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A CLASSIFICATION OF ONE DIMENSIONAL
ALMOST PERIODIC TILINGS ARISING
FROM THE PROJECTION METHOD

JAMES A. MINGO

ABSTRACT. For each irrational number «, with continued fraction expansion
[0;a1,a2,as,...], we classify, up to translation, the one dimensional almost
periodic tilings which can be constructed by the projection method starting
with a line of slope a. The invariant is a sequence of integers in the space
Xo ={(zs)2, | z; €{0,1,2,...,a;} and ;41 = 0 whenever x; = a;} modulo
the equivalence relation generated by tail equivalence and (a1,0,as,0,...) ~
(0,a2,0,a4,...) ~ (a1 —1,a2 —1,a3—1,...). Each tile in a tiling T, of slope «,
is coded by an integer 0 < z < [a]. Using a composition operation, we produce
a sequence of tilings T; = T, Tg, T3,.... Each tile in T; gets absorbed into a
tile in T;41. A choice of a starting tile in T1 will thus produce a sequence in
X«. This is the invariant.

The subject of this paper is the classification one dimensional almost periodic
tilings obtained by the projection method. These sequences were extensively stud-
ied by Morse and Hedlund under the name of Sturmian trajectories; but there are
earlier works by J. Bernoulli [18], H. J. S. Smith [HISS], and E. Christoffel [EBC]
among others. For a survey of the recent literature see the references in the papers
of T. Brown [TCB| and Lunnon and Pleasants [LP].

There are a number of axiomatic characterizations of these sequences. We have
found it convenient to use one found by C. Series [CS] (which is essentially that
of Morse and Hedlund). The equivalence of this with other characterizations is
presented in [CP]. We shall review below the axioms of Series.

With each tiling there is an associated real number a, which we shall call the slope
of the tiling; the continued fraction expansion of « is reflected in the structure of the
tiling [CS]. The tilings can be grouped into families, 7, in which all members have
the same slope. Moreover there is a simple geometric construction for obtaining
members of 7, using the projection method with lines of slope «.

We shall be concerned with the case when 0 < a@ < 1 and « is irrational. In this
case the members of 7, have a property characteristic of almost periodic tilings: if
Ty and Ty are in the family 7, then every segment of T; appears in T, and appears
infinitely often. Thus on a local level all elements of 7, appear similar.

To distinguish the elements of 7, we use a space X, constructed from the
continued fraction expansion of a = [0;a1,a2,as,...]. Let Xy = {(2:)32 | x; €
{0,1,...,a;} and z;41 = 0 whenever x; = a;}. From a tiling T € 7, and atilet € T
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we construct x € X, and we show that these classify the tilings up to translation.
For certain irrationals this expansion is related to the (-expansions of Rényi and
Parry ([AR], [WP]).

When o = (v/5—1)/2 we have X, = {(2;) | #; € {0,1} and ; = 1 = 2,41 = 0},
and X,, modulo tail equivalence, was called by Connes [AC] (section II.3) the
Penrose universe because it classifies Penrose tilings (see [GS], section 10.6; also [AP]
and [EAR], where the dynamical properties of these and other tilings are explored).
In [NDBj] and [NDB3] a classification of Beatty sequences (sequences of the form
{[na + B]}22,) for a = (v/5 —1)/2 or a = v/2 — 1 was discussed. However our
method is simpler, more general, and works for every irrational.

1. INTRODUCTION

1.1. Definition. A two sided infinite sequence {t;}32; is composable if it satisfies
the following axioms:

A1 : The letter a is isolated: i.e. if t; = a then t;..;1 = b.
Ao : There is an integer n such that between a’s there are either n or n 4+ 1 b’s.

If T is a composable sequence, we can produce a new sequence T’ by composition:
each segment beginning with an a and followed by n b’s gets replaced by a b, and
any remaining b’s are replaced by an a. Thus

abbb...b—b and abbb...b+— ba
——— ——
n n+1

The third axiom asserts that the sequence can be composed infinitely many
times.

Az : Each composition satisfies A1 and As.

If T = {t;}$°, satisfies axioms Aj, Az, and Ag, then we call T a cutting sequence
(following Series [C9]).

1.2. Remark. As explained in Series [CS], cutting sequences can be constructed as
follows. Let « be an irrational number between 0 and 1 and let S be any real
number. Let L be the line with equation y = ax 4+ 5. Each intersection of L with a
horizontal line will be marked with an a, and each intersection of L with a vertical
line will be marked with a b. Thus along L we obtain a two sided infinite sequence
T of a’s and b’s. These are the one dimensional almost periodic sequences obtained
by the projection method (see [M9], section 4.3). In [CP], Lemmas 2.2 and 3.3, it is
shown that T is a cutting sequence (see also [GS], 10.6.2).

When a cutting sequence for the line y = ax + (§ is constructed by the projection
method, a tiling of the line is produced with a-tiles intervals of length sin+ and
b-tiles intervals of length cos}, where a = tan .

