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SPECTRA OF BP-LINEAR RELATIONS, v,-SERIES,
AND BP COHOMOLOGY OF EILENBERG-MAC LANE SPACES

HIROTAKA TAMANOI

ABSTRACT. On Brown-Peterson cohomology groups of a space, we introduce
a natural inherent topology, BP topology, which is always complete Hausdorff
for any space. We then construct a spectra map which calculates infinite
BP-linear sums convergent with respect to the BP topology, and a spectrum
which describes infinite sum BP-linear relations in BP cohomology. The mod
p cohomology of this spectrum is a cyclic module over the Steenrod algebra
with relations generated by products of exactly two Milnor primitives. We
show a close relationship between BP-linear relations in BP cohomology and
the action of the Milnor primitives on mod p cohomology. We prove main
relations in the BP cohomology of Eilenberg—-Mac Lane spaces. These are
infinite sum BP-linear relations convergent with respect to the BP topology.
Using BP fundamental classes, we define vy,-series which are vy,-analogues of
the p-series. Finally, we show that the above main relations come from the
Vn-series.

1. INTRODUCTION AND SUMMARY OF RESULTS

Generally speaking, the Brown-Peterson (BP) cohomology theory has more in-
teresting structures and yet simpler descriptions than the BP homology theory.

In generalized cohomology theories we need to deal with infinite sums of elements,
and to discuss convergences, we need a topology on these cohomology groups. For
infinite dimensional CW complexes, the skeletal filtration topology is commonly
used. However, this topology often fails to be complete Hausdorff, and there can
exist elements of infinite filtration, so-called phantom elements, which vanish when
restricted to any finite skeleton. For a generalized cohomology theory satisfying
the Milnor’s additivity axiom [M3], being Hausdorff and being complete Hausdorff
are equivalent. When a topology on cohomology groups is not complete Hausdorff,
convergence problems are tricky.

However, the good news is that for the BP cohomology theory the situation is
very good. We show that there is a very natural and inherent topology on BP
cohomology groups of any spectrum which is not necessarily a CW-spectrum. This
topology is derived from the global structure of BP theory, namely the existence of

Received by the editors April 30, 1998.

1991 Mathematics Subject Classification. Primary 55N10, 55N20.

Key words and phrases. Brown-Peterson (co)homology theory, BP fundamental class, BP
topology, Eilenberg—Mac Lane spaces, Milnor primitives, 2-spectrum, Steenrod algebra, Sullivan
exact sequence, vp-series.

This research was partially supported by a Faculty Research Grant, University of California
at Santa Cruz.

©1999 American Mathematical Society

5139



5140 HIROTAKA TAMANOI

the BP-tower. This is the following sequence of BP-module spectra and BP-module
spectra maps:

(1-1) BP — .- = BP(n+1) —» BP(n) — --- — BP(0) = HZ,) — HZy,

where m, (BP(n)) = Z [v1,v2, . . ., vp] with |v;] = 2(p'—1) for 1 <i < n, and HZ,)
and HZ, are Eilenberg-Mac Lane spectra for the ring Z, of localized integers at
p and the ring Z, of mod p integers.

For any spectrum X and k € Z, we consider a decreasing filtration

(1-2) BP*(X)D F '>F'>F'D...OF" D,
where F" = Ker {p(,), : BP*(X) — BP(n)"*(X)}.
The BP topology is defined to be the topology defined by this filtration. Although

the BP topology on BP*(X) can be defined for any spectrum X, it is inherently an
unstable notion and it only exhibits nice properties when X is a space.

Proposition 1-1 [Proposition 2-1]. For any k € Z, the BP-topology on BP*(X)
is always complete Hausdorff for any space X .

Thus any Cauchy sequence in BP*(X) always converges to a unique limit when
X is a space. Although many results in this paper are valid for any spectrum X,
we must assume that X is a space (not necessarily a CW complex) when we need
convergences.

We are interested in infinite BP-linear sums in BP*(X) of the following form:

e
(1'3) Zvnbn:pb0+vlb1+"'+1}nbn+"',
n=0

where b,, € BP**?"~1(X) for n > 0.

Corollary 1-2 [Corollary 2-3]. Any infinite sum of the form (1-3) always con-
verges to a unique element in BP*¥*1(X) with respect to the BP topology for any
space X and for any collection of elements b, € BP*2P"~1(X) for n > 0.

We want to calculate the limit of the infinite sum (1-3). We consider the following
composition k of BP-module maps:

(1-4)  w:[] 20 -Dpp = vV T2 ~1)BPp Vv \/ BP folding 131,
=0 =0 i=0

Here, 3% denotes the k-fold formal suspension of spectra, and the first arrow is a
homotopy equivalence [Lemma 2-4]. For any spectrum X, the induced map

oo .
Ky o [ BPFH'-1(X) —— BPF(X)
i=0
provides us with a well-defined element . (bo,b1,...,bn,...) for any sequence of
elements b = (bg, b1,...,bn,...) of appropriate degrees. Note that k. (b) is a well-

defined element in BP cohomology of any spectrum X. However, when X is a
space, we can identify this element as the limit of (1-3).

Theorem 1-3 [Theorem 2-7]. For any elements b; € BPF+2P'=1(X) for i > 0,
where X is a space, the limit of (1-3) is given by k.. Namely,

(1-5) Kulbo,br, . bi ) =Y wvibi  in BPFTH(X),
i>0
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where the convergence on the right hand side is with respect to the BP-topology.

When X is an infinite dimensional CW complex, we can also consider the skeletal
filtration topology on BP*(X). Although these two topologies have very different
origin, it turns out that the BP topology is finer than the skeletal filtration topology
[Proposition 2-8]. So any convergent sequence with respect to the BP topology also
converges with respect to the skeletal filtration topology, but not vice versa.

Let L be the cofibre spectrum of the spectra map x. We have the following
cofibre sequence:

L.

X o0 i
(1-6) sy A% T w20 -0gp %, Bp
1=0

Since k is a BP-module map, the spectrum L is a BP-module spectrum. This
spectrum L turns out to have very interesting properties.

Theorem 1-4 [Theorem 3-1]. Let X be a space and let k € Z.
(I) For any element z € L*(X), let b; = q;,(z) € BP**?P'=1(X) fori > 0. Then
pbo +viby 4+ - +vpby +--- =0 in BPFI(X),
where the convergence is with respect to the BP-topology.

(IT) There exists a spectra map n: L — HZ, such that the following diagram
strictly commutes (not up to an unknown nonzero constant in Z,) for any i > 0:

Lk(X) Qi BPk+2pi71(X) 0~ Lk+2pi71(X)

(1-7) Ti*l lp* ln*
Qi i i
HZ’; (X) — HZ’;+2P 1 (X) _ HZ];+2P 1 (X),

where Q; is the i-th Milnor primitive in the Steenrod algebra, and p : BP — HZ,
is the Thom map.

(IIT) The mod p cohomology of the spectrum L is the following cyclic module over
the Steenrod algebra A(p) generated by n:

(1-8) HZ(L) = [A(p)) Y Ap)QiQ;] -n.
,§>0

Part (I) says that each element in L*(X) can be thought of as an infinite sum
BP-linear relation in BP cohomology. Thus we call L the spectrum of BP-linear
relations. Part (IT) shows that in L-theory, there exist Milnor operations g;, namely
6 o q; for i > 0. But any product among them is zero, since g; o § = 0 for any j in
the cofibre sequence (1-6). Part (III) is a reflection of this fact, and it shows that
there are no other relations in the mod p cohomology of L.

We can also consider finite BP-linear sums in BP(n)*(X) of the form

(1-9) pbo + v1b1 + -+ - + v by,
The spectra map which calculates this summation is the following composition of
BP-module maps:
Ky 1 1] B3P "DBP(n) «——— \/ n2¢'~DBP(n)
(1_10) =0 ‘ =0
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Let L(n) be the cofibre of ). Then L(n) is a BP-module spectrum with properties
corresponding to a finite version of Theorem 1-4 [Theorem 4-1]. These BP-module
spectra L(n) fit into the following tower [Proposition 4-5]:
(1-11) R

L—--—Ln+1) —— L{n) —»--- — L(1) — L(0) = HZ,.
This tower can be used to construct infinite sum BP-linear relations in BP*(X)
from finite sum BP-linear relations in BP(n)*(X) [Theorem 4-6].

The BP cohomology theory and mod p cohomology theory are closely related
by the Thom map p, : BP*(X) — HZ;(X). Through p., BP-linear relations in
BP*(X) translate into a certain property of the action of Milnor primitives on the
mod p cohomology of X.

Proposition 1-5 [Proposition 5-1]. Let X be a space and let k be a positive integer.
Suppose we have

pbo +v1b1 + -+ by + - =0 in BPkJrl(X)

for some elements b, € BP*t2P"~1(X) for n > 0. Then there exists an element
x € HZY(X) such that in mod p cohomology we have

(1-12) px(bn) = Qn(z) forall n>0.

Proposition 1-5 for finite sum BP-linear relations was first proved in [Y1] when
X is a finite complex using a geometric method of manifolds with singularities. Our
general result is proved in the stable category of spectra.

We remark that we can easily write down the corresponding BP homology version
of the above proposition.

We consider a converse problem of constructing (infinite sum) BP-linear relations
in BP cohomology from information on the action of the Milnor primitives on mod
p cohomology.

Theorem 1-6 [Theorem 5-6]. Let X be a space and let k,n be non-negative inte-
gers such that k < 2(p"~'+---+p+1). Then for any element

(1-13) v € Tm {pl" " BP{n — 1)}(X) —— HZ}(X)},
there exist elements by ; € BP]H_QP"H_l(X) for j > 0 such that in BP*1(X),
Unbn + Unt1bpt1 + -+ Ungjbpy + - =0,  and

pi(bntj) = Quyj(z)  forall 7>0.

We apply our results to study the BP cohomology of Eilenberg—Mac Lane spaces.
In this introductory summary, we describe our results for the integral Eilenberg—
Mac Lane spaces localized at p, K(Z,),n +2) with n > 1. Let

(1-15) S ={(s1,82,...,8,) EZ" |0 < 81 <+ < 8,}

be the set of strictly increasing sequences of n positive integers. In [T1], we produced
nontrivial elements bg € BP* (K (Z(y),n + 2)) for each S € S with the property

(1_16) p*(bs) = QS(TnJrQ) = QSlQSz . 'an (Tn+2) 7£ 0

in HZ; (K (Zy),n +2)). Here Tnyo € HZIT? (K (Zp),n+ 2)) is the mod p funda-
mental class. Our main result in [TT] was that for X = K(Z,),n + 2),

(1-17) Im {p.: BP*(X) —— HZS5(X)} = Z,[Qs(rns2) | S € S;f].

(1-14)
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Here, the right hand side is a polynomial subalgebra of HZ; (K(Z(p), n + 2)) In
[RWY], they proved that (quoting results in [RWT]) these elements bg actually gen-
erate the entire BP cohomology of K(Z),n + 2). As the next step, we want to
study infinite sum BP-linear relations in the BP cohomology of Eilenberg—Mac Lane
spaces. Let X = K(Z,),n +2). Repeatedly applying the connecting homomor-
phisms

A, BP(m —1)"(X) —— BP(m)" %" ~1(X)
in the Sullivan exact sequences to a Z-lift 7,, ;2 of the mod p fundamental class
Tnt2, we can produce an element z € BP(n — 1)2(¢" " +++p+1 (X)) such that

(1-18) P () = Quot - Qu(Tnsn) 0 in HZE(X).

For a systematic study of the mod p cohomology of Eilenberg—Mac Lane spaces
in terms of the Milnor basis, see [T2]. Applying Theorem 1-6, we then obtain an
infinite sum BP-linear relation in the BP cohomology of K(Z),n + 2).

Theorem 1-7 [Theorem 6-3]. Let n > 1. There exist nontrivial elements
(1-19) by € BPPPHPT D (R (2 1 2)

for j >0 such that in BP2®" "+t +2 (K(Zy,n+2)) we have

Unbp + Unt1bptr + -+ Vppjbpy; +---+ =0, and
Px(bntj) = QuijQn-1---Q1(Tni2) #0 for j>0.

Here byyj = b(1,2,... n—1,n+j) in our previous notation bs for S € St.

