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THE SPECTRUM OF INFINITE REGULAR LINE GRAPHS

TOMOYUKI SHIRAI

ABSTRACT. Let G be an infinite d-regular graph and L(G) its line graph.
We consider discrete Laplacians on G and L(G), and show the exact relation
between the spectrum of —Ag and that of —Ap (). Our method is also appli-
cable to (d1,d2)-semiregular graphs, subdivision graphs and para-line graphs.

1. INTRODUCTION

Many authors have intensively studied the spectra of the Laplacians (or adja-
cency matrices) of finite graphs and the relationship to the structure and charac-
teristic properties of graphs (cf. [1]). Recently, the spectra of Laplacians of infinite
graphs have been studied in the various frameworks, for example, harmonic analysis
on graphs, probability theory, especially Markov chains, and potential theory, and
so on. A survey of the topic can be found in [5]. In [3] the transience of the Markov
chains on a graph and its line graph has been studied, and also an inequality for
the bottoms of the spectrum of the discrete Laplacian on a regular graph and its
line graph has been given.

In this paper we give, in place of the inequality, the exact relation between the
spectra of the Laplacians on regular graphs and their line graphs. Also we will show
similar relations for some other graphs, such as semiregular graphs, subdivision
graphs and para-line graphs.

In order to state our theorems, we prepare some definitions and notations. A
graph G is a pair (V(G), E(G)) of aset V(G) and a set E(G) of unordered pairs zy
of two distinct points x,y of V(G). The sets V(G) and E(G) are called the vertex
set and the edge set of G, respectively. We define a neighborhood set of a vertex x
by

Ny ={y e V(G) ; wy € BE(G)}.

The degree of a vertex z is the cardinality of IV, and is denoted by m(z). Through-
out this paper, we assume that an infinite graph G is simple, connected and locally
finite, that is, G has no self-loops and no multiple edges, G has a path from = to y
for any two distinct vertices z,y € V(G) and m(z) < oo for any z € V(G).
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We denote by £2(G) an £2-space of functions on V(G) with the inner product
defined by

(1.1) (frg)a =D ml2)f(x)g(x).

zeV(QG)

Now we define a discrete Laplacian which acts on £2(G) as follows:

(1.2) Agf(@ Z fly

yGN

where N, is the neighborhood of a vertex z. We denote the spectrum of —Ag by
Spec(—Ag).

Remark 1.1. In this definition one can easily check that Ag is a bounded self-
adjoint operator with Spec(—Ag) C [0, 2], where both 0 and 2 cannot be eigenvalues
because G is infinite.

A graph G is called d-regular if m(x) = d for all € V(G). The line graph L(G)
of a graph G is defined as follows:

e V(L(G)) = E(G),

o E(L(G)) = {(zy)(yz) ; 2y € E(G) and yz € E(G), = # z}.
(See Figure 2.1.)

Our first theorem is the following:

Theorem 1.2. Let d > 3. Let G be an infinite d-regular graph and L(G) the line
graph of G. Then,

d
Spec(=Ar)) = Spec( Ag)u{d_—l}

d
2d —
where % s an eigenvalue with infinite multiplicity.

We can define the n-th line graph of a graph G inductively by
LG = G,
L"(G) = L(L"YQG)) forn >1.

Note that the line graph of a regular graph is also regular, and so the n-th line
graph L"™(Q) is regular for each n > 0.

Example 1.3. Let G be the 2-dimensional square lattice Z?2. It is easy to see that
Spec(Z?) = Spec(—Ag2) = [0,2] by Fourier series. Then applying Theorem 1.2 to
this case repeatedly, we have

Spec(Z®) = [0,2],
Spec(L(Z%)) = [0,4/3]U{4/3},
Spec(L*(Z%)) = [0,4/5]U{4/5}U{6/5},
Spec(L3(z2)) = [0,4/9]U{4/9} U {2/3} U {10/9},

Here all the eigenvalues are of infinite multiplicity.
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Example 1.4. Let Ty be a d-regular tree (d > 3). It is well-known that Spec(Ty) =
Spec(—Ar,) = [Ao, Aso) Where A\g = 1 —2¥4=L and A, = 1+2¥9=L Then applying
Theorem 1.2 to this case repeatedly, we have

Spec(Ta) = [0, Asc),
Spee(ITD) = 525Po Aol U {770,
Spec(IAT) = greslhode] Ul g} Uloa =),
SpeclIA(T0) = oo A Ul es} U2} U o),
We note that the maximal eigenvalues %, 3‘;—:3, ... converge to 1.