It will be convenient later on to have a notation for labelling the symbols (tiles).
The intersection of L with the horizontal line y = m produces an a tile; let us label
it a,,. The intersection of L with the vertical line x = n produces a b tile; let us
label it b,. The intersection of L with the y-axis produces by. By following the
path of by through successive compositions we shall produce our invariant.

If L passes through a point of Z? then an a and a b will coincide. We will in this
case obtain two sequences T and T~. T is constructed by writing all coinciding
pairs {a,b} with the a’s preceding the b’s (i.e. to the left), and T~ with the a’s
following the b’s.
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1.3. Definition. Given a cutting sequence T, let Ty, To,... be the sequence ob-
tained from T by composition: i.e. Ty is obtained from T; by composition, and in
general T,y is obtained from T; by composition. Let a; be the integer for T; pos-
tulated by axiom As. Then «, the real number with continued fraction expansion
[0;,a1,az2,as,...], is the slope of T.

1.4. Definition. Let T be a cutting sequence with slope o = [0; a1, ag, as, . . .] and
let {T;}$°, be the sequence of cutting sequences obtained from T by composition
(setting T; = T). Let t be a letter in T and let to be the letter in Ty into which
t is absorbed by composition. In general let t;11 be the letter of T;;; into which
t; gets absorbed by composition. Letting t; =t we obtain a sequence {t;}$2; with
t; € T,. We construct x € X, as follows. If t; = a then z; = 0; if t; = b then z; is
the number of b’s between t and the first a to the left. Then x = (x;) € X, is the
coding sequence of the pair (T, t):

ablblb..b t € T
———

!
ba@ab tiy1 € Ti+1

In the example above, x; = 1 and z;41 = 0.

We next wish to describe the process by which, given = € X, one can construct
T € 7, and t € T such that the coding sequence of (T, t) is . T will be written
as a limit of words {T1,T%,T5s,...} in {a,b}, where each T,_; is a subword of T;.
A special case of this (when z = (a1 — 1,a2 — 1,a3 — 1,...)) was given by Smith
[H7SS], and so we shall call {T;}3°, the szth sequence of z € Xa.

Suppose a = [0;a1,a1,as,...] and (z1,z2,23,...) € X,. We shall construct
sequences {S_1, S0, S1, ...} and {To,T1,Ts,...} of words in the letters {a,b}. We
can think of these words as elements in the free group with generators {a, b}. Let

571 a
So = b
S1 = S.185)...5 =ab...b
H/—’ \/—/
Si+1 = Si—l Sz Sz
——
Ai41

DeﬁneTongngg---by
T, = [b]
S_1S0-++So[To S0 Sofab b@b b ifa #a

Tl - T a;—x1—1 ai— 51”1_1

if 1 = ay

if Tit1 = aipr

51‘7151‘"'51‘ Si-- 8 if w1 < a1 and x; # a;

T . —— ——
+1 = it1 ait1—Tit1—1
Tifl Sl‘ e Sz if T; = a;
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Aq41

—— .
Note that when z; = a;4; we have T; = T;_1, s0 T;41 =13 S; - - - S;; and so in all
cases T; is a subword of T; 11, the inclusions being indicated by the boxes.

1.5. Definition. We shall call {T;} the Smith sequence of z € X,,.

By taking the union T of the T;’s and t = T we have a sequence T and a tile t
in T. We shall show that T is a cutting sequence and that the coding sequence of
(T,t) is « (Theorem C).

1.6. Examples. Two sequences z and y in X, are if there is an n such that
xp = yg for k > n. If x € X, is tail equivalent to one of {—a, 0%, 07}, then the
limit sequence Ty — 171 — 15 — --- — T will not be two sided. In fact, when
x=—a=(a;—1,a2—1,a3—1,...) the sequence produced is the limit of the T;’s:

5 - =
ab---@ -7

——
ab---b---ab---@ - T,

Let us call this sequence T_,. This is an infinite sequence extending off to the left,
S0 it it not a cutting sequence, although one can compose it an infinite number of
times. If z = 07 = (0, az,0, a4, . .. ), then the sequence produced is the limit of the
Ti’SZ

T1:T2 = a@bb

—_—
T3:T4 = T152...Sg
—
as
= a@b---bbab---b---bab---b---bab---b---bab---b
H’_/ aq al al aq
as

Let us denote this sequence Ty+. This infinite sequence, which is also not a
cutting sequence, extends off to the right. Finally, suppose © = 0~ = (ay, 0, as, 0,
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..). Then the sequence obtained is

To=Ty = [b]
Ty=T3 = ToS1---51
—_——

az
az

Eab. b---ab---b

ay ai

Let us denote this sequence Ty-. This infinite sequence, which is also not a cutting
sequence, extends off to the right.

