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TRACES ON ALGEBRAS OF PARAMETER DEPENDENT
PSEUDODIFFERENTIAL OPERATORS
AND THE ETA-INVARIANT

MATTHIAS LESCH AND MARKUS J. PFLAUM

ABSTRACT. We identify Melrose’s suspended algebra of pseudodifferential op-
erators with a subalgebra of the algebra of parametric pseudodifferential op-
erators with parameter space R. For a general algebra of parametric pseudo-
differential operators, where the parameter space may now be a cone I' C RP,
we construct a unique “symbol valued trace”, which extends the L?-trace on
operators of small order. This construction is in the spirit of a trace due
to Kontsevich and Vishik in the nonparametric case. Our trace allows us
to construct various trace functionals in a systematic way. Furthermore, we
study the higher—dimensional eta—invariants on algebras with parameter space
R2*—1, Using Clifford representations we construct for each first order elliptic
differential operator a natural family of parametric pseudodifferential opera-
tors over R2¥~1 The eta—invariant of this family coincides with the spectral
eta—invariant of the operator.

1. INTRODUCTION

Let M be a smooth compact Riemannian manifold without boundary. Further-
more, let E be a hermitian vector bundle over M. We denote by CL*(M, E) the
algebra of classical pseudodifferential operators acting on L?*(M, E). It is well-
known that up to a scalar factor CL*(M, E') has a unique trace, the residue trace of
Guillemin [8] and Wodzicki [20]. The residue trace vanishes on trace class operators
and hence there is no trace on CL*(M, E) which extends the L2-trace. However,
Kontsevich and Vishik [9 [T0] constructed a functional

TR: | J CL*(M,E)—C,
a€R\Z

which extends the L?-trace and satisfies TR(AB) = TR(BA) for A, B € CL*(M, E)
with ord(A) 4+ ord(B) ¢ Z. TR has further interesting properties (cf. [9, [10], [12
Sec. 5]).

In this paper we study traces on the algebra of parameter dependent pseudodif-
ferential operators CL*(M, E,T"), where I' C R? is a conic set. These algebras play
an important role in the study of the resolvent of an elliptic differential operator in
which case I is a sector in C (cf. [19]).
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Our first result shows that CL*(M, E/,R) contains a canonical isomorphic image
of the algebra CL% (M, E) introduced by Melrose [15]. This algebra appears nat-
urally in an index theorem for manifolds with boundary [I7, Sec. 12]. It should be
thought of as pseudodifferential suspension of the algebra CL*(M, E).

More generally, we then study the algebra CL*(M, E,T) for a connected cone
I' C R? with nonempty interior. Our main result is that for Hlg (I') # 0 the algebra
CL*(M, E,T') has a unique “symbol valued trace”. More precisely, there exists a

unique linear map
TR : CL*(M, E,T') — PS*(T")/Clu1, ---, ftp)
with the following properties:
(i) TR(AB) = TR(BA), i.e. TR is a “trace”,
(ii) TR(9;A) = 9; TR(4), j=1,..,p,
(iii) If A € CL™(M, E,T') and m + dim M < 0, then

TR(A) (1) = tr2(A(s)).
Here PS*(T") is the class of symbols having a complete asymptotic expansion in
terms of homogeneous functions and log—powers.

So the parametric situation is different from the nonparametric one: the symbol
valued L%trace can be extended, however, only modulo polynomials. TR should be
viewed as the analogue of the Kontsevich-Vishik trace, since it can be constructed
quite similarly (see Remark [54] below). Our main result allows us to construct
various traces on the algebra CL*(M, E,T') just by composing TR with linear func-
tionals on PS*(T")/Clu1, ..., fip)-

__The most important examples are the extended and the formal trace Tr resp.
Tr. For A € CL™(M, E,RP) the extended trace is given by

(1.1) TA) = 4 TR

where +,, is a certain regularization of the integral (cf. B:3). If m+dim M +p < 0,
the function TR(A) is integrable, and

(1.2) Tr(A) = /Rp trrz(A(w))dp.

holds indeed.
From CL*(M, E,RP) we can construct a de Rham complex (Q*CL*(M, E,R?), d)
in a canonical way. Then Tr extends to a graded trace on Q*CL*(M, E,RP)

__ 0, if deg w < p,
(1.3) Tr(w) =< __
Te(f), if w= fdriA...Adzp.
However, the graded trace is not closed, but its derivative Tr = dTr is a closed

graded trace on Q*CL*(M, E,RP). If p = 1, then Tr and %:ﬁr coincide with the
corresponding traces introduced in [I5].

Like in [I5] Tr is an analogue of the residue trace. It only depends on finitely
many terms of the symbol expansion of the operator. One of the results of Melrose
[15] was the construction of the eta~homomorphism. In our notation

(1.4) n:CL*(M,E,R)™" — C
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is a homomorphism from the group of invertible elements of CL*(M, E,R) into the
additive group C. In some sense 7 generalizes the winding number. Namely, for
A € CL*(M,E,R)~! one has

(1.5) n(A) :%ﬁ(A*IdA) - % ]{Q TR(A~1A')(z)dz.

In case A is a function on R taking values in the space of invertible matrices and
which is constant outside a compact set, then %U(A) is an integer equal to the
winding number of A. Thus it is natural to expect a similar invariant for odd-—
dimensional parameter spaces. Indeed for A € CL*(M, E,R?*~1)~1 we put

(1.6) m(A) = 2e, Tr((A~1dA)?1),

where ¢ is a normalization constant. Again, if A is just a matrix valued function
and constant outside a compact set, (IG) is an even integer which actually classifies
the (2k — 1)th homotopy group of GL(c0, C).

In contrast to its finite-dimensional analogue 7 is not a homotopy invariant.
However, its variation is local which means for a smooth family A of invertible
elements the equality

(1.7) %nk(As) = 2(2k — 1)ex Tr (A5 19, A,) (A7 1dA,)H2)
holds true. Unfortunately 7 is not a homomorphism for k£ > 2, instead we have
(1.8) ne(AB) — ni(A) — m(B) = Tr(w(4, B)),

where w(A, B) denotes a universal polynomial in the 1-forms B~!(A7'dA)B and
B~'dB. So the defect of the additivity is a symbolic term.

Finally, we compare 7, with the spectral eta—invariant. For any first order
invertible self-adjoint elliptic differential operator D we construct a natural family
D(p) := D + ¢(p) in CLY(M, E,R**~1) such that
(1.9) k(D) = —n(D),
where c is the standard Clifford representation and n(D) the spectral eta—invariant
of D.

We understand that some of our results also have been obtained by R. B. Melrose
and V. Nistor [I8].

Acknowledgement. The first-named author gratefully acknowledges the hospital-
ity and financial support of the Erwin—Schrodinger Institute, Vienna, where part
of this work was completed. Furthermore, the first-named author was supported
by Deutsche Forschungsgemeinschaft.

2. REVIEW OF PARAMETRIC PSEUDODIFFERENTIAL OPERATORS

The concept of parameter dependent symbols and pseudodifferential operators
used in this article involves several different classes of symbol spaces. For the
convenience of the reader and to fix the notation we briefly recall some basic facts
about symbols and the corresponding operator calculus. As general references we
mention the books Shubin [I9] and Grigis-Sjgstrand [6].

