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AN LP A PRIORI ESTIMATE FOR THE TRICOMI EQUATION
IN THE UPPER HALF SPACE

JONG UHN KIM

ABSTRACT. We establish an LP a priori estimate for the Tricomi equation. Our
main tool is Mihlin’s multiplier theorem combined with well-known estimates
of the Newtonian potential.

0. INTRODUCTION

The purpose of this paper is to establish an LP a priori estimate for the Tricomi
equation in the upper half-space. The Tricomi equation arises in transonic gas
dynamics, and is a typical model equation of changing type. It has been extensively
investigated from the various viewpoints. The Tricomi equation can be interpreted
as an elliptic equation which degenerates on the boundary, which is our viewpoint
in this paper. We can formulate the Dirichlet boundary value problem in the upper
half-space as follows.

0%u . "
(01) a—y2 + yAmu = f, m R+,
(0.2) u(0,2) = 6(z),  on IR,

where R? = {(y,z) : y >0, x € R"}, and A, is the Laplacian in the z variable.

An L2 a priori estimate can be obtained very easily. Following the presentation in
2

— 0
8], we suppose that u € C§°(R’}), and multiply the equation (0.1) by 8—;; Then,

we integrate over R} to obtain

* /0% 2

0.3 / / (—) d da:+/ / ‘ * 5y
( ) RrRn-1Jo ayz 4 Rn—1 y

:5/Rnl‘v¢|dx+/Rnl/ f82dydac

where V, stands for the gradient in z € R”‘l. This yields
82
u vz v.
8y L2(R7)

< (1 gy + IVl sy

dy dx

(0.9 |

‘yAmu
L2 (Rn
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where M is a positive constant independent of u. This estimate is also covered by
the result of [15]. Since (0.3) is an equality, the inequality (0.4) is an optimal L?
estimate. It is a natural question to ask whether a similar LP estimate is valid,
which motivates the present work.

In this paper, we establish a similar estimate in the L? setting, 1 < p < co. Our
result is the following.

Theorem 0.1. Let 1 < p < oo, and let 0 < L < oo. Suppose u € C§°(RY)
satisfies (0.1), (0.2), and supp v C {(y,x) : y < L, x € R""}. Then, there is a
positive constant My, independent of u such that

0%u ou

+ HyAIu

Lr(R%} LP(RY) LP(RY)

< Mo (L) + 0 aggo-0m sy )

Here By (RF) is the Besov space; see [1], [13], and [14]. When p = 2, we recover
(0.4) with modification that M depends on L, and that the L? norm of ¢ is added
to the right-hand side. The above particular estimate is not covered by any of
the vast known results concerned with degenerate elliptic equations. For extensive
references, readers are referred to [7], [9], [10], and [14]. It is obvious that the above
simple procedure for the L? estimate does not work for LP, p # 2. As in the case of
regular elliptic equations, the method of potential theory is a possible approach. In
fact, the fundamental solutions of certain equations of mixed type were discussed
in [5]. By setting y = 22/3, (0.1) with f = 0 reduces to

0%u 1 ou

The fundamental solutions of (0.6) were analyzed in [3]. Parametrices of more
general differential operators were constructed in [2], [11], and [12]. In particular,
the problems discussed in [11] and [12] are closely related to our problem. In
[11], a parametrix for the second order equation of Tricomi type with the Dirichlet
boundary condition was constructed by means of Fourier integral operators, and
some L? estimates were obtained via the parametrix. This was extended to more
general operators in [12]. But this elaborate device does not provide any short cut
for LP estimates. Since the equation (0.1) is of a specially simple form, we can
bypass a parametrix, and directly set up integral representation of u through the
Fourier transform in x, and the variation of constants formula. Our approach is
quite elementary, and similar to that of [5]. However, our analysis of the integral
operators is different. The above mentioned results are not useful for our analysis.
We analyze the singular integral operators which involve the Airy functions by
borrowing known results on the Newtonian potential for the Laplacian. Our basic
tool is the following version of Mihlin’s multiplier theorem.

