can
assume Tn,y, — o € K as n — oo. Clearly zy € S, since v(z) is continuous
in Q. \ S. Then z, € S/, and y, € S/, where S;,S/ denote level surfaces of
the functions U*(x) such that A(S,S"),A(S,S”) — 0 as n — oo. Therefore,
lv(zn) —v(zo)| < z(|Jzn — 20|, n) and |v(yn) — v(zo)| < 2(Jyn — o], n) for all n € N,
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by Lemma 6.3. Therefore |v(z,) — v(y,)| — 0 as n — o0, a contradiction which
proves the assertion.

6.5. Lemma. Let S € X be a weak solution of Problem 2.1, and (Sim Sy ST
a corresponding approximating sequence. If S is a uniformly C-surface, then for

any compact subset K of Q., we have (using notation from §6.1):
sup{|vp(z) —v(z)| :x € K\ S} — 0 as n — oo.

Proof. Since U (z) — U () relative to compact subsets of QF, we have VUZE (z)
— VU*(z) in QF as n — oo. Since Q*(z) > 0 in OF, it follows that v, (z) — (z)
uniformly in compact subsets of Q. Therefore, if the assertion is false, then there
exist a value pg > 0 and a sequence (z,) such that z,, € K\ S, and |v,(x,) —
7(zn)| > po for all n € N, and such that d(z,,S) — 0 as n — oo. By passing
to a subsequence (still indexed by n € N), we can assume that z, — z € S as
n — oo. Therefore, we have z, € S) for n € N, where (a) S;, denotes a level
surface of U or U, for each n € N, and (b) A(S, S%) — 0 as n — oo. For n — oo,
we have v, (z,) — 7(z9) by Lemma 6.3, and (z,,) — ¥(xo) by Lemma 6.4. This
contradiction proves the assertion.

6.6. Lemma. Let S € X be a weak solution of Problem 2.1, let (S5, Sn, Si,)3%
be a corresponding approzimating sequence. For each n € N, let M* denote the
set of all pairs (x,y) (with © # y) such that (a) x and y are both in the closure of
QF == Q(S,, SE), and (b) x and y are the endpoints of an arc of steepest ascent
vE(x,y) of the function UE(-). If§ is a uniformly C'-surface, then

(6.1) Jim sup{|;(2,9)] + (2,y) € Mg} =0,
(6.2) Timsup{ (| (. 9)l/ [z = yl) : (z,9) € My} =1,

where |vE(z,y)| denotes the arc-length of v (z,v).

Proof sketch. For given k > 1, it follows from Lemmas 3.5, 4.8, 6.4, and 6.5 that
there exist positive null sequences (o, )22 ; and (3,,)22; such that

(6.3a,b,c) B(zo; o) NSy # @5 Bl(ro;an) N ST #@; Bly;an) NS+ @
for any x( € §, n € N, and y € S,,, and such that
(6.4) [vn () — o(20)| < Bn

for any xg € §7x € B(xo; kay), and n € N. For each xy € §, let R, (x0) (resp.
Rt (x0)) denote the set of all points y € CI(B(xo; k) having the property that
[(y—x)-D(x0)| > |y—x| cos(Br) (resp. |(y—x)-D(x0)| < |y—x|sin(F,,)) for at least one
corresponding point x = z(y) € Cl(B(xo; ayn)). It follows from (6.3a,b) and (6.4)
that for any z¢ € S, and for sufficiently large n € N (independent of ¢ € §), the
domains QF N B(wo; kav,) are both simply connected and are contained in R;-(zo),
and any admissible arc v (z,y) joining z € B(z¢;n) N S, to y € S must be
such that v (z,y) C Ru(w0) N Ry (w0) C B(zo; kay,). Therefore, in view of (6.4),
we have that |v,(z) — v, (2')] < 28, uniformly for all sufficiently large n € N, all
zo € S, all admissible arcs yE(x,y) joining x € B(xo;n) NSy, to y € S, and all
pairs of points z, 2’ € v (x,y). Therefore, there exists a sequence (p,) such that
pn | 1 asn — oo, and such that (v (z,y)|/|z — y|) < pn in the same uniform
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sense. On the other hand, for every n € N and x € S,,, we have € B(zo; a,,) for
some g € S, by (6.3c). The assertions (6.1), (6.2) follow.

6.7. Lemma. Let S € X be a weak solution of Problem 2.1, and (S7,,, Sy, ST

a corresponding approzimating sequence Let the sequences (Tn)22 1 and (v2)%2
be given such that &, € S and x €cQfn OF for alln €N, and (z —7,) — 0 as
n — oco. For each n € N, let v denote the arc of steepest ascent of UE() which

joins its initial point xX to the surface S’fn. Then there exists a sequence (#5)°

such that % € QF N~E for all n € N, and such that (iX — Z,) — 0 as n — co.

*,77

Proof. As in the proof of Lemma 6.6, there exist, for given x > 1, positive null
sequences ()2, (3,)5%; such that for each n € N, we have x¥ € B(i,; an)
and |vp (z) — 0(Z,)| < B for all € B(Z,; kay). Therefore, v N QF C R, (Z,) N
R (%,) C B(&y; ko) for n € N, from which the assertion follows.

6.8. Lemma. Let S € X be a weak solution of Problem 2.1, and (S5

*,1)

STH Sjn)?ﬁ:l
an approximating sequence. If S has the properties stated in Theorem 6.2(a),(b),
then for fixred o € (0,1), we have

(6.5) nh_)rrgo inf{Q, (z) 1z €S, ,} > ay,
(6.6) Jim sup{(d(x, S,)/d(z, 8)) : x € S, } < (a/(1 = a)),
(6.7) nh—{go sup{(d(z, Sy ,)/d(z,5)) : x € Sn} < o,

where € > 0 is a constant in Theorem 6.2(a).

Proof. For each n € N and @ € S, let v (z) be a curve of steepest ascent of
UFE which joins = to SF. Also define yE (z) = 7E(x) N QF, and 4, (z) =
VE(x)NQ(SE,, SF), and let W,jia(x) denote the point of intersection of v (x) with

T,

S .. Lemma 3.4(f) implies
(6.8) H(aen — Qy (15 o (2)) 0 (@)]) 2 0,
(6.9) £((1 = a)en — Qr (170 (7)) Fra (@)]) <0,

both for all € S),. It follows from (6.8), (6.9) and Lemma 6.6 that

Qn (15,0 (2)) > (aen/ 17,0 (@)]) = (acn /|7, (2)])
> aen/d(z,8;)(1+C(n) > a€y/(1+¢(n)),

(d(y, Sn)/d(y, S;7)) (1 = (1) < (7m0 @)/ .o @)]) < (@/(1 = a)),

for y =t (x), and

(d(, Sy 0)/d(x, S,7)) (1 = ¢(n) < (v a(@)/ 17 (@) < o,

all uniformly over all z € S,, and n € N. Since the mappings 7, () : Sn — S, ,,
n € N, are all onto, the assertions follow.

6.9. Lemma. Under Assumptions 2.2(a)—(d), let S € X be a weak solution of
Problem 2.1, and let (S, ,,, Sy, S, )52, be an approxzimating sequence. Then: (a)
For any a € (0,ap), we have Q,J{( ) < €H(a) < oo uniformly over all x € S;f,
and all sufficiently large n € N. (b) There exists a null function z(a) : [0,1] — R
such that d(z,S,) < enz(a) uniformly over all x € S, and all sufficiently large
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n € N. (c) We have d(z, S, ) < enz(a)(1 + ((n)) uniformly over all n € N and
r € Sy, where z(a) and ((n) are null functions. (d) We have that d(z, S ) <
C1z(a)(1 + ¢(n)d(x, S;,), uniformly for all x € S,, and n € N.

