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BLOW UP AND INSTABILITY OF SOLITARY-WAVE
SOLUTIONS TO A GENERALIZED
KADOMTSEV-PETVIASHVILI EQUATION

YUE LIU

ABSTRACT. In this paper we consider a generalized Kadomtsev-Petviashvili
equation in the form
(ut + uzze + vPUz)z = uyy (z,y) € R%,t>0.

It is shown that the solutions blow up in finite time for the supercritical power
of nonlinearity p > 4/3 with p the ratio of an even to an odd integer. Moreover,
it is shown that the solitary waves are strongly unstable if 2 < p < 4; that
is, the solutions blow up in finite time provided they start near an unstable
solitary wave.

1. INTRODUCTION

We are concerned in this paper with a generalized Kadomtsev-Petviashvili (KP)
equation; that is,

(1.1) (z,y) €R?, t>0.

Up + Uggr + UPUL = vy
Vg = Uy

When p = 1, the equation (1.1) is known as the KP-I equation. It is a model for the
propagation of weakly nonlinear dispersive long waves on the surface of a fluid, when
the wave motion is essentially one-directional with weak transverse effects along the
y-axis [KaPe, [PeYa]. The KP-I equation has been analyzed in great detail. It can
be solved by the Inverse Scattering Transformation (IST) [AbSel [FoSu, [Zh]. When
p = 2, the equation (1.1) is also a model to describe the evolution of sound waves
in antiferromagnetics [TuFa]. To some extent, the KP equation can be viewed as a
two-dimensional analog of the generalized Korteweg-de Vries (GKdV) equation.

Many rigorous results have recently appeared concerning the Cauchy problem
for the KP equation [Boul [FoSul, [sMeS, [Sall [Sa2l [UK, [Zh] [To]. A general local
existence theory has been established by Ukai [UK] and developed by Saut [Sal]
in the classical Sobolev space H*(R?) for s > 3. As we know, one of the more
challenging issues concerning the Cauchy problem for nonlinear dispersive equations
is the possible blow-up of solutions in finite time. For instance, consider the GKdV
equation

(1.2) Ut + Upzr + uPu, = 0.
Received by the editors April 6, 1998 and, in revised form, September 2, 1998.
2000 Mathematics Subject Classification. Primary 35Q53, 35B60, 76B25.

(©2000 American Mathematical Society

191



192 YUE LIU

Though numerical simulations [BoDoKa] do show that blow-up can occur for p > 4,
a rigorous proof of the blow-up for p > 4 is still missing. Compared with GKdV,
the KP equation does have a blow-up solution if the energy of the initial data is
negative and the power of nonlinearity p > 4. This has been proved by using a
virial identity [TuFal [Sal]. On the other hand, by using the anisotropic Sobolev
embedding

i-p P
(1.3) /]Rz P2 dady < cllull 3 1|0ull7 v

which is valid only for 0 < p < 4, we can deduce that [ ((ux)2 +v2) dzdy is
dominated by the conserved momentum V (u) = 3 [5, u?dady and the Hamiltonian

1 1 1
E(u) = Ry S B —y S W
() /Ra<2““2” DTk >“’

if and only if p < %. It is also shown by some numerical simulations [Wi, [WaAbSe]
that there are blow-up solutions for the KP equation (1.1) in finite time for p > %.
Therefore, it is natural to conjecture that the solutions of the KP equation (1.1)
should blow up in finite time for p > %. The purpose of this paper is to investigate
questions about blow-up solutions and instability of solutions for (1.1). We are able
to show that the solution of (1.1) blows up in finite time for p > % (Theorems 4.1,
4.2). Tt turns out that the power of p = % is the critical power of the nonlinearity
for the existence of solutions. The critical power p = % is also observed in the study
of stability and instability of solitary waves. As we know, in the case of the GKdV
equation, the power p = 4 is the critical value for the stability and instability of the
solitary waves p.(z — ct) [Wel, BoSoStl [SoSt]. As in the case of the GKdV equation,
it is found that the critical power p = % is also linked to the stability and instability
of the solitary-wave solutions ¢.(x — ct,y) for (1.1) (see Definition 2.5). Indeed,
the solitary-wave solutions vanishing in the infinity exist if and only if 1 < p < 4
[WaAbSe], [SaT], [Sa2]. It is shown that the set of the solitary waves . with ¢ > 0
is nonlinearly stable for 1 < p < % [LinWal, BoSal] and it is nonlinearly unstable
for % < p < 4 [WaAbSel BoSad|. Therefore, it is reasonable to conjecture that
the solution of the KP equation (1.1) blows up in finite time for p > % provided
it begins near the solitary-wave solution . (i.e., strong instability). In this paper,
we also give a satisfactory result to solve this strong instability problem (Theorem
5.1). More interestingly, it is proved in Theorem 5.1 that for the power 2 < p < 4,
solutions with initial data close to unstable solitary waves are actually bounded for
all time in energy space. However, they do blow up in finite time in some sense
(|Oyu(-,t)|| L2 — oo in finite time ), due to the weak transverse dispersion along the
y-axis.
In general, solutions of (1.1) satisfy the following conserved functionals.

