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CONFORMALLY INVARIANT MONGE-AMPERE EQUATIONS:
GLOBAL SOLUTIONS

JEFF A. VIACLOVSKY

ABSTRACT. In this paper we will examine a class of fully nonlinear partial dif-
ferential equations which are invariant under the conformal group
SO(n+1,1). These equations are elliptic and variational. Using this structure
and the conformal invariance, we will prove a global uniqueness theorem for
solutions in R™ with a quadratic growth condition at infinity.

1. INTRODUCTION

Let u be a positive function in C?(R™), n > 3, and let k be an integer 1 < k < n.
We will let o (A) denote the kth elementary symmetric function of the eigenvalues
of the matrix A, and d;; will denote the Kronecker delta symbol. In this paper we
will study the following nonlinear partial differential equations:

2 2
(1) Ok (u & — ﬂéz]) = C,

where C' > 0 is a constant. These equations are not arbitrary, but arise naturally in
the study of conformal geometry, and they are conformally invariant: if 7 : R™ —
R™ is a conformal transformation, and u(z) is a solution of (), then

(2) v(@) = |J ()| 7" u(Te)

is also a solution, where J is the Jacobian of T'. This property will be demonstrated
in Section 7 below.

For 1 < k < n —1, a global uniqueness theorem for solutions of ({ll) was proved
in [B]. We will extend this uniqueness result to the case k = n:
Theorem 1.1. Let u(x) € C*(R™) be a positive solution to (d)) for some k with

1 n

1 <k < n. Suppose that u(y) = |y|? u(‘zﬁ, cee ‘Zﬁ) is C% and
lim () > 0.
y—0

Then

u(z) = alz|® + biz' 4 ¢

where a, b;, and c are constants.
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This will be proved by showing that we can use the Alexandroff reflection princi-
ple, as employed by Gidas-Ni-Nirenberg in [4], to get a priori rotational symmetry of
solutions. The equation then reduces to an ODE, and we will analyze the solutions
to arrive at the theorem.

Acknowledgements. This material is based on work supported under a Sloan
Dissertation Fellowship, and represents part of the author’s doctoral dissertation
at Princeton University.

2. ASYMPTOTIC CONDITION

We begin with a short explanation of the geometric origin of the equations (),
to explain why the condition in Theorem [[Tlis a natural geometric condition. We
let (S™, go) be the n-sphere with g the standard metric. If g is another metric in
the conformal class of gg, then we consider the equations

‘ R
(3) Ok (ch o) g) = constant,

where Ric and R are the Ricci tensor and scalar curvature of g, respectively, and
o} is taken with respect to g.

We will let z = (z!,...,2™) be the coordinates on S™ corresponding to stere-
ographic projection from (0,...,0,1) and y = (y',...,y™) be those corresponding
to projection from (0,...,0,—1). In the x coordinates, we write the metric as
g = u(7) "2 gaat, and the equations become (see Section 3)

2 2
(4) ok (u M — ﬂ(%) = constant.

The round metric is represented by the function 1 + |z|?.
What is the condition on the function u, so that g will give a C? metric on S™?
We have

9= u(2)"*gaae = u(z) (1 + [2f*)? 5 90ar = u(x) (1 + [2[*)go,

1
(1 + [2[?)
so we require that w(x) = u(x)(1 + |z|?)~! should extend to be a positive C?
function on S™. We write g = W 2gp where w is a function on S™, and w(z) is just
the function w in the x coordinates. We will let w(y) be the function @ expressed
in the y coordinates. We then have

5 = () = w( (1 1 ) = IR+ D)
a(y) = w(pm) = ulE )1+ o)™ = e )

So then in the y coordinates, the metric pulls back to

D2 (y) (1 + y[*) 2 gnas = <u%>|y|2>*2gﬁat.

g

So the function u(y) = u(#)mz is the conformal factor to the flat metric in the

y coordinates. Therefore we have a C? metric on S™ if and only if 4(y) is C? and
positive.
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3. ELLIPTICITY

In this subsection we will show that our equations are elliptic at any global
solution, and moreover, in order to apply the version of the maximum principle
required in Theorem E.1] below, we show that if u(x) and v(x) are global solutions,
then we have ellipticity for all functions (1 — ¢)v(x) + tu(z) with ¢ € [0, 1].