We can assemble T_,, Tp+, and Ty- into cutting sequences; however, T_,|To+
and T_,|Tp- are both cutting sequences (here - | - denotes concatenation). The
first produces the cutting sequence T* for # = 0T and the second produces T~
for B = 07. The only difference between Ty+ and Ty- is in the first two letters:
the former begins with and the latter with . If we let TP denote the
reflection of T_, so as to produce an infinite sequence extending to the right, then
To+ =abT® and Ty~ = baT?®,, and thus TH = T_,[ab|T°®, and T~ = T_,|ba|T%,.
We shall call such a pair of cutting sequences conjugate (cf. [LP], section 8). For
example, when a = [0;3,1,3,1,...] we have

T+
.I__

... abbbbabbbbabbb| ab | bbbabbbbabbbabbbb . . .
... abbbbabbbbabbb)| ba | bbbabbbbabbbabbbb . . .

1.7. Definition. Let T be a cutting sequence and t a tile in T. Let T; = T,
T, the cutting sequence obtained from T; by composition, and let to be the tile
of Ty which absorbs t; = t. Iterating this construction, we obtain a sequence
{(T1,t1), (T2, t2),... } of cutting sequences with a specified letter t; in the cutting
sequence T;. From this we may obtain an increasing sequence of words W; C Wy C
W3 C --- C T as follows. We let Wy = t1, and we let W be all the letters in T
which under composition get absorbed into ty. Let W5 be all the letters in T which
get absorbed, under two compositions, into ts. Similarly let W} be all the letters
of T which get absorbed, under k& compositions, into tg+1. The sequence {W;}52,
is called the inflation sequence of (T, t).

Now either | J;, W; = T, and we shall say that T is non-singular, or J;=; W; #
T, in which case we shall say that T is singular. By construction | J{Z,; W; is infinite
and contains no gaps, so when T is singular we can write it as the union of | J{Z, W;
and |J{Z; W/, where the W/’s are constructed by choosing another starting tile not
in ({2, W;. We shall show in Theorem C that the Smith sequence reconstructs the
inflation sequence. From this it follows that when T is singular Uf; W; is either
Tfav T0+a or TO_

The last construction we need tells us which coding sequence is obtained from
the line L: y = ax + B, when we choose as our initial tile by (the intersection of L
with the y-axis). To take account of the singular tiles we need to introduce some
notation.
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1.8. Notation. Let R, be the Cantor set obtained by cutting the real line R at
each of the points Z + aN = {m + an | m,n € Z, and n > 0}. Each of the points
m + an of Z + aN will be split into two points (m + an)t and (m + an)~.

We can make R, a locally compact Hausdorff space by writing it as an inverse
limit. Let {7,}22; be an enumeration of Z + aN. Then R, = lim. R,,, where R,
is obtained from R,_; by splitting at the point 7,,. The map R,1; — R, forgets
about the splitting at ~,,.

Let 7 : Ry — R be the map that ‘forgets’ the ‘4+’ or ‘—’. For each z € R,
let [z] be the greatest integer less than or equal to # — with the convention that
[nt]=nand [n~] =n—1for n € Z. Also {z} will denote the fractional part of z:
{z} =n(z) = [ (2)].

1.9. Definition. For o = [0; a1, a9, as,...] let
ag =1 o] =«
as =1—-aja=afa"1} a3 = — azan = as{aay '}

_ _ —1
Qg1 = Q1 — Ay = ap{ap_10, "}

and for 0 € Ry, let 81 = 8 — [A] and

(1 —|—x1)a1 —ﬁl if 21 < aq
Oé()—ﬁl ifxlzal.

ry = [B1/a1] and = {

If 61, 0s,...,0, and x1, 22, T3,...,T,_1 have been constructed, let

I+ ), — B iz, <ay

Qn—1 _671 if Tpn = An.

Tp = [ﬁn/an] and ﬁn+1 = {

Let ¢ : Ry — X4 be the map ¢(5) = (z:)52;.

We shall show in Theorem B that if we start with a line L : y = ax + 3, and let
T be the corresponding coding sequence, and t; = bg, the intersection of L with the
y-axis, then the coding sequence associated with (T,t) is (8) = (21,22, 23,...) €
Xa.

1.10. Remark. Let us recall two results from [JAM]. Let S, be the Cantor set
obtained by cutting the circle S* along the forward orbit of 0 under the action of
rotation by the angle 2ra. Writing S as [0,1] with 0 and 1 identified and the
group law as addition mod 1, Sf, becomes the interval [0%,17] C R,. Theorem
3.6 of [JAM] showed that ¢ : [07,17] — X, is a homeomorphism and that (by
Theorem 3.8 and Corollary 3.9) () is tail equivalent to —c, 0T, or 0~ if and only
if x = —ma, x = nat, or £ = na~ respectively for m > 0 and n > 0. This implies
that, given a coding sequence (z;), we can use the formulas of [ to construct a line
which gives the coding sequence (x;). In the paragraph below we give a graphical
interpretation of this.