A conic manifold is a smooth principal fiber bundle ' — B with structure
group Ry := (0,00). It is always trivializable (cf. Duistermaat [4], §2.1). A subset
I ¢ R” := R”\ {0} which is a conic manifold by the natural R -action on R”
is called a conic set. The base manifold of a conic set I' C RY is isomorphic to
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ST :=TNS" ! Byacone ' CR” we will always mean a conic set or the closure
of a conic set in R” such that I' has nonempty interior. Thus R™ and R™ are cones,
but only the latter is a conic set.

Now let M be a smooth manifold, m € R, I' C R” a cone, and 0 < p < 1. Then
by S;*(X,I") we denote the space of all functions a(x,§) € C°°(M x I') such that
for every differential operator D on M, all compact L C " and K C M, we have
the uniform estimate

(2.1) |Doga(x,€)| < CkLpa ©m el reK gelf, aezy.

Here, L¢ := {t6|£ € L,t > 1}, Cx.1.p.o > 0 and (€) := (1 4 [£[>)1/2 for all £ € R”.
In case p = 1 we write S™ (M, I") for SJ*(M,T').

A symbol a € S™(M,T) is called classical polyhomogeneous of degree m or just
classical, if it has an asymptotic expansion of the form a ~ > j>0 @m—j, where the
ap(z,€) € S¥(M,T) are k-homogeneous in ¢ of degree k. The space of classical
polyhomogeneous symbols of order m is denoted by CS™(M,T).

Now let U C R™ be an open set, and a € S;*(U,R" x I'). For each fixed po we
havea(-, -, pip) € S™(U,R™), hence we obtain a family of pseudodifferential operators
parametrized over I' by putting

[Op(a(p)) u] ()
= [A(n) u] (2) = / U a(w, &, p)a()ds,  dg = (2m)"dE,

n

(2.2)

Note that for a € S™°°(U,R"™ x T') the operator A(u) has a kernel which lies in
ST, C*(U x U)), the Schwartz space of C*°(U x U)-valued functions. We denote
by L7*(U,T) the set of all A(u), where a € SJ'(U,R" x I'). In case I' = {0} we
obtain the well-known space L7 (U) of pseudodifferential operators of order m and
type pon U C R".

For a smooth manifold M and vector bundles E, F' over M we define the spaces
L™(M, E, F;T) of parameter dependent pseudodifferential operators between sec-
tions of F, F' in the usual way by patching together local data.

The space of parameter dependent pseudodifferential operators with symbol lying
in the space CS™(U,R™ x I') will be denoted by CL™(U,T"). Its elements are
the classical parameter dependent pseudodifferential operators over U. Following
Grubb and Seeley [7] we also call these operators strongly polyhomogeneous.

Example 2.1. Let M be a compact manifold, A € CL™(M), and assume that
I' ¢ C\ {0} is a cone such that o'} (x,&) — z is invertible for z € T. If A is a
differential operator and spec A NT = (), then (A — z)~! € L=™(M,T). However,
in general this need not be true for pseudodifferential operators.

The following result is just a mild generalization of the classical resolvent expan-
sion of a differential operator (see e.g. [B, Sec. 1.7]).

Theorem 2.2. Let M be a compact manifold, dim M =: n, and A € L™(M,E,T)
(resp. CL™(M,E,T)). If m+ dim M < 0, then A(p) is trace class for all p € T
and

tr A(:) € Sm+dimM(I‘) (resp. CSerdimM(I‘)).

Proof. We present the proof for A € CL. For A € L it is even a bit simpler.
Choosing a suitable partition of unity it suffices to prove the claim for £ = C,
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M = U a coordinate patch, and A compactly supported, i.e.
23) (@) = [ aawemi©ic= [ [ 9 oiw e
where 04 € CS™(U,R™ x I') and m (suppoa(-,—,u)) € K C U is compact for

every 1 € T'. For fixed p we have A(p) € CL™(U), hence A(u) is trace class since
m < —dim M = —n. Since o4 € CS™(U,R™ x I") we have

(o]
§=0
with apm—;(z, A&, M) = N7y (2, &, ) for X > 1, [(€, u)| > 1. Thus we write
N-1
(2.5) op = Z m—j + Ry
j=0

with Ry € CS™~N(U,R" x I'). Now pick L C T' compact and a multi-index «.
Then

o5t Op(rn ()| =| [ [ oo ac s

(2:6) < Cors / / (1+ (€2 + [f2) /2yl =N g d
K JRn

< Corp(1+ |p))mtnlol=N,

Furthermore, let A > 1, |u| > 1. Then
tr Op(am—;(Ap)) = / / Am—j(x, &, M) d€ dx
U n

2.7) _ i /U / @ AT ) dg da
= N0t Op(am—; (1)),

and similar to (Z8) one shows that tr(Op(am,—;)) € S™+*(I'), thus
(2) A ~ 3t Oplam ()
=0

in CS™*™(T), where tr Op(am—;(p)) is homogeneous of degree m +n — j for p >
1. (|

The previous proof provides even more, namely

Theorem 2.3. Let M be a smooth manifold. If m + dim M < 0, then for any
properly supported A € L™(M, E,F;T') (resp. CL™(M, E, F;T")) there is a density

wy € S™(M,Hom(E, F)® |QM;T) (resp. CS™(M,Hom(E, F) ® |QM|;T))

with the following properties:
1. For any local chart ¢ : M DU — ¢(U) C R™ we have

d)*w@A = WA.
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2. If E=F, then

tr A(p) = /M tre, wa(z, ).

Proof. The proof of Theorem [2.2] shows that we can put

oatann) = [ oata,op) de dal.
Then 1 and 2 follow easily. O

Remark 2.4. For the preceding two theorems the assumption m + dim M < 0 was
essential. However, in this paper we will show that these theorems can be extended
to arbitrary parametric operators.

3. MELROSE’S SUSPENDED ALGEBRA OF PSEUDODIFFERENTIAL OPERATORS

In the paper [15] R. B. Melrose invented a “suspended” algebra of pseudodiffer-
ential operators on a compact manifold. He introduced trace functionals on this
algebra and constructed the “n—homomorphism”. In this section we will briefly
recall the definition of the suspended algebra and we will show that it is isomorphic
to a subalgebra of CL*(M,R).

In the subsequent sections we will construct trace functionals on CL*(M,T")
which generalize the Melrose traces.

Let M be a compact manifold. Following [15] CLZ
ators A € CL™(M x R) such that

(i) A acts as convolution in the second variable, i.e. by slight abuse of notation

(M) consists of those oper-

(3.1) (Au)(z,t) = /M/RKA(a:,y,t — s)u(y, s) dsdy,

where K 4 denotes the convolution kernel of A.
(ii) The kernel satisfies

(3.2) Ka€CP(M x M xR; QM| K1) +S(M? x R; 1 K |QM]),

where C§°(M x M xR; |QM|K 1)’ denotes the space of distributions which act
on the smooth compactly supported sections of the exterior tensor product of
the density bundle |Q2M| with the trivial line bundle over M x R.