For a semiregular graph (the definition will be given in Section 3), we can show
a similar relation:

Theorem 1.5. Let G be an infinite (dq, d2)-semiregular graph where dqi > do > 3
ordy > dy =2, and f{"* (z) = (d1 +dy+ \/(d1 — dy)? + 4dydo(1 — a:)2> /2D,
where D = dy + dy — 2. Let Spec*(—Ag) = Spec(—Ag)\{1}. Then

di +do

Spec(—Apcy) = S (Spec (= Aa)) US U S (Spec” (~Aa)) U (=5}

where 9592 is an eigenvalue with infinite multiplicity, and S C {fj([dl’d2)(1)} =

d d
{3. B

} which is determined by eigenfunctions of —Aqg corresponding to {1}.

More precise description of the set S will be given in Theorem 3.2.
The next theorem shows that line graphs have special spectral property (see [4]).

Theorem 1.6. Let G be an infinite graph such that sup,cy(c)m(z) = M < oco.
Let \&2° be the upper bound of the essential spectrum of —Ag. Then
2
1 — < A@SS
+ M S e
and the equality holds if G is a M -regular line graph.

A similar technique as in the proofs of Theorem 1.2 and Theorem 1.5 can be also
applied to other kinds of graph. The first one is the subdivision S(G) of a graph
G, whose definition will be found in Section 4.

Theorem 1.7. Let d > 3. Let G be an infinite d-regular graph, and f3(z) =
1++/1—x/2. Then

Spec(—As(a)) = [2(Spec(—=Ag)) U{1} U f§ (Spec(—Ac))
where 1 is an eigenvalue with infinite multiplicity.

The second one is the para-line graph p-L(G) of a graph G which was introduced
in [3] in order to show a relationship between the behavior of simple random walks
on a graph and its line graph. The definition of para-line graph will be given in
Section 5. Since a para-line graph can be regarded as a line graph of the subdivision
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of G and the subdivision of a d-regular graph is (d, 2)-semiregular, from Theorem
1.5 and Theorem 1.7, we have

Spec(_Ap—L(G))

= JU (Spee(=BAs@)\{1}) U S U 1 (Spec(—Agi))\{1}) U {d?LTQ}

= D (73 (Spec~86)) US U 1 (75 (Spec(-Aa)) U T2

= 7 (Spee(~Aa)) US U fL(Spec(~Ag)) U{2),

where § C f1%?(1) = {1,2} and £ = f1%? o f§ is the function defined in
Theorem 1.8.

The set S is not characterized precisely on this stage. However, owing to the
structure of para-line graphs, we have the following theorem:

Theorem 1.8. Let d > 3. Let G be an infinite d-reqular graph and p-L(G) its
para-line graph, and f (z) = (d +244/(d+2)° - 4d:z:> /2d. Then

Spee(—y-1@) = 2(Spec(~Ac)) U {1} U F1(Spec(~Ac)) U{2)

where 1 and d%f are eigenvalues with infinite multiplicity.

Thus, in this case S = {%} = {1} in Theorem 1.5. In general, all four cases
that S =0, {4}, {2}, or {%4, %} may occur.

Our theorems are also applicable to finite graphs [1]. The spectrum of the
Laplacian on a (finite) pre-Sierpinski gasket can be obtained from Theorem 1.2 and

Theorem 1.8.

Remark 1.9. Let K* be a complete graph on 4 vertices and F}, a pre-n-Sierpinski
gasket (see Figure 1.1). It is easy to check that

L((p-L)"(K4)) = Fpp1 UF,/ ~.

Here by ~, we identify three vertices 1,2 and 3 of F}, 11 with those of F;, respectively.
Then we obtain a similar result as studied in [7]. It follows from the form of the
functions f} that the spectrum of pre-n-Sierpinski gasket has Cantor structure as
n — oo.

F F F

FIGURE 1.1. Pre-Sierpinski gasket.
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We will repeatedly use the following lemma due to Weyl (see [6]) in the proofs
of the theorems above.

Lemma 1.10. (Weyl’s criterion) Let H be a separable Hilbert space, and let L be
a bounded self-adjoint operator on H. Then A € Spec(L) if and only if there exists
a sequence {fn}22, so that || fn| =1 and lim, . ||(L — ) fn]| = 0.

2. LINE GRAPHS OF REGULAR GRAPHS

The line graph L(G) of a graph G is the graph such that its vertex set is E(G)
and two vertices are adjacent if and only if they have exactly one common vertex
of G (see Figure 2.1).