1.11. Remark. In Figure 1 we illustrate the expansion of (3, i.e. the map [0,1] >
8 — (x;) € X, when o = [0;3,1,3,1,...] & 0.26. In the figure the interval [0,1]
has been cut at the points na (mod 1) for integers n > 0. In the first row we have
made a partition of [0,1] using the points {0, a, 2a, ..., a1a}. In the second row we
have refined the partition by adding the points {(1 + a1)c,...,a1(1 + az)a}. The
rule for the i-th row is to add the points {(¢i—2 + gi—1)a, ..., (¢ + ¢i—1 — 1)a},
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0 1 ,82 3

FIGURE 1.

where go = 1, ¢1 = a1, and g;+1 = a;4+1¢; + ¢;—1 are the usual denominators of the
convergents in the continued fraction expansion of «.

We can also view the partition as being constructed by a ‘paving’. We begin by
‘paving’ the interval [0,1] from left to right by interval of length cv. We can get in
ay of these intervals, and there is a remainder of length as. So in the top row the
intervals are of length a; = «, except for the last which is of length as = 1 — a1.
To obtain the second row we ‘pave’ from right to left each of the intervals on the
first row with intervals of length as. We can fit in ao intervals of length as in each
interval of length «. Thus on the second row there are intervals of length as and
remainders of length ag. To construct the i-th row we ‘pave’ each interval of the
(¢ — 1)-st row with intervals of length a;. When 4 is odd we pave from left to right
and when ¢ is even we pave from right to left.

The numbers 1, 2, 3, . .., 6 indicate the multiples of & (modulo 1). In this example
a = 0.26, so 4o (mod 1) is a little to the right of 0. On the top row we calculate
x1. Thus if 5 € [ia, (i + 1)a] then z; = i. On the bottom row we calculate z2. In
this example 2 € {0,1}. If 21 = a7 then x5 can only be 0. Otherwise we count the
number of intervals from the right wall of the containing interval on the first row.
Thus when 8 = 0.5 we have z; = 1 and x5 = 0.

1.12. Definition. Given two cutting sequences T and T’ in 7, and chosen letters
t and t' in T and T’ respectively, we say that (T,t) and (T',t") are translation
equivalent if there is t in T’ such that (T,t) = (T’,1).

Recall from T2 that for each a there is a pair of singular cutting sequences T

and T :
T+ = ...bbb[ab]bbb
T~ = ...bbb[ba]bbb...

These sequences were called conjugate because reflection about the centre of the
box takes one to the other. Our invariant cannot separate these two sequences. If
we choose a letter to the left of the box in either sequence we get a coding sequence
tail equivalent to —ay; if we choose a letter to the right of the box we get a coding
sequence tail equivalent to 07 or 0~ respectively. Therefore on our space 7, of
pointed cutting sequence with slope o we put the equivalence relation ~ generated
by translation and conjugation.

To conclude this introduction we present the main results of this paper. The
numbers following the lettering of the theorems will direct the reader to the sec-
tion containing the proof. Our results were inspired by and are analogous to the
statements 10.5.9-10.5.14 in [GS] for Penrose tilings.
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Theorem A (3.1). Let T be a non-singular cutting sequence and t and t' be tiles
in T. Let x and x’ in X, be the corresponding coding sequences. Then x and z’ are
tail equivalent.

Let T be a singular cutting sequence and t a tile in T. Then the coding sequence
of t is tail equivalent to one of —c, 07, or 0~.

Theorem A shows that except for the singular cutting sequences, the tail equiv-
alence in X, of any coding sequence is an invariant of T under translation. For the
singular cutting sequences there are three possible tail equivalence classes.

Theorem B (3.2). Let 8 € Ry, and let L be the line y = ax + 5. Let T be
the corresponding cutting sequence, let t be the tile by (as described in [[), and
let © € X, be the corresponding coding sequence. Then x = (), where ¢ is
constructed in[L.9 In particular, the cutting sequence T is singular if and only if L
passes through a point of Z2.

Theorem C (3.4). Let T be a cutting sequence, t a tile in T, and x the coding se-
quence of (T, t). Then the Smith sequence {T;}5°, of x equals the inflation sequence
(W2, of (T 1) ice. Wy =T, fori=1,2,3,....

Theorem D (3.5). Let ~ be the equivalence relation on X, generated by tail equiv-
alence, and let —a ~ 0" ~ 07. Let (Ti, t1) and (Tz, t2) be in T2, and x1 and x2 in
X, the corresponding coding sequences. Then x1 ~ 2 if and only if T = To.

2. PRELIMINARIES

Before proving our main results we recall some elementary lemmas. Let 0 < o <
1 be irrational and g € R,. Let L be the line y = ax + . Let T be the sequence
obtained by the cutting method (L2J).