(1-20)

We have corresponding statements for the mod p’ Eilenberg-Mac Lane spaces.
It is well known that the BP cohomology of K(Z,,1) is given by

(1-21) BP*(K(Zy,1)) = BP*[[z]]/([p](x)),

where [p](z) is the p-series with respect to the formal group law in BP theory. In
analogy, we would like to think of the BP-linear relation in (1-20) as a v,-analogue
of p-series. But then we must ask ourselves “what is a v,-series?” Is there such a
thing at all? If it exists, where does it live? We answer these questions by explicitly
presenting a wv,-series with right properties.

Let {BP(n).} be the Q-spectrum of BP(n). By Wilson’s the splitting theorem
(W], BP(n)a(pnt...qpt1)+t 18 a factor space of BPyn i ...qp 1)y When t < 0. Let

(1-22)
LQ?P’L+"~+p+1)+t : E<n>2(p"Jr~~~+p+1)+t - Qz(anr...erJrl)H, t <0,

be the inclusion map afforded by the Splitting Theorem. The map ¢(™ above can
be thought of as a BP cohomology class which we call a BP fundamental class of
the space BP(n)o(pnt...4pr1)4¢ for t < 0. When ¢ > 0, BP fundamental classes do
not exist.

Definition 1-8 [Definition 6-4]. Let L;?;,L,1+m+p+1)+2 be the BP fundamental

class for the space BP(n)y(pn-14...4pt1)+2. The pull-back of this class by the v,-
multiplication map

(1-23) Un i BP()oprtqprry —— BR(n)ogpm-14gpinyse
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is defined to be the v,-series denoted by [v,]. Namely,

* n—1,4 .
(1-24)  [on] = vn(bé?;"fl+...+p+1)+2) € Bp2P" P UR2(BP () g pi1))-

Observe that when n = 0, we have BP(0)s = K (7%
BP? ((CP‘E;’)) is the following map:

2) = CP;) and [v] €

p)?

(0)

(1-25) [p] = [vo] : CPE, —L— TP, = BP(0); —2— BP,.
Thus, the element [p] € BPQ((CP?;’)) defined by (1-24) coincides with the ordinary p-

series [p](z) when we choose Lé()) =z€ BPQ((CP?;’)) to be the usual BP-orientation.
To study the v,-series (1-24) in detail, we introduce the following maps for j > 1:
L)
95:«23 BP(n)a(pn 4t p1) — BPy(yntotpt) — BPypn—tqipi1)+2

proj({n+j) . St
B

(1-26) BP(n + japntipn—tpotpr1) = BPogniiypn1 gy

Here the map proj{n + j) is the projection map afforded by Wilson’s Splitting
Theorem which, in this case, says

BPy(pn-1qipi1)r2 = BP(M)opn-14.qpi1)t2

(1-27) HBP n+] 2(pnti4pr—li...fpt1)-
j=1

Note that 6. € BP2@"/+2" " +42+D) (BP(n)g(yn ..y pr1)) for j > 1. Let 63"
be the BP-fundamental class LS(LIZ"+~~+p+1) of BP(n)a(pn+...4pt+1)-
Theorem 1-9 [Proposition 6-5, Proposition 6-6]. (I) The v,-series
[vs] € BP2(P" H kit )42 (BP(n)apn +--4pt1))
is of the following form:
(1-28) [0n] = 005 + V1050 + v O

where the convergence is with respect to the BP topology.
(IT) The pull-back of the vy-series [v,] by the map

A A Ap
Apo--0Ay: K(Zgyy,n+2) — BP(1)apint1 —> -+ — BR(n)gpnigpin)
to the BP cohomology of Eilenberg-Mac Lane space K (Zy,n + 2) is equal to zero,
and in BP2(" tp )42 (K(Zpy,n +2)) the v,-series induces the following in-
finite sum BP-linear relation:

(1—29) Unbn + Un+1bn+1 + -+ Un+j anr] = 0

where by = (Ap 0+ 0 Ap)* (9 ;)€ BP2(r" 4P TP (K (Zpy,n + 2)) for
7 >0 has the property

(1'30) Px ( n+j) Qn-‘:—an 1- Q1(7n+2) # 0.

Thus, our BP-linear relation (1-20), discovered by our general theory, actually
comes from the v,,-series, which in turn comes from the BP fundamental class ¢ of
the space BP(n)o(n4...4p+1)- Thus the relation (1-29) can be appropriately called
the main relation in the BP cohomology of Eilenberg-Mac Lane space K (Z,), n+2).
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In [RWY], they give a description of BP* (K(Z(p), n+ 2)) as a certain quotient.
More precisely, they prove that

(1-31) BP, (K (Zp),n +2)) 2 BP, (BR()agr - 1pt1) / (v3),

where (v}) is the ideal generated by the image of the following map induced by the
vp-multiplication map (1-23):

(1-32) vl BP,(BP(n)a(pn—14..ipi1yi2) — BP,(BP(M)agpns.gpin))-

Here, ﬁ’p is the p-adic completion of the BP-spectrum. Our definition of the
vp-series (1-24) was motivated by their result. Unfortunately, [RWY] is not very
explicit about the ideal (v}) which gives all the relations in the BP cohomology
of Eilenberg—Mac Lane spaces. Our results on main relations and the v,,-series go
some distance towards clarifying the ideal (v}) of relations in the BP cohomology.

The organization of this paper is as follows. In §2, we introduce the BP topology
on BP cohomology groups of any spectrum X, and we show that this topology
is complete Hausdorff when X is a space. In §3 and §4, we introduce spectra
L and L(n) of BP-linear relations and we show that these theories have Milnor
primitives, and we calculate their mod p cohomology as modules over the Steenrod
algebra. In §5, we demonstrate a close connection between BP-linear relations in
BP cohomology and actions of Milnor primitives in mod p cohomology. Finally,
in §6 we prove our main BP-linear relations in the BP cohomology of Eilenberg—
Mac Lane spaces and show that these relations come from v, -series.

2. BP TOPOLOGY AND A SPECTRA MAP WHICH CALCULATES INFINITE SUMS

For a generalized cohomology theory h*(X) of an infinite dimensional CW com-
plex X, the skeletal filtration topology is commonly used. If the generalized coho-
mology theory h*( - ) further satisfies the additivity axiom of Milnor [M3], then we
have the Milnor’s exact sequence:

0 — lim'A*~H(X ™) — A*(X) — limh* (X)) — 0,
m m
where {h*(X(™)},,cz is the inverse system formed by the skeletal filtration on X.
In this exact sequence, lim L _term describes the set of elements of infinite filtration.
If elements of infinite filtration, also called phantom maps, do not exist in h*(X),
then the topology is complete Hausdorff and Cauchy sequences converge to unique
limits. Since in generalized cohomology theories, we must routinely consider infinite
sums of elements, a non-Hausdorff topology on cohomology groups causes a serious
problem in studying relations among generators of cohomology groups.

Fortunately, on BP cohomology groups there exists a very natural and inherent
topology which is always complete Hausdorff for any space X, which may not even
be a CW complex. We call this topology BP-topology which we now define. Recall
that there exists a tower of BP-module spectra BP(n) for n > 0 and BP-module
maps [JWIJ:

(2-1) P(nt1) it p{™
BP —— BP(n+1) —— BP(n) —— BP(-1) = HZ,.
Using the BP-module map p(,y: BP — BP(n), we let

(2-2) F"(BP*(X)) = Ker {p(ny, : BP*(X) —— BP(n)*(X)}
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for any spectrum X and for any n > —1, k € Z. This defines a decreasing filtration
on the BP cohomology of X:

BPF(X)DF 'OF'>F' ... F">... D), F™

The topology on BP*¥(X) for k € Z defined by this filtration is the BP topol-
ogy. That is, the base for the neighborhood system of an element x € BP¥(X) is
{z + F"},. Thus a sequence of elements {x;} in BP*(X) converges to an element
x if for any integer n there exists an integer N such that pi,y (v — 2p) = 0 for all
m > N. The BP topology is inherently an unstable notion.

Proposition 2-1. Let X be any topological space (which may not even be a CW
complex). Then the BP-topology on BP*(X) is complete Hausdorff. Namely, we
have the following:

(2-3) N F"(BP*(X)) = {0}
(2-4) p. = limpy,, : BPF(X) —— HmBP(n)*(X).

For the proof of this proposition, we need Wilson’s Splitting Theorem.

Theorem 2-2 ([W]). (i) Let k < 2(p" +---+p+1). Then we have the following
homotopy equivalence among spaces of the Q-spectra of BP and BP(n)’s:

(2-5) BP, 2 BP(n)i x [ [BR()rr2(-1)-
j>n+1

Ifk <2(p™+---+p+1), then this equivalence is as H-spaces.
(il) Letm >n and k <2(p" +---+p+1). Then we have

(2-6) BP(m)i = BP(n)y, x [ [ BR()rraqi—1)-
j=n+1

Ifk <2(p™+---+p+1), then this equivalence is as H-spaces.

Proof of Proposition 2-1. Wilson’s Splitting Theorem shows that for a fixed k,
BP(n)*(X) is a direct summand of BP¥(X) for n satisfying k < 2(p" +---+p+1),
and for such an n, the induced map p(,) : BP*(X) — BP(n)*(X) is surjective. We
fix one such ng. Then for any m > ng, we have

(+) BP*(X) 2 BP(no)"(X) x [ BP(j)* 2%~V (X),
j=>no+1

() BP(m)*(X) 2 BP(no)*(X) x [[ BP()H)**" "D (X).
j=no+1

To show injectivity of p., suppose px(x) = 0 for an element z € BP*(X). By
definition, this means that p(,,y (z) = 0 in BP(m)*(X) for any m. In the decom-
position (x), let the element in the right hand side corresponding to # € BP*(X) be
(Zng» Trg+1, - - - Tj, - . ), Wwhere z; € BP(j)’”Q(pj’l)(X). Since the decompositions
(¥) and (+*) are compatible, p(y,y (x) = 0 implies that z,,, = --- = z,, = 0. Since
m > ng is arbitrary, we have z; = 0 for all j > ng. Thus, from (), this implies that
x = 0. This proves that p, is injective. Since (), F"(BP*(X)) = N, Kerpp,y, =
Ker ps, (i) also follows.
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Next we prove surjectivity of p.. Let {y,}n € lim,BP(n)*(X) be any element in
the inverse limit. This means that elements y,, are compatible in the sense that for
any m > n, we have P%l (Ym) = Yn. Thus, we only have to consider elements from
the ng-th term on. Let m > ng. In (xx), let (zy,,...,Zm) be the element in the
right hand side corresponding to y,, € BP{m)*(X). If we use different m’ such that
m’ > m, ym, defines the same element z; € BP(j)F+2(P" ~1)(X) for ng < j < m,
because y,,,» and vy, are compatible. Since m is arbitrary, we obtain an infinite
sequence of elements

(@ngs g1+ 25, -+ ) € BP(ng)*(X) x T BP(H* 201 ().
Jj=no+1

Let # € BP*(X) be the element in the left hand side of () corresponding to the
above sequence. We then have p(n) (7) = Y, for any m > ng, since both elements
correspond to (Zn,,. .., Zm) in the decomposition (xx). Hence py(z) = {ym}m and
Px is surjective. This completes the proof that p, is an isomorphism.

Corollary 2-3. Let X be any topological space. Let b; € BP’H‘Q(”i_l)(X) be any
element fori > 0. Then i v;b; always converges to a unique element in BP*(X)
with respect to the BP-topology.

Proof. Let x,, = Y1 ;v;b; be a finite sum, and let yn = p(ny (z) € BP(n)*(X)
for any n > 0. We claim that elements y,, define an element {y,} in the inverse
limit lim ,, BP(n)*(X). To see this, observe that

(n+

1 n+1
Piny, >(yn+1) = Pén;z :

o p(n-l—l}*(anrl) - p(n>*(xn + anrlanrl)
= p(n>*(xn) + p(n>*(vn+1) : p(n>*(bn+1) = p(n)*(xn) = Yn,

where the fourth equality holds because the BP-module map p,,  has the prop-
erty piy,(vny1) = 0. Thus, the sequence {y,}, defines an element in the inverse
limit and, by Proposition 2-1, it defines a unique element x € BP¥(X) such that
Piny, (T) = yn for all n.