Lemma 0.2. Let m(&) be the symbol of a singular integral operator T in RF.
Suppose that m(€) € C=(RF\ {0}), and

lal | 9*m(£)
0.7 —
( ) }§| aga
for some positive constant M. Then, T is a bounded linear operator from LP(RF)
into itself for 1 < p < oo, and its operator norm depends only on M, k and p.

‘SM, for all € 0, 0< |a] <1+ [K]/2,
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The proof of this fact can be found in [1], [8], [13], and [14].

After some preliminaries in the next two sections, we present the proof of The-
orem 0.1 in section 3.

Throughout this paper, we employ the following notation.

Z4 represents the set of all nonnegative integers. For a = (a1, ,ax) € Z%,
we write |a] = a1 + -+ ag, and

KA S G
ozxe  \ Oz Ory )
R is the set of all positive real numbers, and R} = {(y,z) : y € R}, x € R"'},

for n > 2. C§°(R%) is the restriction of C§°(R™) to RT.

1. SOME PROPERTIES OF THE LAPLACIAN

In this section we will present representation formula for solutions of the Laplace
equation and their operator estimates. Let us fix any 0 < ¢ < 1, and define for
each f € C3°(RY)

(1.1) (Af)(g.) = 7o (e‘y'f' [ eieifiee dt),
and

y/c R
(1.2) (Aaf)(y, ) = F¢! (ey'f' / e el g1 £ 2, €) dt),
where

f.= o= [ reneian
and .7-'5_ ! denotes the Fourier inversion in R"~!.

Proposition 1.1. A; and Ay can be uniquely extended as bounded linear operators
from LP(RY) into LP(RY), 1 <p < oo.

Proof. Choose any f € Cg°(R%), and extend f to R" such that f(—y,z) =

—f(y,x), for all (y,z) € R", y # 0. Let E(y,a) be the Newtonian potential
in R™, and set

(1.3) w=Ex(ALf),

where * stands for the convolution in R™, and A, is the Laplacian in 2 € R~
Then, u satisfies

(1.4) Auly,z) = A, fy,2), i R,

(1.5) u(0,2) =0 on ORY.

By virtue of the inequality proved in [6, pp.230-235], it holds that

(1.6) lull r(rny < MHJF”LP(R") < M| fllze(rn),

where M denotes positive constants independent of f. Furthermore, we find that
(1.7) ue C™(RY)NCY(R™),

(1.8) u(y,z) =0,  as |z +y— oo,
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since A, f has compact support and belongs to L>*(R™)N C‘X’(H). Next we con-
sider v(y, ) whose Fourier transform in z for y > 0 is defined by

(1.9 o006 =5 [ e fie.6)
Loel [T (ele-tiel f
+ e [ e e, a

1 e A
- [ ke

= f)l(yvg) + @2(%5) + ’03(ya€)7

where the above three integral terms are denoted by 95, j = 1,2,3. Then, it holds
that

(1.10) Av=A.f in RY,
(1.11) v(0,2) =0 on ORY.
It is easy to find that

(1.12)  &¥(01(y, &) + 02(y, €)) € C([0,00); L' (R"1)), for each a € Z771,
and that

(113) A(Ul(ya Jj) + UQ(ya 1?)) = Aff(ya Jj) in Ri
Hence it follows that
(1.14) v +v2 € C°(RY).

Suppose that L is a positive number such that

supp f C {(y,x) + y < L}.
Then, for y > L, we have

L A~
(115) [o1(y, 2) + valy, 2)] =|os (g, 2)| < M /R el / €[t F(t, ) di| de
n—1 0

L
—(y—1L P
S MHe (y )|£|HL2(R7171) ‘/0 H |§|f(t7€)HL2(Rnfl) dt
where M is a positive constant independent of (y,x). Thus, it follows that
(1.16) ||(111 + vg)(y)HLm(Rn,l) — 0, as y — oo.
Next fix any N > 0. Foreach j =1,--- ,n—1, it holds that

0
[ | @m0+ )|

< Mp, forallz € R"! and 0 <y < N,
for some constant My. It follows from (1.16) and (1.17) that