Lemma 2.1. Between adjacent a’s there are either [a~ '] or 1+ [a~!] b’s. There
are 1+ [a™1] b’s between a; and a1 if and only if {z +1- g} < {%} , unless
T=T and {z — g} € Z, in which case there are [ofl] b’s between a; and a;41, or
T=Trandi+1-— g € Z, in which case there are [a’l] b’a between a; and a;y1.
Proof. Suppose neither i — g nor ¢+ 1 — g is an integer. Then the number of b’s
between a; and a;;1 is the number of integers in the interval {z — g,i +1-— g}
This interval contains {z +1- g} - {z - g} =[a"1+ [{z — g} + {a’l}} integers.
Thus there are either [a~!] or 1 + [a~!] b’s between a; and a;1;. The interval
[i — g,i—i— 1- g} contains 1 + [a~!] integers += [{z - g} + {ofl}} =1 <=
{i-2}+{a}>1 &= {i+1-£}= {{z -2 4 {orl}} < {a"1}.

Suppose i — g € Z. Then b, s is between a; and a;1 only when T = T*. So

when T = TT, we have {z +1- g} = {l}, and there are 1+ [a~1] b’s between

a; and a;11, and when T = T~ we have [a~!] b’s between a; and a; .
Suppose i + 1 — g € Z. Then bi+17§ is between a; and a; 1 only when T =T
So when T =T andi—f—l—g € Z we have {i—f—l—g} =0< {é}, and there

are 1+ [a~!] b’s between a; and a; 41, and when T = T, we have [« '] b’s between
a; and Aj41-
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Lemma 2.2. Let k(b;) be the number of b’s between b; and the first a to the left
of b;. Then k(b;) = [{ia + B}a™!] except in the cases

(i) T=T andia+ B € Z, in which case k(b;) = [a™!], and

(i) T=T", [ia+ 0] — g € Z but i + B € Z, in which case

k(b;) = {ia + Bla~t — 1.

Proof. Suppose neither iao+ § nor [iac + 3] — g is an integer. The first a to the left

of b; is ajjq4g)- The first b following ajjn4 g is b1+[[m+[3]—§] . Thus the number of

b’s between b; and ajjq4p) is i — (1 + [[ia + 5] — gD = [{z’a + ﬂ}oﬁl].
Suppose ia + 3 € Z. When T = T+ there are 0 b’s between b; and dia+4, and

the first a to the left of b;. When T = T~ the first a to the left is a;o4+3—1, the first
b following ajq45-1 is b1+ liotpo1-2] = b;_[a—1]. Thus there are i — (i — [ !]) b’s
between b; and the first a to its left.

Suppose [ia + (] — g € Zbut ia + 3 ¢ Z. When T= T, the first a to the left
of b; is a4 and the first b following ajjo4 ) is b[mﬂg]_g; thus the number of b’s
between b; and ajqg] is i — [ia + 3] — g = {ia+B}a~!. When T = T, the first a
to the left of b; is again aj;4 g], but the first b following aj;q4 5] is now b1+[m+5]7g;
thus the number of b’s between aj;o4 4 and b; is {iac + f}a~' — 1.

The next proposition shows how to keep track of by under composition.

Proposition 2.3. Let L be the line y = ax + 3, T the sequence obtained from
L by the cutting method, and let T' be the sequence obtained from the the line
y = {a 1} — Ba~t by the cutting method. If L passes through a point of Z* and
T=T 1letT' =T ", andif T=T let T' =T'".

For T# T~ we define a map from T to T’ by sending

T>a +— b€ T
Tsb o s €T o {§a+ﬂ}a:1 < [aj]
3i—fa-t(1tliats) € T f lia+Fa™" > a7,

For T= T~ the map is given by

T>a +— b€ T
bliats) € T if {ia+ BYa~! < [a7}]

and ic+ S € Z

3 [a—1](1+[iatB]) € T if {ia—i—ﬁ}a‘l > [Oé_l]
ai—[a—1](ia+B) € T ific+ 0 € Z.

T>b —

Then T’ is the sequence obtained from T by composition, and the map above
from T to T' is the composition map.

Proof. We must show that each word ab---b in T with [a~!] b’s gets mapped to a
bin T, and each word ab---b in T with 1 + [a~!] b’s gets mapped to ba in T'.
To simplify the calculations let L denote the original line y = az+( and L denote
the line y = {a~ '} "'z 4+ Ba~ {a"1}~. Note that L is the reflection in y = x of
the line y = {a !}z — Ba~!. Let us denote by A; the intersection of L with Yy =1
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and B; the intersection of L with = = 4. Under reflection in the line y =z, A; gets
mapped to b; and B; to a;. Under this transformation our map then is

Taa, — A
Tob o {A[mw] if {io+ Bra~l < a1
Bi—ja-1(14iats) if {ia+ pra=t > [a71]

and when T=T~

T3a — A;
Alia+5] if {ia+ Bla™! <[a™!]

and ia+ 0 &€ Z

Bi ja-1)(14fiatp) if {ia+ Bra™t > o]
Bisfa-tj(iats  ifia+pEL

Tabi —

To start with, let us suppose that T # T~ . For each b; the first a to the left
is afjay ), and thus b; and a;,1 4 get mapped to the same letter: Ao ), unless
k(b;) = [a71], ie. {ia+ B}a~! > [a™!]. So we must check that