We now show that the sequence of finite sums zg, 21, ..., Zy,... converges to x
in BP*(X) with respect to the BP topology. We observe that for any m > n,

Pin (:L‘ - xm) = p(n)*(x) - p(n>*(xm) =yYn—Yn=0¢ BP<n>k(X)v

)
since p(ny, (vi) = 0 for & > n. This means that for any given n, we have x — z,, €

Fm(BP*(X)) for all m > n. Hence the sequence {z,,} converges to z in the BP
topology. O

Next, we construct a spectra map which automatically calculates infinite sums
of elements of the form ) ,.,v;b; in BP*(X), where the convergence is with respect
to the BP topology. -

For this, we recall a few facts about a family of spectra. (For details, see Part
I1I, §3 of Adams [Ad].) Let {Xa}aeca be a family of CW spectra indexed by a € A.
Then by E. H. Brown’s Representability Theorem, we can consider the product
spectrum [[, X, defined by the property

[Ya la_[Xa] - l_a[[Y; Xa]
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for any CW spectrum Y. The coproduct \/, X, is defined by the property

Vo Y] = [[[X0. V]

«

The coproduct can be taken to be the one point union spectrum. From the two
properties above, we have a canonical map

VXo — [[Xa,
a a

whose component X, — Xpg is the identity map if & = 3, and 0 if o # 8. The
following lemma is well known.

Lemma 2-4 [Ad| p. 157]. Suppose for each n, we have m,(Xs) = 0 for all but
finitely many «. Then the following canonical map is an equivalence:

VXo — J[Xa.
[} «

We go back to constructing a spectra map calculating infinite sums. We consider
the following composition x of BP-module maps:

27 k1 20 -DBp = \/ 220 -1IBp Vs \/ BP folding
>0 i>0 Jo —

BP.

The equivalence of the first map is due to Lemma 2-4. Components of the second
map is induced by the v;-multiplication for ¢ > 0:

(2-8) 4, 220'-UBP =~ §20'-D ABP —%AL, BPABP —“— BP,

where p is the multiplication map in BP, and S 2(r'-1) jg a suspension of the sphere
spectrum. The folding map is the map whose restriction to each component of the
coproduct is the identity map. Namely,

[\/ BP,BP] = [ [[BP, BP]

(2 9) i>0 i>0
folding «— | [1dsp
i>0

We also consider the following related spectra maps:

L 2pi—1) =~ n 2pi—1) V vi v folding
(2-10) kg : [[ 2*?» ~YBP — V\ £°®? " UBP —— \/ BP —— BP,

i=0 i=0 i=0
Ky 1 [] B2 "DBP(n) «——— \/ n2¢'~DVBP(n)
(2_11) =0 ‘ =0 . .
Vv, \/ BP<’I7,> olding BP(n)
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Of course, the corresponding induced maps on the BP cohomology of a spectrum
X are finite BP-linear sums:

. [ BPF20 D (X) — BPR(X),
=0
n

(2—12) (bo, bl, PN ,bn) — Zvibi

=0

Ky, [[BP)F2P D (X) — BP(n)*(X),
=0

(2_13) ( 6; /1a7b{n) '_)szb;
1=0

We are most interested in the cohomology map induced by x:

ki [ BPHH2P D (X) — BPF(X)
(2-14) i>0
(bo,bl,...,bi,...) — Ii*(bo,bl,...,bi,...).

When X is a general spectrum, we do not know whether BP*(X) is a complete
Hausdorff topological space or not, and an infinite sum of the form Z;‘ﬁo v;b; may
or may not make sense as an element of BP*(X). However, even for a general
spectrum X, the element . (bg,b1,...,b;,...) is always well defined in the BP
cohomology.

We want to identify the element k. (b, . .., i, ...) with the infinite sum ) ., v;b;
which is convergent with respect to the BP topology by Corollary 2-3 when X is a
space.

We first consider the behavior of x, when almost all b;’s are zero.

Lemma 2-5. For any spectrum X, let b; € BP’““(?’LD(X) for 0 <i<n be any
elements. Then Kk, reduces to a finite BP-linear sum map. Namely,

(2—15) R*(bo,bl,...,bn,o,...)szibi.
i=0

Proof. We consider the following commutative disgram of spectra and spectra maps:

o 2(pt—1 = o9 2(pt—1 Vi > folding
k[ 2P -UBP — \/ x20'-UBp X \/ BP ——% BP
i=0 1=0 =0

inclusionT inclusionT inclusionT H

ot [] 320 -DBP =\ w20 -upp VU, gp M pp
=0 i=0 =0

Induced cohomology maps give the following commutative diagram:

(bo; b1, ... by, 0,...) € [[ BPF 20 -D(X) =, BPK(X)
=0

I I |

(bo,b1,...,by) € J] BPF20'-D(X) —“m=, BPF(X).
=0
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The bottom row is a finite sum map (2-12) and we have k., (bo, . .., bn) = > i vibs.
Hence the commutativity of the above diagram proves (2-15). |

Thus, when there are only finitely many non-trivial elements, the map k. is
really the summation map with v;-coefficients. We cannot just let n tend to oo
because we must deal with the convergence with respect to the BP topology. Since
the BP topology is defined using the spectra map p(,,: BP — BP(n), we examine
the behavior of . with respect to p(,) .

Lemma 2-6. Let X be any spectrum. For arbitrary elements b; € BP’”Q(’)LU(X)
fori >0, let & = k.(bo,b1,...,b;,...) € BPK(X). Then letting b§n> = pny (bi) for
i >0, we have

(2-16) Py, () = D v b in BP(n)*(X).
i=0

Proof. We consider the following commutative diagram:

o 2(p'—1) ~ oo 2(p'—1) Vv oo folding
[[=2¢'-DBP =\ x20'-ugp Y%, \pp dine pgp
=0 =0 =0

=) i =3 i oo
l,ljozﬂp Y piny l'\—/OZQ(p Dy lv\_/op(n> J{pm)

11 EQ(Pi—l)BP<n> .= \/ Ez(pi_1)Bp<n> V_”) \/ BP(n) % BP(n)
i=0 i=0 i=0

Projl Projl inclusionT H
2(pt—1) = ¢ 2(p'—1) Vi " folding
20 -DBP(n) «——— \/ ¥20'-UBP(n) —s \/ BP(n) 21", BP(n).
0 i=0 i=0

—

(2

The commutativity of squares is obvious, except possibly the lower middle one.
This one commutes because the multiplication map v;: 22®'~DBP(n) — BP(n) is
a zero map for ¢ > n. The induced cohomology diagram of a spectrum X is

- oS i K -,
b=(bo,.  bn,bps1,...) € [[ BPFH2P'-D(X) 0 BPF(X)3z=r.()
=0

l l oo

b, i 0,y € T] BP)k+20 =D (X) e BP()E(X) 53 v;b™.
i=0 1=0
The commutativity of this diagram proves the result. [l

Now we show that the spectra map k does calculate infinite sums with respect
to the BP topology.

Theorem 2-7. For any space X, let b; € BP’“"’Q(?’LD(X) for i > 0 be any ele-
ments. Let x, = Y ., vib; be a finite sum. Then the sequence {x,} converges to
the element ky(bo, ..., bi,...) in the BP-topology. That is, in BP*(X) we have

(2—18) Ii*(bo,bl,...,bi,...):Zvibi.
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Proof. Let © = ku(bo,...,bpn,...) € BP¥(X). By Proposition 2-1, we know that
the sequence {z,,} converges to a unique element. We must show that this element
is «. For any n, by Lemma 2-6, we have

Piny, (@) = pny, (Fx(bos - brs by, ... ) = Zvi “Peny (bi)-
=0

Let by, = (boy---ybnye ey bim,0,...) for m > n. From Lemma 2-5, we have /i*(l;m) =
Z?;O vib; = . Applying Lemma 2-6 to b,,, we have

p<n>*(l‘m) = p<n>*(1€*(b0, . ,bn, ey bm7 0, . )) = Zvi . P<n>*(bi)-
i=0

Hence p(ny, (2) = p(ny, (2m) for all m > n. In other words, z — x,, € F"(BP*(X))
for all m > n. This means that the sequence {x,} converges to x. O

When X is an infinite dimensional CW complex, we can consider two different
topologies on BP*(X): the BP topology and the skeletal filtration topology. We
compare these two topologies.

Recall that the skeletal filtration on BP*(X) is a decreasing filtration

BPF(X)=G’>G'>---DG" D -

2-19
) e @r = (BP*(X)) = Ker {r},_;: BP¥(X) — BP*(X ("~}

Here r,: X(™ — X is the inclusion map of the n-skeleton of X. The skeletal
filtration topology may not be complete Hausdorff due to the existence of phantom
maps.

On the other hand, the BP topology is always complete Hausdorff for any infinite
dimensional CW complex by Proposition 2-1. Although the definitions of these two
topologies are very different, we show that we can compare these two topologies
and, in fact, the BP topology is finer than the skeletal filtration topology. For
convenience, let F5p and denote the BP-filtration (2-2) and the skeletal

skeleton

filtration (2-19), respectively.

Proposition 2-8. Let X be an infinite dimensional CW complex. Then the BP-
topology is finer than the skeletal filtration topology. More precisely, for a given k,
let mo be any integer such that k < 2(p™° +---+p+1). Then for any m > mo,

(2-20) Fn (BPF(X)) € FEL20™ =D (Bpk( X)),

skeleton
Thus, any sequence convergent in the BP-topology is also convergent in the skeletal
filtration topology.
Proof. Let m,n be as above. We consider the following diagram:

P(m),
—

BP*(X) BP (m)* (X)

’ :
BPF (X (k+207 1 =9)) Pm. BP (m)* (X (b+20" 7 =3)),
(k+2p™t1-3)

where r : X — X is the inclusion map. For the upper horizontal map,
Kerpmy, = Fgp (BP’“(X)). Since k < 2(p™ + -+ + p + 1), by Wilson’s Splitting
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Theorem we have
BP*(X) = BP(m)*(X) x [ BP(j)*+2* 1 (x).
j>m+1
For the (k‘ +2(pm Tt —1) — 1)—skeleton of X, for j > m + 1 we have
BP<j>k+2(le)(X(k”pm“*g)) = [X(kﬁpmﬂf‘g),E<j>k+2(p.u1)] =0,
since BP(j)yqo(pi—1) is at least (k + 2p™*1 — 3)-connected for j > m + 1. Thus

BP (X (k+20" T =3)) L0 Bk (X (k20 =5)),

Then the above commutative diagram implies that

F (BPH(X)) = Ker pryny. C Kerr* = FEE20" =1 (Bpk(x)),

skeleton

for any m > myq. This completes the proof. O

3. SPECTRUM L OF INFINITE SUM BP-LINEAR RELATIONS

We consider a spectrum which is closely related to the infinite BP-linear sum
map & of (2-7). Namely, let L be the cofibre spectrum of the spectra map k. The
resulting cofibre sequence is

(3-1) -1 A%, ] s20'-vgp %, Bp
1=0

L

)

where ¢; : L — X2P'~1BP is the map to the i-th factor. We study the mod p
cohomology of L and properties of ¢;. The cofibre sequence (3-1) induces the
following cohomology exact sequence for any spectrum X:

s —— LX) M. | HBP*“(”LD(X) — ., BP*(X)
(3-2) =0
X)) —

The mod p cohomology exact sequence of the cofibre sequence (3-1) is of the form

(33) - —— A]:[OHZZ”(’)LD(BP) " HZ:(BP)
il * Yat Ty *—2p'+1
" Hzr(L) =T [] HZG % HY(BP) ——
=0

When * = 0, the map 6*: HZ)(L) — HZ)(BP) is an isomorphism by dimensional
reason and by the fact that p* = 0 on mod p cohomology. Let n: L — HZ, be an
element in HZY)(L) corresponding to the Thom map p : BP — HZ, in HZ)(BP)
under the isomorphism 6* That is, p = 6*(n) = no 6.

Let Q; be the i-th Milnor primitive in the mod p Steenrod algebra A(p) [M1] M2].
These elements are defined by

Qo = Bockstein operator,
Qni1 =PPQn—Q,P", n>0.

The operation Q; raises the cohomology degree by 2p* — 1.
The purpose of this section is to prove the following theorem.

(3-4)
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Theorem 3-1. The spectrum L is a BP-module spectrum with the following prop-
erties: _

(I) Let X be a space. For any z € L*(X), let b; = ¢;,(z) € BP*+2P'~1(X) for
1> 0. Then we have

pbo +v1b1 + -+ by +--- =0 in BPFTL(X).

Here the convergence is with respect to the BP topology.
(II) For any i > 0, the following diagram commutes (up to homotopy):

L qi EQpi—lBP w2’ -l 22pi—1L

(3'5) J/VI lz%i—lp lz%i—ln
HZ, —% s¥'-1g7, —— 2'-1H7,
The Milnor operation G; in L-theory can be defined by G = X2P' =10 0 q; for i > 0,
and they satisfy g; o ¢; = 0 for any i,j > 0.
(III) The mod p cohomology of the spectrum L is the following cyclic module over
the mod p Steenrod algebra A(p) generated by n:

(3-6) HZ,(L) = [AWp) 3 Alp)- Qs .