We let

1
Fi(u, us, uij) = op <U s Ui — 5(2 Ulz)(sij> - C.
l

To simplify the notation, we let

_ 1
(5) Uij = U Uij — 5(2 uf)di;.
l

Definition 3.1. Let a;; be the components of an n xn matrix. Then for 0 < g < n,
the gth Newton transformation associated with a;; is defined to be

g 1 i
i _ Doghedgt
T () = <0} i,
i1..iqi - .
where § ji j‘; ;s the generalized Kronecker delta symbol, and we sum on all repeated
indices.

We then have

(6) 0

8uij

Fy =u- T | (Tss).
We now claim that, at wu, this is positive definite, i.e., the equations are elliptic
at u.

Definition 3.2. Let (A1,...,A,) € R". We view the elementary symmetric func-
tions as functions on R"

Uk(>\17~~7)\n): Z >\i1"'>\ik;

i< <ig
and we let

I‘; = component of {o} > 0} containing the positive cone.

For a symmetric n x n matrix A, the notation A € F'k" will mean that the eigenvalues
lie in the set.

We have the following proposition, whose proof may be found in [1], [2], and [6].

Proposition 3.3. Fach set Fg is an open convexr cone with verter at the origin,
and we have the following sequences of inclusions:

rrcrf ,c---cry.

For symmetric matrices A € F'k", B € FZ‘, and t € [0,1], we have the following
inequality:

{on((1 =) A+tB)}* > (1= t){ou(A)}/* + t{on(B)}/*.

Furthermore, if a;; € FZ‘, then Té{l(a**) is positive definite.
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Since our solution u is positive, and u — oo as |z| — oo, there is a minimum. At
this minimum, %;; is positive semi-definite. By continuity we must have u;; € FZ‘
everywhere. From the above proposition, and (@), we have that equations (1)) are
elliptic at u.

We let wy(z) = (1 — t)v(z) + tu(z). We will now show that if u;; € I'} and
Ui € I‘Z‘, then (w);; € I‘Z‘, i.e., Fy, is elliptic at w, for ¢t € [0,1]. We have

|V |?
2

= ((1 = t)o + tu)((1 — t)vij + tuiz) —

= (1 — t)Q’UUij + tQUUij + f,(l — t)(’U’U,ij + ’U,’Uij)

(Wr)ij = wi(wy)ij — 0ij
IV((1—t)w +tu)|254

2 g

—((1- t)Q@ +t(1 —t)Vu- Vo + 2 W“'Q)éij
= (1 —t)%v;; + 27 + t(1 —t)(%(uuij - |V;|25ij + W;'Qéij)
+ Loy - 'V;"Q(sij 4 'V;"Qaij) —Vu-Vus,)
= (1= t)((1—t)T, + t%mj) (T + (1 — t)gmj)
%(vﬂVUF +u?| Vo2 — 20Vu - uVv)d;;
= (1—t)((1—t)T, + t%mj) (T + (1 — t)gmj)
t(;;)t) ([vVu — uVol28;;).

From Proposition B3] the first two terms together are in FZ. It is easy to see that
if a;; € I‘; and A > 0, then a;; + Ad;j € I"k", so we are done.

4. ROTATIONAL SYMMETRY

We will now show how to apply the ideas of [4] to prove

Theorem 4.1. Suppose that u(x) satisfies the conditions in Theorem L. Then u
is rotationally symmetric at some point and u,. > 0 for r > 0 where r is the radial
coordinate at that point.

Proof. Let v(z) = u~!(z). From the assumption we have that (y) = v(#ﬂyr2 is
C? and positive. Since the equations are invariant under translation, and #(y) — 0
and y — 0o, we may assume that v(y) has a global maximum at 0. From Taylor’s
Theorem near the origin we have

- 1.
0(y) = ao + 5%‘]‘(0)%%‘ +o(|y[*), and

0i(y) = 0ij(0)y; + o(|y|).
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From this it follows that v(z) satisfies the following asymptotic expansions for large

|zl:
1 kT ;T ( 1 ))
v=—=(ag+LLZ Lol — | ),
|$|2< | |* |z[?