() There are 1+ [a™!] b’s between ajiat g and ayyjiatg) if and only if there is a
B between Ajintp and Aiyjiatg]-

Now for any j

there are 1 + [a~']b’s between a; and a;;;

= {ir-Ch< {3}
= {{aG+D-pa7} = {07+ ) = pa =[0TG+ 1)

1
- A)<g2)
e a
= {aHG+ 1) - Bat = {{a}(G+1) - B}
>{a™1}j - Ba”t
= {a™G+1) = Ba > {a 7}~ B!
<= there is a B between A; and Aj + 1.
Letting j = [iav + (3], we have (). This equivalence holds even when j + 1 — g e
(and T = TT), for then a;;; is at a point of Z? and there will be only [a~!] b’s
between a; and a;41, while there will not be a B between A; and A;;; in this case
because A;;1 will also be at a point of Z? and so A;j;; will be to the left of the
coinciding B (since T =T'7).
When there is a B between Ao and A1 [in4p) it will be

B

1+[[i“+[’]‘{fif}li‘{_l}_l] = Biyj{a1}liat+8)-Ba—1] = Bizfa1](1+[iatg))-

Now suppose T = T~. The only additional complication is when b; is at a
point of Z2. Since T = T, this can only occur when b; is the last b in a block of
1+ [a™!]. So suppose ia + (3 € Z; then b; and a4 coincide at (i,ia + 3) € Z2
and b; is to the left of a;n13. aint+3 gets sent to A;q4g, which will be at the point
(i — [a~Y(ia+ B), i+ B) of Z2 on the line L. So Bi—ja—1]lia+g) Will be to the left of
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Aiatp, because a;_[q-1](iat+) Will be to the left of big1sin T = T'*. Hence there
will be a B between Ajq+5-1, and let Aoy 3.

3. THE PrOOF OF THEOREMS A, B, C, AND D

Theorem 3.1 (Theorem A). Let T be a non-singular cutting sequence and t and
t' be tiles in T. Let x and x’ in X, be the corresponding coding sequences. Then x
and ' are tail equivalent.

Let T be a singular cutting sequence, and let t a tile in T. Then the coding
sequence of t is tail equivalent to one of —a, 07, or 0.

Proof. Suppose that T is non-singular. Then T = (J°, W;, where {W;} is the
inflation sequence of some letter t in T (cf. section 1.7). Then for all i larger than
some g, t and t’ are in the same segment W;. For each letter s in W; the i-th
element of the coding sequence of s is the same as the i-th element of the coding
sequence of t. Hence from the i-th element on the coding sequences of t and t’
agree.

Suppose that T is singular and t € T. Let Wy = {t} € W; C Ws--- be the
inflation sequence of t. Then U;ﬁo W; is a connected infinite proper subset of T
and is thus a right or left half line.

Case 1: ;oo W; is a left half line. Let t~ be the rightmost letter of | J;2, W;.

We claim that t~ is a b and that to the left of t~ is the segment ab---b, where
ar—1

a = [0;a1,a9,as,...] is the slope of T. Indeed, t~ cannot be an a, as it would be

grouped with a b to the right (and thus outside of [ J;~, W;) on the first composition.

Thus t~ is a b. If there are fewer than a; — 2 b’s between t~ and the first a to the

left, then a b to the right of t~ would be grouped with t~ on the first composition,

which is again impossible.

When we perform composition on T, t~ gets grouped into a letter which is
also the rightmost letter in a half line, and by the same argument as above this
letter is a b and to its left is the segment ab - - - b. This is repeated under successive

az—1
compositions, and hence the coding sequence of t~ is (a1 —1,a2—1,a3—1,...) = —a.
If t is any letter in (2, W;, then eventually t and t~ are in some W;. From this
point on the coding sequence of t and t~ are the same, and thus the coding sequence
of t is tail equivalent to —a, and |J;2, W; = T_ (see[L6).

Case 2: Now let us suppose that U:io W; is a right half line. This time, let t+
be the leftmost letter of | J;=, W, and let t; =tT,to,... be the sequence of letters
obtained by following t™ through successive compositions. From Case 1 we see that
t; will always have ab - - - b to its immediate left. Thus, if t* is an a, then z; = 0 and

a;
to is a b. Then xo = ag and t3 is an a again, and the process repeats. Hence (x;) =
(0,a2,0,a4,...) =07, and |J;=, W; = To+ (see [H). Similarly, if t* is a b, then to
is an a and t3 is a b. In this case the coding sequence (z;) = (a1,0,a3,0,...) =07,
and [J;o, W; = Ty (see[LH).