For vector bundles E and F, CLZl (M, E, F) is defined accordingly. CL% (M, E)

is an order filtered algebra. For A € CLZ (M, E) Melrose introduced what he
calls the indicial family A. This is the partial Fourier transform in the t—variable.
Namely, for 4 € R we obtain a pseudodifferential operator A(u) € CL™(M, E) by

putting
(3.3) A(p)g = e A"V g) (1), g€ C™(M,E).
Proposition 3.1. The map

CL;

sus

(M, E) — CL*(M,E,R), A A(-)

is an order preserving injective homomorphism of x-algebras.



PARAMETER DEPENDENT PSEUDODIFFERENTIAL OPERATORS 4917

Proof. We only have to check that for A € CL (M, E) we have

sus

A(-) € CL™(M, E,R).
It suffices to check this locally for F = C. Let U be a coordinate patch in M. Then
for u € C§°(U x R) we have

(3.4) (Au)(z,1) = / o a((@, 1), (€ 1)) €, ) 9T e,

UXxR

with 04 € CS™(U x R,R™ x R). In view of (Bl), o4 is independent of ¢, hence
oa(x, & p) € CS™(U,R™ x R) and this is the complete symbol of A(u). O

Summing up the suspended algebra can be viewed as an algebra of strongly
polyhomogeneous parameter dependent pseudodifferential operators. We did not
try to express (ii) in terms of the indicial family A. However, it turns out that the
extended trace and the —homomorphism can be constructed without using (ii). So
one could equally well consider the algebra CL*(M, E,R) as CL% (M, E).

sus
There is no reason to restrict the consideration to R as a parameter space.

Therefore, we will deal with CL*(M,T") in the sequel.
4. TRACIAL MAPS ON L*(M, E,T)
During the whole section let I' C R? be a connected cone with nonempty interior.
Definition 4.1. We define the following spaces of functions on I':
P =Pm(I) :={P|T'|P €Clzy,...,zp|,deg P <m}, meR,,

Sm(r)’ m ¢ Z+,
D= {fe nsmemoof esm o), o] > m+1}, meZy.
e>0

~m

Note that S"(I') = |J S"(I') = S*(I).
meR

Since I' is assumed to be connected with nonempty interior, the restriction map
C*®(RP) — C=(T), f — f T induces an isomorphism P™(RP) — P™(T"). This
justifies the notation P™ for P™(I').

We have the obvious inclusion

(4.1) P §™(D).
Moreover, if m < 0, then
(4.2) S™MI)ynP={0}.
If AcC C>(T) is a vector space which is closed under 9;, j =1, ..., p, we put
(4.3) VA = {Zf[dxj e QD) \ fre A}.
If A is graded, then Q'A is bigraded, namely
(4.4) QlA™ = {Zf[dxj e QD) \ fre Am}.

Since A is closed under 9;, j = 1, ..., p, the exterior derivative maps Q' A into Q1 A,
hence we obtain a complex (2*A,d). Obvious examples are S* (F)7S*(F),'P*(F).
Note that d(Q'P™) c Q+1pm—1,



4918 MATTHIAS LESCH AND MARKUS J. PFLAUM

Lemma 4.2. The homology of the complex (Q*P,d) is given by

C, 1=0,
0, 1>1.

HYQ*P,d) =

More precisely, if w € QUP™ with | > 1 is closed, then there exists n € Q'=1pm+1
with dn = w.

Proof. H°(Q*P,d) = C is obvious. We mimick the usual proof of the Poincaré
Lemma (cf. [2, Sec. 1.4]) and proceed by induction on p = dimT. If p = 1 and
w = f(x)dz, f € P™, then we put n(z) := [ f(t)dt € P, Hence the assertion
is true for p = 1.

Next we consider
s

(4.5) RP xR = RP, 7(z,t) =z, s(z) = (x,0).

S

Obviously,

™ (Q'P™(RP)) € Q'P™(RP x R),

s*(Q'P™(RP x R)) C Q'P™(RP)

holds. Since m o s = idgs we have s* o 7™ = idgipmge). An inspection of the

construction of the usual homotopy operator K (cf. [2| Sec. I1.4]) shows that it
induces a map

(4.7) K : Q'P(RP x R) — Q1P HL(RP x R).
Furthermore, K satisfies the identity
(4.8) id—7*os* =dK + Kd

from which the assertion follows immediately. O

(4.6)

Proposition 4.3. Let w € ngm(I‘),dw = 0. If the cohomology class of w in
HlR(T) vanishes, then there exists F € Sm+1(F) with dF = w. If m+1 <0, then
F is uniquely determined.

Proof. Tt is clear by assumption that w has a primitive in C°°(T"). The point is to

~m+1
prove that one of its primitives already lies in §mt (T"). We write
P
w=: Z hjdzx;.
j=1

~m41
If m+1 < 0, then the constant functions do not belong to gt (T") which proves
the uniqueness statement.
Ifm+1>0, we fix xg € I and put

(4.9) P = [ “w

0
where f;o denotes integration along any path from xg to x. This makes sense since
[wg, ) = 0. Since 0;F = h; € S™ (I, it suffices to prove the estimate

(4.10) |F(z)| < Cop(1+|2))'tet™ z e L°

for compact L C T and e >0 (resp. e=0if m+1¢&7Zy).
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Since h; € S™(I'), we have
|hj(2)] < Ce,p(1+ [2f)™
and thus

T

F@l =+ [ wlzc+] [l
[z Tl

Now
T P 1
/ w= Z/ hj(tz)x;dt
o 1/]x|
and consequently
‘/ w| < C. L/ (1 + t|z])™ e |z|dt
|]

S CE7L(1 4 |x|)m+6+1.
If m = —1, then h;(z) < C(1+ |z|)~!. Similarly,

1
|F(z)] < C(1 +/ (14 tlz|)~z|dt) < Cr + Ca|log ||
1/|x]
< Gyl +Jal)?

holds for any € > 0, hence we reach the conclusion in this case.
It remains to consider the case m + 1 < 0. Then we put

(4.11) Z/ (ta)z;dt.

Since m + 1 < 0, we may differentiate under the integral. Taking d;h; = O;h; into
account we find 9;F = h;. Moreover, one easily checks

|F(2)] < Cp(1+ =)™,
which implies F € §"™7 (D). O

The partial derivatives 0;, j = 1,...,p, are Well defined on the quotient space
S"(I')/P, hence we can form the complex (Q*(S"(I")/P),d), which is obviously
isomorphic to the quotient complex (2*S"(I), d)/(Q*P,d).

Proposition 4.4. LetT' C RP be a connected cone. Forw e QY(S"(T)/P), dw = 0,
[Wa, () = 0 there exists I € S ( )/P with dF = w. F is the unique element
in §"(T)/P with dF = w.

Remark 4.5. Here [w]g1_ () = 0 means that [wi]z1 () = 0 for a closed represen-

tative w; € Q1S™(T) of w. In view of Lemma we then have [wo]pm1 () = 0 for
any closed representative wy of w.

P .

Proof. We first prove that w = > fjdz; has a closed representative in QISm(I‘).
j=1

Namely, pick representatives g; € Sm(I‘) of f; and put

I
M=

gjdxj.
Jj=1
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Since dw = 0 we have do € Q?P™ 1. Since d& is closed, in view of Lemma
there exists n € Q'P™ with dnp = dw. Thus wy := & — 7 is a closed representative
of w.