(1.17) |z (vi(y, 2) + va(y,2))| <M

(1.18) lvi(y, ) +v2(y,z)] = 0 as |z|+y — oo
By a similar argument, we also find that

(1.19) v3(y,z) € C®(RY),

and

(1.20) v3(y,x) = 0,  as [z|+y— oo
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By the maximum principle for the Laplacian, we conclude that

(1.21) u(y, z) = v(y,x) for all (y,z) € R".
By noting the following inequality for each av € Z7 7',
ol | 9%t o—twiel | « Ma
1.22 —|¢le < — forall t+y >0, 0,
a2 |l < y>0, 64
with some positive constant M,, we can apply Lemma 0.2 to 03 to derive
<1
(1.23) Joal)lzony <M [ o
0 Y

for all y > 0. By the well-known estimate of the Hilbert integral [13, p.271], we
have
(1.24) lvsllLery) < M| fllzecrn).

where M is a positive constant independent of f.
Next choose any g € C§°(R" ), and extend g to R" such that g(—y,x) = §(y, x),

0 0
for all (y,xz) € R™. Then, we note that a—g(—y,x) = —8—g(y,x), for all (y,z) €
Y Y
R"™ y#0, andset for j=1,--- ,n—1,
0%
(1.25) w; = F * .
/ 0yOx;
Then, w; satisfies
0%
1.26 Aw; = —2—  in R",
( ) wj 8y3x3 mn
(1.27) w;(0,z) =0, on OR.
As above, we have
(1.28) lwillLerny < M|gllLerny < MllgllLery).,
where M denotes positive constants independent of g. We also find that
(1.29) w; € C*(RY)NCY(R™),
(1.30) wj(y,z) — 0, as |z| +y — oo.

Analogously to (1.9), we define, for y > 0,

(1.31) Py, €) =Ll / ’ gelflgt, &) at
2 0 7

7

_ §ey|€| / 13 e_t‘f‘g(t,ﬁ) dt
y

+ %e—ylél / 13 e Helg(t, ) dt
0

where ¢ = /—1, and 1/%, k = 1,2,3, represents each integral term. It is easy to
see that

(1.32) Agi = 29

- 0yOx;

: n
in RY,
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(1.33) ¢ (0,2) =0  on ORY.

By the same argument as above, we arrive at

(1.34) w;(y,z) =PI (y,x) for all (y,z) € R%,
and

(1.35) ||7/)§||LP(R1) < M||gllre(rr)s

for some positive constant M independent of g. By combining (1.28), (1.34), and
(1.35), we find that

(1.36) 9] + W3l o rny < MllgllLocrn),

for each j =1,--- ,n—1, for some positive constant M independent of g. By the
L? boundedness of the Riesz transforms, we can deduce

y oo
Fe l(e‘y'f' / €] e¥lg(t,€) dt — eV /y |§|e—t5g<t,5>dt)

SMHF Z L ((y,€) + ¥4 (y,9))

(1.37) ‘

L?(R7)

LP(RY)
< M||9HLP(Rg),

where M stands for positive constants independent of g. It now follows from (1.6),
(1.21), (1.24), and (1.37) that

Y ~
(1.38) Hfgl <e—y’5/ €le" e f (2, €) dt)
: 0

< M| flleo(rr)
LP(RY)

wa) [t (e [T e e gar)
Y

< M| fllze(rr)
Lr(RY)

for some positive constant M independent of f.
Next let 0 < ¢ < 1 be fixed. We have

(1.40) Hfg1<e—y|5| /y leletlsl f(t,€) dt)
0

Lp(Rm-1)

Cy 1
< M/ —— 1 fF @)l Lr(rn-1) dt
o Yy—t

M 1 [
ST oy /0 ILf () Lo(rn—1y dt, for all y > 0,

which follows from Lemma 0.2 with help of the following inequality for each a €
A

(1.41) |§|'a‘

(r-0lel) | < Mo
— y _ t?

with some positive constant M,,, forally > ¢ > 0, £ # 0. By the Hardy inequality,

we can infer from (1.40) that

For(ee [ et feg) ar
€ o ’

s e

(1.42)