If t is any letter in J;—, W;, then t and t* are eventually in some W;, and thus
from ¢ onwards their coding sequences will be equal. Hence the coding sequence for
t will be tail equivalent to either 0 or 0.
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Theorem 3.2 (Theorem B). Let 8 € R, and let L be the line y = ax + (. Let
T be the corresponding cutling sequence, let t be the tile by (as described in[1.3),
and let x € X, be the corresponding coding sequence. Then x = (), where ¢ is
constructed in [L.Y. In particular, the cutting sequence T is singular if and only if
L passes through a point of 7.

Proof. Let o(B) = (x1,x2,23,...). Both ¢(8) and the coding sequence for by are
unchanged by replacing 3 by 8 — [3], so we shall suppose that 0 < 8 < 1.

We shall show that if L” is the line y = {a !}z + B2, where B2 = 1—5 if
Ba~t > [a Y or B2 = (1 +21)a— 2 if Ba~! < [a~!], and T" is the corresponding
cutting sequence, then T is the composition of T, and bg in T gets sent to either
by in T” when Ba~! < [a™1], or to ag in T” when Sa~! > [a™1].

When Ba~! > [a7!], bg is the first b in T” to the right of ag. So ag, and by get
grouped under composition and have the same coding sequence. Thus the theorem
follows by induction if we can prove the claim made above about L and T".

Let us recall some notation from Proposition 2.3. Let L’ be the line y = {a ' }x—
Ba~! and T’ its cutting sequence. Applying Proposition 2.3 to the case i = 0 we
see that bg in T gets sent either to by in T’ when Sa~" < [a™!], or to a_q-1) in
T’ when Ba~t > [a71].

Case 1: fa~! < [a™!]. Then B = 1+z1 —{Ba"1} = —Ba~t +1+x1 +[Ba"1].
Thus L” is just L’ raised by 1+ x1 + [8a~1]. This means that T’ and T” are the
same cutting sequence up to translation, and under this translation by in T’ gets
sent to by in T”.

Case 2: Ba=! > [a™!]. Then B2 = {a '} —{Ba"1} = {a 1} +][a"]-Ba"t. So
we may write L” as y = {a 1} (z+1) — Ba™! +[a~1]. Thus L” is L’ raised by [a~!]
units and shifted one unit to the left. So T’ and T’ are same cutting sequences up
to translation, and a_,-1 in T is sent to ap in T".

To prove the last assertion, note that

T is singular <= X is tail equivalent to one of {—«,0",07}
— p[EZ+aZ
<= L passes through a point of Z2.

Lemma 3.3. When x; < a; we have T; = S;, and when x; = a; we have T; = S;_1.

Proof. We will prove this by induction on i. When ¢ = 1, T} is either ab---b = 53
ay
(if ; < a;), or b= Sy (if ¢; = a;). Suppose the result is true for k& — 1.
Case (i): z < a. Then
Sk—28k—1 - Sk—1Tk—15k—1-+-Sp—1  if zp—1 < ag_1
—_————
T, = o
Ti—2Sk—1-"Sk—1 if xp—1 = ap—1.
—_————
ak
In the first case Tp_1 = Sk_1, S0 Ty = Sk; and in the second case Tp_o = Sk_o,

since xp_o must be different from ap_o. Thus T} = Sk.
Case (ii): x = ag. In this case Ty, = T—1 = Sk_1, since xp_1 # ag_1.

Theorem 3.4 (Theorem C). Let T be a cutting sequence, t a tile in T, and x the
coding sequence of (T, t). Then the Smith sequence {T;}°, of x equals the inflation
sequence {W;}32, of (T, t), i.e. W; =T; fori=1,2,3,....
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Proof. Given a cutting sequence T, let Ty = T, To, T3, ... be the cutting sequences
obtained from T; by composition. We shall show that T, can be obtained by
rewriting T, using the words Si_o and Sg_1.

We begin by replacing all a’s in T; by S_; and all b’s in T; by Sp. We have now
rewritten Ty in the words S_; and Sy (see [L4).

Now replace all words S_1.5¢ - - - Sg with S;. We now have a sequence of S7’s and

—_——
ay

So’s. By making the substitution S; — b and Sy — a we have the cutting sequence
Ts.

If we now take our sequence of S;’s and Sy’s and replace each word SyS7 - - -.S1

—_——

az
by S2, we have a sequence of So’s and S1’s. The map that takes S — b and S; — a
transforms T into Ts.

Suppose we have performed this substitution & — 1 times and have rewritten T
as a sequence of Sk_1’s and Sk_o’s which becomes T, under the map S;_1 — b and
Sk—2 — a. Let us show that if we make one more iteration we obtain a rewriting
of T as a sequence of Si_1’s and Si’s which becomes Tj41 under the map S — b
and S;_q — a.