Remark 2.1. The line graph of a d-regular graph is (2d — 2)-regular.
Then we obtain the following:

Theorem 2.2. Let d > 3. Let G be an infinite d-regular graph and L(G) the line
graph of G. Then,

d d
Spec(=Ar) = 57— 5pec(=Ac) U{7—}

where % is an eigenvalue with infinite multiplicity.

x w (x,w)
————  (X,y) (w,z)
y ‘ (y,2)
G L(G)

FIGURE 2.1. Line graph.

This theorem depends much on the algebraic relation between two Laplacians
(Lemma 2.4).

We identify L(G) with {(z,y) € V(G) x V(G) ; xy € E(G)}/ ~, where (z,y) ~
(y,). So, we can regard £2(L(G)) as symmetric square integrable functions on the
set above. Then, we can write down Ay gy using this notation as follows:

1
AyeFley) = 55— > F(rs) - Fx,y)
(1,8)EN(a,y)
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Now, we define two operators, ¢ : £2(G) — (2(L(G)) and ¢* : (2(L(G)) — £*(G) in

the following way:
61 = |75+ W),
(2.1) ¢ Flx) = \/2d 2ZF;UT

rEN,
Lemma 2.3. The operator ¢* is the adjoint operator of ¢, that is,
(F,0f) ) = ("L, fla.
In particular, for any f,g € (*(G) and any F,G € (*(L(Q)),
(of, 99) ) = (9"0f 9)c,
(0"F,¢"G)a = (9"F,G)r(q)
Proof. First we note that
zy€E(G) meGyeN yeG TEN,
By (2.1) we have

S (2d- 2Py 5 () + F)
zy€E(G)

Vd2d—2) Y > F(a,r

2€V(G) reN,

> df(z)¢*F(x

zeV(G)

<¢*F7 f>G

(F,of) (o)

The following lemma is essential for the theorem.

Lemma 2.4. Two operators ¢ and ¢* are linear bounded operators, and have the
following relations:

1) ¢"¢=d(A¢ +2),

d
2) ¢¢" = (2d=2)(Ar) + (7=7));
d
3) A =5 —5%
d
4) " Ape) = 57— 2AG¢*

Proof. 1) By (2.1) we obtain

N = 22 o= Y (@) + 1)

r€Ng r€Ng

= Y ((f(r) = f(@) +2f(2)) = d(Ac +2) f ().

r€Ng
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2) Also by (2.1)
(o™ F)(,y)
= @ @ 6 ) = Y Fan + Y Fr)

r€Ng rEN,

= Z (F(CE,T‘) —F(x,y)) + Z (F(y,r) - F(:v,y)) +2dF((E,y)

rEN, reNy

- (2d-2) <AL(G) + %) F(z,y).

3) and 4) are obvious from 1) and 2). |

Proposition 2.5. Let Hy and Hs be separable Hilbert spaces, and let L1 and Lo be
bounded self-adjoint operators on Hy and Hs, respectively. Suppose L1 is a positive
operator, 0 is not an eigenvalue of L1 and there exists a bounded operator ¢ from
H, to Hy which satisfies the following two conditions:

1) oLy = Lo,
2) ”}1”1; l¢fl| > C >0 or Ly = P(¢*9),

where ¢* is the adjoint operator of ¢ and P is a continuous function such that
0 < P(z) < Kx on Spec(L1) for some K > 0. Then,

Spec(Ly) = Spec(La|gry)-

Proof. Assume that A € Spec(L1) and A # 0. Then there exists a sequence { f, }n>1
such that || f,]| =1 and ||(A— L1) fn]| — 0 (n — 00) by Lemma 1.10. (From now on
we will often use Lemma 1.10 in this way.) Since ||¢p(A—L1) fu|l = |[(A—=L2)@frn| — 0
as n — o0, in order to show A € Spec(Ls), by Lemma 1.10, we check that ||¢f,]|
is bounded from below for sufficient large n. When infj = [[¢f|| > C > 0, it is
trivial. Thus we consider the case when L1 = P(¢*¢). By the assumption on P,

(A=L)f, (=LY > N[fI17 = 2MLaf, f)
= N|IfI” —2MP(¢*9) f. f)

> NS = 20K (¢"6f, f),
and so we have
9712 2 SN I = s N = L),
Therefore for sufficiently large n,
107ll> > sl = gy O = L)l
(2.2) > %,

since |[(A = L1)fnl| — 0. So Spec(L1) \ {0} C Spec(La|grzy)- However, since spec-
trum sets are closed and 0 is not an eigenvalue of Ly, Spec(L1) \ {0} = Spec(L1) C
Spec(Lalgmy)-
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Conversely, we will show
Spec(La|gery) C© Spec(Ly).