By Proposition [£3] there exists Fy € Sm+1(F) with dF7} = w;. Then F = I}

mod P satisfies dF' = w; mod P = w, which proves the existence of F.
~ 1
If wy € lem( I') is another closed representative of w and Fy € ™

wa, then

( )adFQZ

d(F1 — FQ) =w] —wy € lem
Since d(w1—ws) = d?(F1—Fz) = 0 we again invoke Lemma[.2]and find a polynomial
P € P! with dP = wy — wy. Hence d(Fy — F» — P) = 0 and thus Fy — F» =
P + ¢ € P+, This proves the uniqueness statement. O

Theorem 4.6. Let M be a compact manifold, E a smooth vector bundle over M,
and ' C RP a connected cone with nonempty interior and Hig (L) = 0. Then there
erists a unique linear map

TR :L*(M,E,T) — S*(I')/P

with the following properties:

(i) TR(AB) = TR(BA), i.e. TR is a “trace”.

(ii) TR(0;A) = 9; TR(4), j=1,...p

(iii) If Ae L™(M,E,T") and m +dim M < 0, then

TR(A) (1) = trza (A(u).

This unique TR, further satisfies:

(iv) TR(u;A) = p; TR(A),  j=1,....p

(v) TR(L™(M, E,T)) c §" ™™ 1),

Remark 4.7. By slight abuse of notation ; denotes the operator of multiplication
by the j—th coordinate function. Note that d; and p; is well-defined on the quotient
S"(I')/P since both operators map P into itself. Furthermore,

9; : L™(M,E,T) — L™ (M, E,T),

(4.12) .
;s L(M, E,T) — L™ (M, E,T).

Proof. Uniqueness: Assume there are T4, T» satisfying (i)—(iii). By (iii) 73 and

T, coincide on L™ (M, E,T') for m < —dim M. By induction assume that 77,75

coincide on L™ (M, E,T') and let A € L™ (M, E,T"),m < mg + 1, be given.
Consider the 1-form

413)  w=Y Ti(0;A) (n)du; = Z wdu; € Q'S (IT)/P).

In view of (ii) w is closed and we have
(4.14) dT1(A) = w = dT>(A).
Hence Proposition 4] implies T1(A) = T (A).
Next we assume that we have the unique TR with (i)—(iii) and prove that it also
satisfies (iv), (v).
Ifm+1+dimM <0and A€ L™(M,E,T), then by (iii)

(4.15) TR(p; A) (1) = trrz(p; A(p)) = py trre(A(u)) = p; TR(A) (1)
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and
(4.16) TR(A) = trp2(A(-)) € §™7 Y
in view of Theorem 22

By induction we assume that (£I5) and (EIG) are true for m < mg. Now pick
AeL™(M,E,T),m <mo+ 1. Then

()

P
dTR(p;A) = Y TR(u;0A)dw + TR(A)du;

=1

P
(4.17) = Y ;0 TR(A)dp + TR(A)dp;

=1

— d(; TR(A))
and again by Proposition B4l we find TR(;4) = p1; TR(A).
Similarly, if TR(0;A) € SminlmM(F)/P, then
P
(4.18) dTR(A) =Y TR(9;A)du,
j=1

implies TR(A) € Sm+dimM(F)/P. This proves (v) again by induction.

Ezxistence: Existence is also proved by induction using Proposition 4l Assume
we have constructed TR on L™ (M, E,T"). For A € L"™(M,E,T'),m < my+ 1, we

let TR(A) € Sm+dimM(F)/’P be the unique primitive of the closed 1-form
P )
(4.19) wi= > TR(9;A)dp; € S T)/P).
j=1

Obviously, in this way we obtain a linear map TR : L™o+1(M, E,T) — §*(T')/P.
Now let A € L™(M, E,T), B € L™ (M, E,T),m +m’ < mo + 1. Then

d[ TR(AB) — TR(BA)]

4.20 a
(4.20) :Z [TR((0;A)B) + TR(A9;B) — TR((9; B)A) — TR(BO; A)]du; =0,
j=1
hence TR(AB) = TR(BA) again by Proposition B4
Since (ii) is obvious by construction, we reach the conclusion. O

Remark 4.8. Similarly to Theorem [2.3] TR is given by integration of a canonically
defined “density”. See Remark [5.4] below.

The construction of TR is much simpler, and more concrete, if I" is star-shaped:

Proposition 4.9. Let I' C RP be a star-shaped cone with star-point pg. Given
A eL™(M,E,T) we have for fized p € T

aay g - Y G e ey ),
lo|<N-—1 '

and

@2 TRA G = (A - Y EEDE ) meap,

lal<N-1

where N is large enough.
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Proof. Taylor’s formula implies

aOt
I S YRS

|oz\<N 1

oo / N0 Ao + 1 — o))t (1 = pro)®

la|=N
€ Lm—N(M, B),
hence the right hand side of ([@22)) is well-defined. Now it is easy to check that
the right hand side of ([@22)) defines a (well-defined, i.e. independent of N) map

with the properties (i), (ii) and (iii) of Theorem [£:Gl By uniqueness we reach the
conclusion. g

We tried hard to prove that for the algebra CL(M,T") the properties (i), (ii), and
(iv) of Theorem 8 already determine TR up to a scalar factor. This would be
nicer than assuming (iii), which prescribes TR on a large class of operators.

We state this as a conjecture:

Conjecture 4.10. Let M be a compact manifold and I' C RP be a connected cone
with nonempty interior and Hig(T) = 0. Let

7:CL*(M,T) — S (I)/P
be a linear map satisfying (1), (i), and (iv) of Theorem B0 Then there is a constant
¢ such that 7 = ¢ TR.

But we have a partial result:

Proposition 4.11. Let M and T" be as in the preceding conjecture. Let
T:L7°(M,T) — S7(I)
be a linear map satisfying (1), (ii), and (iv) of Theorem B.6. Then there is a constant
¢ such that T = ¢ TRIL™°(M,T"), i.e. for A€ L™°(M,T)
P(A) (1) = ¢ trpa ().
Proof. T is local, e.g. 7(A(-))(p) = 0 if A(u) = 0. To see this let A(uo) = 0. We

write

p
= A1) (i — o)
j=1
with A; € L7°°(M,T). Then in view of (iv) we have 7(A)(uo) = 0.
Next we pick uo € I' and choose a function f € C§°(T") with f(uo) = 1. For
K € L7°(M) we have f(-)K € L=>°(M,T'). Consequently,
(4.23) Tuo 1 LTF(M) = C, K = 7(f()K) (ko)

is a trace on L™>°(M).

Indeed, from the locality of 7 we conclude that 7, is independent of the f chosen
and in view of (i) 7,, is a trace.

Since each trace on L~=°°(M) is a scalar multiple of the L?-trace (see e.g. [8]
Appendix]), there is a constant ¢(ug) such that

(4.24) Tuo = (o) trp2 .
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For f € C§°(T") with f(uo) # 0 we find in view of (E24)
(4.25) T(f()E) (ko) = f(po)e(po) trrz2 (K).