Proof. Parts (a) and (b) follow from Lemma 4.10 (eq. (4.3)) and Lemma 4.11 (eq
(4.5)), respectively (where we define z(a) = z; '(a)), and Part (d) follows from
Part (¢) and Lemma 4.8. It remains to prove Part (c¢). Let o € (0,1) be fixed. For
any n € N and = € S, choose y € S, and z € S, such that |y — z| = d(z, S, ,)
and |z —y| = d(y, Sn). Clearly (z —y) = |z —ylva(y), (= —y) = [z — ylvn(2), and

d(x, Sy 0) = |z =yl < (ly = 2l/[vn(y) - va(2)]) < enz(@)/[vnly) - val2)],
where the above inequalities are due to Part (b) and the convexity of S,,. However,
it follows from Lemmas 6.4 and 6.5 that |v,(y) — vn(2)] < ¢(n), uniformly over all
n €N,y e S, and z € 5, such that |z — y| = d(y, Sn) < enz(a).

6.10. Lemma. Under Assumptions 2.2(a)~(d), let S € X be a weak solution of
Problem 2.1, and let (S, Sn, S;fn);’lozl be an approximating sequence (correspond-

ing to a positive null sequence (£,)5%1). Then for any point xy € S, there emist
)2 | such that xF — x¢ as n — oo, xX € QF for allm € N, and

sequences (x;5)%2
limsup F(z0, Q;, (27,), @ (277)) < 0.

Proof. Choose sequences (z,,)22, and (yf)%":l such that z,, € S,, and y;* € QF for
each n € N, and such that z,, — zo, (|[yf — 2n|/en) — 0, and (UF(yF)/en) — 0
all as n — oo. For each n € N, we have F(zp, [en/d(xn, S;)], [en/d(xn, S;T)]) =
Since € < [en/d(2n, SE)] < € uniformly for all sufficiently large n € N (due to
Lemma 4.8), we conclude from the continuity of F' that for any 7 > 0, we have

(6.10) F(an [En/d(xna S, )] [En/d(xnv S+)]) <n

for all sufﬁmently large n € N. Let 7= denote the (unique) arc of steepest ascent
of UF joining y to the point ¥ € SF. Then it follows from Lemmas 3.4(f) and
6.6 that

(6.11)

Qi (z0) < (en/Ii ) < (en/d(yy . S))
< len/d(@n, S = (lysf = al/d(2n, ST < en/d(@n, ST+ ((n)),

@ (27) = ((en = Uy (92)/ 170 ) 2 [en/d(y,, 511 = ¢(n))
(6.12) > [en/d(@n, S = ()X + (lyy — @al/d(zn, S7)) 7
> [en/d(zn, S,)](1 = ((n)).
In view of (6.10), (6.11), (6.12), it follows from Assumption 2.2(a) that for any given
n > 0, we have F(xo,Q,, (z,), Q. (2,})) < n for n € N sufficiently large. Finally, for
each sufficiently large n € N, one applies the continuity of the function F(xo,p, q)

and the continuity and positivity of the functions Qi () to choose the points z €
QF so close to the corresponding points z* € S* that F(zo, Q; (z), QF (zh)) < n.

6.11. Lemma. Under Assumptions 2.2(a)—(d), let S € X be a weak solution of
Problem 2.1, and let (S7,,, Sn, Sy n)nz1 be an approzimating sequence. For fived

Ty € g, choose Cartesian coordinates such that xo lies at the origin and vy =
U(xg) = ey := (0,...,0,1). In the new coordinates, let Es = D5 x [—0,0] for

*,Mm)
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§ > 0, where D5 = {y € RVN=1 1 |y| < §}. Then: (a) for sufficiently small § > 0
and sufficiently large n (and for any « € (0,1)), the intersections of the surfaces
S , S, SE Sf;a with Es are respectively the graphs of Lipschitz-continuous functions
z = §(y),5n(y),S$(y),S$a(y) : D5 — R. Moreover, the Lipschitz constants of
these functions are of order z(6) (in the case of S(y) : @5 — R) and z(6,n) (in the
case of Su(y), SE(y), SEL(y) : D5 — R) as 6 | 0 and n — oo. (b) For sufficiently
small § > 0, we have that

Sn(y)a Sﬁ(y)v Sia(y) - §(y) as n — 0o,
all uniformly in Ds. (¢) We have that

[Sma(y) = Sa()] < (1+2(6,n0)) 2" (@)d(xn (y), S7),

uniformly over all o € (0,1),y € D5, and n > ng, where x,(y) = (y,Sn(y)) and
where z*(a) : (0,1) — Ry denote fized functions such that z*(a) | 0 as o | 0.

Proof. Tt follows from Lemma 4.8 and the definition of a weak solution that
d(zo,Sn),d(:zro,Sf),d(:z:O,S,fa) — 0, all as n — oo. By Lemmas 6.4 and 6.5, we
have |D(z) — Dg| < 2(d) and |v,(x) — Dy| < 2(d,n) uniformly in Bs(xzo) \ Sy, as § | 0
and n — oco. Part (a) easily follows from this. Part (b) also follows from Lemmas
4.8, 6.4, and 6.5. Turning to the proof of Part (¢ ) let y € Ds correspond to the point
Tn = (Y, 2n) = (4, Sn(y)) € Sn. Then d(z,,S;,) — 0 as n — oo, by Lemma 4.8.

For n € N sufficiently large (depending on § > 0), we have d(n, SEL) = lzn—ait ],
where i, = (y&,,25,) € B N SE,. Clearly |zF, — z,| < d(z,,5%,). Also,
the vector (z , — x,,) is parallel to iun( =) (where lvn(zE ) — D] < 2(5,n) by

n,o n [eY

Lemmas 6.4 and 6.5). Therefore [y — y;; + | <d(z,,SE )2 (6, n) whence
20 = Sma®) < L, 0)ly =y ol < L(O, n) (n, Spya)2(0,1),

where L(d, n) denotes a uniform Lipschitz constant for the functions Sf;a :Ds — R,
€ (0,1). By combining the above inequalities, one sees that

|Sioc(y) - Sn(y)| < |Sia(y) - Zioc| + |Zioc - ZTL' < d(xTL?Sia)(l + L((S’ TL))Z(& n)7

where the estimate is easily seen to hold uniformly over all y € ©5. Finally, we
have d(z, S ,) < 2% (@) (1+¢(n))d(z, SE) uniformly for all z € S,, as follows from
Lemma 6.8 (eq. (6.7)) and Lemma 6.9(d). The assertion follows.

6.12. Lemma. In the context of Lemma 6.11, for fized zo € S and fized, suffi-
ciently small § > 0, let z = S(y), Sn(y), SE(y), Sf;a(y) : s — R be the represen-

tations of the intersections with Ejs of the surfaces g, Sn, SE S,fa. Then for any
n > 0, there exists a value ag = ap(n) € (0,1) such that for any fized o € (0, ),
and for sufficiently large n € N (depending on «), we have

F(#(y), Qn (27,0 (y)), Qu (2.0 (y))) > —n

uniformly over all y € D5, where F(y) = (y,5Y)), 2n(y) = (4, Sn(y)), and z= _(y)
= (y,S%,(y)). (b) For any small a € (0, 1) there exist positive values €+ (a ) ‘such
that QF (z) < €*(a) on St and Q, (x) > € (a) on S, ,, both uniformly for all
sufficiently large n € N.