Assume that A € Spec(La|gry). I inf) =1 [|0f]] = C' > 0, since [|(Lz — Ao ful| =
lo(Lr — N full = 0 as n — oo, ||(L1 — A full — 0. Then A € Spec(L1). Let us
consider the case that Ly = P(¢*¢). Put Hy 5 = E([d, 00))Hy where E([a, b]) is the
resolution of the identity for the operator L;. For any f € H; s we obtain

SIfIP < (Lif, f) = (P(6*0)f, [) < K| of|,

)
171 /2151

Since (L1 — A\)f € Hy 5 for f € Hy 5, by Lemma 1.10, we have
Spec(Lal gy, ,)) C Spec(Laly, ) C Spec(Ly).

and

As § > 0 is arbitrary and 0 is not an eigenvalue, we have

Spec(Lalgry) = U Spec(La| g, ) © Spec(Ly).
6>0

This is the desired conclusion. O

Now, we decompose ¢?(L(G)) into two closed subspaces E and E+ where E =

¢(0*(G)). Note that Ay preserves E and E+ by Lemma 2.4 2) and 3). First,
we consider the spectrum of —AL(G)|E.

Proposition 2.6. Let E be as above and d > 2. Then

Spec(—Arle) = 2dd_ 2Spec(—Ag).
Proof. Set L1 = d(Ag +2), Lo = (2d — 2)(Apq) + 7%5), Hi = (3(G),and Hy =
??(L(@)) . The operator ¢ is the one defined by (2.1). It is obvious that ¢, L; and
Lo satisfy the conditions in Proposition 2.5 by Lemma 2.3 and Lemma 2.4, and
that Lq is a positive operator and does not have 0 as an eigenvalue by Remark 1.1.
So, we obtain

Spee (2= 2DArie) + 757 ) = Spectalda +2)

and this implies the proposition. O

Next, we characterize the space E*.

Proposition 2.7. Let d > 2. Then
d
Et =ker¢* = {F € (*(L(G)); — A F = mF}.
Ifd =2, E+ is empty. Ifd > 3, E* is infinite dimensional, that is, Ap(q) restricted
to B+ has an eigenvalue with infinite multiplicity and in particular,

d

Spec(=Arlps) =157}
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Proof. In general, it is easy to see that F' € E* is equivalent to ¢*F = 0, since
FcEt 0= (F¢f) = (¢*F, f) for any f € *(G).

Moreover, if F' € ker ¢*, we obtain

d
0=¢¢"'F = (2d — 2)(AL(G) + H)F

by Lemma 2.4. Suppose F' is an eigenfunction of —Ap ) corresponding to —d_

a1
Then for any f € (2(G)

0 = ((2d-2)(Bue) + ToIF 1) = (66" F, 1)

= (¢"F,¢"0f) = (¢"Fd(Ac +2)f).

Since 2 is not an eigenvalue of —Ag, so (A +2)¢%(G) is dense in £2(G). Therefore,
¢*F =0, that is, F' € ker ¢*.

When d = 2, by Remark 1.1, it is trivial that E+ is empty. Thus, we assume that
d > 3. Before proving that E+ is an infinite dimensional eigenspace corresponding
to d;fl, we prepare a lemma.

Lemma 2.8. Let 6, € (?(L(Q)) be the indicator function of a vertex xy € V(L(G))
and 0,0, € (%(G) the indicator functions of vertices x,y, respectively. Then,

d

(AL + i-1

1
d(2d —2)

2d — 2
B bay =\ T (6s 40,

Applying ¢ to both sides of the equation above and using Lemma 2.4 2), we obtain
the lemma. O

Proof. Observe that

Corollary 2.9. Let v = xox1 - Topn—1 be an even closed path in G and set

2n—1

F’Y = Z (_1)k51kwk+1

k=0
where xa, = xo. Then, F, € ker¢*. In particular, if F, # 0, then F, is an
eigenfunction of —AL(G) corresponding to d;fl.
Proof. Since xgxy ---x2,—1 is an even closed path,

2n—1

¢*F'y = ¢* Z (_1)k6$kwk+1

k=0
2d _ 2 2n—1
= \/ T Z (_l)k(51k +69€k+1)
k=0
0.
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Now we will call v a closed walk if F, € ker ¢*\{0}.

We proceed to the second part of the proof of Proposition 2.7. It is divided into
three cases according to the structure of a graph G.

First, let G be the d-regular tree. We can construct eigenfunctions corresponding
to -4 as follows. Take any vertex 0 € V(@) and fix it. Each vertex x of G can be
identified with the shortest path from 0 to z and the set V(G) with

{a:z(a:oxl...xn) (n>0); 20=0, 1 € {1,2,...,d},
wief{l,2,...,d—1} (2§i§n)}.