_ 1o 1, 1 p+2
E(u) = /11&2 <2ux + 5V e 2)u dxdy (Energy)

1
V(u) = 3 /}R2 u?dxdy (Momentum),

‘I>1(u)=/ udxdy and ‘IJQ(U)z/ vdxdy.
R2 R2
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Also, in the case of p =1,
3 5 5 5
D3(u) = /]RZ <§uiz + 5u§ + 6(8;1vy)2 - §uui - §uv2> dzdy
is conserved. In fact, for p = 1, there are infinitely many conservation laws.
In this paper, we shall employ the following notations. |- |, and || - ||s will denote

the norms in LP(R?) and Sobolev space H*(R?) respectively. And we will borrow
the notations in [Sall, Sa2]. Let Y be the closure of 9,(C§°(R?)) with the norm

lully = 1941y = (V|72 + 1070]72)2

for u € Y and u = 9,1, where ¢ € L] (R?), V2 < ¢ < oo. We also have v = 9,1 €
L2 by a choice of ¢ € LY . Let

loc*

X = {u € H'(R?); 0*u € L?},
X, ={ue H (R?; (& ') € H*(R?)}
with the norm ||ul|x, = |Julls + H(ﬁflﬁ)vHs and
H™% ={ue SR, &rae L2(R?)}

equipped with the norm |ju|| g, = |€ "]z, where “A” is the Fourier transform,
“v” is the Fourier inverse transform and & = (&1,&2) is the dual variable of (z,y).

Throughout this paper, we only consider the case when p = Z—; where n4 is any

even integer and no any odd integer so that / uP2dzdy = |u|£i§
2

The main aim of the paper is to investigate Hf)roperties of blow-up and instability
of the solitary-wave solutions ¢, for the critical value p > %. The main theorems
in the paper are Theorem 4.1 and Theorem 5.1. The key ingredients used here are
to construct some virial identities, and study the minimization problems which are
related to the solitary waves.

The plan of this paper is as follows. In Section 2, we study the properties of the
solitary-wave solutions ¢.. In particular, we consider the associated minimization
problem and employ a refined Fatou lemma due to Lieb and Brézis [BrLil] to obtain
the suitable minimizer, which is also known as “ground state.” In Section 3, some
invariant sets for the flow of the KP equation are constructed. With the help of
the invariant sets, we are able to establish the blow-up results in the super critical
case p > %, and a detailed proof is given in Section 4. In the last section, a strong
instability of solitary-wave solution is investigated. It is proved that for 2 < p < 4
the solution of (1.1) blows up in finite time provided it starts close to a solitary-wave
solution.

2. SOLITARY-WAVE SOLUTIONS

In this section, we study some important properties of the solitary-wave solution
e to the KP equation (1.1). By a solitary-wave solution of (1.1), we mean a
traveling-wave solution of (1.1) in the form wu(t, z,y) = we(x — ct, y) with u — 0 as
22 + 132 — oco. And ¢, is a ground state of the equation

—Cpe + 8354% — Oyte + ﬁ@é""l =0,
Op)e = yPe 0. €Y, . #0.
Let Lo(u) = E(u) + ¢V (u). We define the ground states of (2.1) as follows.

(2.1)
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Definition 2.1. Let I'. be the set of the solutions of (2.1); namely,
Te={p €Y |L,(¢) =0,¢ #0},
and let G, be the set of the ground states of (2.1); that is
Ge={p el |Le(p) < Le(9), Vo € e}

Remark 2.2. The existence of ground states for (2.1) was proved in [WaAbSe|,
[BoSa]. It is shown that G. is not empty for any ¢ > 0 and 1 < p < 4. But
the uniqueness of the ground state is still unknown.

Remark 2.3. For p = 1, there exists an explicit traveling-wave solution of the KP
equation (1.1), which is called lump soliton ¢.(z — ct,y) with ¢ > 0 [AbSe], where

8c (1 — §m2 + %yZ)
5
(1+ 522+ S2)

However, to our knowledge, it is still an open problem whether or not the lump is
a ground state.

(2.2) Pe(w,y) =

There are many results on local existence to the KP equation (1.1). For our
purpose, we state here the local existence result by Saut [Sail.

Lemma 2.4. Let ug € X,,8 > 3, and 8§yu0 c H;Q. Then there exists T > 0 such
that the equation (1.1) has a unique solution u(t) with uw(0) = wuo satisfying

ue C([0,T); H(R?)) N CY([0,T); H**(R?))
and
v e C([0,T); H(R?)).

Moreover, the energy E(u) and the momentum V (u) are well defined and indepen-
dent of time t.

Next we state the definition of stability of the solitary waves in the following.