By the locality of 7 (:25)) also holds if f(ug) = 0. Since 7(f(-)K) € S™°(T"), we
infer from (A2H) that the function p — c(u) is smooth.
Now loc. cit. gives for f € C§°(T")

(4.26) O;m(f(VK) = (95 f)c + fOjc) trp2 (K).
On the other hand, using (ii) and (Z20)
(4.27) Or(f()K) = 7((0; ) () K) = ¢(0;f) trp2(K).

Hence 0;c =0, j =1,...,p, and thus c is a constant.
Finally, we invoke again the locality of 7. Let A € L=>°(M,T") and f € C§°(T")
with f(uo) = 1. Then

7(A) (o) =7(A = f()A(p0))(1o) + 7(f(-) A(ko)) (1o)
=Tuo (A(po)) = ¢ trp2(A(po)),
since A — f(-)A(uo) vanishes at po. O

(4.28)

This proof cannot be extended to prove the Conjecture EET0, at least not in
an obvious way. The main reason is that if K € L™ (M,T") (resp. CL™(M,TI)),
m > —o0, and f € C§°(T") \ {0}, then f(-)K ¢ L*(M,T') (resp. CL™(M,T)).

Another idea of proving Conjecture 101 is to mimick the uniqueness proof for
the noncommutative residue. If every A € CL™(M,T') could be written

N
(4.29) A=Y"[P;, Q] +R,
j=1

with R € L=>°(M,T") and P;,Q; € CL(M,T') (as it is the case for I' = {0}), then
the Conjecture EET0 would immediately follow from the previous Proposition [£T111
However, there is some evidence that (EE29)) actually is wrong in general.

5. Exoric TRACES ON CL*(M, E,RP)

Let TR be the map defined in Theorem First we want to characterize the
space TR(CL*(M, E,T")). We know from Theorem 22 that TR(CL™(M, E,T)) C
CSmAdm M (1Y if m + dim M < 0.

Lemma 5.1. Let I' C R be a connected cone with nonempty interior and Hlg (T)
=0. If Ae CL™(M, E,T), then TR(A) has a representative f € S*(I") which has
an asymptotic expansion in S*(T')

00 [m+dim M] [m+dim M]
(5.1) FaY B+ >0 et Y

§=0 k=0 k=0
where f;(u) is homogeneous of degree m — j for |p| > 1, gi(n) is homogeneous of
degree k for |p| > 1, and hy(p) = hy(p/|pf) |ul¥log || for |u| > 1 and a smooth
function hy € C>°(T' N SP~1).

Proof. If m+dim M < 0, then the assertion follows from Theorem[ZZ2 Assume by
induction that the assertion is true for m < mg and consider A € CL™(M, E,T)
with m < mg + 1. Then TR(9;4), j = 1,...,p, has a representative of the form
(B1). Integrating the representative of d TR(A) we reach the conclusion. O



4924 MATTHIAS LESCH AND MARKUS J. PFLAUM

Definition 5.2. Let I' C RP be a cone. We denote by PS™(T") the set of all

functions @ € S*(I') which admit an asymptotic expansion @ ~ > am; in S*(T'),
j>0
where a,,; € C>(T'), m > m; \, —oc and

k;

Am; = Zglja

=0

with g1;(€) = Gi;(€/1€])|€]™ log" |€] for [€] > 1. We call these functions log—poly-
homogeneous (cf. [12]).

By Lemma B I TR(A) is log—polyhomogeneous for A € CL*(M, E,T").

From now on we are content with I' = RP. First we are going to introduce
a regularized integral for log—polyhomogeneous functions. Let us consider a log—
polyhomogeneous function f and write

f= Z fmj +9,
ij—N

where

9(&) = 0(IgI™), el — o0

Thus we have an asymptotic expansion

(5.2) /|§|<Rf(§)d€ i S pallogR)RE,

a——00

where p, is a polynomial of degree k(). Then we define §;,, f(x)dz to be the
constant term in this asymptotic expansion, i.e.

(5.3) F(@)dz = LIMp .. / F(@)dz = po(0),
RP |lz|<R

(cf. [12 Sec. 5]). If p =1, then F coincides with the Hadamard partie finie.

Here and in the sequel we will use the common notation LIMg_.. for the con-
stant term in the log—polyhomogeneous expansion as R — oo.

The transformation behavior of 4, is more complicated than that of the usual
integral. The following result gives the change of variables formula for  under
linear coordinate changes:

Proposition 5.3 (cf. [12, Prop. 5.2]). Let A € GL(n,R) be a regular matriz.
Furthermore, let f € PS*(RP) with

k()
Foo D far Fal®) =) fats faal€) = fasl€/IEDIE log' (1€]), 1€l > 1.
a——00 =0

Then we have
f(AE)dE
RP

ko q\i+1
= |det A| (ﬁ F©de+> ( li)l /S f-ni(€)log'™ |A1£Id£> :
P 1=0 nt
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Remark 5.4. Proposition (3] allows us to give an alternative existence proof for
TR which in addition shows that TR is given by integration of a canonical density.
Furthermore, this alternative construction reveals the analogy to the Kontsevich-
Vishik trace.

We consider the local situation. For simplicity let £ = C, let U be a coordinate
patch and A € CL™(U,T) as in [2.3). For fixed z € U, € T the symbol £ —
oa(z, &, p) is polyhomogeneous. We define the density

(5.4) oatar) = oalw & n)delds] mod C=(U) @ P.

Using Proposition B3] one shows similarly to [I2] Lemma 5.3] that in this way we
obtain a well-defined “density”

(5.5) wa e §"T My, |Q|,F)/C°°(M, ) & P
fulfilling
(5.6) TR(A) = / wa.

M

Note that [,, wa is a well-defined element of SerdimM(M, I')/P. Thus we obtain

the analogue of Theorem 23] for arbitrary m. The details are left to the reader.
In [12, Sec. 5] the first named author used this kind of argument to construct
the Kontsevich-Vishik trace.

Let us mention that Stokes’ theorem does not hold for f, or in other words  is
not a closed functional on Q*(PS(RP)). More precisely, we extend f to 2*(PS*(RP))
by putting

][ 0, weQk kE<p,
fw
Tro FE)E,  w = f(E)dEr A ... AN dEp.

In this way we obtain a graded trace on the complex (Q*(PS*(RP)), d). This would
be a cycle in the sense of Connes [3, Sec. IIL.1.a] if f were closed.

The next lemma shows that df, which is defined by (df)w := § dw, is nontrivial.
However, it is local in the sense that it depends only on the log—polyhomogeneous
expansion of w.

(5.7)

Lemma 5.5. Let f € PS*(RP), f~ Y. fo, where

k()
Fal®) =" faa(€/IENIEI* og €], €] > 1, fay € C(SP7Y).
=0
Then
B
_f,d§ = Ji-p.0(§)Ejdvols(§).
RP af] Sp—1

Proof. Tt suffices to prove this formula for f € C*°(RP) with

F(&) = FE/IENIEI* log" €], [¢] > 1.
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Then by Gauss’ formula

of ¢,
—d¢ = & dvol
/E<R €, ¢ /|§|R 3] g dvo 5(€)

(5.8)
- / F(O)€; dvols(€) R+ log! R
[€]=1

and we reach the conclusion. O

Next we consider f € P. Since f is a sum of homogeneous polynomials

(5.9) F=Y"Feo fX&) = N fu(©),
k=0
we have P C PS*(RP). Thus
5.10 d¢ = Y d¢ RFP
(5.10) /|5|ng(§) ¢ ;o/m fi(€)de
and hence
(5.11) - f(§)d¢ = 0.