Note that the vertices adjacent to © = (xoz122...2,) for n > 1 are of the form
(rox1x2 ... Tp—1) or (ToT1X2...THa) with a € {1,2,...,d — 1} . We define a func-
tion Fy on L(G) inductively by

F0($0,$02131)=O for 21316{1,2,...,6[},

1 ifl‘lzl,l'gzl,
Fo(l'oxl,l'oxll'g) = -1 if xr1 = 1,1‘2 = 2,
0 otherwise,

Fo(wol'lxg e, L1 .. 'xn-i—l) = d_ 1F0(:E05L‘15L‘2 e p—1,20x122 ... (,Cn)
for n > 2.
Obviously, ¢*Fy = 0, that is, —Ar e Fo = 725 Fp. It remains to show that F €
?(L(@)). Indeed,

2
HFOHL(G) = Z (2d—2)F0(x,y)2
zy€E(G)

= (2d-2) ) {Fo(o1,01x2)2
xo=1

d—1
+ ( FQ(OlCL‘QCL‘g e Tp—1,01la023 ... (,Cn)2> }
z3

Fyeeey Tp=1

5 -1 2(n—2)
n>3 o
< o0

n times

Similarly, by considering the vertex (zo11...1) in place of xg, we can define
F,, for n > 1. By the definition of {F,}, -, they are linearly independent and
eigenfunctions corresponding to d;fl. Therefore E+ is infinite dimensional.

Second, we consider a graph G which has only a finite number of even closed
walks. In this case, subtracting a sufficiently large subgraph from G which contains
all even closed walks, we obtain a finite number of half infinite trees. Then we can
construct eigenfunctions in the same way as above.

Finally, in the other cases, G has an infinite number of even closed walks and
then, by Corollary 2.9, we obtain eigenfunctions associated with each even closed
walks.
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In any case, E* is infinite dimensional. Thus the proof is completed. O

Theorem 2.2 follows from Proposition 2.6 and Proposition 2.7.

3. LINE GRAPHS OF SEMIREGULAR GRAPHS

A graph G is called a bipartite graph if G has no cycles of odd length; the
vertex set V(G) can be partitioned into two sets Vi and V2 in such a way that
every edge in E(G) connects a vertex in V7 with a vertex in V5. A bipartite graph
G with a bipartition {V;}i=12 is called a (d;, d2)-semiregular graph if the degree
of each vertex in V; is the constant d; (i = 1,2). Note that a d-regular graph is
(d, d)-semiregular if and only if it is a bipartite graph.

Remark 3.1. The line graph of a (dy, da)-semiregular graph is (dy + da — 2)-regular.

The Laplacian on L(G) is given by

ApaFy) = ———— | 3 (Fr) - Fay) + 3 (Fry) — Flz,y)

dl + d2 —2 TEN, reN,

Theorem 3.2. Let G be an infinite (dy, d2)-semiregular graph where dy > do > 3
ordy > dy =2, and 17" (2) = (dy + dy + \/(d1 — d)? + 4dydo(1 — 2)?) /2D,
where D = dy +da — 2. Let Spec*(—Ag) = Spec(—Ag)\{1}. Then

1,02 * 1,02 * d +d
Spec(~Ap () = [ (Spec” (~Ac) U S U 1™ (Spect (—A¢)) U{ =5

}
where dlgdz is an eigenvalue with infinite multiplicity, and S C {fidl’d”(l)} =

{4, 22} Purthermore, when di # da, S contains an eigenvalue % (resp. %) if
and only if there exists an eigenvalue 1 of —Ag and its corresponding eigenfunction
is supported on the set Vo (resp. Vi). Here V; is the set of vertices whose degrees

ared;. Whend; =dy=d, S = {%} if there exists an eigenvalue 1 of —Ag.

In order to prove this theorem we define two operators ¢ : £2(G) — (2(L(G))
and ¢* : 2(L(GQ)) — £*(GQ) by

of(x,y) = f(2)+ f(y),
(3.1) §F@) = —— % Flar).

m(x) TEN,

Lemma 3.3. The operator ¢* is the adjoint operator of ¢, i.e.,

(F,0f) ) = (" F, fla-

Z Z D F(z,r)f(z)

2€V(G) rEN,

= Y m@ (% 3 F(x,r>> f(@)

TEN

Proof. By (3.1) we have
(F,of) L)

[
s
*
e
2
@
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Lemma 3.4. Two operators ¢ and ¢* are linear bounded operators, and have the
following relations:

1) ¢"¢=D(Ac+2),
2) d(me*) = D(DAL(q) + (D +2)), in particular,
d(m(Ag +2)) = (DAL + (D +2))9,