Definition 2.5. We say that a set S C X is X-stable, if for any € > 0, there exists
d > 0 with erégﬂuo —w|x < 6 for any up € X N X, and 92,uo € H;?, s > 3;

the solution w(¢) of (1.1) with u(0) = up can be extended to a global solution in
C(]0,00); X N X3) and satisfies
sup inf |Ju(t) —w||x <e.
0<t<o0o weSs

Otherwise, S is called X-unstable. Also we say that the solitary wave @, is unstable
if Oc = {1s,u | 8,7 €R2 75,u(x,y) =u(x+s,y+r)} is O.-unstable. Further-
more, we say that ¢, is strongly unstable if for any € > 0, there exists ug € Y such
that the solution u(t) of (1.1) with «(0) = uo blows up in finite time.

Remark 2.6. The set of ground states G. with ¢ > 0 for (1.1) is Y-stable provided

1<p< % is proved in [LiuWal, BoSa3] and G, is Y-unstable is also proved in

[WaADbSel BoSa3] if § < p < 4.

To show blow up and strong instability of solutions of (1.1), we need a series of
lemmas.

The first lemma is called refined Fatou lemma due to Brézis and Lieb [BrLil|
which is crucial to solve a constrained minimization problem (Lemma 2.11).
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Lemma 2.7. Let {f;} be a bounded sequence in L™(R?) for 0 <r < oo. If f; — f
a.e. in R2, then

\file =115 = I = 1fl7 — 0.

When r = 2, the assumption that f; — f a.e. is not necessary.
The following lemma is given in [BoSall], Lemma 3.3.

Lemma 2.8. Let u, be a bounded sequence in Y, and let R > 0. Then there is a
subsequence uy, which converges strongly to some u in L*(Bg), where Bg is a ball
with radius R in R2.

Lemma 2.9. Let u € Y such that ||ully < C and p(lu] > €) > § > 0. Then
there exists a shift s yu(x,y) = u(x + s,y + 1), such that for some constant 6y =
50(Ca 57 6) > Oa

(2.3) " (B A (|7spul > g)) > o
where B is the unit ball in R
Proof. See Lemma 4 in [LiuWa] with the space Y.

Lemma 2.10. Suppose 1 < p <4 and ¢ > 0. Let ¢, be a ground state. Then

2) 0= K(p,) = inf{K(u) | u €Y, / (@e0)? = / (Oap0));

b) (o) = nf{I(w) [ue Y, [ @ = [ (o),

where

_ 1 cu? + v? S S uPt?
K(“)W/RQ( ) (p+1)(p+2)/Ra ’

K(pe) =0 and I.(u) = / (cu® 4+ v? + (0pu)?)dzdy.
R2

Proof. See Lemma 2.1 in [BoSal] or Theorem 1 in [LiuWa). O
Lemma 2.11. Let 0 = inf{L.(u) | u € M}, where
M={ueY |u#0, Qu)=0}

and

(2.4) Qu) = /R2 <v2 + (Ou)? — 2(1)4_3—5@)4_2)#’“) dxdy.

Asiurgze % < p < 4. Then ¢, is a ground state for (2.1) if and only if . € M and
L.(p.) = 0.

Proof. Let ¢. be a ground state and define ¢ (z,y) = A3 po(Az, A2y). Tt is easy to
see that

d de)
(2.5) Qo) = g Lol hor = (il e her ) 0.

This implies that ¢, € M for any ¢, € G.. Now we define

(2.6) Li(u) = Le(u) — %Q(u) = g/ﬂ@ u? + 3])6—;4 /]R2 (v? 4+ u?).
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We claim o = m, where

(2.7) m =inf{Ll(u) |uecY, u0, Qu) <0}
In fact, suppose Q(u) < 0. Since

_\2 2 2y 3P i +2
(2.8) Q(Au) = A /Rz(v +uy) 2(p+1)(p+2))\p /Rzu” >0

for some sufficiently small A > 0, there exists A\g € (0,1) such that Q(Aou) = 0.
Hence we have

3p—4
0 < Le(Aou) = N3 (g /]Rz u? + p6p /]R?(UQ —l—ui))

c 9 3p—4 9 9 1
— _ + =1L .
< 5 /11&2 u’ + o /}R2 (v us) o(u)

Consequently, m = o. To show that ¢ = L.(¢.) for some ¢. € G, it suffices to
show that m = L' (i) for some ¢, € G,. In fact, we have L!(u) > 0 for 3 < p < 4.
Hence, there exists a minimizing sequence {u;} of (2.7) satisfying that {u;} is
bounded in Y, L!(u;) — m and Q(u;) < 0. By the anisotropic Sobolev embedding
[BelINil p. 323],

fulpis < clully  for 0<p<a.

It turns out that {u;} is bounded in LP*2 for 0 < p < 4. We then have some
subsequences, still denoted by {u;} and ug € YNLP*2 such that u; weakly converges
to up in Y and in LP12 for 0 < p < 4. Tt follows from Lemma 2.8 that U; — U a.e.
in R2. Now we are able to show Ll(ug) = m and Q(ug) = 0. Toward this end, we
split the proof into the following five steps.