As a consequence § factorizes through P to a well-defined functional on PS*(RP)/P.

For an arbitrary connected cone I' with H} (') = 0 we can construct a complex
from CL*(M, E,T'). Namely, similarly to (£3) we put
(5.12) QFCL* (M, B,T) := {ZAIda:I ‘ 1] = k, A; € CL*(M, E, r)}.

The exterior derivative maps Q*CL*(M, E,T') into itself and so we obtain a
complex (*CL*(M, E,RP),d). The cup product makes Q*CL*(M, E,RP) into a
graded algebra and TR extends naturally to a complex homomorphism

TR: (*CL*(M,E,T),d) — (Q*PS*(I")/P,d)
(5.13)
S Ardey — > TR(Aj)dz;.

That TR is indeed a complex homomorphism follows from Theorem
If 7 : PS*(I') — C is any linear functional with 7|P = 0, then 7 factorizes
through P to a linear functional on PS*/P and we obtain a graded trace on
(Q*PS*(M, E,T)/P,d) by putting
k
(5.14) T(w) = 0 weihk<p,
T(f), w=fdxi A...Adxp.

7 induces a graded trace on (Q*CL*(M,FE,T"),d) by putting 7 := 7o TR. In
particular, we can apply this construction to f and d :

Definition 5.6. On Q*CL*(M, E,RP) we define the extended trace

Tr == fo TR,
and the formal trace

Tr := dTr := (df)oTRz][odoTsz[oTROd.
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Remark 5.7.
1. The extended trace is graded, thus ((Q*CL*(M, E,RP),d), Tr) is almost a

cycle in the sense of Connes [3, Sec. IIL.1.a], except that Tr is not closed. Its
derivative, the formal trace, ﬁ, is a closed graded trace on Q*CL*(M, E,RP).
Furthermore, Lemma BEH shows that it is symbolic, i.e. depends only on
finitely many terms of the symbol expansion of A (see the next proposition
below).

2. If p = 1, then via the isomorphism of Proposition Bl the traces Tr, %?er
coincide with the traces ﬁ,i‘vr introduced by R. B. Melrose [15, Sec. 4 and

7]. Note that our normalization of the formal trace Tr differs from the one of
[15] by a factor of 5-.

Proposition 5.8 (cf. [I5, Prop. 6]). Let A € CL™(M, E,RP) and put

(5.15) w:= (—1)j_1Adu1/\.../\Ju\j/\.../\dup.
Then
(5.16) Tr(w) = lim / / tr(ai—p—n(z, &, 1)) pj dvol(p) dx d§.
L=eo Jigj<r Jsr—1
Proof. Tt suffices to prove this for E = C. Obviously, we have
(5.17) Tr(w) = Tr(dw) = ]/ TR (9,,A) dp.
Rp

In view of Proposition 9] we introduce the abbreviation
(07)a(x,€,0)
(5.18) by(e, )= Y
la|<N—1

Using Lemma [5.5] we find for N large enough
]{Q TR (9, 4) () de
— LIMpo / / / [(Bpy @) (€, 1) — By b ) (£, )] A
|pl<rR JU JR™

=// {/ a(m,f,u)—bw(m,f,u)dé} tj dvols(p) dx
U Jsp-1 R 1—p

= lim / / a1—p—n(x,&, ) pj dvolg () d§ dx.
ej<r Jsp—1

L—o0

Here {. },—1 denotes the term of p-homogeneity 1 — p. O

6. THE ETA-INVARIANT
Now we have all prerequisites to define the higher eta—invariants:

Definition 6.1. If p = 2k—1, then for elliptic and invertible A € CL*(M, B, R?*~1)
we put

(6.1) me(A) = 20, Tt ((A*ldA)%‘l) ,

(=1 (k—1)!

where C = m
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Remark 6.2.

1. If k = 1, then via the isomorphism of Proposition[31ln;(A) = %ﬁ (A~1dA)
coincides with the n-invariant of Melrose [I5] Sec. 5].

2. There are at least two motivations for the choice of the normalization constant
cx: It is well-known that for every smooth map f : S?*~1 — GL(N, C) the
number

wlf) = [

actually is an integer and w induces an isomorphism mg,_1 (GL(00,C)) — Z.
A map with w(f) = 1 can be constructed using Clifford matrices (cf. (6:25)
below). In this sense 7y is a higher “winding number”.

The second motivation comes from the relation to the spectral eta—invariant
(see Proposition [6.6] below).

Proposition 6.3 (cf. [T5, Prop. 7]). Let Ay, € CL*(M, E,R*~1) be elliptic in-
vertible and smoothly dependent on s € [0,1]. Then

d

(6.2) Tk (Ad) = 2(2k DerTr (A5 10, A4,) (A7 1dA)?2) .
Proof. We introduce the 1-form w := A~'dA and note that since
(6.3) dw =-wAw
we have for | € Z

1|0, [ even,
(6.4) dw' = { —WH, L odd.

Using this we find

i _ [ i -1 2k—1
I Nk (As) = 2¢1 Tr (ds (A "dAy)

=22k —1)¢; Tr ((AsldAs)%?diAsldAS)
S

(6.5) =2(2k — 1) ¢, Tr (— (A1 dA)* 1 A719,A
+(A; 1A, AT O, A)
=2(2k — 1) ¢, Tr (d [(A; A2 A1 0,A,])
=2(2k — 1) ¢, Tr (A7 19,A,) (A 1dA,)22)
O

Next we consider the complex Clifford algebra C/,,, p = 2k —1 odd. C/,, is the uni-
versal C*—algebra generated by p unitary elements e, ..., e, subject to the relations

(6.6) e;i-ej+ej-e; =—20;
(cf. e.g. [I1, Chap. I]). We choose a Clifford representation

P
(6.7) c¢:RP - M(N,C), c(z)= Z z;E;,
j=1
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where the E; are skew-adjoint Clifford matrices in CV. This means that Ey, ... , E,
are skew—adjoint matrices satisfying the Clifford relations ([G6). c¢ induces a *—
representation of C¢, in M(N, C).