(IV) The coefficient group of L-theory is such that L* = 0 when x > 0 and
LY = 7, spanned by n. When * < 0, the group L* is torsion free and we have the
following exact sequence:

[T i Kx
0 L* A9, [Bp++2'-1 S, Bprtl L0, s <0,
i>0
where Ky (o, a1, ..., 04, ... ) =D .00 S a finite sum map.

Proof of (1) and (IV). (I) For a given 2z € L¥(X), by exactness of (3-2), we have
kx(bo, ... bn,...) = 0 in BP**1(X). By Theorem 2-7, this means Y, v;b; = 0.
This proves (I). N

(IV) The homotopy exact sequence of the cofibre sequence (3-1) is

O px ...

N L*_l [Tai. H BP*+2(pi_1) K BP*

i>0
We observe that Im (k) is the ideal I = (p,v1,...,Vn,...) C BP* and BP* /I =
Z, concentrated in degree 0. Thus, when * < 0, k4 is surjective and we obtain the
short exact sequence in (IV). Note that k. reduces to a finite sum since BP* # 0
only for x < 0. (|

Part (I) shows that any element z € L*(X) gives rise to an infinite sum BP-linear
relation in BP*(X'). This is why we call the spectrum L the spectrum of BP-linear
relations.

Part (II) is proved by a sequence of lemmas. Note that the commutativity of
the right square in (3-5) follows from the definition of the map 7. We prove the
commutativity of the left square.

To examine the spectra map k, we compare it with the v;-multiplication map on
BP. We examine the following cofibre sequence:

(3-7)  ¥-1BP(y;) —2— ¥20'-UBP —% ., BP —% ., BP(v;), i>0.
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Here BP(v;) is the cofibre of the v;-multiplication map. Its homotopy group is
7. (BP(v;)) = BP./(v;). The mod p cohomology of the cofibre sequence (3-7) gives

(38) ... —— HZHBP(v) —— Hz,*" VBP " HZ:BP

L HZIBP(v) 2 HZ:2'+IBP e ...

Observe that when % = 0, j is an isomorphism. This is clear when ¢ > 0 by
dimensional reason. When ¢ = 0, we get the same conclusion since p* = 0 in mod
p cohomology. Let p;:BP(v;) — HZ, be the map corresponding to the Thom map
p : BP — HZ, through the isomorphism j*. Thus, p = j(p;) = p; o j; for i > 0.

The mod p cohomology modules of the spectra BP and BP(v;) are known. Let
P(p) = A(p)/(Qo) be the algebra of Steenrod reduced powers, where (Qo) is the
two-sided ideal generated by Q.

Lemma 3-2 [BM]. As modules over the Steenrod algebra, the mod p cohomologies
of BP and BP(v;) are the following cyclic modules generated by p and p;:

(3-9)
HZ;(BP) = [A(p)/AP)(Q0, Q1. Qus )| p = P(w)p,
HZ, (BP(Ui)) = [A(p)/.A(p)(QO, e 7@1, Qit1,--- )} pi 2 P(p)pi @ P(p)Qi(p:)-
Here A(p)(Q;’s) is the left ideal generated by Q;’s, and Qi means that Q; is omitted.

It is known that the left ideal (Qo, @1, ..., @i, ...) coincides with the two-sided
ideal (Qo). Observe that HZ(BP) is even dimensional and HZ2"'~ (BP(v;)) = Z,
is spanned by Q;(p;).

We examine the exact sequence (3-8) in the light of Lemma 3-2. We have seen

that p* = 0 by a trivial reason in mod p cohomology. It turns out that for all ¢ > 0,
we have v} =0 in (3-8).

Lemma 3-3. The induced map v} in (3-8) on mod p cohomology is trivial and we
have the following short exact sequence:

(3-10) 0 — HZ:(BP) 2 HZ:2'~1(BP(v;)) —2 HZ:*2'~1(BP) — 0.
Here, both 3} and j} are A(p)-module maps such that

(3-11) Bi(p) = Xi- Qi(pi), and ji(pi) =p

for some nonzero constant \; € Z,, which may depend on i. In (3-10), 8] maps P(p)-
p isomorphically onto a summand P(p)-Qi(p:), and j¥ maps P(p)-p; isomorphically
onto P(p) - p.

Proof. By Lemma 3-2, both HZ%(BP) and HZ}(BP(v;)) are cyclic A(p)-modules
and we know that j; maps the module generator p; of HZ (BP(vi)) to the module
generator p of HZy(BP). Hence j} in (3-8) is surjective and, by exactness, v} is a
zero map. Thus, we have the short exact sequence (3-10). When * = 0, we have
an isomorphism 3 : HZJ(BP) 5 HZ2P' =1 (BP(v;)) 2 ZpQ;(pi), since the mod p
cohomology of BP is even dimensional. This proves the first formula in (3-11). The
second one is the definition of p;. Since both 3 and jf are A(p)-linear, we have
the last statement. O
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We will show that the constants A; in (3-11) are independent of ¢, and in fact
they are all equal to 1.

We combine the cofibre sequences (3-7) for all 4, and compare it with the cofibre
sequence (3-1). Consider the following diagram:

V S1BP(v;) —2  x20-npp VU, pp YL\ Bp(y)
=0

i i>0 i>0 i>0
(3—12) 12717— %lh.e‘ lfolding lq—
s Ao pset-ugp 5, gp 0. L

i>0
The commutativity of the middle square comes from the definition of k. The map
7 is a spectra map between cofibres of \/v; and k induced from the commutative
middle square. With this definition of 7, the above diagram commutes.
We know the behavior of the mod p cohomology of the top row by Lemma 3-3.
This implies the following result for the mod p cohomology of the bottom row.

Lemma 3-4. The spectra map K induces a zero map in mod p cohomology, and we
have the following short exact sequence:

(3-13) 0— [ Hz;- " +1(Bp) L2 =20,

* 0" *
1 HZ:(L) —— HZ:(BP) — 0.

With the same nonzero constant \; € Z,, as in (3-11), we have
(3-14) 4 (p) = Xi - Qi(n) for i>0.

Proof. Considering the mod p cohomology of the middle square of (3-12), we have
the following commutative diagram:

1 Hz, 2@ V@ep) L ] mz:(BP)

i>0 i>0

H Tdiagonal

[1 HZ; > ~D(BP) —“— HZ:(BP).

i>0
Note that the cohomology map induced from the folding map is the diagonal map.
Since v; = 0 by Lemma 3-3, it follows that x* = 0. Thus we obtain the short
exact sequence (3-13). Note that the induced map (][], ¢;)* is actually a finite sum
map »,q; by dimensional reason. From (3-12), we obtain the following diagram
in which both rows are short exact:

0TI HZ:(BP) <Y [T Hz:(BP(v)) <2 ] HZ:-2'+1(BP)— 0
i>0 i>0 i>0

Tdiagonal TT* H

* 0" * qu *—2p*
0« HZ;BP) —— HZy(L) — l;[o HZ; ' +1(BP)« 0.
First, we let * = 0 in this diagram. Then the right end groups are both zero because
HZ3(BP) is even dimensional. Thus, both 6* and []j; are isomorphisms in this

degree. Since 0*(n) = p and j(p;) = p for ¢ > 0 by definition, it follows that
(3_15) T*(n):(p05p17"'apia"')'
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Next, we let * = 2p® — 1 for some £ > 0. This time, left end groups are zero and
both maps [[ 8 and ) ¢ are isomorphisms in this case, and consequently 7 is
also an isomorphism in this degree. Let p € HZg(BP) be in the ¢-th factor of the
right end group. We examine the behavior of this element in this diagram.

(a2 (p)) = (I18)(0,...,0,p,0,...) = (0,...,0, 57 (p),0,...)
= (0,...,0,/\[@[(/)@),0,...),

where the last equality is due to (3-11). On the other hand, Q(n) € HZZQ,”Z_l(L)7
and by naturality of cohomology operations, we have

T (Qﬁ(n)) = QZ(T*(U)) = Q@(pOaplv R 220 )

Since Q¢p; = 0 when i # ¢ by Lemma 3-2, by derivation property of Qg, the
above is further equal to (0,...,0,Qpe,0,...). Comparing this with the previous
calculation, we see that 7* (g} (p)) = 7 (AeQe(n)). Since 7* is an isomorphism in
the degree we are working, we finally have ¢f(p) = A¢ - Qe(n). Since £ > 0 is
arbitrary, we get (3-14). This completes the proof. O

This proves Part (II) of Theorem 3-1 up to nonzero constant multiples A\; € Z,,.
Our next task is to show that all the constants A\, are equal to 1. For this, we
need a preparation. We consider the following cofibre sequence:

(3-16) .. = ¥x7'H7, 2 °HZQ) 2 HZ ) 5 HZ, — -
The Bockstein operator Qg is then defined by

(3-17) Qo=0"(j) =jo B € HL,(HZy).

We first show that Ag in (3-11) and (3-14) is equal to 1.

Lemma 3-5. Let qo : ©"'L — BP and (B : X 'BP(v;) — BP be as in (3-1) and
(3-7). Then in mod p cohomology,

(3-18) Bo(p) = Qolpo):  a5(p) = Qo(n).

Proof. By Lemma 3-4, the first identity implies the second identity. To see the
first identity, we consider the following commutative diagram between the cofibre
sequence (3-16) and (3-7) with ¢ = 0:

. — S BP(yy) —2— BP —2— BP —“ BP(r) ——

lz*lpo lmo) lmo) lpo

. —— ¥»'Hz, - HZ,—'— HZ,—— HZ, — -

Here, vy = p. In the associated commutative diagram of mod p cohomologies, we
have p* = 0 and we obtain the following diagram:

. HZL(BP(wy)) —2— HZYBP) L=

TPS Tp?m

. —— HZMHZ,) —— HZY(HZy) <= 0.

0
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Since 3%(j) = Qo by (3-17) and py, (j) = p, we have

B5(p) = B (pi0y(4)) = 65" (7) = p5(Qo(1)) = Qo(p5(1)) = Qolpo)-

Here we used the naturality of Q. This proves the first identity of (3-18), and the
second one follows from this. O

Next, we show that Ay = 1 for all £ > 0. Since these constants are “universal”
constants, we only have to prove this for a particular example. As such an example,
we use the infinite dimensional lens space L,. Recall that the mod p cohomology
of the lens space is given by

HZy(Ly) = Zp[x] @ Ny (@), [2] =2, |af =1,

(3-19)
where Q;(a) = a?, 1> 0.

The BP cohomology of L, was calculated in [L] and it is given by

(3-20) BP*(L,) = BP*[[2]]/ ([p]pr(z)), =€ BP*(L,)
where [plpp(z) =z +Bp T +Bp - - +BP T

is the p-series for the BP-formal group law [Azl [H]. One can easily show that

(3-21) [p]p(z) = exp®F (pz) +8P Z BP P’
>0
Let Ioc = (p,v1,...,Un,...) be the maximal ideal of BP*. From (3-21), it follows
that there exist elements y; € BP*[[«]] for ¢ > 0 such that
[plep(z) =pyo + vy + -+ oy + -,

(3-22) 1-
yi =2 mod I for i>0.

Note that we may take yo = z exactly. From the cofibre sequence (3-1), we have
the following induced cohomology exact sequence for the lens space Ly:

[T
—_—

- — LY(Ly) [1 BP?'(L,) —™— BP*(L,) — -

>0

Since Ky (Yo, Y1y Yir---) = D iso Vil = 0 in BP*(L,) by (3-20) and (3-22), from
the exactness of the above sequence, there exists an element z € L'(L,) such that
Yyi = ¢i,(z) for all i« > 0. Formula (3-14) implies commutativity of the following
diagram for each ¢ > 0:

LYL,) —— BP¥(L,)
(3-23) | |~

AeQe
LN

£
HZL(L,) HZ2(Ly).

To show that Ay = 1 for all £ > 0, it is necessary that all elements are chosen in
a coherent way. Thus, we fix # = zB” € BP?(L,) and define 2 € HZ2(L,) by
aH = p,(2P7). Then we fix « € HZ](Ly) by Qo(cr) = z*.

Lemma 3-6. The diagram (3-23) commutes with \¢ =1 € Z,, for all £ > 0. Thus
(3-24) q(p) = Qe(n) in HZy(L) forall £>0.
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Proof. First we examine (3-23) with £ = 0. From Lemma 3-5 we know that the
diagram (3-23) commutes with Ao = 1. Hence

=2 =p.(2"7) = p(q0.(2)) = Qo(n:(2)).