Step 1. inf |uj|gig > 0.
j

Proof of Step 1. Suppose there exists a subsequence of {u;} such that |uj|gi§ — 0.

Then from Q(u;) < 0 we obtain
0513 + 102u;13 — 0.

On the other hand, by the facts that Q(u;) < 0 and the anisotropic Sobolev em-
bedding [To|, we have
4—p 4
(2.9) ulp i3 < Cluly® [vl3[0zuls  for 0 <p <4,
with a constant C. It follows that

4—p 3 3
5 P P

v;]3 + 10:uil5 < Clugly® (vsl3 + [02us13) ™ < C(lvjl3 + 102uy]3)

or

3p—4
(0 + 191513) (1 = C(Jos 3 + [02,08) ) < 0.
This implies that

3p—4

(2.10) 1< C(Jvs3 + 105u;13) ™

But it contradicts |v;]3+|9,u;]3 — 0, because p > 4. Consequently, inf |uj|§i§ > 0.
J

Step 2. ug # 0 a.e.
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Proof of Step 2. Let inf |uj|er2 = a > 0. We estimate
j

p+2
aslhulpi= [l [ e [
luj|>L luj|<e e<|uj|<i
|uj|p+2+7 2 1 )
(2.11) < / [ / fusl2 + (207 2] > €)
\uj\>% |U'j|’y Juj|<e €

<o [ e [k Canllyl > 9
lujl>¢ luj|<e
where 0 < v < 4 — p. Since p 4+ v < 4, we have

24pty
/ ol < / g 7P < O3 + oy [3 + 100005 [3)F < Oy
ujlZe

/ Wﬁ/ i < Cy
luj|>1 R2

where C, Cy and Cy are some constants. Choosing e sufficiently small, we obtain
a—€e'Cp — ePCy
Ce

and

(sl >€) > =46>0.

It follows from Lemma 2.9 that pu(B N (Jug| > %)) > 0g for the unit ball B because
u; — ug a.e. in R2. This implies that ug #0 a.e. in R2.

Step 3. m = LL(up).

Proof of Step 3. By Lemma 2.7, we deduce that

(212) Q(u]) — Q(u] — UO) — Q(UO) — 0,
and
(2.13) Le(ug) = Le(uj — o) — Le(ug) — 0.

Now suppose that Q(up) > 0. Then from the fact that Q(u;) < 0 we obtain that
Q(uj —up) <0 as j — oo. By the definition of m, it follows that L!(u; —ug) > m.
Since Ll (u;) — m, it follows from (2.13) that L!(ug) < 0. That is,

3p—4

(2.14) f/ uZ + p—/ (08 + (Du0)?) < 0.

2 R2 6p R2
This contradicts ug # 0, a.e. Consequently, Q(ug) < 0. Therefore,

m < L(ug) < lim inf L!(u;) =m
j—o0

and m = Ll(ug).
Step 4. Q(ug) = 0.

Proof of Step 4. Suppose that Q(ug) < 0. We try to get a contradiction. Toward
this end, we choose a small A > 0, and find that

3p 2
A = \2 2 4+ (Byup0)? ——/\p+2/ P2 .
Q( U'O) 2 (UO ( U’O) ) 2(p + 1)(p ¥ 2) - Up
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It follows from the continuity that there exists Ao € (0,1) such that Q(Aoug) = 0.
Therefore, by the definition of m, it yields a contradiction in the following:

c 3p—4
m < Li(Aoug) = A3 (5 /}R2 ug + p6_p /11@2 (vg + (391:“0)2)

3p—4
= E/ wj+ = / (vg + (8zu0)® = Li(ug) = m.
2 R2 6p R2

Hence it proves that Q(ug) = 0.

Step 5. ug = . € Ge.
Proof of Step 5. In fact, it follows from Step 3 and Step 4 that
(2.15) m=oc =inf{L.(u) | u+#0, Q(u) =0} = Lc(up).
Hence, there exists a constant A € R such that

Li(uo) +AQ'(ug) = 0.

It remains to show that A = 0 so that L/ (ug) = 0. By using Q(ug) = 0, it yields
that

0 = (L' (uo) + AQ'(uo), uo)

1
2 2 2 p+2
/2 (cuo + (Opuo)” + vo) — o1 - U

+ A <2 /R2 ((81“0)2 + v%) N 2(p3—}|j— 1) /11%2 u€+2>

B 2(p+2)
— /R2 (cud + (22X + 1) (0§ + (9pu0)?)) — B /w (v3 + (Ozu0)?)

—Ap+2) /11@2 (v2 + (Drup)?)