3 (Ag+1m=m(Ag+1),

4) DAL ¢ = ¢Acm,

5 D(DAL)’ + (D +2)ALe)¢ = ¢pdida(Ac(Ac +2)),
where D =dy +do —2 and m=D +2—m.
Proof. 1) By (3.1) we have

661 (2) DS ot
m(x) re€N,

= D(Ag+2)f(x).
2) For any F € (*(L(QG))

¢(m¢*F>($vy) = D{ Z F(zaT) + Z F(Tvy)}

TENy reNy
= D{Y_ (F(x,r) = F(z,9)+ > (F(r,y) = F(z,y))
TENy reNy

+(dy + do) F(z,y)}
= D{DApF(z,y) + (D +2)F(z,y)}.

In particular, when F' = ¢f, using 1), we have
o(m(Ag +2)f) = (DAL + (D +2))of.
3) Since m(r) = m(z) for any r € N,, it is trivial.
4) Using 1), 2) and 3), we have
1
DApgy¢ = Béf’méf’*éf’ —(D+2)¢
= ¢m(Ag+2)— (D +2)
¢ (A + 1)m +m) — ¢(m + 1)
= ¢Agm.
5) Using 1), 2) and 4) we obtain
D(DAL)? + (D +2)Anc)é
= Apomo o
= %¢AgmmD(AG +2)
pdrdaAc(Ag + 2).
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Lemma 3.5. Let G be a bipartite graph. Then Spec(—Ag) is symmetric with
respect to 1, that is, 1 + p € Spec(—Ag) is equivalent to 1 — p € Spec(—Ag) for
any 0 < p <1,

Proof. Suppose 1 4+ p € Spec(—Ag); we can take a sequence {fn}n21 such that
Ifnll =1 and ||[(—Ag — (1 4 p)) fall — 0 as n — oco. Since G is bipartite, for each
fn, we can define another function by

f — fn on ‘/17
" _fn on ‘/27

where V(G) = V4 U Va. It is easy to see that ||(—=Ag — (1 — 1)) ful| — 0 as n — oco.
Then 1 — p € Spec(—Ag). O

Before proving Theorem 3.2, in the same manner as in Section 2, we decom-
pose ¢*(L(G)) into the direct sum of three closed subspaces. Let Wi = {f €
(G ; —Agf = f}, Wo = Wi, and E; = ¢(W;). We put

*(L(G)) = Ey ® Ey & Bs,

where Ey = ¢((2(G)) © Ey, and Ey = (Ey @ Ey1)* is the orthogonal complement

of p(£2(G)) in £?(L(Q)). It is easy to check by using Lemma 3.4 that Ey = ¢(W))
and Ap ) leaves E;’s invariant for i =0, 1, 2.

Proof of Theorem 8.2. First we consider the spectrum of —Ap(g)|g,. Put

di + do + \/(dr — o) + Adydo®
(3.2) Ao = A (i) = 1+ dy £ 4/( 12D 2)? + 1dapi®

For 0 < p <1, let 1+ p € Spec(—Ag). (Note that also 1 — u € Spec(—Ag) by
Lemma 3.5.) Take a sequence {f,},>,; such that [[(Ag + (1 + u))fnll — 0 and
|Ifn]l = 1. By Lemma 3.4 5),

(33)  D*(Ar) + A1) (AL + Ao = dida¢(Ac + (1+ p)) (A + (1 — p)).

It follows from (3.3) that (Arq) + Ar)(Ar) +A-)¢fn — 0 (n — 00). Then if
(Ar(a) + Af)dfn is bounded from below, A1 € Spec(—Ar ). Observe that by
Lemma 3.4 2),

(D) +A=)0fn, 01n) = (m(Ac +2)fn, (A +2)fn) = Allofull”
Since (Ag + (14 w))fn — 0 (n — o0), we have
ID(ALa) + A=) fall®
= D*{(Ap) + A )(AL) +A-)bfn, bfn)
—D*(A = A )(AL() +A-)BSn, bfn)
= didy(¢(Ac + (1 — p))(Ac + (L+ ) fn, )

+D2 (0 = A Allofal® = (m(Ac + D, (Ac +2)fa) }
(34) = o)+ D> — A ) DAL = WSl — (1= ) (mfa f)}.
where o(1) is the function which tends to 0 as n — co. In the same way, we obtain
ID(ALa) + ML) fnl?
(35) = o(1) + DAy = AL+ w) (mfu, fu) = DA-(L+ p)|lfall},
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since (Ag + (1 — W) fn — 0 (n — o0) and |fn(x)| = |fn(x)| for any z € V(G),
where f,, is defined as in Lemma 3.5. Put

Int = gnt(k) = £DAL|fall® = A F p)(mfn, fo))

and f,, = fn1 + fn,2 where
f _ fTL on ‘/17 f _ 0 on Vla
ml = 0 on Vs, 27\ f, on V.