Proof. We observe that F(z, [e,/d(x,S;)], [en/d(x,S})]) = 0 for all z € S,, and
n € N. In view of this, it follows from the continuity of the function F(z,p,q) (and
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the fact that ¢y < [e,/d(z,SE)] < & for all n € N and 2 € S,,) that if n € N is
sufficiently large, then

(6.13) F(i(y), [en/d(@n(y), S3)] [en/d(@n (), S7)1) > —(n/2)

for all y € ©s5. For sufficiently large n € N, let v := ’yia(y) denote the arc of
steepest ascent of U;F joining the point xffa(y) = (y,5%,(y)) to the surface S;F.
Then |y, ()| < d(z;} . (y), S;F)(14¢(n)) for all n € N (where {(n) — 0 asn — o0),
by Lemma 6.6 (and obviously |t (y)| > d(zif ,(y), SiF)). Therefore

(=)o = | Q@] < QL)L 0(0)

< (L+¢)Qy (w0 (¥))d(@] o (1), Sy)

< (14 ¢(m)Qy (@ a)d(zn (), S7) + 1S5 (y) = Sn(y)]]

< (L+¢(m)Q5 (@ o (@)d(zn(y), ST + (1 + 2(8,n)) 2 (a)]
for sufficiently large n € N (by Lemma 6.11(c)), from which it follows that

(6.14) Qi (zy o) = (1 =)/ + ¢+ 2(d,n))2"(a)])[en/d(2n(y), S7)]

for sufficiently large n € N. A similar argument using Lemma 6.11(c) shows that
(1—a)en = / Q@ ()l = Q) (x5, o (1) 1o (W) 2 Qp (2, o (y))d(2, o (1), 57)
v

> Qp (2,0 ()(d(@n(y), Sy) = [S5.0(y) = Su(y)])
> Q, (2, 0 (Y)d(zn(y), ;)1 — (1 + 2(6,n))2~ ()],

from which it follows that

(6.15) Q) < ((1 =)/l = (1 +2(6,n))z" (a)])[en/d(zn(y), S,,)]

for sufficiently large n € N, and for all y € ®s5 and « € (0,1). Now Part (a) follows
from eqs. (6.13), (6.14), and (6.15), and the assumed continuity and monotonicity
properties of the function F(z,p,q). Finally, regarding Part (b), for « € (0,1)
sufficiently small and n € N sufficiently large, we have Q' (z) < €*(a) for all
x € S, due to Lemma 6.9(a), while Q, (z) > €~ (a) := (a€y/2) for allz € S,

due to Lemma 6.8, eq. (6.5).

7. PROOF THAT F(z0,Q (x0), Q" (20)) <0 FOR ALL zg € S

7.1. Theorem. Under Assumptions 2.2(a)—(d), let S € X be a weak solution of
Problem 2.1. Then, in the notation of §6.1, we have F(x0,Q (x0), Q" (x0)) < 0
for all xzg € S.

7.2. Proposition. Let S be a weak solution of Problem 2.1 (with the proper-
ties stated in Theorem 6.2(a),(b)), and let (S ,,,Sn, ST, )02, be a correspond-

ing approximatmg sequence. Let the sequences (%,) and (x7) be given such that
ES T, e Qrnot and rF — &, — 0 asn — oco. Forn € N, let 7.& denote the

*,M
curve of steepest ascent of ﬁi indtiating at %,, and let pr(t) : [0,1) — 3 denote
the parametrization of 3= such that U= (5E(t)) =t for allt € [0,1). Also forn € N,
let v:F denote the mazximal curve of steepest ascent of U passing through the point
xF, and, for sufficiently small by € (0,1), let p(t) : (a;t,bg) — ;& denote the
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parametrization of vE N{UE < bo} such that U*(pE(t)) =t fort € (at,by). Then
pr(t) —p(t) — 0 asn — oo fort € (0,b).

Proof. For simplicity, we eliminate “+” from the notation, so that S*, QF U*(z),
Q* (), 5k (1), S, F,,, Uk (2), Qi (x), and piE (), become S.,, Q, U(z), Q(x), pn(t),
S*,n,Q*,n, Un(z),Qn(x), and p,(t). Choose by € (0,1) and ng € N such that
2d(z,S) < d(z,S..,) and €, < Q(z) < €y, both for all z € {U(x) < by}, and such
that VU (x)- VU, (z) > (1/2)Q(x)Qn(z) throughout {U(z) < by} N, for n > ng.
(This choice of by and nyg is possible due to Theorem 6.2(a) and Lemma 6.5). There
exist a uniform constant Ag > 0 and a null function {y(n) such that

(7.1)  d(Fa(t), QN Qun)) = Aot = Co(n); d(pa(t), QN Q) = Aot — Go(n)

for t € (an,bo), independent of n € N. This follows from the fact that A(S,S,) =0
asn — oo and d(x, S) > Aot for all x € 2 such that U(x) = ¢ (by Theorem 6.2(a)).
Clearly, we have

t) = V(pn(t)) forte0,1),
where V() = VU (z)/Q?(z) in QU S. Also,
P (t) = Vou(pa(t)) for t € (an,bo),

where V,,(z) = VU, (x)/(VU,(x) - VU (2)) in {U(z) < bo} N Q. Let 6,(1) =
|pn(t) — pn(t)| for t € (an,by). Then

(7.2) 6n(t) < |n — Tnl + [Pn(t) — Pn(0)] + [P (t) — pults)l,

where we choose t,, € (o, bg) such that p,(t,) = z,. However, we have
(73 [pn() = 5al0)] < / IV (Ba(t)]dt' < (t/20)

for ¢ € (0,bg), since |V(x)| = (1/@(1:)) < (1/€) in {17(13) < bg}. Similarly,

(7.4) [Pn(t) = pn(tn)] S/t [V (pn ()| dt’ < (2/€0)(t — tn)

for n > ng and t € (,,, bo), since |V, ()] < (2/Q(z)) < (2/Co) in {U(z) < by} N,
for n > ng. Also, |z, — &,| — 0 and ¢, = ﬁ(xn) — 0 as n — oo. Therefore, it
follows from (7.2), (7.3), and (7.4) that there exist a uniform constant C' and a null
function ¢;(n) such that

(7.5) 0n(t) < Ct + (i(n),
uniformly for all ¢t € (au,, bo) and all n € N. Also, we have that
(7.6)

541(0 < |Vn(pn(t)) - v(f)n(t)” < |Vn(pn(t)) - V(pn(t)” + |‘7(pn(t)) - v(f)n(t)”

Now max{|U,(z) — U(z)| : z € CL(QN )} < Ca(n) as n — oo, from which it
follows from a standard estimate for derivatives of harmonic functions (see [18],
§2.7) that

(7.7) gn(x) = |V(Un(x) = U())| < Ru(x) := Na(n)/d(z,0(2 N Q)
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relative to the region {[7 (x) < bo}. However, a direct calculation based on the
definitions of V(z) and V,,(z) shows that

(7.8) V(@) = V(@)| < 200 (2)/|VUn(2) - VU (@)] < 400 (2)/(Q@)[Q(2) — gu(2)))

for any z € {U(x) < bo} N Qs such that ¢,(z) < Q(z). Since Q(z) > €y in
{U(z) < b}, it follows from (7.7) and (7.8) that