—4
= / cu(Q) + (p_3 — /\p) / (vg + (8xu0)2).
R2 D R2

—4
It follows from ¢ > 0 that ]93_ — Ap < 0. On the other hand, let w"(z,y) =
p

n2uo(nz, n?y). It is easy to see that

our

on

- 2 NN A e
—Q(uo)—l—)\(Z/Rz(vo—i—(axuo)) 4(p+1)(p+2)/Rzug )
If A # 0, then

0= <<L; 1 AQ) (uo), |n-1> = Oy (Lo + AQ) (")

9p? 2
2 2 4+ (9pu0)? ——/ P2 _ .
/Ra(””( ) T TG D) Je

Since Q(uo) = 0, it follows that

4—
0= 2/ (v§ + (Dru0)?) — 3_p/ (vf + (9zu0)?) = - / 03 + (Oru0)® < 0
]R2 2 ]R2 2 Rz
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because p > % Hence A = 0 and L/(up) = 0. On the other hand, suppose u € Y’
satisfies L’ (u) = 0. We have

Q) = 0, Loy = (L), o1 ) =0

where u" = n2u(nz, n?y). It follows from (2.15) that L(uo) < Le(u). This implies
that ug = ¢, € G.. The proof of Lemma 2.11 is complete.

To prove Theorem 1.1, we also need the following two lemmas.

Lemma 2.12. Let 1 <p <4 and ¢. € G.. Then

(2.16) Lot =int { L) lue Voo, [ 2= [ @02 .

Proof. Since K = L¢(u) — % / u?, it follows from Lemma 2.10 that
R2

inf{Lc(uHueY,u;éO,/ u;i:/ (f‘wc)Q}
—inf{ K(u) + /(mwc)ﬂueYu;'éO/u —/ Dripe) }
—mf{ K(u) | ueYuyéO/2u —/ Ozpc) } /(azsoc)

—5 | (a0 = L)

Lemma 2.13. Let 1 <p <4 and ¢. € G.. Then

(2.17) L.(pc) = inf { Le(u) |ueY,u# O,/ ubt? = / P2 } .
R2 R2
Proof.

Lc(apc)—inf{Lc(u)|u6Y,u7é0,/ up+2:/ sa’é”}
R2 R?
1
:Einf{/ (cu? + v +u2) | uEYu;éO/ up+2=/ goﬁ”}
R2 R2 R2

- ; pr2 1 - ; p+2 _

3. INVARIANT SETS

In this section we construct some invariants for the flow of the KP equation
(1.1). Using those invariant properties of the solution and a virial identity which
has been showed in [TuFa], we are able to show the blow-up result in Section 4.
Toward this end, we begin to define the invariants in the following:

:{U’EY|u7é0ﬂLC(u)<LC(@C);Q(U)ZO}7

K§={u€Y |u#0,Le(u) < Le(pc), Qu) <0},
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u€Y |u#0,Lc(u) < Le(we), ®ec)

i
)

u€eY |u#0,L(u

i —{ (w
RS {u€Y|u750L( ) < Lo(pe),
5 ={ () < Lel0).

[z
/u>/m

J;—{ueY|u¢0,Lc(U)<Lc(sﬁc),/ u”*2</ w§+2}~
R2 R2

The following lemma is crucial to obtain the blow-up result.

Lemma 3.1 (Invariant sets). Suppose 1 < p < 4 and ¢ > 0. Let ug be the initial
data such that the corresponding solution u(t) of KP equation (1.1) is in C([0,T);Y)
for some T > 0 and satisfies E(u(t)) = E(ug) and V(u(t)) = V(ug) for 0 <t < T.
Then

a) 3 <p<4,ug€ K¢ implies that u(t) € K¢, V0 <t <T,

b) up € RS implies that u(t) € RS, V0 <t < T, and

c) ug € Jf implies that u(t) € J¢, Y0 < t < T where i = 1,2. Moreover, if
up € K, then Q(u(t)) < —22(L(¢e) — Le(uo)) for 0 <t < T.

Proof. Here we only consider the invariance of K§, since for K¢ the proof is similar
and the proof of invariance of R{ and J{ are also similar due to Lemmas 2.12 and
2.13.
Let ug € K§. Since E(u(t)) = E(ug) and V(u(t)) = V(ug), we have
(3.1) Lc(u(t)) = E(u(t)) + cV(u(t)) = Le(uo) < Le(pe)-
Suppose u(to) ¢ K for some ty € (0,T); that is, Q(u(ty)) > 0. By Q(u(0)) =
Q(up) < 0 and the continuity of Q(u(t)) with respect to ¢, there exists t; € (0, to]
such that Q(u(t1)) = 0. Therefore, applying Lemma 2.11 yields a contradiction
Le(pe) > Le(u(tr)) = inf { Le(u) | u # 0,Q(uw) = 0} = Le(pe).

This implies that u(t) € K§ for 0 <t < T. To prove the final inequality, we use the
definition of m and the fact

=inf{L.(u) |ueY,u#0,Q(u) =0} = L.(oc)
which is proved in Lemma 2.11.