Then it is easy to see that

(3.6) gnx = H[(DAx = (U F p)do)[| |l + (DAx — (1 F p)da) | fn 21%]

and ¢ 4+ > 0 for any 0 < g < 1. Moreover, we can check that if 0 < p <1, there
exists § = d(u) > 0 such that

Gn,x 2 O]l full®.

This implies that liminf || D(Arq) + A£)éfull > 6 > 0. By Lemma 1.10, we get

Az € Spec(—Ar@)|E,) and hence fj([dl’dZ)(Spec*(—Ag)) C Spec(—Ara)lg,)-

Put H1 = Wo, HQ = Eo, L1 = hl(—Ag) and L2 = hQ(—AL(G)), where hl(ZZ?) =
didex(2 —x) and he(z) = Dx((D+2) — Dz). It is easy to see that the assumptions
in Proposition 2.5 hold. Then by Proposition 2.5 and spectral mapping theorem
we obtain

h1(Spec(—Acglw,)) = ha(Spec(—AL)lE,))

and so Spec(~Ap)|m,) C hy' o hi(Spec'(—Ag)) = L") (Spec*(—Ag)). Con-
sequently, we conclude that

Spec(=Arle,) = f(dl’d2)(5pec*(—Ac)).

Next let us consider the spectrum of —Arq|g,. Let f € Wi. Then (Ag+1)f =
0 (1 =0). When d; # da, Ay = %, \_ = % Because of (3.4), (3.5) and (3.6), we
obtain

(AL +A-)ofll=0 < fly, =0.
In the same way we have
(AL +Ap)ofll =0« fly, =0.
And when d; = dy = d, Ay = &, and for any f € W,
(AL +Ax)ofl| = 0.

This implies the second part of the theorem.
Next let us consider —Ap|g,. Since ¢*F(x) =0 for F' € Ej,

Z F(z,r) =0 for any z € V(Q),
TENy



THE SPECTRUM OF INFINITE REGULAR LINE GRAPHS 129

and so
—ApeF(z,y)

-1
R A > (F(z,r) = Flz,y)+ Y (F(r,y) — Fz,y))
TENZ reNy
dy + do
= ——F .
di+dy—2 (z,9)
Hence Spec(—Ara)|e.) = {dfli-gjiz }. Moreover, it can be shown that Fs is infinite
dimensional in the similar way as in Section 2. O

4. SUBDIVISION GRAPHS

We define the subdivision of a graph G. The subdivision graph S(G) of a graph
G is obtained from G by replacing each edge by a path of length 2, or equivalently,
by inserting an additional vertex into each edge of G (see Figure 4.1).

X w X (x,w) w
&
——  (%Y) (y,%) (z,w)
&
Y z y (¥,2) z
G S(G)

FIGURE 4.1. Subdivision.

Remark 4.1. The subdivision graph of a d-regular graph is (d, 2)-semiregular.
Then we can show the following theorem:

Theorem 4.2. Let d > 3 and G be a d-regular graph. Let f{(z) =1+ /1 —z/2.
Then

Spec(—As(a)) = [2(Spec(—=Ag)) U{1} U f§ (Spec(—Ac))
where 1 is an eigenvalue with infinite multiplicity.
We identify V(S(QG)) with the set V(G) U V(L(G)). Then,
E(S(@) ={(z,(z,y)) € V(G) x V(L(G)) ; y € N, in G}.
The Laplacian Ag(g) is given by

Ao Flay) = 5(F@)+F) - ),
(4.1) A Flz) = %Z Fz,r) — F(x).
rTEN,

We remark that ¢2(S(G)) is identified with the direct sum ¢*(G) @ ¢*(L(G)) and
so F € (?(S(Q)) can be regarded as F + Fy € (*(G) & (*(L(G)). Two operators ¢
and ¢* defined in (2.1) are also useful in this section.
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Lemma 4.3. Let ¢ and ¢* be the same ones in (2.1). Let F = Fy + Fy € (?(G) @
?(L(G)) = 2(S(G)). Then Ag() has a matriz representation as follows:

Fo\ ([ -1 S Fy
AS(G)(Fl )_< ﬁ¢ ~1 Fl )
where Cy = 1/%. Moreover,
Fo
) A

F, LAq 0
(A?S’(G) + ZAS(G)) < Fl ) = < 2 0 %AL
(L

@
Proof. We note that suppFy C V(G) and suppFy C V(L(Q)).
As@Fla) = 2; Fla,r) - F(z)