(7.9) Vi) = V(@)] < 4Rn(2)/[€0(&0 — Ru(x))]

whenever R, (z) < €y in {U(z) < bo} N Q. It follows by substituting (7.1) into
(7.9) that

(7.10) Va(pa() = V(pa(8)] < G(n)/(t = Ga(n)),

for t € ((3(n),bo), where (3(n) denotes a (specific) null function. Let L, (¢) denote
the straight line-segment joining p,, (t) to p,(¢), and let v, (¢) denote the projection
of Ly, (t) on the surface {U = t} along radial lines emanating from the origin (located
inside D). Clearly vy (t) is a smooth arc in {U = ¢} which joins py(t) to pn(t).
Moreover, |v,(t)] < Mo|L,(t)] = Modn,(t) for some uniform constant My, where
|7 (t)| denotes the length of the arc 7, (¢). We have that

(7.11) Q*(z*)(OV*(z*)/07) = (V — 20/00)(dU (%) /O7T)

at any (fixed) point z* € {U = t}, where 7 = o(z*) := VU(z*)/Q(z*) and 7L7.
By Lemma 6.4, we have |5(z) — o(y)| < z(t) for all 2,y € Q such that |z —y| <
2t. Since U (z*)/dr = 0, it follows that [0U(x)/d7| < z(t) for all z € Q such
that |x — z*| < 2¢. It follows by (7.1) and a standard derivative estimate that
|0V (2*) /07| < 2(t)/t. Since this estimate holds uniformly for all points z* € 7, (t),
it follows that

(7.12) IV (pa(t) = V(B (1)) < (2(6)/8)65(2).
It follows by combining (7.6), (7.10), and (7.12) that
(7.13) Iy (t) < (2(t)/)dn(t) +2¢3(n)/t

for all n > ng and t € (ay, bo) such that ¢ > 2{3(n). Choose by € (0, bg) sufficiently
small, so that z(b;) < 1/2. Let (a,) denote a positive null sequence such that
an > max{ay,,(3(n)} for each n € N. For any value b € (0,b1), and for sufficiently
large n € N (so that a,, < b), it follows by integrating (7.13) on the interval [a,, b]
that

(T14)  8a(b) < Balan) (Ban)*® + (Ga()/2(0))(b/n)*®) — 1),

But d,,(an) < Cay, + (1 (n), due to (7.5). By substituting this inequality into (7.14),
one concludes that

(7.15) 5 (b) < (6" /2(0))(C2(B)a~*® + [¢s(n) + 2(b)¢1(n)]/az®).
However, one can easily choose the null sequence (a,) such that

([Gs(n) + 2(0)G1 ()] /a;") — 0

as n — oo. Therefore, we conclude that d,(b) — 0 as n — oo, for any fixed value
be (0, bl)
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7.3. Lemma. Let S be a weak solution of Problem 2.1 (having the properties stated
in Theorem 6.2(a), (b)), and let (S, Sn, Si )72y be a corresponding approzimat-

*,M)
+ + s+

ing sequence. Given the sequences (z) and (&%) such that it 77 — xF € O,
let (3F) denote the sequence of arcs of steepest descent of U+ joining X to g, and
let (v;F) denote the sequence of arcs of steepest descent of UX, joining xt to S,,.
Then A(FF, ) — 0 as n — oo.

Proof sketch. There is a relatively elementary proof based on Lemma 6.5.

7.4. Proof of Theorem 7.1. Let S be a weak solution of Problem 2.1, and
let (S5, Sn,S: )52, be a corresponding approximating sequence (of solutions of
Problem 3.9), éorresponding to the positive null sequence (£,)22 ;. For the pur-
pose of obtaining a contradiction, assume there exists a point zy € S such that
e(z0) := F(z0, Q™ (x0), Q" (0)) > 0. Then there exist positive values u such that
+(QF (o) — pT) > 0 and F(xo, pg , pud) > (e(x0)/2). In terms of notation intro-
duced in the proof of Proposition 7.2, we have +(Q* (5% (t)) — Q*(z0)) 10 ast | 0
due to Theorem 6.2(f). Therefore, +(Q* (5% (to)) — pE) > 0 for a fixed, sufficiently
small value to > 0. By the continuity of Q¥ (), we have +(Q* (z) — pE) > 0in
Bs (5% (o)) € QF for a sufficiently small value § = §(to) > 0. Since U (z) — U*(x)
as n — oo uniformly in compact subsets of Q% it follows that VUE(z) — VU (x)

as n — oo uniformly in compact subsets of =, Therefore, +(QF (z) — pE) >0 in
Bs(p*(to)), provided that n is sufficiently large. Thus,

(7.16) F(z0,Q, (z7), @y (z7)) > (e(w0)/2)

for sufficiently large n € N, and for all 2% € Bs(p*(t9)). On the other hand, by
Lemma 6.10, there exist sequences of points (z;-) such that z:¥ € Qf for alln € N,
and such that z — z¢ and F(z¢,Q; (z;), Qi (x;)) < ¢(n), both as n — co. For
each n € N, let v.© denote the arc of steepest ascent of UF(-) which passes through
the point x;-. It follows from Lemma 6.7 and Proposition 7.2 that v;*NBs (5 (o)) #
@ for sufficiently large n € N. Moreover, since £Q(z) is monotone decreasing with
increasing U;F on ;& (by Lemma 3.4(d)), we have that +(Qf(2%) — Qf(2)) <0
for sufficiently large n € N, and for all 2% € F N Bs (5% (t0)). In view of Assumption
2.2(a), we have

(7.17) F(20,Qy (27), Q1 (27)) < ((n)

for sufficiently large n € N, and for all 2% € v:* N Bs(p*(ty)). Clearly, (7.17) con-
tradicts (7.16) for sufficiently large n € N. This contradiction proves the assertion.

8. A PROPERTY OF BOUNDARY DERIVATIVES OF WEAK SOLUTIONS

8.1. Theorem. Let S € X denote a weak solution of Problem 2.1, where Assump-
tions 2.2(a)—(d) hold. Let F*(t) : [€o,€1] — Ry denote positive C?-functions such
that dF%(t)/dt > 0 and d*F~(t)/dt? > 0 (where €y, &, appear in Lemma 6.2(a)).

Then, for any given point xog € S and for any given value > 0, we have

(5.1 £1/[5) [ (FH@H@) ~ FH@H @) do <
for all sufficiently large n € N, where 5, = {z € S : D(z) - (x¢) > 0 and d(z, L) <
27"}, L = L(xg) = {xo + U(xo)t : t € R}, |§,| denotes the (N — 1)-dimensional
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surface area of §,, and do denotes the differential area of an (N — 1)-dimensional
surface.

8.2. Proposition. Let S € X denote a weak solution of Problem 2.1, where As-
sumptions 2.2(a)~(d) hold. Let GF(t) : Ry — Ry denote C*-functions such that
dGE(t)/dt > 0, d*GT(t)/dt* > 0, and d(tdG~(t)/dt)/dt < 0, all relative to the

t-interval [, €1]. Then, for any given point xo € S and for any given value n > 0,
we have

82 2/ [ (GH@H@) - GH@ @)@ @) do <

n

(in the notation of Theorem 8.1) for all sufficiently large n € N.