Suppose ug € K§. Then we have u(t) € K§,i.e. Le(u(t)) < Le(pe) and Q(u(t)) <
0 for ¢t > 0. Since

3p

Au :/\2/ v? 4 u? ——/\”+2/ uPt2 >0
Q) R2( ) 2p+(p+2) R2

for some sufficiently small A > 0, there exists \g € (0,1), such that Q(Aou) = 0 and

3p—4
Le(9e) < LeOvou) = A2 ( < / N / (0 + u2)
2 Jge 6p Jge
< E/ u? + 3p—4/ (v? +u2) = L (u(t))
2 Jr2 6p R2 ® ¢ )

Therefore, Q(u(t)) < —3—(Lc(goc) — Lc(up)).
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Remark. If ug € K§NJS, then it follows from the conservation laws E(u) and V' (u)
that ||u(®)|ly < C(@e, ||uolly). Consequently, the solution u(t) of the KP equation is
bounded globally for ¢ > 0; blow-up cannot occur in finite time in Y’ (R?). However,
we do have a blow-up solution which is only due to the transverse dispersion; we
will state it in the next section.

4. FINITE BLOW-UP TIME

In Section 1, we mention that the solution of (1.1) blows up in finite time if the
initial data ug satisfies E(ug) < 0 and p > 4 [TuFal [Sal]. Using the invariant sets,
we are able to extend this blow-up result to allow the energy F to be even positive
and also % < p < 4. We start to prove the case of p > % and consider the critical
case p = % later.

Theorem 4.1 (Improved blow-up). Let % < p < 4 withp = -, where ny is an
even integer and ne an odd integer. Assume

i) Let ug €Y and yuo € L?, and

i) up € KSNRSNJS.
Let u be the solution of the KP equation (1.1) in C([0,T);Y) with w(0) = uog,
conserved energy E and momentum V. Then there exists a blow-up time Ty < oo
such that

(4.1) lim [9yu(t)]2 = oo.
t—>T(;

Proof. If u(t) remains in Y, we define I(t) = [5, y*u®(x,y,t)dxdy, where u is the
solution of the KP equation (1.1). Using the virial identity in [TuFal [WaAbSe|[SaT]
yields

2
ddftgt) = 4pE(u(t)) + 2(4 - p) /Rz v? - 2p/Rz us

=5 (000 [ e+ g L)

It follows from Lemma 3.1 that

2
d“”<8(3&uwm—L4w»—/<@%f

dt2 2 ]R2
p +2
N
P+ 1)(p+2) Jpa”

where eg = L.(¢c) — Lc(ug). In the last step of the above proof, we used the fact

2 _ D p+2
4 /R Ot = e+ 2) /R o

which can be obtained from %Lc(wé‘)b\:l = 0 where ¢} = \p.(Az, \y). Therefore,

(4.2)

(4.3)

= — 12p60

it follows that tliHTlo I(t) = 0 for some Ty < oo, And the blow-up result can be
deduced from the conserved momentum V'(u) and the classical inequality

[uf3 < 2lyuloldy ule.
The proof of Theorem 4.1 is complete.
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Remark 1. If ug € R§N JS and p > 2, then E(ug) > 0. This can be verified as

follows.
Since
[0 > [ @, [ < [ o,
RQ RQ ]R2 RQ
and
p
8 2 = T / ;D+27
/]Rz( »pe) P+ D(p+2) Jpo ¢
we have

1 1 1
E _ — am 2 _/ 2_7/ p+2
(uo) QAJ )"+ 5 e 0 T A D+ 2) Jpo O

1 1 1
SV PR Sy
2/1R2( ) 2 Jge 0 (p+1)(p+2) ]RQSO
2
:/ vo—l—p— (Orpe)? > /v(2)>0.
R2 R2

2p R2
(laz%l%ﬂa;lay%l%) and E(p.) > 0 when p > %7

N =

3p—4
6p
we are able to choose ug = goi‘ which is sufficiently close to ¢, such that E(ug) > 0.

Remark 2. Since E(p.) =

Remark 3. A similar blow-up result can be obtained for a generalized Kadomtsev-
Petiashvili (KP) equation in the three-dimensional case [Litl

Up + Ugge + UPUL = Vy + W,

(KP-3D) Uy = Uy (z,y) €R3, t>0.
Wy = Uy

The solution of KP-3D blows up in finite time for all p > 1.

Next, we consider the critical case p = %.

Theorem 4.2. Let p = %. Assume
i) wo €Y,0,up € L? and yuy € L?,
ii) up € RSN JS, and
iil) E(ug) < 0.
Let u be the solution of the KP equation (1.1) in C([0,T);Y) with u(0) = ug and
satisfy E(u(t)) = E(uo) and V(u(t)) = V(ug). Then there exists a blow-up time
To < oo such that

Jim (9, u(t)]> = oo.

In order to show Theorem 4.2, we need the following basic lemma.