First notice that because of the bijection with T there are in T either ap or
1+ ag Sk_1’s between adjacent Si_o’s. Thus the rewrite rule Syp_2Sk_1---Sp_1

ak
— Si can be performed. Moreover, by transforming this rewrite rule by Si_s — a
and Si_1 — b we get exactly the composition rule for passing from Ty to Tyy1; i.e.
the following diagrams commute:

T3> Sk—28k—1--Sk—1

B

T, 2ab---b
~——

ag

SkET

— s beTin

T3 Sk—28k—1-Sk—1

SpSp_1€T
1+ag
Tg2ab---b
1\/—’4) ba € Tk+1
+ag

where in the left hand columns we are using the rule Sp_o +— a and Sx_1 — b,
and in the right hand columns we are using the rule Sy_1 — a and S; — b. This
establishes our claim.

We shall prove that W; = T; by induction on ¢. For ¢ = 1 we have either
Wi =ab---b=1T; when z1 < a;, or W; = b =T] when x1 = a;. So let us suppose

a

1
that W; =T, for 1 < i < k, and show that Wj1 = Ti41. We have three cases to
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consider:

(1) Tit1 = Qg1

(’LZ) Tpy1 < Qg1 and rp < ak.

(i) xp = ak.

ase (i): In this case tji1 b and appears in Ty as ---ab b@a
Ak+1
This @ gets sent to an a in Ty, so no additional letters are picked up; i.e.
Wii1 = Wi =Ty = Tiy1.
Case (ii): In this case xpy1 < apt1 and xg < ak, SO tgy1 = E in---ab---b
Thk41
@ b---b, which gets mapped to @ in Tpyo. Wiyq is the inverse image in Ty of
this b. Under the rewrite rule Sy — b, Sx_1 +— a : Ty — Ti41, the corresponding
intervalin Ty is -+ - Sg_1 S - - - Sk Sk Sk -+ (where we know that T}, = Sk
N—— N——

Th41 A1 —Tp1—1
because xj < ay). Thus

W, =S _1S..--S.|T; S, ... 8 =T
k+1 k—1 Pk k k k k+1

Tht1 Ap41—Tp4+1—1
C j41): In thi = d =0. Thus t = in---lalb---b
ase (iii): In this case z = ap and T4 us ty41 =[a]in ---[a]
Ar+41
«++ C Tgy1. This segment of letters gets mapped to a b in Tyyo, so Wiyq is the
i i in T; of b---bin Tgyq1. Using th it le Sk_ d
inverse image in T; o E in Tgiq sing the rewrite rule Sy_1 — a an

Ak41
Sy — b, the corresponding interval in T; is

Wk“:Sk...skzSk...Sk:TkJrl

Q41 Ak41

since xgp_1 < ax—1 (as x = ay).

Theorem 3.5 (Theorem D). Let ~ be the equivalence relation on X, generated
by tail equivalence, and let —a ~ 0" ~ 0. Let (Ti,t1) and (Tz, t2) be in T2, and
x1 and xo in X, the corresponding coding sequences. Then x1 ~ xo if and only if
T~ T

Proof. Suppose (T,t) and (T’,t') are in 72 with corresponding coding sequences
(z;) and (2) in X,. Suppose that (T,t) and (T’,t') are equivalent. Then either
they are both singular, in which case (z;) and («7}) are in the tail equivalence class
of {—a,0",07} by Theorem B, or neither is singular, in which case (z;) and (x})
are tail equivalent, again by Theorem B.

Suppose that (x;) and (z}) are equivalent. Then there are two cases.

Case (i): (x;) and (z}) are tail equivalent. We shall show that that there is
t in T’ such that (T,t) = (T’,t). Suppose that z; = a} for i > k. Let T, for
i=1,2,3,... and T, for i = 1,2,3,... be the sequences obtained from T and T’
respectively by composition. Also let t;, € Ty and t), € T}, be the letters which after
k—1 compositions absorb t and t’ respectively. The coding sequences of (T, tx) and
(T}, t}.) are respectively (zj, Tkt1, Tht2, . . . ) and (2}, Ty 1, Thyos--- ), and hence are
equal. Thus by Theorem C the inflation sequence of t; in Ty is equal to the inflation
sequence of t}, in Ty. Since these cutting sequences are non-singular, they are the
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union of the corresponding inflation sequences. Hence (Ty,tx) = (T}, t},). Now by
the argument presented at the beginning of the proof of Theorem C let us rewrite
T as a sequence of Si_1’s and Si_o’s so that, under the transformation Sy_1 +— b
and Sg_2 — a, T is transformed into Tj. Let us do the same for T’ and Tj. Since
(Tis tr) = (Ty, t},), we see that, when written as a sequence of Sk_1’s and Sk_o’s, T
and T’ are equal, and that t and t’ lie in the same word (either a Sk_; or a Si_2).
Hence (T,t) = (T’,t'), for some letter t in T’ no more distant from t than |Sy_1].

Case (ii) : (x;) and (z}) are in the tail equivalence class of {—«,07,07}. By
Theorem B we know that T and T’ come from lines which pass through a point of
72, and thus both T and T’ are singular. By Theorem C, we know that up to a
translation there are only the two singular cutting sequences T" and T~ discussed
in[L.6] and these are conjugate. Hence T~ T.
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