8.3. Definition. Given a weak solution S of Problem 2.1 and a point zg € §,
we define the blow-up functions UZ(z) := 2"U*(xo 4+ 27 "(z — 20)), n € N, in
the blow-up domains QF := {zg + 2"(x — x0) : € QF}, with common boundary
S, :={zo +2"(x — x0) : 2 € S} (see [15], §4). Observe that the differentiability of

the functions U*(z) at the point x9 € S (see Theorem 6.2(c)) is equivalent to the
property that

(8.3) UF(z) = £2F (o) (20) - (2 — 20) + 2"0(27" |z — m0])
relative to the set CI1(QF).

8.4. Proof of Proposition 8.2. This proof of Proposition 8.2 is closely related
to the proof of [9], Lemma 5.4, which is perhaps the most important special case.
We will prove the assertion in the “+” case in detail and then remark briefly on the
proof of the “—” case. The proof is expressed in the blow-up notation of Definition
8.3. Since the entire proof concerns a specified point xg in a fixed weak solution S
of Problem 2.1, and is also restricted to the “+” case, we simplify the notation by
deleting the tilde and the plus sign, so that Ul (z), ", S,, GH(Q:), and A\t (x0)
become U, (x), Ly, Sn, G(Qr), and Ag. We also choose Cartesian coordinates such
that 29 = 0,09 = vy := (0,...,0,1), and z = (y,2) = (y1,-..,y~n—1, %), and let
D={yeR¥"1:|y| <1}. Let W(y) : ® — R denote a convex, radially symmetric,
C?%-function of y such that W(0) = —2X, V,W(0) = 0, |V, W(y)| > 3&; for
(1 —(N/3¢1)) <ly| <1,and W(y) =0 for |y| = 1. Our proof is based on Green’s
second identity, in the form

0 0
B0 [ @adon—sudvidr= [ (o= ougv ) do

where we define ¢, (z) :== G(Qn(x)) — G(N\o), ¥n := (U, + W), and
Dsen i ={x€Q, :U,>d82z<e,U,+W <0}

for all small §,e > 0 and large n € N (and where v denotes the exterior normal
direction on 0825 ). For (6/¢) sufficiently small, a partition of 9Qs . ,, into disjoint
surfaces is given by 0Qs e n = Ss.n U Le , UX5 2, where S5, = {Up, =6, U, + W <
0}, Ley = {2 =¢,U, + W <0}, and Es., = {Up, > 0,2 < &,U,, + W = 0}. Now
A¢, = G(Qn)AQn+G"(Q)|VQn]? > 0 and ¥, < 0in Q5. (see Lemma 3.4(e)).
Therefore ¥, A¢y, < 0 in Q5. Also, sup{|dn(2)AY,| : 2 € Qsen} < M (= a
constant), uniformly for all small 6,¢ > 0 and large n € N, because A, = AW >0
and because ¢, (z) := G(Qn(x)) — G(N\g) is uniformly bounded, due to Theorem
6.2(a) and the fact that Q,(x) = Q(27"x). Finally, we have |Qs. | < O(e) + ((n)
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(independent of 6 > 0) because S is a uniformly Cl-surface, where | - | denotes
Euclidean volume. Thus
(8.5) / (UnBbn — Suliy) dz < O(e) + ((n)

Q&,e,n

as d,e — 0+,(6/e) — 0+, and n — oco. Now max{|¥y|,|V¥n| : © € Lcp} is
uniformly bounded for fixed € > 0 as n — oo, due to Theorem 6.2(a) and the fact
that VU, (xz) = VU(27"z). Now by eq. (8.3), we have that (U, (z) — Aovp - z) — 0
as m — o0, uniformly in compact subsets of {z > 0}. Therefore VU, (z) — Ao
and V(9U,(x)/0vy) — 0, both uniformly in compact subsets of {z > 0}. Since

Opn(z)/Ov = (G/(Qn)/Qn)(VUn - V(9U,, /0w)),

it follows that max{|¢, ()|, |0¢n(x)/Ov| : © € Len} — 0 as n — oo for any fixed
€ > 0. Thus,

0 0
(86) \/I:a’n (wn%(bn - an%wn) dO’ - Cs(n)a

where for each € > 0, (.(n) denotes a function such that (. (n) — 0 as n — oo. Due
to the fact that |VU,| < € and [VW| > 3¢; for (1 — (A\o/3¢1)) < |y| < 1, we have
that v-v,. > 1/2 for (1 — (Ao/3¢1)) < |y| <1, where v = V(U,, + W)/|V(U,, + W)|
and v, = VW/|IVW| = y/|y|. Since v is the outer normal to the surface ;.
at each of its points, it follows that the area of X5 , is bounded by O(e) + ((n)
(independent of § > 0) as ¢ — 0+. Also, ¢, = 0 on X5, and the functions
¢n = G(Qn) — G(X) and Vi), := V(U, + W) both remain uniformly bounded in
a uniform neighborhood of S,, as n — co. In view of these facts, we have

0 0 0

5,e,m

as 0, — 0+, independent of n € N. By substituting (8.5), (8.6), and (8.7) into
(8.4), one obtains

9 )
/S&n (ana_yndjn - 1/%(97%) do < 0(5) + Cs(n)

n

(with v, = VU,,/Q, on Ss,,). This is equivalent (using the definitions of ¢,, and
¥n) to

On(2)(Qn + (OW (y)/Ovy)) do

Ss,n

(8.8)
< /S 164 WG (Qn)(0Qn/Own)| do + O(E) + (o (n).

Now |6 + W| < M and € < Q,, < €; on Ss,, both uniformly as n — oo and
0, — 0+. Also, it follows from Lemmas 6.4 and 6.5 that
(8.9) max{|v,(z) — vo| : © € S50} < ¢(n) + 2(0)

as n — oo and 6 — 0+. Therefore max{|VW (y)-v,(z)| : € S5} < ((n)+2(5) as
n — oo and § — 0+, since VIV (y) has no component in the vy-direction. Therefore,
(8.8) implies

310) [ ou@Qu@)dr <11 /S (1620, /0v21/Qn) do + 2(5) + O(e) + (e (n)
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for a uniform constant M. For sufficiently large n € N and sufficiently small
d > 0, S5, is the graph of a smooth function z = S5, (y) : Ds, — R. For this
representation, we have

(8.11) (0%Un(x)/0v3)/Qn(x) = Vy - (VySs.0(y) /11 + [Vy S5, ()]'/?),

where both sides represent (N — 1) times the mean curvature of the surface Ss,
at x = (y,2) = (y,S5n(y)) € Ss,n. By substituting (8.11) into the second integral
of (8.10), estimating do/dy = (1 + |V Ss.n(y)|?)!/? by a constant, and applying the
divergence theorem, one obtains

(8.12) i O (2)Qn(x)do < M o [V Ssn(y)|do + 2(6) + O(e) + ((n),

where the integrand of the second integral is uniformly bounded by {(n) + 2(d), due
to (8.9), and where do in the second integral refers to (N — 2)-dimensional surface
area. In the limit as 6 — 0+, we obtain

/C bu(2)Qu(z) do < O(E) + Co(n),

where C, = Sp,N{x = (v, 2) : |y| < 1,|z| < 1}. This implies the assertion in the “+”
case. Finally, for the corresponding proof in the “—” case, one again simplifies the
notation so that Uy (), 2, Sn, G~(Q;7) and A~ (2¢) become Uy, (), Qun, Sn, G(Qn),
and Ag. The proof again is again based on Green’s second identity (8.4), where
On(z) = G(Qn(x)) — G(X0),Yn = Un + W), Qs5en ={z € Qy, : Up(z) > 4,2 >
—&,Up(z) + W(y) < 0}, and W(y) has the same properties assumed in the “+”
case. Under the assumption that d(tdG(¢)/dt)/dt < 0, it follows from the convexity
of the level surfaces of U,, that A¢,(x) < 0 throughout €, (see Lemma 3.4(e)).
Continuing as in the “4” case, one can show (in the “—" case) that

/S (G(@n()) — G(20))Qn(z) do

>-M ; (10*Un/0v;] /@n) do — 2(8) — O(e) = G(n),

where S5, = {z € Q, : Up(z) = 6,U,(z) + W(y) < 0}. Then the assertion follows
by the steps given above.