< M|\ fllzery)
Lr(RY)
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for some positive constant M independent of f. By the same argument, we find
that

(1.43) Hfgl <ey’5 /Oo [€le™ el (2, €) dt)
y/e

Lp(Rn—1)
> 1

<M [ O e de
yle V7Y

M <1
2 Ol dt, foraily >0
—CJy/e

For each ¢(t) € LP(Ry), it holds that

<

(1.44) ‘ o) 4 :‘ WA
yle U LP(Ry) /e A L?(R4)
*1
S/ X”¢(y)‘)||LP(R+)d)\
1/c
= 1 1/p
<ol zr(ry y md/\ﬁpc Al e (ryy-

By applying this to (1.43), we obtain

1 el [T -t F
7 ( // €le f(t,@dt)

for some positive constant M independent of f. The proof of Proposition 1.1 is
complete by combining (1.38), (1.39), (1.42), and (1.45). |

(1.45) ‘

< M|\ fllzery),
Lr(RY)

Next we fix any 0 < ¢ < 1, and any real number v to define for each f €
Cgo(RY),

(1.46) (Ainf)(y,7) = F! (e—yw/

Y

Y

ellie] (t/y)" £(t,€) dt) :

and
y/c .
(LD (D) = ([ e ) fe g )

Proposition 1.2. A; 5 and Ay, can be uniquely extended as bounded linear oper-
ators from LP(RY) into LP(RY), 1 <p < oc.

Proof. Choose any f € C§°(R'}), and any small € > 0. Let us define

) 3 f 0 S < €,
(1.48) foly,z) = fly,x) O.I' y<e
0, otherwise

and, for j > 1,

fi -(U-1) < —j
(1.49) fily,x) = [y, @), or ec <y<ec,

0, otherwise

so that

N(e)
(1.50) f= Z fi, for some 0 < N(e) < oo,
=0
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and
N (e)
P P
(1.51) HfHLp(Ri) = ZD HfjHLP(Ri)'
=
We also define
(152) g](yvx) = (Al,vfj)(yvx)v fOI'j :0717"' 7N(€>7
so that
(1.53) supp g; C {(y,x) : ec U™ <y <ec U}
and
N (e)
(1.54) MAf=>" g
j=0
For j > 1, it holds that
(1.55) Hy”fj(y,x)HLp(Ri) <l (Ec_j)7||fj(y’x)HLP(Ri)’
(1.56) (™) i@ oy < 97952 o gy
By virtue of Proposition 1.1, we find that, for j > 1,
(157) 1795 ) o gy < M7 550 oy
and thus,
(1.58) "gj"LP(Ri) = MHfJ'HLP(R+)’

for some positive constant M independent of €, j, and f. Next (1.53) implies that

N(e) N (e)
(1.59) Z 9i(y, x < 2pr Z lgi(y,2)|", for all (y,z) € RY}.
j=1
It follows that
N(e) p N(e)
(1.60) > 9 I Z 1l ey < MU (s
Jj=1 P(RY)

for some positive constant M 1ndependent of e and f. Meanwhile, it is obvious
that, as € — 0,

N(e)
(1.61) > fi—f  in LARY),
j=1
and consequently,
N(e)
(1.62) > g — M,
j=1

in the sense of distribution over R’f. Hence, we finally arrive at
(1.63) ||A11'YfHLP(R1) < MHfHLP(Ri)’

for some positive constant independent of f. A, can be handled in the same
manner. a
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The following fact is well-known; see [1].

Lemma 1.3. Let 0 < L < o0, G = {(y,x) € R} : y <L}, and1 <p < oo. If
we define, for h(z) € C§°(R™™ 1) and 1/p < s < 0,

(1.64) 1&(%5) = |¢]° e—ylélﬁ(g),
then it holds that
(1.65) ||1/)HLP(GL) < M| Bl P ()

for some positive constant My, independent of h.