Since HZy(Ly) = Zpo and Qo(a) = x, we must have 7,(z) = a ezactly. But then
the commutativity of the diagram (3-23) for £ > 1 implies

2 = pu(ye) = pu(@0.(2)) = XeQe(1:(2)) = AeQel) = Aea?".
Thus, we must have Ay =1 for all £ > 1. This completes the proof. O

This completes the proof of Part (II) of Theorem 3-1.

Proof of Part (II) of Theorem 3-1. First we prove the relations Q;Q;(n) = 0 for
any i,j > 0. Part (II) gives g5 (p) = Q;(n) in HZy;(L). By naturality of cohomology
operations,

QiQ;(n) = Qi(g; (p)) = ¢; (Qilp)) =0

since Q;(p) = 0 for any ¢ > 0 by Lemma 3-2. In the proof of Lemma 3-4, we had
the following exact sequence:

0— [ HZ:; ' " (BP) —= HZ:(L) —2— HZ(BP) — 0.

i>0
Let R be a sequence of non-negative integers almost all zero, and let P® be the
corresponding Milnor’s Steenrod reduced power operation [MI]. By naturality
a; (PR(p)) = PR(q;(p)) = PEQi(n) for any sequence R and for i > 0. Since
0*(n) = p, as Z,-vector spaces (not as A(p)-modules) we have

HEZ(L) = P |PL,P Qn)| & |Pz,2" ).
R R

i>0

where the first summand is the monomorphic image of 3 ¢ and the second sum-
mand maps isomorphically onto HZy;(BP) by 6. This shows that Q;Q;(n) = 0 for
i,j > 0 are the only relations in HZj(L). This completes the proof of Part (III) of
Theorem 3-1. [l

4. SPECTRUM L(n) OF FINITE SUM BP-LINEAR
RELATIONS AND ITS RELATION TO L

In §2, we introduced the following spectra map:

n ) ~ n i
Ky @ [ S ~UBP(n) «—— \/ 22" -DBP(n)
(4-1) i=0 i=0

V vi " folding
——— V BP(n) ——= BP(n).
i=0

The induced map on the cohomology of a spectrum X is a finite BP-linear sum of
(2-13). In §3, we constructed the spectrum L of BP-linear relations as the cofibre
of k. Here, we define a spectrum L(n) as the cofibre of the spectra map x,). We
have the following cofibre sequence:

(42) =Ly L [T 520 -0Bp(y)

=0

K(n)

BP(n) —" L(n).
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Note that when n = 0, we have BP(n) = HZ,), and the cofibre sequence (4-2)

reduces to the cofibre sequence (3-16) for the p-multiplication map HZ ) 2 H ZLpy,
and consequently we have L(0) = HZ,,.

We examine the following portion of the mod p cohomology of the cofibre se-
quence (4-2):

n
—opi > qi{n)«
= [[HzZ,* T (BP(n)) =5 HZY(L(n))
i=0
9*’” *7L n i
—, HZO(BP(n)) L [ HZ, **' -V (BP(n)) —
i=0
The left end group is zero by dimensional reason. The right end group is trivial
except the i = 0 case, and the map Iizm reduces to p* which is zero in mod p
cohomology. Hence 0’<"n> is an isomorphism. Let 5™ : L(n) — HZ, be the map
corresponding to the generator p{" : BP(n) — HZ, of the group HZ)(BP(n)) = Z,
under 9<* ) That is, p™ = 9* (77<" )y =n{"o 0 (n)
We prove results for L{n) Wthh correspond to Theorem 3-1 for L.
Theorem 4-1. (I) Let X be a spectrum, and let z € L{n)*(X) be any element.
Let b; = qi(n).(z) € BP(n)*+2"=1(X) for 1 <i <mn. Then we have

pbo +v1b1 + -+ vab, =0 in BP(n)*(X).

(IT) There exists a map 0y : L — L(n) for n >0 such that n = 7™ o Niny, and
the following diagram commutes for each 0 < i < n:

i i w2’ -1g i
L —— Y¥»-IBp S -l

lmm lz%i_lp(n) lz%i_lmn)

_ i EQT’i_19 n i
(4-3) Liny <, 52 -1Bppy =0, st )
lnm) lzzpiqpm) lZszlV}(n)
HZ, —% s¥'-'g7, —— s¥-1H7,.

Milnor operations qi(n) in L(n)-theory can be defined by G;(n) = $*" 10, o ¢;(n)
for 0 <i <n, and they satisfy G;(n) o q;(n) =0 for 0 <i,j <n.

(IIT) The mod p cohomology of the spectrum L(n) is the following cyclic module
over the mod p Steenrod algebra generated by 1™

(4-4) HZ;(Lin) = [A®) ) 3 Ap)Qi@s | - o'
0<i,5<n
(IV) The coefficient group of L{n) cohomology theory is described as follows:
Ln)*=0 ifx>0, Ln)°=27, Ln)y"'=Ln*=0 fork<O.
In negative odd degrees less than —1, we have the following exact sequence:
L ) n
0 — L(n)2*=1 — [] BP(n)2¥+20'-2 2 Bp(py2k 0 k<0,
i=0
where ki, (bo, b1, ..., by) = oo vibi.
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In (I) of Theorem 4-1, we do not have to assume that X is a space as in Theorem
3-1 because we are dealing with finite sums and there are no problems of conver-
gence. Because of the property (I), we call the spectrum L{(n) the spectrum of finite
BP-linear relation in BP{(n) theory.

For the proof, we need auxiliary spectra BP(n)(v;) for 0 < i < n defined as
the cofibre of the v;-multiplication map on BP(n). We have the following cofibre
sequence for 0 < i < n:

(45)  =1BP(n)(v;) 2 $2'-1BP(n) —% . BP(n) —2— BP(n)(v;).

Examining the induced map j; in mod p cohomology, we can easily see that j; is
an isomorphism in degree 0:

h*

HZO(BP(n)) «— HZO(BP(n)(v;)).

R

In fact, when 7 > 0, this follows by dimensional reason, and when i = 0, we use
p* = 0 in mod p cohomology. Let pim: BP(n)(v;) — HZjy, be the map corresponding
to p™ under j5. Namely,

(4-6) P =Gy = o o i

Since j,, = p<n> 1y : BP(n) — BP(n — 1), we actually have pflm = pf
The mod p cohomologies of the BP-module spectra BP(n) and BP(n)(v;) as

modules over the mod p Steenrod algebra are known.

n71>.

Lemma 4-2 [BM]. As modules over the mod p Steenrod algebra, the mod p coho-
mology modules of BP(n) and BP(n)(v;) are the following cyclic modules generated

by p™ and p§n>:

HZ:(BP(n))

IIZ

{ /-A Qo,Qh---’Qn)} pt,

) { /A QO,...,Qz,...,Qn)}-p§">.

HZ

HZ: (BP(n)(v;)

Since j; (p§">) p{™ by (4-6), the induced map j; on the mod p cohomology of

the cofibre sequence (4—5) is surjective. Hence vy = 0 by exactness for 0 < i < n.
Next, we examine the following diagram where both rows are cofibre sequences:

(4-8)
v SIBP(n) (v;) L2\ 320 D BP ) L v BP(n) — v BP (n)(v;)

=0 =0 =0 =0

lz—lT %‘lh.e. lfolding l‘r

. n B K(n 0(n
S-1L{n) M’HOEQ(” “DBP(n) " BP(n) —2  L(n),

where the middle square is commutative by the definition of r(,), and 7 is the
map induced on cofibres making the whole diagram commutative. A portion of the
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induced diagram of mod p cohomologies is
11 Hz; 2" ~VBP(n) AL 1 HZ;BP(n)

i
=0 2

H Tdiagonal

HzZy 2P VBP(m) < HZEBP(n).
=0

(2

As noted in §3, the map induced from the folding map is the diagonal map. Since
vy = 0 for 0 < i < n as a consequence of Lemma 4-2, we must have 7, = 0.
Thus the mod p cohomology exact sequence induced from the bottom row cofibre
sequence of (4-8) splits into short exact sequences. We record these observations in

the next lemma.

Lemma 4-3. (i) In the mod p cohomology exact sequence of the cofibre sequence
(4-5), we have v¥ =0 for 0 <i <n and we have a short exact sequence:

P HZ (BP(n) (vi) —2— HZ;(BP(n)) — 0.

0 — HZ: 2" +1(BP(n))
(ii) The map Ky in the cofibre sequence (4-2) induces a zero map in mod p
cohomology exact sequence, and we have the following short exact sequence:

*

HZ:(Lin)) —" HZ:(BP(n)) — 0.

(4-9)
n g <n> *
2aln)”,

0 — ] HZ: 2"+ (BP(n))
1=0

In the diagram (4-8), we examine components of the map 7. For 0 <i < n, let

(4-10) it BP(n)(v;) —nctusion

7

n
BP(n)(v;) —— L{(n).

=0

From the ¢-th component of the right end square of the diagram (4-8), we have the

following diagram of mod p cohomology groups:

S

HZY(BP(n)) —“— HZY(BP(n)(u))

H [

HZY(BP(n)) S HZY(L(n)).

IR

Here the top horizontal map is an isomorphism by Lemma 4-2. We have already
observed that 92‘n> is an isomorphism in degree 0 prior to Theorem 4-1. For these

maps we know that j; (pém) = p'™ by (4-6) and 07 (n'™) = p™ from the definition

of n{™ . Hence we have
(4-11) = (") =9 o 7.

The case £ = n is relevant to a Sullivan exact sequence, and (4-11) will be used
later in Proposition 4-4.
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Proof of Theorem 4-1. (I) The mod p cohomology exact sequence of the cofibre
sequence (4-2) is of the form

; L i K(n
= L{n)*(X) DICEOLN [[ BP(n)k+2r' 1 (X) RSN BP(n)k+1(X) — -
i=0

For an element z € L{(n)*(X), we have [[\_,¢(n).(z) = (bo,b1,...,b,). Since
Kiny, (bos -+ bn) = D vib; by (2-13), by exactness of the above sequence, we have
>, vibi = 0 in BP(n)**1(X). This proves (I).

(IV) We examine the homotopy exact sequence of the cofibre sequence (4-2).
We observe that Im (k¢ ,) = (p,v1,...,90) = Iny1, and consequently k() is
surjective in degrees * < 0 and BP(n)*/I,41 = Z, in degree 0. Thus, the long
exact sequence splits into short exact sequences when * < 0. The result follows by
noting that BP(n)* is even dimensional.

(IT) The spectra map 7,): L — L(n) is defined as the induced map between the
cofibres of x and k). Thus, the following diagram commutes:

ﬁgﬂp"—l)Bp %, BpP 2, L

=0

(4—12) lz_lmm l lpm) J/"Nn)

i (n ki i n n
s-17(ny L [T 520 18P () 5 BP(n) —2s Ln),
1=0

Z_lL [Ta:

where the second vertical map is the obvious map: a projection onto the first n
factors, followed by the map [] »2r -1 p(n)- From this construction of the map 7,
the commutativity of small squares in (4-3) is obvious, except the lower left square.

We consider mod p cohomology groups of degree zero for the right square of the
above diagram. We have

-
HZ)(BP) ——— HIZY(L)

Tp?m Tn?w

HZ(BP(n)) " HZY(L(n).

Since n‘™ € HZY(L(n)) is defined by 07 (n{™) = p™  and since Piny (p{™) = p, the
commutativity of the above square implies that §* (77<*n> (77<”>)) = Py 0y (ni™) =
p = 0*(n) using the definition of  for the last equality. Since 6* is an isomorphism
in degree 0, we have n = (™ o 7(ny- This proves the first statement.

Now using Theorem 3-1 and the commutativity of small squares in (4-3), except
the lower left square, we have

(n) (n)

(Qion™)onm =Qion=pog =p™ opuyog=p" ogn)ony.

Here, both elements Q; o 7™ and p{™ o ¢;(n) are in HZf)pi_l(L<n>) for 0 <i < n.