8.5. Corollary. Let S € X denote a weak solution of Problem 2.1, where As-
sumptions 2.2(a)—(d) hold. Let the function F7*(t) : [€p,&€1] — R be defined such
that FT(t) = H(GT(t)), where the C?-function G*(t) : [€y, €] — R is chosen
such that dGT(t)/dt > 0, and d*GT(t)/dt?> > 0 for t € [€o,€1], and where the
C?-function HY (1) : GT([€0,€1]) — R is chosen such that dH*(7)/dr > 0 and
d2H*(7)/dr2 < 0. Then, for any given point zo € S and value n > 0, we have

(8.13) (1/|§n|)/~ (FH(Q" () = FH(Q" (20))) do < n

n

(in terms of notation from Theorem 8.1) for all sufficiently large n € N.
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Proof. Since (t—to)(GT(t)—G™(tg)) > 0 for all to, ¢t > 0, it follows from Proposition
8.2 (eq. (8.2) that for any n > 0, we have

(8.14)
[ (G (x) - G (@ (x))) do

S/g (GH(@QF () = GH(Q™ (20)))[QT () /Q* (w0)] do < (|34 |n/Q* (o))
for sufficiently large n € N. Tt follows from the assumed properties of HT(7) that
for any 19 € G*([€0, €1]), we have

(H*(r) = H*(70)) < (dH ™ (70)/d7)(T — T0)
for all 7 € GT([€g, €1]). Tt follows that for any tq € [€g, €1], one has
(FF(t) = F*(to)) < (dH(GT(to))/dr)(G™ (t) — G (to))

for all t € [€y, €], where dHT(G"(to))/dr > 0. In view of this inequality, the
assertion follows from eq. (8.14).

8.6. Proof of Theorem 8.1 in the “+” case. It suffices to express the functions
F*(t) : [€y, €] — Ry in the form required by Corollary 8.5. A straightforward
calculation shows that this is accomplished by defining G*(¢t) = (F*(¢))* and
H* (1) = 7(/®) | where a > 0 is sufficiently large.

8.7. Proof of Theorem 8.1 in the “—” case. Given t; € [€, ;] and the
function F~(t) : [€o,€1] — R, it suffices (in view of Proposition 8.2), to choose an
increasing C?-function G~ (t) : [€g, €1] — R such that d(tdG~(t)/dt)/dt < 0 and
o(t) = (F~(t) = F~(to)) — Cot(G~(t) = G~ (to)) 2 0

for all t € [Q:(), Q:l], where Cy := ((dF_ (to)/dt)/to(dG_ (to)/dt)) > 0. Since ¢(t0) =
@' (to) = 0, it suffices to have ¢ (t) := (d*>(F~(t) — CotG~(t))/dt?>) > 0 for all
t € [€, €1]. For the case where d?F~(t)/dt* > 0, the requirements are all satisfied
by making the choice G~ (t) = —t®, where ao < —1.

Remark. The factor “2™” in the statement of [9], Lemma 5.4 should be “2(m=1)n”
where m denotes dimension. In the briefly outlined proof of the “—” case (on p.
221, line 6), one should define ¢, (z) = ((1/A)—(1/|VUy,|)), so that the first integral
in the equation on line 11 becomes [i.  (([VUn| —A)/A) ds.

9. PROOF THAT F~(z0,Q™ (z0)) < F* (20, Q" (x0)) FOR ALL 29 € S

9.1. Theorem. Let S € X denote a weak solution of Problem 2.1, where Assump-
tions 2.2(a)—(e) all apply. Then, in the notation of §6.1, we have

(9.1) F~(20,Q (z0)) < F* (w0, Q" (20))
for all xg € S.

9.2. Lemma. Under Assumptions 2.2(a)—(e), let S € X denote a weak solution of
Problem 2.1 such that F*(zo, Q1 (z0)) < F~ (20, Q (x0)) at a point g € S. Then

9.2) [F+(:z:,@+(x))da<[ (2,0 (2)) do — 2|30
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for all sufficiently large n € N (i.e. n > ng), where
no = (1/6)(F~ (w0, Q™ (20)) — F (w0, Q™(20))) > 0,

Sn={zeS: o) v(x) >0 and dx,L) < 27"}, L = L(x¢) = {0 + v(x0)t :
t € R}, |3,| denotes the corresponding (N — 1)-dimensional surface area, and do
denotes the (N — 1)-dimensional differential area of S. Moreover, if ;v?f denotes the

projection of x € S onto the surface §§ = {ﬁi(x) = 3} along a curve of steepest
ascent of ﬁi, then for each fized n > ng, we have

03 [, Pr@@ @iot < [ F @@ (@) doy ~ fsalm

ERgh S s
for all B € (0,00(n)), where 57?5 = {x? cx € 8y} C §§, Bo(n) € (0,1) is
sufficiently small, and doﬁjE denotes (N — 1)-dimensional differential surface area of
Sy

Proof. We remark that the differential areas of the surfaces S and §§ at points
z €S and xéﬁ € §§ on the same curve of steepest ascent of the function U* are
related by the equation Q*(z)do = @i(xg[) dcrg (see [9], Lemma 4.4). For any

fixed 2o € 9, it follows by combining the + cases of Theorem 8.1 (with n = 7y9)
that

(9.4) / F* (20,0 (2)) do <[ F (20,0 (2)) do — 4]0

for sufficiently large n € N. In view of Theorem 6.2(a), it follows from the assumed
smoothness of the functions F*(x,t) that there exists a constant L such that

(9-5) |[F= (2, Q* (x)) — F*(wo, Q* ()| < Lz — o),

uniformly for all z € S. In view of (9.4) and (9.5), the inequality (9.2) follows from
the obvious fact that (1/]3,]) [; |z —2o|do — 0 as n — oco. Also,

H[F* (2, Q" (x5)) — F*(2,Q"(2))] <0,

as follows from the assumed monotonicity (in ¢) of the functions F*(z,t), and

the monotonicity of Q*(z) on curves of steepest ascent of U* (Lemma 3.4(d)).
Therefore,

©06) %[ FH@QHaE)dE <+ [ FH@.GHa)@H @)/ Q) do

On the other hand, since (@i(x)/é)vi(xg)) — 1 for each 2 € S as 3 | 0 (by
Theorem 6.2(f)), the Lebesgue dominated convergence theorem implies that

o1 [ PG )@ @)/Q ) o [ FHaGH)do

Sn

as § | 0. Now the assertion (9.3) follows from (9.2), (9.6), and (9.7).