2&0 1
=2 -0 — ).
T T <|x|5>

(7)

Vg, =

Following [4], we will prove that u(z) is rotationally symmetric at the origin and
that u, > 0 for » > 0. Since the equation is invariant under rotations, we just need
to prove symmetry under reflection in the hyperplane z; = 0 and that u,, > 0 if
x1 > 0. As in [], we let Ty denote the hyperplane x; = A. For A > 0 and for any
x = (z1,2') we denote by 2* the reflection of z in the plane x; = \.

Lemma 4.2. For any A > 0,3R = R()\) depending only on min(1,\) (as well as
on u) such that for x = (z1,2),y = (y1,y’) satisfying

T <Y1, T1 +y122>\7 |x|ZR7
we have

Proof. Since v(x) satifies the expansions (7)), Lemma 4.1 of [4] applies to v, to
conclude that v(z) > v(y). Therefore u(z) < u(y). O

We then have the following lemma, analogous to Lemma 4.2 of [4]
Lemma 4.3. There exists Ag > 1 such that Y\ > Ao,
(8) u(z) <u(x®) if x; <\

The following lemma is where ellipticity and the invariance of the equation under
reflection in T enter the argument.

Lemma 4.4. Assume that for some A >0

u(z) <u2x®), u(z) Zu(2x®), for z <\
Then u(z) < u(z?) if z1 < \, and
(9) ui(x) >0 on Th.

Proof. From invariance under reflections, the function w(z) = u(z?) is also a solu-
tion in #1 < A and w > u there. We have that

z(x) =u(r) —w(x) <0, =z(z)#0.

From the discussion of ellipticity above, we then have that z(x) satisfies a linear
elliptic equation of the form

Lz=0 in z1 <A\,
On compact subsets, L is uniformly elliptic, therefore the lemma follows from the

maximum principle and the Hopf boundary point lemma. O

Using the above lemmas, as in 4], we can conclude that the reflection property
(®) holds for all A € (0,00). We then have that u(z) < u(2?), and u; < 0, for all x
with 1 < 0. Since the direction was arbitrary, the theorem follows. O
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5. RADIAL SOLUTIONS

In this section we will analyze the radial solutions of (). We assume u(z) is a
solution and u = u(r). We let r = ¢, and

¢(t) = e "u(e’).
The equations () become

n_ ¢ _ (¢)° 0
(10) Ok ¢¢ 2 2 ﬁ _ (¢/)2 I = Ck,
0 ( 2 2 ) n—1

where C, is a constant. This can be verified by direct computation, but it is easier
to use cylindrical coordinates; see [5]. Note that ¢(¢) = cosh(t) is a solution for all
k. This corresponds to u(x) = 1+ |z|2. We will now fix Cj, = 27%(}) corresponding
to this solution in order to get rid of scaling.

From [5], we know that equations () are variational, with Lagrangian given by

(k#n/2)

n_ ¢ (¢)?
Lo L (# (w e R ) _ C_> |
¢ (n - Zk) 0 (7 -3 )In—l n

For any one-dimensional functional of the form

[ .66t

then we have the first integral (see [3])

d
L— ¢,(L¢’ — £L¢//) — ¢,/L¢N = constant.

To compute the conservation law, since we are at a solution we use (I0) for
solving ¢’" and substitute this in to get a first order Hamiltonian involving only ¢
and ¢’. The conservation law takes the form
(11) 1—(¢* = (¢')*)" = Ding",
where Dy, ,, is a constant parametrizing the solutions. Instead of computing it this
way, we will just show directly that this is indeed a conservation law by substitu-
tion. Note that the above Lagrangian is valid for k # n/2, but for & = n/2 the
conservation law still works.