Let us introduce the map

(6.8) [ RxRP — M(N,C), z=(vg,2")— zo+c(x)
and the p-form
(6.9) w=tr(fdf)"
on RPN\ {0}. That f(x) is indeed invertible for z # 0 follows from (GI1]) below.
Proposition 6.4. The p-form w is given by
p —_—
(6.10) w=|z|"P p! tr(E Z Y xjdro A ... Ndxj A ... A dap.
7=0

Proof. By definition of f we have f(z)*f(z) = |z|?, hence

(6.11) fl@)™ = |22 f(2)",
and
(6.12) fla)* df (z) = (zo — (@) | dao + Z E; du;

P
Setting w1 = (xo — ¢(2'))dzo and we = (zg — c(z')) Y E;dr; we get w} = 0 and
j=1

(6.13) (f(z)" df (x))" = w§ + Zwale =,

which implies
(6.14) w=|z|~% (trwg +ptrw w§71> :

as p is odd. We calculate the two terms on the right hand side separately. First note
that both terms are invariant with respect to transformations of the form z’ — Oz’
with O € SO(p), so we may assume 2’ = (1,0, ...,0). Now

p
p
trw§|(xo,x’) =t ((LEO - xlEl) Z Ej dx]) (0,2)
Jj=1 ’

(6.15)
= Z (sgno) tr ((xo —x1 B ) B,y - (0 — xlEl)Ea(p)) dxy A ... ANdxp.
o€ES,

We fix a permutation o € S, and put j := o~ *(1). Then for | # j,7 — 1 we have
the relation

(6.16) (zo — 21E1) Eyqy (x0 — 21E1)Ep41) = [2*Ey() Evs1)-
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Hence we obtain
tr ((xo —21E1)Eyry .- (w0 — xlEl)Ea(p))
=tr (w0 — 21F1)E1 (z0 — 21E1)Ep(jg1) + o (t0 — 21E1) Ey(p)

(6.17) (wo — 21 E1)Eg(1y + . - (m0 — 21F1) Ey(j_1))
= |2[** "V tr (w0 = 21Ea()  Bot1) * - Bo) " Ba) o+ Ea()
= xolx|P7t tr (Eo1y - Eop)) 5

where we have used the Berezin Lemma (cf. [I, Prop. 3.21]). Summing up we have
proved

(6.18) trwh = plag [z[P~! tr(By - ... Ep) dzy A ... Adzy

for all z € RPT1\ {0}.
Next we calculate the second term in (E14)), where we again suppose ' =
(1’1, 0, ceey 0)

trw1w§_1|(x0,x/) = Z Z sgno - tr ((zo — J;lEl)QEia(l)
(6.19) 1<i1<...<ip_1<p 0€Sp_1

. (J,‘Q — l‘lEl)Ei et (J,‘Q — J?lEl)Ei dx() A dxil A A dxip.

o(2) U(Pfl))

Now consider the trace terms on the right hand side of the last equation with iy = 1
and j = o~ 1(1):

tr ((:co - :clEl)QEio(l) (zo — 1 E0)E;

=tr ((xo + (=1) 21 Ey) (zo — xlEl)EiaU)

(6.20) (xg —x1E1)E
= |z’ tr ((wo + (—1)/21E1)Ey - E;

-E E

L ((Eo — xlEl)Eid(p_l))
et (xo — xlEl)Ei

(2) * e

o(p—1)

et (xo — xlEl)Ei

io(1) a(j—l))

e+

io(p—1) Tio(1) | "Eio(j—m) =0.

In case i1 > 1 an analogous argument proves
tr ((xo — J)lEl)QEia(l) . (J,‘Q — xlEl)Eia(z) .
(6.21) = [z|P~" tr ((zo — 21E1) - Ei - oo E

1o (1)
= —1 |J)|p_1 tr (E1 . Eig(l) T E,L'

cee t (x() - xlEl)E’ig(p,l))

lo(p—1) )
o(p—1) ) .

Hence by rotation symmetry

tragwh !t =zP~t (p— 1) tr(Ey - ... - By)dao

6.22 P ‘ -
. A (=1 zjday A Adaj A A day

j=1
holds. The assertion follows from (614), (6.I8) and (G22). 0

From now on we choose the standard representation of Cls;_; in 2", For this
representation one knows that

(6.23) tr(Ey - ... Egpq) =28 1i7F,

This is part of the Berezin Lemma (cf. [II Prop. 3.21]), but can also easily seen as

follows. In the standard representation the complex volume element i* e; - ... - €51
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acts as identity. Since the standard representation is of rank 2*~! we obtain (E23)).
Now, by Proposition
P

(6.24) w=|z| P plokl ik Z(—l)j xjdro A ... A d/m\j Ao Ndzp,
j=0
and
[ o= [ dtapio
SQk—l BQk
=i kokl (2k—1)!/ (p + 1) dvol
BQk
(6.25) - o
=ik 2k (2k — 1)
T ST
_ 1
==

where ¢, was defined in Definition [6.1]
We note another consequence of our calculations. Choose a € R and let f(z) =
a+c(x), z € R. Then (f*df)” = wh and in view of (6I8) and (G.23)
b ((fdf)) = (@ + [al) ™7 e ((f7df)7)
(6.26) =pla(a® + |x|2)*pT+l tr(Ey - ... - Ep)dxy Ao Adxy
=pla(a® + |9c|2)_pTJrl kLR day A ... Nday.
We are now able to calculate the integral of the p-form tr ((f~df)?):
(6.27)

/ tr ((f'df)P) =21 i’kp!a/ (a® + |z|?) " do
|2|<R

lz|<R

k—1 /R
— ok=1;=k g (2k — D)m*™2 / (a2 + r2)~k p2h=2 gy

Tk+3) Jo
2%k —1)xk-z [
— 2k 1kl 7( / a? + r?) 7k k=2 gy,
R—oo0 b L(k+3) 0 ( )
Using the formula
o 1T (—a—2 - Lr(2)
Na, B 3+ 2 2 2
(6.28) / (14 u*)*u” du 5 T —a)
0
we find
1 a2 TEHTE-I)
/ tr ((f'df)P) =2F 1" pl (2k — 1) (sgna) = T 2 2
(6.20) 2T W
okl ko ™ _ —sgna
2771 " pl(sgna) ] ey

Now we are ready to relate the n-invariant to the spectral n-invariant of an elliptic
operator.

First we briefly recall the regularized integral for functions on R (cf. [13]
Sec. 2.1], [I4]). Let f : (0,00) — C be a locally integrable function having log—
polyhomogeneous asymptotic expansions as  — 0 and as ¢ — oo. Then one
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puts

o) 1 e’}
(6.30) ][ F@)dz == LIM, o / F(@)dz + LMy, / F(@)da.
0 a 1
For such a function its “Mellin transform”
(6.31) (MF)(s) ::]/ 21 f(2)da
0

is well-defined for s € C and there is a discrete subset A C C such that (/\7 FT(C\A)
extends to a meromorphic function M f on C. For each s one has

(6.32) (Mf)(s) = Reso(Mf)(s),

where Resg denotes the constant term in the Laurent expansion. In particular, if s is
a regular point of M f, then (M f)(s) = (Mf)(s). We note that for a« € R,k € Z

(6.33) ][ 2 log® zdx = 0.
0
(see [13, Sec. 2.1] for proofs of these facts). Of course, there is a simple relation

between the integral [6.30) and the integral (53). Namely, if f is an even log—
polyhomogeneous function on R, then 2 f f(z)dx =  f(x)dz.
0 R

Next let D : C*°(E) — C*°(E) be a first order invertible self-adjoint elliptic
differential operator. Then for k € Z, k > 0, the family

(6.34) ®pp:RP S 2 D(D? + |z*)F

lies in CL!=2%(M, E,RP). Note that being a differential operator is really essential
for this to be true. We apply Theorem E6] to P ,,. Thus for each k € Zy, k > 0,
we have

~2k+dim M

(6.35) TR(D(D? + |idg» [*) %) = TR(®}.,) € S (RP)/P.

We note for p=1and [ > M;-l—% the identity

l
636 (32) TR = (2 b (007 4 af?) ),

Note that in view of (6.33) the Mellin transforms M(¢k71),M(¢k71), are well-
defined. For reasons of clarity we now write the various traces on CL(M, E,RP)
with a subscript, i.e. TR,, Trp, Trp.