2. REVIEW OF THE AIRY FUNCTIONS

Let us first review some basic facts on the Airy functions. The Airy function of
the first kind is denoted by A(z), and can be given by

1 o :
(2.1) A(z) e_%zs/z/ e & VEil /3 dg,

T2

which is valid for z # 0, |arg(z)] < m; see [8]. The Airy function of the second
kind is written as B(z), and can be given by

(2.2) B(z) = ™0 A(2e2™/3) 4 7/ A(ze727/3),
and thus, for all y > 0,

1 2,3/2 o0 2 -3
(2.3) B(y) = —e3¥ ! / e VY2 008(%352\/@— E)ezf /3 dg.

T 6

Then, A(z) and B(z) are two linearly independent solutions of

d*w
(2.4) P zw =0,
and their Wronskian is
(2.5) W(A(z),B(z)) = l, for all z.

It is known that A(z) and B(z) are entire functions of z. Some other properties
can be also found in [4].
For later use, we define

(2.6) Qi) = At = - [ ST ag

and

(27)  Qp(y) = Bly)e " = %/OO e VI cos(\/;f?\/@— o) e e,
Lemma 2.1. For each o € Zy, 1t holds that

(2.8) ye Lgy“;(y) ‘ + |y~ Lgyi (y)' <My,  forally>0,

for some positive constant M,,.
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Proof. By direct differentiation of (2.7), we have

(2'9) y© aagTB;(y) — KZ 6—52\/?/2 (Pl(§2\/§) cos(?{z\/@— %)

+ RV sin(e Vi - T) )P de

where Pj(t) and P»(t) are polynomials in ¢. Hence, it is easy to see that, for all
y=1,

aOL
(2.10) y* 2273@)‘ < M,, for each o € Z.
yOL
This inequality is also valid for 0 < y < 1, because B(z) is an entire function of
z. The argument for @4 is the same as above. O

The inequality (2.8) yields the following.
Lemma 2.2. For each o € Z_’fr, we have

o« 2/3

for all (y,€) € Ry x RF, € #0.
Lemma 2.3. For each o € Z, it holds that

0 9°7Qa(y) 0 0°T1QB(y)
Y aya+l 8ya+1

Qp(yl¢[*?)
DEe

||0¢\

+ }5}‘“' < M.,

(2.12)

‘ < M., for all y > 0.

Proof. For y > 1, (2.12) is a consequence of (2.8). For 0 < y < 1, we directly
differentiate Q4 (y) and @p(y), and use the fact that A(z) and B(z) are entire in
z. (]

Lemma 2.4. For each o € Z_’ﬁ, we have

|| o* 0 QA(y|€|2/3) lal 9 9 QB(y|§|2/3)
215) 1" o () 1417 s ()| <
and
(o e al
(2.14) d g~ <y|€|—1/3 35jQA(y|€I ))‘

lex|

o (19 2/3
16" s (s g @mte™) | < v

for all (y,€) € Re x R¥, €40, j=1,--- k.

This follows immediately from (2.12).
Next we define

1 0 |
(2.15) Taly) = Aly)y'/* i = v / e~V (i€/3 g
Q0 —00
and
(2.16)
1

_2,3/2 e _g2 \/§ e i3
Jp(y) = B(y)y"/* e 3" :;yl/‘l/ e Eﬂ/2008(752\/§—g)65/3d€.
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It is easy to see that, for each o € Z,

o9°J o*J
Yo A(y)‘+ yaﬂ‘ < M,, for all y > 0,

2.1
(2.17) Dy 9y

which yields the following estimates.
Lemma 2.5. For each o € Z_’ﬁ, we have

0% J A (y|€2/3) 9°Jp(ylé)*?)

la la|
. < )y
s R S LU B
and
o] | 0% 0 2/3 | | 0% 0 2/3 My
2.1 A g 9 < o
1) e | g Talwlel)| + 16l g o Ta el < 2
for all (y,€) € Ry x RF, € #0.
Proof. (2.18) follows directly from (2.17). If we set Ha(y) = y 8‘]8#;” and
HB(y) =y 8J§y(y), then
(2.20) y© 9" Haly) + y© O°Hp(y) < M,, for all y > 0.
oy™ oy®