9.3. Lemma. Under Assumptions 2.2(a)~(e), let S denote a weak solution of
Problem 2.1, and let (S_,,, S, S;fn);’lozl be an approximating sequence (correspond-

ing to a positive null sequence (,)72,). For fized xo € S, define L(z) == {y =
x4+ to(xg) : t € R} for all x € S. Also define 5§ := {x € S : v(x) - v(xp) >
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0,d(x, L(x0)) < 8} for a fized, sufficiently small value § > 0 (chosen such that
v(x) - o(xg) > (1/2) for all x € §). For each a € (0,1) and n € N, define
Sk, =A{Uz(z) = ae,} (on which the differential surface area is denoted by dcr,fa).
Also define st = ¢t (3) = {¢7F o (x) : @ € 5} for sufficiently large n € N, where
the (invertible) mapping xif , = ¢iF ,(x) : § — S, is defined such that ¢if ,(x) is

the point in Sf;a N L(x) which is closest to x. Then, for any n > 0, there exists a
value a(d,n) € (0,1) such that

(9-8) / Fo(2,Qp (2,,4)) doy, o </ F(2,Q (2] 4)) dog o+
Sn,a ' ’ Sj;,oc ' ’

whenever o € (0, a(0,m)] and n € N is sufficiently large (depending on «).

Proof. Choose local coordinates near the given point zy € S such that zo = 0
and D(xg) = exy := (0,...,0,1). In the notation of Lemmas 6.11 and 6.12, let
z=5(y) : D5 —» Rand z = S,fa(y) : ®5 — R be local coordinate representations of
the surfaces SN Es and S NEs (where we write z = (y,z) = (yl,yz, c S YN-1,2))-

We can define the functions §x ,(y) = F*(y, S(y), Qi (v, SEa(y))) : D5 — R for
small a > 0 and large n € N. Given n > 0, we have

(9.9) Snay) <Fhaly) + (n/213))

uniformly in ®; for sufficiently small & > 0 and for sufficiently large n € N
(depending on «), as follows by interpreting Lemma 6.12(a) in the case where
F(z,p,q) = F*(z,q) — F~(x,p). We have that

(9.10) / F* (2, Qn (2,4)) doyy o = A S a (VS0 + 1) dy

for small @« > 0 and large n € N. The assertion now follows from (9.9) and
(9.10), in view of the fact that, for fixed sufficiently small @ > 0, the functions
QE(y, S’ffa(y)) : ®5 — R are uniformly bounded and uniformly positive as n — oo
(by Lemmas 4.8 and 6.12(b)), and the fact that |[VS;, (y) — VS(y)| — 0 uniformly
in ®5 as n — oo (see Lemmas 6.5 and 6.11).

9.4. Lemma. In the context of Lemma 9.3, let the values 6,n,a > 0 be given such
that § is sufficiently small and « € (0,(d,n)] (so that (9.8) holds for sufficiently
large n € N). For any 8 € (0,1), and for sufficiently large n € N, let each point
x € § correspond to the points zi , = ¢i (x) € Sffa and & xn 0B = wn o ﬁ( o) =

@fo‘ ( ta(@) € §fﬁ = {UE(z) = B}, where the (invertible) function wn o B( ):

SE, — §fﬁ is uniquely defined such thaty € S;-, and 1/)n apy) € S 5 are located

on the same curve of steepest ascent of the function U (-). Let §fa 8= {wn ap)
Y€ sy ) cC S g for any B € (0,1) and sufficiently large n € N. Then

(9.11) /7 F~(2,Q, (&, 4 5) do,, 5 < L FH (2, QF (&), 5)) doys 5+ 21

Sn,o, B Sn,o, B

provided that [3 is sujﬁciently small and n € N s suﬁ?ciently large (depending on
9, n, a, B), where 6 0 denotes the differential area ofS



3016 ANDREW ACKER

Proof. We remark that the differential areas of the surfaces Sff’ o, and :S'\f 5 arerelated
by Qi (¢ ) do,, = Q%(;ﬁfo‘ﬁ) déiﬁ. For fixed a € (0,(d,n)] and 8 € (0,1), it
follows from Lemma 4.8 and Lemma 6.12(b) that

(9-12) 0 <€ <Q(ly 5 <Qn(rha) < € (a),

(9.13) 0 <€ () < Qp(2,,0) < Qi (3, 4 5) < 1,

provided that n € N is sufficiently large (so that S, < S’g and S, , > §ﬁ_) It
directly follows from (9.12) and (9.13) that

(9.14)

(/.

n,o, B

=k [P QG )@ () Q3 6 0 0) — PH@.Q () do

n,a

F* (@, Q5 (7.0.9)) 407 5 / . P Qn(ana) da@)

>k [ (PH@QEGE, ) - P QE k) o,

> 4L / | (QF(EE ) — QE () o,

n,o

> 4105 (0) [ (QF (0 — QFE/QE ) o
where L is a constant such that OFT(x,t)/0t < L for t € [€y, €T (a)] and
OF ~(x,t)/0t < L for t € [€ (), 1] (both for all x € 2,). On the other hand,

005) [ Q) Q0 p) ~ Doty = (155, 5]~ Ishal) = 0

Sn,a

as 3] 0 and n — oo, due to the fact that |sf,| — |3] and |5, 5| — 3], both
as 3 | 0 and n — oo (by Proposition 7.2, where | - | denotes (N — 1)-dimensional
surface area). The assertion follows from (9.14), (9.15), and Lemma 9.3 (eq. (9.8)).

9.5. Lemma. Under Assumptions 2.2(a)—(c), let S denote a weak solution of
Problem 2.1, and let (S, Sn, i1, )52, be a corresponding approzimating sequence.
For fizred xg € S, let § := {& € S : v(z) - i(xg) > 0,d(x, L(x)) < 6} (where
L(xg) = {xo + D(x0)t : t € R}) for a fized, sufficiently small value § > 0. For any
B€(0,1), let §Bi .= {U%(x) = 3}, and let the function xé: = 1/3?(:1:) 05— §Bi be
defined such that x and 3:2: always lie on the same curve of steepest ascent of the
function ﬁi() For any a, 8 € (0,1), = € §, and sufficiently large n € N, let the
corresponding point iiaﬁ = Aiaﬁ( t.(@) € §fﬁ = {U*(z) = B} be as defined
in Lemmas 9.3 and 9.4. Finally, define the subsurfaces 5?5 = {x? cx €5} C §§

and 3%, = {ifa 51T €3}C §fﬁ (with (N — 1)-dimensional differential surface

n,a,f

areas denoted respectively by dag[ and d&iﬁ), Then for any fixed o, 5 € (0,1):