We claim that the map nzkm in this degree is an isomorphism.
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To see this, we consider the mod p cohomology diagram induced from (4-12) in
relevant dimension:

gz -1BP) L gy A [ g2 gp) L=
p D =0 p
Tp?m T”?vw T

nz‘m:O

Lim=0

i 0n) i (Tas(n)* i oy
HZZ” 1(BP<n>) —_— HZIQ}’ 1(L<n>) ] OHZIQ)” 2p (BP(n))
j=
By dimensional reason, the infinite product at the upper right corner reduces to a
finite product H;:o HZIQ)’f'*QZ"7 (BP), where 0 < ¢ < n. The same reduction occurs

for the product at the lower right corner. By Lemma 3-2 and Lemma 4-2, the map
pzm :HZ,(BP(n)) —— HZ,(BP)

is an isomorphism in degree * < 2p"*! — 1. Hence the right end vertical map
is an isomorphism. Both of the left end odd degree cohomology groups are zero
by Lemma 3-2 and Lemma 4-2. We know that «* = 0 and Iﬁ:?n> = 0 by Lemma
3-4 and Lemma 4-3, respectively. Thus, by exactness, both ([]¢)* and (J] ¢:(n))*
are isomorphisms in this degree. Hence the middle vertical map 77’<"n> is also an
isomorphism. Thus we can cancel 772‘”> from our previous calculation and we have

Qi on'™ = p{™ o g;(n) for 0 < i < n. This proves the commutativity of the lower
left square of (4-3).

For the remaining statement, we simply note that the composition g; (n)ogq; (n) =
0(ny © (gi{n) 0 0(yy) 0 q;(n) = 0, because the middle composition is zero by exactness
of the cofibre sequence. This completes the proof of (II).

(III) First we prove the relation Qin(n<">) =0 for 0 <i,57 <n. From Part
(IT), we have ¢;(n)*(p{™) = Q;(n‘™) for 0 < i < n. By naturality of cohomology
operations, we have

QiQ; (™) = Qi q;(n)* (p'™) = q;(n)* (Qi(p'™)) =0,

where the last equality is due to Lemma 4-2. From the exact sequence (4-9), as a
Zy-vector space (not as a A(p)-module), HZy(L(n)) is isomorphic to

B[4/ An(@v...-. Q0| Q™) & [AG) 4G Q... Q)] 7).

=0
Thus HZy;(L(n)) is a cyclic A(p)-module generated by n‘™ whose only relations

are Q;Q; (n™) = 0 for 0 < i,j < n. This completes the proof of Part (IIT) and
hence of Theorem 4-1. O

We give an immediate application of Part (IT) of Theorem 4-1 to Sullivan exact
sequences. Although this is only a slight improvement of a well known fact, it seems
that this result has not been explicitly stated before.

The n-th Sullivan exact sequence is a (co)homology exact sequence associated
to the following cofibre sequence:

(n)
Pin—1

An 2D, BP(n —1).

YIBP(n — 1) —"— 22@"-DBP(n) —— BP(n)

We are interested in the induced map A,,, in cohomology.
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Proposition 4-4. The connecting homomorphisms in Sullivan exact sequences cor-
respond exactly to Milnor primitives. That is, the following diagram commutes
exactly, not up to a nonzero constant in Zy:

BP(n — 1)F(X) —22 BP(n)k+20"~1(X)

(4-13) lpin—n lpim
k @n k+2p™—1
HZ,(X) S HZp+p (X).
Proof. We consider the following commutative diagram:

BP(n — 1) 2r=2 5" —1gp ()

J/ T” ‘ ’

Lin) =M. w2-1py)

ln“) lpw

HZ, — —% s¥'-lgy,

The upper square commutes because it is a component of the left square of the
commutative diagram (4-8), and the commutativity of the lower square is due to
Part(II) of Theorem 4-1. By (4-11) and the discussion right before Lemma 4-2,
we have n{™ o7, = pﬁlm = p»=1. Then the commutativity of the above diagram
completes the proof. [l

Next, we show that the family of spectra {L(n)}, forms a tower similar to the
BP-tower (1-1) and (2-1).

(n+1) :L{n+1) — L{n) forn >0

Proposition 4-5. There exist spectra maps Miny

with the following properties.
(I) The following diagram commutes for 0 < i < n:

Lin+1) 200 so'c1gpr, 41y

(+14) [t ot
Liny 2, s2i-igpr).
(IT) We have the following tower of spectra and compatible spectra maps:

(n+1) (m)

(4_15) I M(n+1) L<7’L + 1> M n) L<n> n L<O> — I{Zp7

(n+1)

where Niny Yo Nint1) = Nny and 7™ o 7)((2;_” =t forn > 0.

Proof. The spectra map 7)((2;_ U is defined by the induced map between the cofibres

of maps #, 41y and k(,y. Namely, it is the cofibre extension of the bottom middle
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square of the following diagram:
[[=2¢'-vBp —% - Bp 2, L

=0
l lp<n+1> lmywi)
[Tgi(nt+1) ™
Ll N

+1 @ n n
[1 £2¢ ~DBP(n + 1)L BP(n + 1) L0 4 1)
=0

(n+1) (n+1) (n+1)
i”(m i i”m i"m

i(n L i K(n 0(n
S L+ 1) L5 T2 -0BPGy S BPM) X Lin),
=0

S+ 1)

where the unnamed vertical maps are compositions of projection maps onto the

first n + 1 and n factors followed by Hl o Pnt1y and [T Op(n> b

, respectively.
From the commutativity of the lower left square, (I) follows.

For (II), we observe that 7,1y is the cofibre extension of the upper middle
(n+1) .

composition 7)(( ) 2 o7 (n+1) is the cofibre extension of the combined middle squares,

which is 7, by definition.
The other composition formula in (4-15) can be proved in a similar way. O

square, and Niny is the cofibre extension of the lower middle square. Thus, their

Next, we consider an unstable property of the L-tower. Recall that the spectra
L and (n) are spectra of BP linear relations.

Theorem 4-6. Let X be a space. Suppose k < 2(p"~t+---+p-+1)+1. Then the
homomorphism

(4-16) Piny,: LH(X) ——— L(n)*(X)

is an epimorphism. Consequently, whenever there is a finite BP-linear relation
(4-17) pb$™ + b b =0 in BP(n)MT(X),

there exists a corresponding infinite sum BP-linear relation

(4-18) pbo +viby + -+ vaby +- - =0 in BPFT(X)
lifting the previous one in the sense that puy, (be) = b< for0 <4 <n.

Proof. Let x € L(n)¥(X) be an arbitrary element. For 0 < i < n, let ¢;(n).(v) =
b§n> € BP(n)¥+2?'=1(X). Then by Theorem 4-1 Part (I), we have a finite BP-linear
relation Y .-, vibim = 0 in BP(n)**1(X). Since |b§n>| <2(p"+---+p+1) for
0 < < n, the elements b§n> lift to elements b; in the BP theory of X by Wilson’s
Splitting Theorem [Theorem 2-2]. Then we have

Piny, (pbo + viby + - -+ vpby) = Zvib§n> =0¢ BP<n>k+1(X).

By induction, we construct elements b, 41, ... , by, ... in BP theory such that for
any m > n we have

() Py (Po + viby + -+ b)) =0 in BP(m)*(X),
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As an inductive step, suppose we have chosen b, 11, ... , b, with the above property
for some m > n. Let p<m+1>*(bi) = b§m+1> for 0 < ¢ < m. Then by inductive
hypothesis, we have p<mJr1> (EZO vibgmH))) = 0, and by exactness of the Sullivan

(m)

sequence, there exists an element bfgfll) € BP(m + 1)¥22" " =1(X) such that

m

ST 0™ 4 v b =0 i BP(m o+ 1)FF(X).

i=0
Since |bf,7f;1>| <2(p™*tt 4+ p™ 4 -+ p+ 1), this element lifts to an element by, 1
in the BP cohomology. With this choice of by, +1, we have p(,41), (Zf:(;l vibi) =0
in BP(m + 1)*(X). This completes the inductive step and we have constructed
elements b; € BP*(X) for all ¢ > 0 with the required property (x) for all m > n.
This property in turn means that the infinite sum Z?io v;b; converges to 0 in the
BP topology. Hence there exists an element z € L¥(X) such that ¢;,(z) = b; for all
i > 0. We examine the difference 1,y (z) — = in L{n)*(X).

By the commutativity of the upper left square of the diagram (4-3), we have

@)« (ny, (2) = @) = Py, © €in(2) — qi(n)u(x) = peny, (bs) — b =0,

for 0 < i <n. Then from the exact sequence

k O¢ny, k Mai(n). & ktopi 1 K(n),
-—= BPm)*(X) —— L{n)"(X) ——— [[ BPm)"™ " (X) —— ---,
i=0
we see that there exists an element y € BP(n)*(X) such that 0,y _(y) = 0y, (2)—z.
Since k < 2(p™ + --- + p + 1), the element y lifts to § € BP*(X) by the Splitting
Theorem. Then in the commutative diagram
9.

BP*(X) LF(X)
lp<n>* lmm*
BP (n)(X) —2%s Lin)*(X),

we have 1,y (2 = 0.(9)) = ngwy,(2) — O0(ny,(y) = x. Hence the homomorphism
Neny, : LF(X) — L(n)*(X) is epic for k < 2(p"~' 4 ---+p+1) + 1. This completes
the proof. 0

Remark 4-7. The above argument actually proves a slightly stronger statement. If
we have bém == b,im = 0 for some k < n in (4-17), then in (4-18) we can choose
b;’s in such a way that by = --- = by = 0 as well. This remark will be useful later

in Theorem 5-6.

5. BP-LINEAR RELATIONS AND MILNOR PRIMITIVES

Existence of a BP-linear relation of the form pbg + v1b1 + -+ - + vpby, +--- = 0in
the BP cohomology of a space X translates via Thom map p. to a certain property
of the action of the Milnor primitives on the mod p cohomology of the space X.

The next proposition was first proved in [Y1] for finite BP-linear relations when
X has the homotopy type of a smooth manifold by a geometric method of manifolds
with singularities [Bal, [Mo]. Our method, using the stable homotopy theory, gives
a simpler proof for a fully general result.
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Proposition 5-1. Let X be a space and let k be a positive integer. Suppose ele-
ments b; € BP*2P'=1(X) for i > 0 satisfy the following relation:

pbo +viby + -+ vpby + - =0 in BPM(X).
Then, there exists an element x € HZE(X) such that in HZ%(X) we have
(5-1) p(bi) = Qi(x) forall >0,
where ps: BP*(X) — HZy(X) is the Thom map.

Proof. By our hypothesis, the element b= (bo, b1, -y bn, ) € T1 BPk+2(r'—1) (X)

=0
has the property r.(b) = 0 in the exact sequence
o ..
o LR(x) A%, ] BPRP (X)) — BPM(X) - -
i=0

Hence there exists an element z € L*(X) such that g;,(2) = b; for all i > 0. By
Part (II) of Theorem 3-1, we have the following commutative diagram:

LF(X) -2 BPH2'-1(X)

| |

Qi i
HZEX) —— HZk2'-1(X).
Now by letting = = 7,(z), we have p.(b;) = Qi(n+(z)) = Qi(x) for all i > 0. This
completes the proof. O

In the statement of Proposition 5-1, we need to assume that X is a space so
that the infinite sum ), v;b; makes sense in the BP topology. However, when we
consider finite BP-linear relations, X can be any spectrum.

Remark 5-2. A similar proposition can be easily stated for BP homology theory
of any spectrum X. In BP homology, only finite BP-linear relations can exist by
degree reason, and hence X does not have to be a space.

Now we consider the converse problem of constructing BP-linear relations in the
BP cohomology of a space X starting with an element = in the mod p cohomology
of X. Obviously not all elements x are related to BP-linear relations in a way
described in Proposition 5-1. One sufficient condition on z is that x € Im (7).
Actually, we can use a slightly weaker but useful condition. We consider a set

(5-2) J={y € HZ,(X) | Qi(y) = 0 for all i > 0}

of all elements y € HZ;(X) on which all Milnor primitives act trivially. We also
define a related set

(5-2") Jn={y € HZ,(X) | Qi(y) = 0 for 0 <7 <n},

for any n > 0. By the derivation property of the Milnor primitives, the subsets J
and J,, for any n are actually subalgebras of HZ;(X). Now we define

(5-3) Im (1.) = Im (n.) + J C HZ:(X).

Any element in this set behaves in the same way as an element in Im (7.) as far as
the action of the Milnor primitives is concerned.
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When « € Im (1), by Part (IIT) of Theorem 3-1 we have Q;Q;(z) = 0 for any
1,7 > 0. Thus, this is a necessary condition for a mod p cohomology element = to
belong to Im (n+)-

The following converse result is more or less straightforward.