In the following we consider only positive solutions. Assume we have a function
¢ that satisfies the conservation law (I[I). Since () is invariant under ¢’ — —¢/,
we may also assume that ¢’ > 0, i.e., we just need to do the computation in the
upper half phase space. Solving () for ¢’ (see below why taking the kth root is
justified) we get

(12) ¢ = /62 = (1= Dyngm)V/k.
Differentiating this, we find
— l . 1 . i 2 1 ny1/k
=y Jra by & 1T Prad) )
(13) = 2L¢/(2¢ + %(1 - Dk,n(bn)%_l : nDk,n(bn_l)(b/

n 1—
¢ + Q_k(l - Dk,n¢n)Tka,n¢n_l'
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We will now show that ¢ necessarily solves the original equations (I0). Expand out

() to get
n—1 ¢2 ¢’2 b 1 ¢2 ¢’2 n—1 ¢2 ¢’2 &
<k;—1>(2 2) 1( 2 2) < k >(2 2) Ch-

Notice that for k > 1, ¢? — ¢’2 factors out of this equation. Since C) > 0, we must
have ¢? > ¢’ . This is why we were able to take the kth root above. Therefore
solving this for ¢ we have

//_l _(n_Qk) 2 ﬁ /2 Ck . 1
¢ ¢< o O T w” Ty (¢2_2_¢;)k_1>'

We substitute ([I2) into this to get

2k—1ck
)
(11— Dk,n¢n)%_l>

(2’“ 2 (67— (1 - Dpad™)") +

o (1- Dk,nww)

<=

n -1 Gk
¢2__(1_Dk,n¢n)1/k+2k 1?
( 2k (i-1)

1 e

= % <¢2 — (1= Dy pgp™)* 1 (%(1 — Dy ™) — 2<n1)’“)>
k—1

= % <¢2 - (1- Dk,n(bn)%_l (%(_Dk,n(bn)))

1—

n 1ok _
=¢+ ﬁ(l — Dy ™) D" 1,

which equals (I3) above.

<=

6. COMPLETION OF PROOF OF THEOREM [L.1]

We have that u(r) = r¢(lnr). In order for u(r) to give a valid solution, we need
it to be positive at zero, and that w,.(0) = 0. For the first condition, we need

oo > lim u(r) = lim r¢(lnr) = lim e'é(t) > 0.
r—0 r—0 t——00

So we must have for some constant ¢; > 0

(14) #(t) = (c1 + 0(1))% as t — —oo.

In particular, we must have ¢(t) — oo as t — —oo.
For the second condition we have

0 = lim u, (r) = lim (rg(lur), = lim (6(lnr) + ¢/ (1)) = lim_((1) +¢'(1).
Therefore we must have

(15) ¢'(t) = —o(t) + €(t),
where

(16) e(t) = 0 ast — —oo.
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Plugging this into the conservation law () we have
2 2\ "
(0° — ¢ ) = (¢2 —(-o+¢) >
k
= (¢2 —(¢* — 260 + e%)

k
= <2e¢ — 62> =1— Dy no"

Since ¢ > 0, dividing by ¢™ we have

1 2\F
r(2-5) =5 P

Since ¢(t) — oo and €(t) — 0 as t — —oo, the left hand side goes to zero. The right
hand side approaches Dy, ,,, therefore we must have Dy, , = 0. It follows easily that

@(t) = cosh(t — tg), or u(z) = ro + % The images of this under the conformal
group are all of the form

u(z) = alz|® + biz' 4 ¢

where a, b;, and ¢ are constants. This proves Theorem [[.T]

7. CONFORMAL GEOMETRY

In this section we will explain the geometric origin of the equations and prove
the invariance property (Z). If (N, go) is a Riemannian manifold, we consider the
equations

_ R
(17) Ok (ch - mg) = constant

for metrics g in the conformal class of gg, where Ric and R are the Ricci tensor and
scalar curvature of the metric g, respectively (note that we are using the metric to
view the tensor as a (1,1) tensor). If we let g = u~2gg, then we have the following
transformation formula (see [5]):

1 _ R w? _ Ry |Vw|?
— (Ric— —"—¢g) =wV? Rico— —2 g ) — .
n—2 ( e 2(n—1)g) AR ( 1o 2(n—1)go> g %0

Letting N = R™, and go be the flat metric, we get the equations ().

If T: N — N is a conformal transformation, we have that T*gy = A(x)go for
some positive function A\. The Jacobian of T' with respect to the metric g¢ is defined
by T*voly = J - voly. It is easy to verify that A = J2/". If g = u—2g is a metric
solving (7)), we let § = T*g. The map T is then an isometry from (N,7) to (N, g),
therefore g also solves the equations (7). We then have

g=T"g=T"(u"?g) = (woT) 2 gy = (uo T - |J|7"/") gy,

which is the invariance property (2.
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