—oo [4
noosi

016)  lim [ PH0QEGE ), = [ P Q) do
il

n,o, B
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Proof. Define the mapping gﬁi(x) : §§ — S such that z € §5i and gg(x) es always
lie on the same curve of steepest ascent of the function U% (thus z/;g[ (gg[(;v)) =z
in 5;) For each sufficiently large n € N (so that o(x) - v,(z) > 1/2 throughout
K\ Sy, where K is a fixed, sufficiently large subset of ),.), we define the mapping
Effﬁ(x) : §5i — §jfﬁ such that x € gﬁi and Effﬁ(x) € §fﬁ always lie on the same
curve of steepest ascent of the function UF. Let gfa sl ) : §ffa 8
inverse of the composite mapping wn ol Ea(@) 85— gt 5 defined in Lemmas
9.3 and 9.4. By a change of variables, we have

oan) [ Fr@Q k) ok = [ g @).G ) do

] Ss

— § denote the

o+ (:E Q ( naﬁ))d&iﬁ
(9.18) s
= [ FEE (), QE B ) (o)

n,a,B

+

where the subsurface s, 5 C gg is chosen such that Eig(éi, ) = §i7

where we define
R 5(z) = (VUL (2) - VU* (2)/Q* (2) Q3 (B 4(x)))

for all z € 55 Here, the left-hand sides of (9.17) and (9.18) are based on the
notation introduced in the statement of Lemma 9.5, whereas we assume that x € gg
in the right-hand sides of these equations. Now Eff 5(x) — x as n — oo, uniformly
over T € S;, due to Lemma 6.5 (or Lemma 7.3). Since VU(z) — VU(z) as
n — oo, uniformly in compact subsets of Q% it is clear that QF (Eitg(x)) — Q*(z)
and Ri 5(x) — 1 (both uniformly relative to z € gi) as n — oo. Moreover, Lemma
7.3 implies that giaﬂ(yn) — gg[( ) as n — oo for any sequence (yn)S%y such that

Yn € Fs for each n € N, and such that y, — x € sg as n — oo, and it follows

from this ihat gn o 6(Ei (x) — gg[( ) as n — oo for any fixed z € 5?; Finally,

B \ sﬁ| — 0 and |§§ \ Eio‘ﬂ — 0 both
as n — oo. In view of the assumed continuity of the functions F*(x,t), it easily
follows that the right-hand side of (9.18) converges to the right-hand side of (9.17)

as n — OQ.

it follows from Proposition 7.2 that |35=

6. Proof of Theorem 9.1. Let S be a weak solution, and (S Sny S )0y
be an approximating sequence. Suppose that F~(20,Q (x0)) > FT(z0, Q% (20))

at a point xg € S. Then, by Lemma 9.2 (eq. (9.3)), there exist values 79 > 0,8 > 0,
and [y € (0,1) such that v(x) - o(zg) > (1/2) for all z € §, and such that

[+ F+(x,@+(xg)) dcr; < /~, F_(x,@_(xg)) dog — 1o

B

*,M0

for all 8 € (0, By], where 5 := {z € S : i(z) - D(zg) > 0,d(z, L(z0)) < 6}, L(z0) =
{zo+v(x0)t : t € R}, and §§ denotes the projection of § on Sg along the curves of



3018 ANDREW ACKER

steepest ascent of U *(x). However, for the same fixed value § > 0, it follows from
Lemma 9.4 (in the notation given there) that

(9.19)
[ PreQio itz [ P Q) a2

n,a,B Sn,a,p

for any sufficiently small o, 8 € (0,1), provided the n € N is sufficiently large
(depending on «, 3,10). Due to Lemma 9.5, it follows from (9.19) in the limit as
n — oo that

[ Fr@@t@ios = [ Fo@G @) - m/2)

for any sufficiently small value 8 € (0,1). This contradiction proves the assertion.

10. PROOF OF THEOREM 2.3(B)

10.1. Theorem. Let S denote a (convex) weak solution of Problem 2.1, where
Assumptions 2.2(a)-(e) apply. Then: (a) The functions VU*(z) : QF — R have
continuous, nonvanishing continuations to QU s, (b) We have

(10.1) F~ (20, Q" (w0)) = F* (20, Q" (20))
at all points x € S, where QF(x) := |[VU*(z)| throughout Q= U S.

Proof. By Theorems 7.1 and 9.1, eq. (10.1) holds at all points zo € S, where Q* (zo)
is defined on S by Theorem 6.2(c). Since the functions =Q* () : S — R are both
lower semicontinuous (by Theorem 6.2(d)), it follows from the assumed properties
of the functions F*(z, t) that the functions +F* (¢, Q*(x¢)) : S — R are also both
lower semicontinuous. In view of (10.1), it follows that both functions are actually
continuous on S. Since the mappings 7 = F*(z,t) have continuous inverses of
the form t = GF(x,7), it follows that the functions Q*(z0) : S — R are also
continuous. For ¢ € (0,1), let 7% : § — ®*(5, SF) denote the continuous mapping
such that 2o € S and 75 (z0) always lie on the same curve of steepest ascent of
U%(-) (see Lemma 7.3 and [9], Lemma 4.4). For each 2o € S and € € (0,1),
define ¢F (z0) = Q* (nE(x r0)). Then the continuous functions ¢Z (o) : S - R
are such that ¢F (zo) 1 QT (z0) and ¢ (o) | Q (zo) pointwise as ¢ | 0, by
Theorem 6.2(f). Therefore, the convergence is uniform, due to the continuity of
the functions @i(xo) S — R. Therefore, there exists a null function z(+) such
that |Q*(z) — Q*(p(x))| < z(d(z,S)) for all z € QF, where e p() € S denotes the
endpoint of the arc of steepest descent of U= joining z to S. Also, there exists a
null function z(-) such that for any points xo € S and x € QF, we have

| — p(x)| < (U*(2)/€0) < z(d(x, 5)) < 2(Jx — wo))
and therefore
Ip(z) — o < [z —xo| + [p(z) — 2| < (Jx — 20| + 2(|2 — z0])).
In view of these facts, it follows directly from the triangle inequality, in the form:

|QF () — @ (x0)| < Q% (x) — Q* (p(2)] +1QF (p(x)) — Q*(x0)|
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that Q*(x) — QF (x0) as  — xo € S (for z € OF). The continuity of the functions
VU*(x): SUQT — R (defined on S by Theorem 6.2(c)) now follows from Lemma
6.4.

11. APPENDIX: REMARKS ON EXAMPLE 2.9

The purpose of this appendix is to outline the demonstration that, under the
stated assumptions, the function F'(x,p, q) introduced in Example 2.9 satisfies As-
sumption 2.2(d). As in Remarks 2.5, we define the function h(z,q) =
(A + Bq?)~(/®) Rather than introduce a linear function ¢(\) : [0,1] — RN
as suggested there, we simply assume that 2 € R. The condition A4y < 0 reduces
to

((a+1)8/a(B+1))B < A¢° + B,
which is satisfied if
(A1) 0 < a.

By grouping the coefficients of distinct functions of ¢, the condition h;, < 0 is seen

to be satisfied if

(@ +1)/a)A; < AAye; (@ +1)/a)B; < BByy;
(A2a,b,c)
2((e+1)/a)Ay By < ABy + BA,,.

We assume (A2a,b), and observe that (A2c) follows from them in view of the
inequality

((+1)/a)|As] [Bz] < (ABrrBAzz)l/Q < (1/2)(ABzaz + BAqgo).

Finally, by again grouping the coefficients of distinct functions of ¢ (and still assum-
ing (A1) and (A2a,b)), one sees that the requirement h2, < hyehgq will be satisfied
if

(A3) (1+(1/(a = 8)BE < BBas,

(A4) 2(a+1)BA, B, + aBAB2 < a(B + 1)ABB,, + (a — 3)B* Ay,

We assume (A3) (which implies (A2b)). In view of (A3), the requirement (A4) will
be satisfied if

(A5) 24,;B; < (a/(a+1—P))ABys + ((a — B)/(a + 1)) BAzs.
However, it follows from (A2a) and (A3) that
2|Ay| | By < 2(MNABypuBAy.)"? < MAByy + pBAy,

where we set A = (a/(a+1—)) and p = ((a« — 8)/(a¢ 4+ 1)). This completes the
proof.
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