Proposition 6.5. Let D be as before and let
(6.37) no(s)i= S sgnplul =t = te((D?)~+D/2)

pEspec D
be the spectral n-function of D. Then we have for k € Z,,k > 0, and Re s large
(6.38)

_ 1 _ s+l \ L gipgretl oo
n(s) = ( K k;l 1 2 > T 2]/ 2?7275 TR, (D(D* + idﬂi)_k) (z) dx,
— = )

st \ g retd
:( k k;l 7 ) T o (M) (2k — 1 — 5).
- i
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Furthermore,
1(0) =% {o 2?*2 TR, (D(D? +id}) ") (z) dzx
(639) :F(k I;(z)) ﬁﬁl(ldﬂ%{k_Q D(D2 + ldé)ik)
L'(k)

) (DD + s 575,

Proof. From the identities

A= 2RTE / e " (A+2)"'ds, 0<Rez<l1,
™
(6.40) o o .
AE= (TR SINTE / 21 (N x) P de, 0<Rez <k,
k -1 T 0

and (6.37) we infer (6.38) for k large enough and so(D) < Re s < 2k—1. Integration

by parts gives (G3]) for all k € {1,2,3,...} (cf. (@3H)). Since (k_;:;;) ' %
is regular and # 0 at s = 0, and since 7(s) is regular at s = 0 (cf. [5, Sec. 3.8]) we
conclude from (E38) that the meromorphic function (M®y, 1)(2k — 1 — s) is regular
at s = 0 and thus in view of ([GE32) we arrive at the first equality of ([E39). The
second equality of ([E39) is trivial. To prove the third one we note that from the
uniqueness statement and (iii) of Theorem G we conclude the identity

(6.41) D p(x) = i1 (|])
and thus
I'k)— . _
ﬂ(_k)TI'Qkfl(D(Dz + |1dR2k—1 |2) k)
I'(k
:% 7[ TRox_1(D(D? + |idger—1 [*) %) (x)dz
™ R2k—1
I'(k) 2 s 2\—k
(6.42) :? LIMg_ 0o /|x|§RTR2k1(D(D + |1d]R2k—1| ) )(x)dx
L'(k) (2k — D)mh-1/2 R 2 12\ —k 2k—2
=— 2 LIMR oo ———— TR (D(D
T N B [T (DD i) e e
I'(k) s 12k—2 2 | 12\—k
= Trq (id D(D d .
= 1y g7 0 D7 i) )

O

Proposition 6.6. Let D : C*°(E) — C*°(FE) be a first order invertible self-adjoint
elliptic differential operator. Let ¢ : R2*=1 — M(2K=1 C) be the standard Clif-
ford representation (see (623))). Then the family Dy(p) := D + c(u) lies in
CLY (M, E,R?*~1) and we have

(6.43) n(Dx) = Fn(D).
Remark 6.7.

1. This generalizes [I5, Prop. 5]. Even for k = 1 it is more general than there.
In contrast to [I5] our proof does not use the local index theorem, hence is
not restricted to Dirac operators.
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2. Since the spectral n—invariant is a regularization of the non—convergent sum
S s
pEspec D\{0}
this result is formally a consequence of the integral formula (G29).
Proof. Since D is a differential operator, we have D € CLY(M, E,R?*~1), where

being differential is really essential here. Note that the complete symbol op (z, &, 1)
is (affine) linear in (&, ). From (6.26) and the previous proposition we conclude

n(D1) = 2¢ ]f TRa 1 (D + ()™ de(:)™ ") () d

R2k—1

= 42k =k Ck (2]6 — 1)' f TRQkfl(D(DQ + |idR2k71 |2)7k)(:c)dx

(6.44) R2k—1
= +2FiF e (2k — 1) il n(D)
(k)
= Fn(D),
and we are done. [l

Remark 6.8. (i) 1 is an additive homomorphism from the group of invertible ele-
ments of CL*(M, E,R) into C [I5] Prop. 4]. This follows immediately from the con-
jugation invariance of the trace Tr. Namely, given invertible A, B € CL*(M, E,R),
then

(AB)"'d(AB) = B~'(A"'dA)B + B™'dB

6.45
( ) =: w1 t+wa.
Thus
= i_ —1/4—-1 1
(6.46) m(AB) = —T(B~!(A"'dA)B + B~'dB)

=m(A) +m(B).

However, 7 is not additive for & > 2. We illustrate this in the case k = 2: the
1-forms wy,wy of ([E4H) have the following properties:

dw, = —w% —w1 Awy —wa Awy, dwg = —w%,
(6.47) 9
d(w1 + LUQ) = —(w1 + (UQ) R d(w1 A LUQ) = —(w1 + (UQ) N wi A ws.
Consequently,
(6.48) TR((w1 +w2)?) — TR(w?) — TR(w3) = 3TR((w1 + wa) A wy A wa)
' = —3dTR(w1 A (UQ)
and
(6.49) n2(AB) = n2(A) 4+ n2(B) — 6¢2TR(w1 A ws).

So the defect of the additivity of 7 is a symbolic term.

(ii) Finally, we add some remarks concerning the divisor flow (cf. [15], Sec. 9]).
Following [T5, Sec. 8], the right hand side of the variation formula Proposition
can be defined if A; is elliptic but not necessarily invertible. Namely, choose a
smooth family of parametrices Q, € CL™™(M, E,R?*71), i.e.

QsA, -1, AQ,—T¢cCL™™>(M,E,R>*1),
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and put
(6.50) vn(Ag) == 2(2k — 1)cp Tt ((Qs0545)(QsdAs) ) .

In view of Proposition B8 vn(A;) is independent of the choice of Q5.

Now fix an elliptic and invertible A € CL(M, E,R?*~1). If B € Ell,,(A), the
component of A in the elliptic elements of order m, then according to [I5, Def. 5]
the divisor flow was defined to be

1
(6:51) DF(B, 4) = 5 (1 (8) — () — [ v(Ba)as)
where B; is any smooth family in Ell,,(A4) with By = 4, B, = B.

However, it is not immediately clear, whether DF (B, A) is independent of the
particular choice of a path Bs. There seems to be some evidence that this might
not be the case. Let us give an example for M a point. Although this is quite an
exceptional case it at least shows where the problems are:

Let f € C*(R) with " € C§°(R), and )\lilil f(X) #0. If f is invertible, then

(6.52) n(f) = = f7l(>\)d/\.
T Jr

If f, is a family of such functions, the variation formula reads

0 == [ ox(410.1.)

o = (8}5 (+o0) - 8}{S<—oo>)
=:vi(fs)-
Now let
1, A> 1,
(6.54) fs(N) = e¥mis. X<,

2™ s <A< 1.

The two points at which f is just continuous but not smooth can easily be smoothed
out.
Then one calculates

1
(6.55) / wn(fs) ds = —2.
0
On the other hand,
(6.56) gs =1 —8)fo+sfi, 0<s<1,

also is an elliptic family joining fo and f1. Here, elliptic means invertible outside a
compact set. However,

(6.57) /O vi(gs) ds = 0 # /0 vn(fs) ds

proving the path dependence of the divisor flow.
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