. 0 0
Since y a—yJA(ylﬁlz/?’) = Hu(yl¢[*/?) and y 5—yJB(y|§|2/3) = Hp(yl¢)*?), (2.19)
follows from (2.20). O

3. PROOF OF THEOREM 0.1

Choose any f € C§°(RY), ¢ € Cg°(R"™"), and define for j =1,--- ,n — 1,
. Y R
B 00 == AP [ gl B o) i

—nBUIEPP) [ gl ACER) Fe.gdr

Yy
+ V3w A(yl¢)*?) /0 &€ ARIEPP) f(t,€) dt
+ 3230 (2/3) Ay|€[*?) i & 6(),

where i = /—1, and I'(+) stands for the Gamma function. Then, v/ (y, z) satisfies

0%’ . Of

- i 9L in R"
(3.2) oy +yAzv oz, in RY,
and
(3.3) v? (0, ) 9¢(x) on OR'.
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We can rewrite (3.1) as

(3.4)
W (y, &) = —m Qa(y|é|¥/?)e 3" I¢l / T 1€ Qg 219 F it €) dt
0

— 7w Qp(yle[?)edv el / g e e 3 (e Fit € dt
Yy

VB Qulyle)e BN / T e e B Q A (e P/ f(t, )t
0

+ 3231 (2/3)e 8071 Qu (y]€P/?) i €5 b(€)
= 0](y, &) + 03 (y, &) + 03 (y, ) + 03(y, £),

where the three integral terms are denoted by v vk, k=1,2,3, and the last term by

#]. By virtue of (2.11), (2.13), and the fact that f € C§°(RY), ¢ € C3°(R™Y),
we first find that

(3.5) £*0(y, &) € C([0,00); LY(R™™)), for each a € Z771.
Then, it follows from (3.2) that
(3.6) o(y,) € C=(RT).

Next we will show that v decays to zero at infinity. Let L be a positive number
such that supp f C {(y,x) : y < L}. Then, for y > L, v}(y,x) vanishes, and it
follows from (2.11) that

B7) Oy 1A e 1)+ [ e (0
o ETT Y LA

<C(||e" Y32 L3/2)|§IHL2(RH71)+ He_%ys/2EHL2(R"1))’

where C is a positive constant depending on f and ¢.

y) ||L1(R"*1)

It is now apparent that, for j=1,--- ,n — 1,
(3.8) ij(y)HLw(Rn,l) — 0, as y — 0o.
Next we fix any N > 0. For j, u=1,--- ,n—1, we use (2.14) to see that
(% (y,€)
3.9 Iy, z)| <M —hel
(39) RN Z S ae

gCN, for all x € R"~ 1,O§y<N,
for some positive constant C. It follows from (3.8) and (3.9) that
(3.10) |v? (y, )| — 0, as || +y — oo.

By means of the maximum principle, we conclude that if u € C§°(R") satisfies
(0.1) and (0.2) with the same f and ¢ as in (3.1), then

(3.11) 3u8(za/:;x) =l (y, ), for all (y,z)e R}, j=1,---,n—1.
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We define

n—1

(3.12) ey, 8) =D iGyily, &),  k=1,2,34,
j=1

and

(3.13) W(y, &) = w1y, &) + w2y, &) +ws(y, &) + waly,§).

For the estimate of w1 (y, ), we write, for y > 0,

(3.14)

. o3y —2u%2lel Y17 a3 2600 2/3y
i (y,€) = Ty Qalyle/)e Y /0 €13 R Q t1eP/) F(t,€) di

_2,3/2 v _ 2,3/2
+mJalyle|??)y e 8 '5'// €]t 43I 5 (¢1€)2/%) f(t,€) dt
y/2

= b (y,&) + w1 (y,€),

where the two integral terms are denoted by I(y,€) and wi!(y,&). By virtue of
(2.11), and the inequality for each o € Z}™!