Proposition 5-3. Let X be a space, and suppose an element x € HZ;(X) is such
that x € I/I;l(’ﬂ*) Then there exist elements b; € BP*+2P'=1(X) for i > 0 such that

pbo +vib1 4 -+ vub, +--- =0 in BPFTY(X),

(5-4) and  ps(b;) = Qi(z) forall ©>0.

Proof. Since x € I/I;l(’ﬂ*), there exists an element z € L¥(X) such that Q;(z) =
Qi(n:(2)) for all i > 0. Let b; = g;,(2) € BPF*2"~1(X) for i > 0. Then from the
cohomology exact sequence

— LF(X) e, f‘o[ BPF2P'—1(x) ", BPRHI(X) —— ...
=0

)

we have Zizo vib; = Ku(bo,b1,...,bp,...) = 0 using Theorem 2-7. Since po ¢, =
Qi on for all i > 0 by Theorem 3-1, we have p.(b;) = Q;(1.(2)) = Q;() for i > 0.
This completes the proof. O

Recall that we have the following tower of L{n) spectra [Proposition 4-5]:
(5-5) Mnt1) 2y nm
n:L ——— L{n+1) ——— L{n) —— L(0) = HZ,.
Corresponding to this tower, we have the following nested subsets of HZ(X):

Im(n.) C--- C Im (") € Tm (™) © --- € HZ(X),

(5-6) _—
where Im (nim) =1Im (nim) +J, for n>0.

Here, J,, is defined in (5-2). Let J} = J, N HZE(X).
Lemma 5-4. Consider the action of the n-th Milnor primitive:
Qn: HZE(X) —— HZE " -1(X).

Suppose k < 2p™. Then for any j > 0, we have Qn4; (Ker Qn) = 0. In particular,
Qnti(JE) =0 for all j > 0.

Proof. By induction on j. When j = 0, our conclusion is obvious. Assume that
Qn+j (Ker Qn) = 0 for some j > 0. Since k < 2p™ < 2p"*J we have Pt (z) =
0 for any © € HZE(X). Then Quijy1(z) = [pr"H,QnH](x) = iPp”HQnH(x)
= 0 by inductive hypothesis. This completes the inductive step and the proof is
complete. O

, we

For elements in Im (n+), we have Proposition 5-3. For elements in Im (nim)

have the following result.

Proposition 5-5. Let X be a space. Suppose x € HZ’;(X) is such that x €
I/r;l(nim) for some n satisfying k < 2(p" "'+ .- +p+ 1)+ 1. Then there exist
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elements b; € BPF+20'=1(X) for i > 0 such that in BP*1(X),
pbo +viby + -+ vpby +--- =0 and
px(bi) = Qi(x) forall i>0.

Proof. Since z € Im (nim), there exists an element z € L{n)*(X) such that

(*) Qi(x) = Qs (ﬂim( )) for 0 <i<n.
Since k < 2(p" ' +---+p+1)+1, the element Z lifts to an element 2 € LE(X) by
Theorem 4-6. If we let b; = ¢;, () € BPF+2P'~1(X) for i > 0, we have
pbo +v1by 4+ - +vpby +--- =0 in BP*(X),
and p, (b)) = Qi (1.(2)) = Qs <n£" (2)) for all i > 0. By (), we have p.(b;) = Qi(x)

for 0 < ¢ < n. Since Qi(n* (z )—:c) =0 for 0 < i <mn, we have n.(2) — z € J,.
Thus for j > n+ 1, we have

p«(b;) = Q;j(1+(2)) = Q;(x) mod Q;(Jy).

Since k < 2p™, we have Qj(.],’f) = 0 by Lemma 5-4, and we get the second identity
n (5-7). This completes the proof. O

(5-7)

For Proposition 5-5 to be useful, we must find a way to produce an element
x € HZE(X) in Im (nim) such that k < 2(p"~! +---+p+1)+ 1. Here is one such
method.

Theorem 5-6. Let X be a space, and suppose k < 2(p" 1 +---+p+1)+1. Then
for any element

(5-8) zeIm{p!" " :BP(n— 1)F(X) —— HZE(X)},
there exist elements by ; € BP*2" 7 =1(X) for j > 0 such that in BPF+1(X),
(5-9) VUnbp + VUng1bpp1 + -+ Vg jbpyj +--- =0 and

i (bntj) = Qnj(x)  for all j=0.

Proof. Consider the following diagram whose top row is a portion of the Sullivan
exact sequence:

- =»BP(n — 1)¥(X) BP(n)k 27" ~1(X) —2 BP(n)F1(X)— ...

J{pinil) lpin)

k Qn k42p™—1
HZ3(X) —— HZ;,™" ~}(X).
The commutativity of the square is due to Proposition 4-4. By our hypothesis,

there exists an element € BP{n — 1)*(X) such that p,<.<n_1>(§) = 2. Let b{" =
A, (Z) € BP{n)**+2*"~1(X). From the above diagram and Lemma 4-2, we have

<n( ) Qn(z), Qi(z)=0 for 0<i<n-—1.

By exactness of the Sullivan sequence, we have vabi"™ =0 in BP(n)**1(X). This
is a finite BP-linear relation. From the exact sequence

An,
e

H(I7 n)* H(")*
_

- = L{n)k(X) —2 H BP (n)#+20"' =1 (X)) BP(n)F*+1(X) — -,
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we see that there exists an element z, € L{n)*(X) such that
Gi(n)(z0) =0 for 0<i<n—1, and g, (n).(z,) =b".

Since |b§ln>| < 2(p" +p" ' 4 oo+ p+ 1), it lifts an element b, € BP*2P"~1(X).
We let bg = --+ = b,—1 = 0. Proceeding as in the proof of Theorem 4-6, we see
that there exists a lift 2 € L*(X) of 2, such that ¢;,(z) =0 for 0 <i <n — 1, and
such that the elements b; = ¢;,(2) for ¢ > n satisfy

Unbn + Vng1bnit + -+ Umbm +--- =0 in BP*(X), and
px(bi) = Qi(n«(2)) for i>n.
The element 7,(z) has the property Q;(n.(2)) = ps(gi,(z)) =0for 0 <i<n—1,
and Qn(n:(2)) = pu(by) = pim (bﬁlm) = Qn(z). Thus, Q;(n«(z) —z) = 0 for
0 <i<n,and n.(z) — x € J¥. Consequently, for j > 1 we have
pi(bnts) = Quaj (11:(2)) = Quj(x) mod Quyj(Jy).
But Q4;(JF) = 0 by Lemma 5-4, since k < 2p™. This completes the proof. O

In the next section, we apply Theorem 5-6 to obtain BP-linear relations in the
BP cohomology of Eilenberg—-Mac Lane spaces.

6. MAIN BP-LINEAR RELATIONS IN BP COHOMOLOGY OF
EILENBERG-MAC LANE SPACES: v,,-SERIES

To apply Theorem 5-6 to obtain BP-linear relations in the BP cohomology of a
space X, we need to produce elements in BP(n — 1)*(X) and identify their images
in the mod p cohomology of X. One way to do this is to use connecting homomor-
phisms in the Sullivan exact sequences [Proposition 4-4]. We have the following
homotopy commutative diagram:

Asg A

HZH (X) —= BP(1)*+2(X) =L, BP(n — 1)*+9 (X))

61 | e [t

Qn-1

HZ;PN(X) —2 HIZP(X) —2 HZ; (X)),

Here g = 2(p" '+ -+ p+1). Since Im {Qo : HZ:(X) — HZ5 (X)} € Im (pi),
the commutativity of the above diagram shows that

(6-2) Qn-1-- -QlQo(HZ;(X)) CQn_1-- -Q1(Im (p><.<0>)) c Im (pin_1>).

To apply Theorem 5-6, we want elements in the image p§<n_1> : BP(n — )*(X) —
HZE(X) satisfying the dimensional condition k < 2(p"~' 4 ---+p+1) + 1. For
r € HZy(X) and y € Im p><.<0>, the condition that elements @Q,_1 - - @Q1Qo(z) and
Qn_1---Q1(y) have dimension less than or equal to 2(p"~*+---+p+1)+1 implies
that their degrees must satisfy |x| < n+ 1 and |y| < n+ 2. On the other hand,
nontriviality of the action of products of Milnor primitives on x,y imposes another

condition on the dimension of x,y. We recall the following special case of a result
in [T2].
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Theorem 6-1 [T2]. (I) Let ., € HZ;, (K(Z/p*,r)) be the mod p fundamental class
of the Eilenberg-Mac Lane space K(Z/p*,r) in degree r. Then
Qn—l - 'Qléé([fr) 7& 0 < r>n,

QntjQn-1---Q10e(tr) #0 for some j>0 <= r>n+1.

(II) Let 7, € HZ;(K(Z@),T)) be the mod p fundamental class of the integral
Eilenberg-Mac Lane space K (Zyy,r) in degree v. Then

Qn-1Q2Q1(1) #0 < r>n+1,

QntjQn-1---Q1(1r) #0 for some j>0 < r>n+2.

In (6-3),if r > n+1, then Qn4;Qn—1--- Q16¢(tr) # 0forall j > 0 [T2]. Similarly,
for (6-4). Theorem 6-1 quickly implies the following sharper result.

Corollary 6-2. (I) Let x € HZ;(X) be such that
Qn-1-Q1Qo(z) #0, and QnijQn—1---Q1Qo(x) #0 for some j > 0.

If |Qn—1- QlQO( )| < 2( "l 4 p+1)+ 1, then we have |z| =n + 1.
(IT) Let y € HZy(X) be a mod p reduction of an integral element such that

Qn-1--Q1(y) #0, and QnijQn-_1---Q1(y) #0 for some j>0.
If1Qun-1-Qi(y) <2(p" 1+ +p+1)+1, then |y| =n+ 2.

We see that the dimension 2(p"~! 4 --- +p+ 1) + 1 is very special.

Now we prove the existence of certain infinite sum BP-linear relations in the
BP cohomology of Eilenberg—Mac Lane spaces. To accommodate the condition in
Theorem 5-6, we are forced to use spaces K(Z),n + 2) and K(Z/p‘,n+1) as a
consequence of Corollary 6-2.

Theorem 6-3 (Main Relations). (I) Let 7,42 € HZy"?(K(Zg),n + 2)) be the

mod p fundamental class for n > 1. There exist nontrivial elements bn4; €

BP* (K(Z(p),n + 2)) of degree 2(p"t7 +p" L+ ...+ p+1) for j > 0 such that
Unbp + Unqibpp1 + -+ Unyjbpyj +--- =0, and

Pi(bntj) = QuijQn-1---Q1(Tny2) #0 for j>0.

The above BP-linear relation takes place in the BP cohomology group of degree
2(p" 1t +---+p+1)+2. Here, the convergence is with respect to the BP topology
and ps: BP*(X) — HZy(X) is the Thom map.
(IT) Let tpi1 € HZ;,L‘|r1 (K(Z/pé, n -+ 1)) be the mod p fundamental class. There

exist nontrivial elements b, ; € BP*(K(Z/p’,n + 1)) of degree 2(p"*J + p"~! +
<~+p+1) for j >0 such that

Unbp + Ungibpp1 + -+ Upyjbpyj +--- =0, and
Px(Onyj) = QuyjQn-1---Q10¢(tny1) #0 for j>0.

The above BP-linear relation takes place in the BP cohomology group of degree
2(p"~t +---+p+1)+2. Here, the convergence is with respect to the BP topology,
and &y is the Bockstein map.

Proof. Let X = K(Zy),n +2). Let T,,42 € HZ?*;Q(X) be an integral class whose

(6-3)

(6-4)

(6-5)

(6-6)

mod p reduction is 7,42. Then

z=Ap_10--0A(Thy2) € BP(n — 1>2(pn_1+'“+1’+1)+1(X).
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This element is nontrivial since pin_D(Z) = Qn-1-Q1Tny2 # 0 in mod p coho-
mology due to the commutativity of the diagram (6-1) and Theorem 6-1. Applying
Theorem 5-6 to z, we obtain elements b, ; in the BP cohomology for j > 0 satis-
fying an infinite BP-linear relation as in (6-5) such that

Px (anr]) = QnJern*l to Ql(TnJrQ)’

for all j > 0. These elements are nontrivial in HZ;(X) by (6-4). Hence we have
bn+j # 0 in the BP cohomology.
The proof of (II) is obtained by pulling back results in (I) by the Bockstein map

60 K(Z/p*,n+1) —— K(Zg),n+2).
This completes the proof. O

We call the infinite sum BP-linear relations (6-5) and (6-6) main relations in BP
cohomology of Eilenberg—Mac Lane spaces. The reason for this name is explained
later in the context of v,-series. See Proposition 6-6 below. We can be very precise
about the elements b,,; in the BP cohomology. See (6-17) below.