= %¢*Fl (CL‘) — Fo(l')

Similarly,
1
As@F(ey) = 5(F(@)+Fy) - Fz,y)
1
= E¢F0($7y)—F1($vy)-
Then
Fo\_( -1 G\ ( R
sso(R)=(ae )(R)
and

1 Cag* \? I _ 204
A?q(c)=< 11 d?)=(1+2i1¢¢ 1 d1¢*).
Teri -9 + 5409
Hence using Lemma 2.4, we obtain
9 5 0
A5 T 28s(6) = < Y0 Ay )
|

Proof of Theorem 4.2. Let g(t) = —t% + 2t. By the spectral mapping theorem and
Lemma 4.3, we have

9(Spec(—As())) = Spec(g(—As(q))) = Spec( — (A% + 2A5)))
1 —1
= Spec( — §Ag) U Spec( - AL(G))
1 1
(4.2) = Spec(— §Ag) U (Spec( - §Ag) U {1})

We used Theorem 2.2 in the third equality. Since S(G) is bipartite, by the spectral
mapping theorem and Lemma 3.5, we obtain

Spec(—As () = f2(Spec(—Aq)) U {1} U f(Spec(—Ag))

where f§ are two branches of the inverse of 2g.
By Proposition 2.7, the eigenspace of {1} (corresponding to {%} of —Ara))
is infinite dimensional. O
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5. PARA-LINE GRAPHS

Let us define the para-line graph of a graph G. Given a graph G, insert two
vertices to each edge xy of G. Those two vertices will be denoted by (z,v), (y, z),
where (z,y) (resp. (y,x)) is the one incident to = (resp. y). We define the vertex
set and the edge set as follows:

V(p-L(G)) = {(z,y) € V(G) x V(G) ; zy € E(G)}.
E(p—L(G)) = {((JE,UJ),(JU,Z)) ; (.I‘,UJ),(I,Z) € V(p_L(G))aw#Z}
W{((2,9), (y,2)) ; =y € E(G)}.
The resultant graph is called a para-line graph and denoted by p-L(G) (see Fig-
ure 5.1).

Remark 5.1. The para-line graph of a d-regular graph is d-regular and it can be
regarded as the line graph of the subdivision of a graph.

Then we can show the following theorem.
Theorem 5.2. Let d > 3. Let G be a d-regular graph and p-L(G) its para-line
graph, and f¥(x) = (d—i— 244/(d+2)* - 4dgc) /2d. Then

Spec(—y-1@) = 2(Spec(~Ac)) U {1} U f1(Spec(~Ac)) U{2)

where 1 and d%-z are eigenvalues with infinite multiplicity.

Now, by definition, V(p-L(G)) = {(x,y) € V(G) x V(G) ; zy € E(G)}. So, we
can regard £?(p-L(G)) as the space of square summable functions on the set above
and write down A7) as follows:

AprieyF(z,y) = é { Y (Flz,r) = Flay)) + (Fly, @) - F(xvy))} -

TEN

Proof of Theorem 5.2. We apply Theorem 3.2 to the subdivision of a d-regular
graph G.

We identify V(S(G)) with V(G) U V(L(G)) as in the previous section. Put
V1 = V(G) and V, = V(L(G)) in Theorem 3.2 and in this case d; = d,d2 = 2 and
D =d.

X w (x,w) (w,x)
xy) (w.y) (w,z)
—l
y,x) (¥, w) (z,w)
y z (v,2) (z,y)
G p-L(G)

FIGURE 5.1. Para-line graph.
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As mentioned in the introduction, by Remark 5.1 and Theorem 3.2, we have

Spec(_Ap—L(G))
$42 (et Bsi@MID) U'S U F{ Speel—Bsay I U {52

= 1D(F(Spee(~86)) US U S (1 (Spee(~a)) U {2

2 (Spec(~8) US U fA (Specl~Aa)) U {52},

where S C fid’Q)(l) = {%, %} = {1,2}. It is easy to check that f} = j(cd’2) o £,

where fj([d’2) and fy are the functions defined in Theorem 3.2 and Theorem 4.2. The
set S is not empty because the subdivision graph always has an eigenvalue {1}. So
all we have to do is to obtain the information of the support of an eigenfunction
for {1} of _AS(G)-

Since 1 is not an eigenvalue of —2Aq by Remark 1.1, an eigenvalue {1} comes
only from —%A L(¢) in (4.2), and hence the support of each eigenfunction for {1}
is contained in V5. Then, by Theorem 3.2, S = {4} = {1}. O
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