(3.15)
€ 5 (|s|4/3e-%<y3”-t3”>f)‘ < % for all €£0, 0<t<y/2,

we obtain, for 1 < p < oo,

(3.16) et iy < 2 [ 150y

which yields by Hardy’s inequality

317) sy < M1

for some positive constant M independent of f.
For the estimate of wi!, we first observe by change of variables

(3.18) / / |w (y,x |pd;vdy— / / ‘w” 2/31" 213 dxdz,
Ry Rr—1

and hence, we need to write

2

(319) B (223, €)57 /O = S35 J, (2232355l

) / €] e3 1Ip(* (/%) f (7%, )57 5% % ds.
Z/23/2

Thus, it follows from Lemma 0.2, Proposition 1.2, Lemma 2.5, (3.18), and (3.19)
that

1/p
B ol gy = (5 [, [ P )
Rn—1
1/p
< M(/ / | f(s*/3,2) s7H/GP|P 4y ds)
Ry Rn—1

< M|\ fllrcany.,

where M is a positive constant independent of f.
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Next we will estimate wy. For y > 0, we write

(3.21) a(y,€) = Ty Qp(yle[/?)esv” / T e 5em B Q a1l PP Ft, €) dt

2y
2y .
+ T (y[e[/3)yP eIl / €1 e~ 3RS (1€ P/ f(t, ) dt
Yy

= (y, &) + w5 (v, €),

where the two integral terms are denoted by w(y,¢) and wi!(y,&). Since it holds
that

(3.22)
¢ a%(|£|4/3e—%“w—y””“)‘ < Af—g forall £ #0, 0<2y<t,
we obtain
(3.23) [0y < M GOy
and hence, by (1.44),
(3:24) 8 gy < Mg

for some positive constant independent of f.
As above, we write

2 1_a

(3.25) w§1(22/3,§)z—1/<3p> = 2273 JB(22/3|§|2/3)6§Z‘5‘

93/2
X / €] e‘%slslJA(52/3|§|2/3)J¢(52/375)5_% s5-tgs
and derive by Lemma 0.2, Proposition 1.2 and Lemma 2.5,

(3.26) Hwélan(Ri) < MHfHLp(Ri)’

for some constant M independent of f. We proceed to estimate ws. It is easy to
see that for each a € Zi_l

(3.27)
\a| 8a 4/3 —2 3/2+t3/2 ¢ Ma
|§‘ @(m/e 5 gl StQ—l—yQ’ forall £#£0, y>0, t>0.
Hence, by virtue of Lemma 0.2 and (2.11), we obtain
<y
(3'28) ng(y)HLp(Rnfl) S M/O y2 + t2 Hf(t)HLp(Rnfl) dt
which, combined with an integral inequality given in [13, p.271], yields
(3.29) Hw3||LP(R1) = MHfHLP(Ri)’

for some positive constant M independent of f.
To estimate wy, we write

(3.30)
(223, €)2 % = —32/31(2/3) (2[€]) 3T || 3T BN Q 4 (2213123 (€).
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Since it holds that for each a € Z_’,f_l,

aan g ((z|£|)%“°% ‘%Zfﬂ <M., forall >0, ££0,
it follows from Lemma 1.3 and (2.11) that
(3.32) ||w4||Lp(GL) < ML||¢||B;§1/73—2/<3p)(3n71)7

where 0 < L < oo, and G = {(y,x) € R} : y < L}. Since yA,u = wy + w2 +
ws + wy, we combine (3.17), (3.20), (3.24), (3.26), (3.29), and (3.32) to obtain

(3.33)
[ e [ VA (P ey |
LP(R™) Lr(R™)
provided supp v C {(y,z) : y < L}.
It remains to estimate \/sza—z Let us fixany j =1,--- ,n—1, and set

2/3)

(3.34) &1<y,5>=—w5A / P61l B fn.€) .
23

(3.35) 6y €) = wf% | islereauer) fu.ar

2/
(336)  oa(y.6) = V3r WM [ seirawer fo.e a

A 2/3 R
(3.37) a9 = 350(2/3) 7 U i e,
and
so that
2
(3.39) \/ﬂ%gg’;) =o(y,x), for all (y,z) € RY}.