Then E(p.) =0 for ¢. € G, and

§
A-p / p+2
/ 00 = D+ Jur P

Proof. Define ¢ = \p.(A\z, \y). It can be easily verified that

d p
0=L1.(2 ==/ 8“2—7/ p+2,

Lemma 4.3. Let p =
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that is,

_ 2p p 4—p D
2/]1@2(8“"“)2<p+1><p+2>/ pett = <p+1><p+2>/ ot

because p = 5. To prove E(p.) = 0, it follows from the fact Q(¢c) = 0 that
E(pe) +cV(pe)

- /R2 / 1 0y0e)® + (Oupe)?) — m /R2 oot

c 3p — 4/ 1 9 9 c/
= — ax a c az c -3 =c c):
2/RQ+ op R2(( yPe)” + (Oepe)”) = 5 - Vipe)
This implies that E(p.) = 0.

Proof of Theorem 4.2. By Lemma 3.1, the solution u(t) € RS and u(t) € J§ for
0 <t < T; that is, |u(t) gig < lpe gig and [0zu(t)|2 > |0.¢c|3 where ¢, € Ge. Tt
follows from the viral identity and Lemma 4.3 that
44 —p)

I"(t) = 16 E(u(t —8/ u2+7/ uPt?

€ (u(e) g2~ (PP +2) Jre

4(4 - p) / P2
—_— c =16E(up).
o 00 +2) Jos ¥ o)

Since E(ug) < 0, the inequality (4.4) implies thHTl I(t) = 0 for a finite time Ty < o0.
—1o

(4.5)
< 16E(ug) — 8|0y0c|? +

Therefore,

Jim (B, u(t)]2 = ox.
This completes the proof of Theorem 4.2.

5. STRONG INSTABILITY OF SOLITARY WAVES

In the proof of Theorem 4.1, we find that one assumption for the blow-up ug €
R§ N Js can be relaxed to ug € N, for 2 < p < 4, where

Ne={u€Y |u#0,Lc(u) < Le(p.), Plu) >0}

P = e

A strong instability of solitary-wave solutions .. can be obtained in the following.

and

Theorem 5.1. Let 2 < p < 4 with p = Z—;, where ny is an even integer and ny an
odd integer. Suppose @. €Y is the solitary-wave solution of the KP equation (1.1)
with ¢ > 0. For any § > 0, there is an initial data ug € Y with ||ug—@c|ly < 0, such

that the solution u of (1.1) with u(0) = ug blows up in finite time. More precisely,

i[9, u(t)]z = .

To prove Theorem 5.1, we need the following lemmas.

Lemma 5.2. Let 7 = inf{ L.(u) | u # 0, P(u) = 0}. Suppose 2 < p < 4. Then
e € Ge if and only if P(p:) =0 and 7 = Lo(pc).

Since the proof is similar to that of Lemma 2.11, we only give a sketch of the
proof.
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Sketch of the proof. P(p.) =0 is given by the equation (4.4). Let

L2(u) = Lo(u) — %P(u).

c 1 p—2
L2(w) = £ 2, 1 2 / 25
C(U) 2 /]Rzu + 2 /]sz + 2p R2 Ya

when 2 < p. It can be shown that 7 = m; where
my = inf{ L2(u) |u € Y,u # 0, P(u) < 0}.

In fact, suppose P(u) < 0. There exists a small number A € (0,1) such that
P(Mu) =0 and

1 -2
7 < Le(Mou) = A3 (g/Rzzf—l—i/szz—i—W Rzui) < L2(u).

This implies that 7 = my. On the other hand, since L2(u) > 0, there exists a
minimizing sequence of {u;},u; # 0, Vj such that P(u;) < 0, L(uj) — my, and
u; — up weakly in V(R?) as well as in L**P. In next step, we need to show
irj;f |uj|§i§ > 0, so that ug # 0, a.e. In fact, if |uj|§i§ — 0, then by P(u;) <0, we

Then we have

deduce that |0yu |2 — 0. It follows from the anisotropic Sobolev embedding that
4-p P
100l < Jujly® [v513 100u;ls < Closu;ls.

Because p > 2, it yields a contradiction 1 < C’|8xuj|’2’_2. To show the rest of the
proof, we use the weak convergence lemma (Lemma 2.7) and follow the proofs in
Step 3, Step 4 and Step 5 of Lemma 2.11.

By the proof of Lemma 3.1, we are also able to obtain the following lemma.

Lemma 5.3. N, is invariant for the solution of the KP equation (1.1). That is,
ug € N, implies that the corresponding solution u(t) € N, fort > 0.

Now by using Lemmas 5.2 and 5.3, it is easy to obtain the following lemma which
is crucial to prove the instability of solitary waves (Theorem 5.1).
Lemma 5.4. Let 2 < p < 4. Assume

i) ug €Y and yug € L?, and

i) ug € K§N N..
Let u be the solution of the KP equation (1.1) in C([0,T);Y) with u(0) = ug, E(u(t))
= E(ug) and V(u(t)) = V(ug). Then there exists a blow-up time Ty < oo such that
(5.1) tlir%) |0yu(t)]2 = oo.

Proof. Tt follows from the proof of Theorem 4.1 that

&1
- = 8(Q(u(t) = P(u(1)).