In Theorem 6-3, the n = 0 case is not treated. This case is well understood. In
fact,

BP* (K (Z,),2)) = BP*[[z]], where z € BP?(K(Z),2)),
BP*(K(Z/p",1)) = BP*[[y]1/([p°](y)), where y € BP*(K(Z/p",1)).

Here, y = 67 (x). There is no nontrivial relation in the BP cohomology of K (Z,), 2).
For the case K(Z/p,1), (3-22) shows that (6-6) is still valid.

The infinite sum BP-linear relation in the BP cohomology of K(Z/p,1) is given
by the p-series [p](x). For higher dimensional Eilenberg—Mac Lane spaces, we want
to interpret the BP-linear relations (6-5) and (6-6) as v,-analogues of the p-series.
Indeed, such an analogue with the right properties exists. We call it the v,,-series,
which we now define.

We recall that the space BP(n)opn...4pt1)++ Of the Q-spectrum of BP(n) is a
factor space of BPy(,n...4pi1)4¢ if and only if ¢ < 0 by Wilson’s Splitting Theorem
[Theorem 2-2]. We fix an inclusion map

(6-7)

(6-8) Lg(ﬁ”+~~+p+1)+t $BP(n)2(pn - tpr)+t —— BPopnigprayes 120,
such that p,) o {") = identity afforded by the Splitting Theorem for each factor.
The map (™ in (6-8) defines a BP cohomology class

(6-8/) [xgr(lz>)n+..,+p+1)+t S BPQ<p"+N.+p+1)+t (Q<n>2(pn+...+p+l)+t)) t S O

We call this class the BP fundamental class for the space BP(n)opn 4...4pt1)+¢ for
t < 0. We omit the dimension when it is clear from the context. When ¢ > 0,
BP(n)apn...tpr1)+¢ 18 not a factor of BPyeuy ... ypi1)4¢ and a BP fundamental
class does not exist.

Now consider the following composition of maps which we call [vy, ]:

[0n] s BP(n)a(pnpr1) ——— BP(0)agpn-14ipriyro
(6-9) ()
— BPyprrpgpryse
Here the first map is the v,-multiplication map, and the second map is the BP
fundamental class. The cohomology class represented by this map is the v,,-series.
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Definition 6-4 (v,-series). The v,-series is a cohomology class defined by

* n n—1, .
(6-9) [vn] :Un(bé(zz"—1+---+p+1)+2) € BP20T D2 (BP (0) gt ).

The above definition was motivated by [RWY], in which the importance of the v,,-
multiplication map vy, : BP(n)a(pn 4...4pg1) — BRP(n)o(pn—14...4pt1)42 is emphasized
in the description of the BP cohomology of Eilenberg—Mac Lane spaces. The above
definition combines the v,-multiplication map and the BP fundamental class. The
resulting object is certain to be of basic importance.

We check that the v,-series reduces to the usual p-series when n = 0. In this
case, [vg ] is defined as the following map:

(0)
(6-10) [v0] : BP(0)2 —"— BP(0), —*— BP,.

Note that BP(0)2 = CPf,. The BP fundamental class L =2 e BP?(CPy))
is a complex orientation and BP*(CP{)) = BP*[[z]]. We may choose the map

L§0> to be the usual orientation in BP theory coming from the MU-orientation

cp> = MU(1) — X2MU. Then, our vo-series

0 * ¢ (0 oo
(6-11) [vo] = 1" op =97 (15”) = [p](x) € BP*(CPFy))
is the usual p-series.

Next, we express the v,-series as an infinite BP-linear sum in the BP cohomology
of BP(n)a(pn +...4p+1)- By Wilson’s Splitting Theorem we have

EQ([)"_l—i-m-‘,-p—i-l)—'rQ = E<n>2(p"*1+---+p+1)+2
X H &(n + j>2(pn+j+pn—1+,,,+p+1).
j=1
Let proj{n + j) be the projection map onto the factor BP(n + j). in the above
splitting. We define a family of cohomology classes

i pn—ly .
(6-12) 6}, € B2 ) (BR (n ey ), G20,

as follows. When j = 0,
’ S
(6-12 ) 07(Zn> . E<n>2(pn+__+p+1) — QQ(?""‘"""QD‘H)
is the BP fundamental class. Other classes 9&2]- with j > 1 are defined as the
following compositions:

12" (n) . A
(6-12") _eny-bi-j i BP(n)o(prttpr) — BPy(pnyypi)
proj{n+j) .
BP(n + j)o(pntipr—tetpt)

LSntd)

— BPyprtippr-14egpt1)-

Un
— BPypn-1qgprny 2

Nontriviality of these cohomology elements will be proved in Proposition 6-6.
With these notations, we have the following result.

Proposition 6-5. The v,-series in (6-9) can be written as an infinite BP-linear
sum of the form

[Un] — vngr(lm +Un+197<:jr>1 + "'+’Un+j9§::j +oee,

(6-13) -
e BP0 DT (BP (0o it 1)),
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where Hfﬁizj are the elements defined above. Here, the convergence is with respect to

the BP topology.

Proof. We recall that Wilson’s Splitting Theorem [Theorem 2-2] of spaces of the
Q-spectrum of BP comes from the following tower of fibrations corresponding to
Sullivan exact sequences:

BPy(pn—14.ppt1)+2

l
l

£<n+3>2(p"*1+---+p+1)+2 * BP(n +J>2(p"+j+p"*1+---+p+1)
Pézi?—n
) Unitj— .
(%) BP(n+j— 1>2(p"*1+~~+p+1)+2 i BP(n+j— 1>2(pn+rl+p"*1+---+p+1)
Un
BP(n+ 1)ogn-tyipriyge BRI+ D)spnisypniqypi)

(n+1)
l”m

BP(n)apn—1 4 ppr1)+2-
Although p(,,y : BP, — BP(m). are BP-module maps for any m > —1, the BP
fundamental classes (™ : BP(m), — BP,, when they exist, may not. We examine
the failure of the homotopy commutativity of the following diagram:

Un
QQ(LIJ”JrerJrl) —— E2(p7l—l+...+p+1)+2
(6-15) TLW Lm

E<n>2(pn+...+p+1) U—ﬂ> Q<’I’L>2(pn—1+...+p+1)+2.
The difference of two elements v,, o t{™ and (" o v,, in BP* (BP(n)a(pnt.tpi1))
vanishes in BP(n)*( - ):

n)

© vn) = Un - (p(n) © L<n>) - (p(n) © L<n>) 0 vy = vp — vy = 0.

Here, the first equality is because p(,) is a BP-module map. From the Sullivan
exact sequence (or from the fibration at the bottom of the diagram (x)), we have

Play (v 01 — oS

P(n+1), (Un © = o Un) = Vp1 - (_9211#1)),

for some element —Gﬁlﬁ?Jrl) € BP (n+1)20" 40"t pt D42 (BP (0 n 1)) -
Wilson’s Splitting Theorem says that all the fibrations in (x) are trivial and hence
they are Cartesian products. The above identity then means that for the map

P{n+1) ©Un © W BP(n)apnt.tpr1) — BP(+ Dogn-14..pr1)s2,



SPECTRA OF BP-LINEAR RELATIONS AND V,,-SERIES 5175

the BP(n)a(pn—14...4p41)42-cOmponent is given by p, o " 0w, = v,, and the

other BP(n + 1)o(pn+14pn—14..4p+1)42-cOmponent is given by —Qﬁg’er). Lifting

this element to BPy(,nt14pn-14...4p41)42 using the BP-fundamental class Lt

we get the element —05;}21 = ("t o 95;1?4_”. By construction, we have
(**) P(n-{-l}* (v" °© L<n> - L<n> o Up + vn+107<:fk>1) =0.

We repeat the same argument. Just to be more explicit, we construct the next
element 95:22. By exactness of the Sullivan exact sequence, (xx) implies that

P{n+2), (Un oM — o Up + Un+19$r>1) = Un+2(_9'§:i;l+2>)7

for some —95&’;”) € BP(n + 2)20" 0"t p D42 (BP () g n s i) Be-
cause the fibrations in (%) are trivial, this element can be realized as the map

(n,n+2) v o™
—0pi2 : —BP2(p”+---+p+1) —BP2(p”‘1+~~~+p+1)+2
proj(n+2)
b bt/ N

EO’L + 2>2(pn+2+pn—1+,,,+p+1)+2.

By lifting this element to BPy(,nt2 pn-14...4p11)42 using the BP-fundamental class

L<n+2>a we obtain —95322. By construction, we have
Pint2), (Un © S — o, + Un+197<:<lk>1 + ’Un+20'§171>2) =0.
Now by induction, we obtain BP cohomology elements 95:% for j > 0 such that

Pintay, (Un 0L — i 00, 40,1850 - 4 0000

= patgy, (vn 0t =8 0w + 3 v 050) =0,
j=1

for all 7 > 0. This means that with respect to the BP topology, we have

A oy — o S (m)
[on] = 0w = w0yl o D OO,
i=1

in BP2@" )2 (Eg(p”-lrm-irpﬂ))' This completes the proof. O

Next, we show that the v,-series (6-13) gives rise to the main relations (6-5)
and (6-6) in the BP cohomology of Eilenberg-Mac Lane spaces K (Z,,n + 2) and
K(Z/p*,n + 1). First we note that the following composition is a zero map by
exactness of the Sullivan sequence:

A,
(6-16) BP(n — L)apn-14eqpriy4r ——  BP{n)apnip.qpi)

—— BP(n)apm-14ipri)e2.
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Hence A} ([vn]) = 1™ o (vy 0 A,) =0 € BP*(BP(n — 1)gpn-14...4pr1)+1). Now
we pull back the v,-series to the BP cohomology of Eilenberg—-Mac Lane spaces.
We consider the composition of the following maps:

bn+j : K(Z(p), n + 2)

A A Ay, —
(6-17) —5 BP(1)aptni1 —> -+ —— BP(n — )yn-14iprn)
Ay 07<:FJ

— = BP()oprqpr1) = BRontippn-14 i)
In terms of BP cohomology, elements b, ; are pull-backs of Qﬁﬁr ; by A,o0---0Ay:
(6-17) by = Af o0 AL (6)1)) € BPXC 00 (K (2 0 +-2),

for j > 0. Pulling back the v,-series (6-13) by the BP-module map (A, 0---0Aq)%
and using Af ([v,,]) =0, we have

(6-18) Unbp + Ung1bpt1 + -+ Vpp by +--- =0,

in BP2(P""Htpt)+2 (K(Z),n+ 2)) with respect to the BP topology. We claim
that (6-18) 4s the main relation (6-5) by showing that elements b,4; have the
required properties.

Proposition 6-6. With respect to the Thom map
Ps - BP* (K(Z(p), n -+ 2)) e HZ;(K(Z(I)), n + 2)),
the elements b,,1; in (6-17) for j > 0 have the property

(6'19) Px ( n+j) Qn-‘:—an 1- Q1(7n+2) # 0.

Hence elements 6" of (6-12) and by,1; are nontrivial for all j > 0.

n+j

Proof. Proposition 5-1 says that given a BP-linear relation (6-18), there exists an
element x € HZQ(’) D+ (K(Z(p),n—i—Q)) such that py(bnyj) = Qnej(z) for

§ > 0. By (6-17), we have b, = {™ 0 A, 0--- 0 A;. Since po (™ = pi™ and A;
corresponds to @); by Proposition 4-4, we have

P*(bn) = P<n> o An ©--+0 A1 = Qn@n—l T Q1(7n+2)~

Thus, we have Q, (x —[Qn-1--- Q1(7n+2)]) = 0. Since the dimension of this differ-
ence element is 2(p" "' +---+p+ 1) + 1 < 2p", Lemma 5-4 applies and the effect
of Qnyj on x and Qp_1 - Q1(Tnh42) are the same for all j > 0. Hence we have

ps(b n+J) QnJrJ( x) = QnJernfl - Q1(Thy2), J=0.

This completes the proof. O

By pulling back results in Proposition 6-6 by the Bockstein map &;, we get a
corresponding statement for K (Z/ pton+ 1). The above results show that the main



SPECTRA OF BP-LINEAR RELATIONS AND V,,-SERIES 5177

relations we found in Theorem 6-4, by a general theory of BP-linear relations,
actually come from the wv,-series, just like the only relation in BP* (K(Z/p, 1))
comes from the p-series.
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