To estimate o1 (y, z), we write
(3.40)

61(y,€) = 61(y,&) + 61" (3, 6) +0f”(y £)
. (%{QA<y|s|2/3>e-%y”'5'}) / " e e Qe .6 i
5 (gAY e
x / Gl e 1) fa, ) a

2,43/2

_2.,3/2 v . —1,— 2
+ay¥ T4 (y|gP)e 51l / / i&j|E) T A es IS T (¢1€P/3) £ (2, €) dt
y/2
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By Lemma 0.2, (2.11), (2.13), and an inequality similar to (3.15), we have

s M [Y/?
(3'41) ||Ul (y)”LP(Rnfl) < _/ ||f(t)||Lp(Rn—1) dt, for all y > 0,
Yy Jo
which yields
(3.42) HU{HLP(RQ) < MHfHLp(Rz)’

for some positive constant M independent of f. Again by Lemma 0.2 and Lemma
2.5, we obtain

II M Y
(3.43) ||01 (y)HLp(Rn—l) < _/ ||f(t)||Lp(R"*1) dt,
Y Jy/2
and hence,
(3.44) HU{IHLP(RQQ < MHfHLP(Ri)’

for some positive constant M independent of f. 61/!(y,£) has the same structure
as Wil (y, &) above with an additional Riesz transform. Hence, we can copy (3.20)
so that

(3.45) ||O'{H||LP(RT+L) < MHfHLP(Ri)'

We next write
(3.46)

62(y,€) = 65(y,€) + 65" (,€) + 63" (,€)

= i (g tQutwle )t ) [ ler e i Qe
Y 2y
R R

o elmlp—1/4 — 262 2/3\ f
y / i€ ¢~ Ve S NIEL g (1]g2/3) f (8, €) dt
Yy

3/2 3/2
2] — 24/

2
=y Tn (€ / gl e E 9L ) 2,

y
It follows from Lemma 0.2, (2.11) and (2.13) that

<1

(3.47) ||O-£(y)”LP(Rn71) < M/Z ?Hf(t)HLP(Rnﬂ) dt,
Y

and thus,

(3.48) HgéHLp(Ri) < MHfHLp(Ri)’

for some positive constant M independent of f. By means of (2.11) and (2.19), we
obtain

(3.49) o2 (| o gryy < MUl oy
By the same argument as for wl! above, we find

(3.50) oz N o gy < M fllzecar)-
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For the estimate of o3, we rewrite (3.36) as
N 0 _2.3/2
@51 u0n8) = V7 5 (@i ) )

/ i &51€)72Pem8CIEQ A (21 1273) 8, €) dt.
0

By means of (2.13) and the same argument as for wz above, we derive

o y1/2 y
35 ost iy <M [ (s + s ) 1Ol sy

which, together with an integral inequality given in [13, p.271], yields
(3.53) HU3||LP(R1) S MHfHLP(Ri)

for some positive constant M independent of f.
To estimate o4, we rewrite (3.37) as

(3.54) G4(y.€) = 64(y.€) + 64 (y.€)

2,3/2 6 2/3 ~
= r/s) et 2 (LA Yig e

— 3237 (2/3)y e~ 3V Q4 (y[€ 12/ )ig; €1 (6).

Setting y = 2%/3, we have

(3.55)  61(:2/%,6)2 % = 3230(2/3) L (fel) e HHIL(, )ilel R (),

€]

3] 2/3
where £(z,§) = a_y%

By virtue of Lemma 0.2, Lemma 1.3, (2.13), the L? boundedness of the Riesz
transforms, and an inequality similar to (3.31), we have

(3.56) ||a4||Lp G = MLH¢HB4/3 2/30) (gn—1ys

where 0 < L < 00, and G = {(y,x) € R} : y < L}.
We can estimate 01! in the same manner so that

357 o4l < Mool go-orom oy

where M7, is a positive constant independent of ¢. By combining the above esti-
mates, and choosing L such that supp v C G, we have, for j=1,--- ,n—1,

059 | Vigge| <M (Wl + [ollgp-somn s )

Now the proof of Theorem 0.1 is complete.

LP(RT)
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