By Lemma 5.3, we obtain that P(u(t)) > 0, for ¢ > 0. Hence

d*1
(5.2) o < 8Q(u(t)) < —12pey
and a blow-up time Ty can easily be deduced. Using this lemma we are able to

prove Theorem 5.1.
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Proof of Theorem 5.1. We define ug(z,y) = xu(2,y) = 0%(w)pw,(c’r, cy), where

2
o2abme(y) = %, b=%+mn,e=ap—e—nwith e,n >0 and a <0. It is easy
wl|2
to see that |yw|3 = [@el3, Xe = e, and o(c) = 1. On the other hand,

—d'(e)  _ —d'(o)
(O@a—b—e)  pl(SZa—e)

for small €. By the smooth of x,, with respect to w, it is found that y,, is sufficiently
close to ¢, as w — c. Let u(t) be the solution of the KP equation (1.1) with «(0) =
ug. By the smooth of ¢, [BoSa2|, the solution v € C([0,7");Y) has the conserved
energy E and the momentum V. By Lemma 5.3, it remains to show x,, € K§N N,
as w — ¢. More precisely, Q(xw») < 0, P(xw) > 0, and L.(xu) < Lc(pc) for some
w > c¢. By a simple computation, we have

Qxw) = (

>0

o' (W)]w=c =

1 . 3
50_20,4*6731)(“}) + 02a+b76(w) _ 50a(p+2)eb(W)) |¢w|§
At w = ¢, we have Q(Xw)|w=c = 0 and the differentiation of Q(x.) with respect to

w at w = ¢ yields

dQ(xw)
dw

|lw=c = (%(n +e—3b)+ (2a+b—e)— g(a(p +2)—e— b)> o' (0)|0z el

3
=(e+b— Eap)a'(c)|8x<pc|§ = —ed’'(¢)|0ppel3 < 0.
This implies that Q(xw) < Q(xc) = Q(¢.) = 0 for w > ¢. Next, we have
P(xw) = 01+2b(1 - U‘”’*Qb)l%%@

and at w =—c¢
dP
%|w=c = )
This implies that P(xw) > P(xc) = P(ye) =0 for w > c.
Finally, we need to show L.(x.) < Lc(¢.) for w > c. Let L, (u) = E(u) +wV (u).
A simple computation yields

(2 = ap)o (O)|uecl3 = 200 (0)|Daspe 3 > 0.

w a—ob—e 1 a— € -
Ly = 20"l § + 50210, 0y
L oayo- 2 1 (p+2)—b— +2
4+ o a e ax w2 — a(p+2) € w p
_ 4 — pO_Qa—b—e + 102a—3b+e + 10_2a+b—e _ lo_a(p+2)—b—e |8 0 |2.
4p 4 2 P wrwlz
In the above computation, we use the fact that
_ 1 w 5 p—4 9
|0, laysaw@ = §|ax90w|§v 5|90w|2 = W@zwwbv
1 1 1
P2 = 2 |0upul? and d(w) = =|0zpw 2.
ST TE e = el (@) = 51008
Differentiation of L (x.) with respect to w at w = ¢ yields the formulae
dLy(Xw)

1
w—c*d, — 5 52
dw = (c) 2|<P 2
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and
d2Lw(Xw) —aqn 1 2 4—p 9
TIw:c—d (c) + (5(2a+b—e) +W(2a—b—e)
1 1
+Z(2a —3b+e)? — }—j(a(p +2)—b— e)2> 2d(c) (0’ (c))?
=d"(c)+ l(2a—|—b—e)2—|-—4_]0(2a—b—e)2
2 4p
1 _ 2_} )2 2 4—3}7 7
+4(2a 3b+e) p(a(p+2) b 6)>(2a—b—e)24—pd(0)
2(4 - 3p) "
= d
(2a_b_e)2(4_p)g(6)n) (0)7
where
g(e )_1(4_pa+6+277)2— (4-p)° (4_3pae)2
’ 20 2 dp(3p—4)" 2
1,4—3p s 1,4-—p 9
Z — 4e — _Z )
+ 15— tem - 2 a4

Now, we claim %Lﬂ:c < 0. Since d’(¢) < 0 and 4 — 3p < 0, it suffices to show
that g(e,n) < 0 for small € and 7. In fact, g(0,0) =0,

4—3p
2

0 4— 1
S2(0,m) = 2(—5Fa +20) — 5(—5—a—),

on

and g—f]((), 0) = +(12—p)a < 0. This implies that g(0,7) < g(0,0) = 0 for small n > 0

and therefore g(e,n) < 0 for small € > 0 and n > 0. It follows from %L}:C <0

that
Le(xw) = Lu(Xw) + V(ww)(c —w) = Ly(Xw) + V(pe)(c —w)

< Lelipe) + o Lu(oomelw =€) + V() e — )

= Le(pe) + V(pe)(w —¢) + V(pe)(c —w) = Le(pe)

for w sufficiently near c. Therefore the result of strong instability of solitary waves
can be obtained by Lemma 5.4.
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