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S« REPRESENTATIONS AND COMBINATORIAL IDENTITIES

AMITAI REGEV

ABSTRACT. For various probability measures on the space of the infinite stan-
dard Young tableaux we study the probability that in a random tableau, the
(3, j)th entry equals a given number n. Beside the combinatorics of finite stan-
dard tableaux, the main tools here are from the Vershik-Kerov character theory
of Sso. The analysis of these probabilities leads to many explicit combinatorial
identities, some of which are related to hypergeometric series.

0. INTRODUCTION

Let S,, denote the symmetric group of the permutations on n letters, and Su
the group of all finitary permutations on a countable set. Let Par(n) denote the
partitions of n. The famous work of Frobenius and A. Young show how the character
theory of S,, is determined by Par(n).

The classical works of Thoma [I] and, more recently of Vershik and Kerov (the
VK-theory, reviewed in Section 2) [VKT], [VK2], [VK3| show how the character the-
ory of Sy is determined by the Young graph Y. The vertices of Y are |J -, Par(n);
its edges are the pairs (A, ) € Par(n) x Par(n + 1) such that the diagram of p is
obtained from A by adding one box. Infinite paths in Y correspond to infinite
standard tableaux.

In the VK-theory, the characters of S, are described in terms of probability
measures on the space of the infinite paths in Y (see Section 2). These measures
form a convex set. The extreme points in this set are called “ergodic” measures
and are related to the VK extended Schur functions (see (4.0.2)).

In addition, Kerov, Olshanski and Vershik recently discovered a two-parameter
family of measures M, , with some remarkable properties [K]|, [O], [KOV]. The
measures M, , are deformations of the so-called Plancherel measure.

The projective analogues are discussed in Part II.

In this work we indicate a certain method of applying the VK-theory, and its
projective analogue, to deduce combinatorial identities. After proving the general
theorems (3.1 and 10.1), we calculate explicitly several typical special cases.

The main problem studied in Part I is the following: Given a probability measure
M on the space of the infinite standard tableaux, given a fixed box (i, j) € Z2 and
n € Zy, what is then the probability P,, (T(i,j) = n) that the (i,j) entry in a
random infinite standard tableau is equal to n?
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The answer is given, in the form of a formula, in Theorem 3.1.a. That formula
involves the measure M and the number d,, of standard tableaux of shape p. Ex-
plicit formulas are known for computing d,,. Together with the formulas for the
ergodic and the M, , measures, they yield explicit formulas for the probabilities
P (T(i, Jj) = n) Each such measure M has a corresponding subset R,, C Z2 of
the M-reachable boxes (see (2.5)), and for (i,j) € R,, we obtain the identity

n>0

Thus, to every such measure M and a box (i,j) € R,, there corresponds the
identity (*). The left hand side of () is an i + j — 2 multisum. When M is ergodic
or M, ,, the left hand side of (*) can be computed, yielding an explicit identity.
For example, the measures M, , and the box (2,1) yield the identity (9.1.1), which
is closely related to the Gauss summation formula for o F.

A large portion of the first part of this paper is devoted to the explicit compu-
tation of some cases of the identities ().

In addition, for the Plancherel measure, computer experiments lead to the dis-
covery of the following remarkable phenomenon: for any n € Z,

P(T(3,1) =n) =P(T(2,2) =n+1) (see Proposition 8.2).

A computer proof was first given by D. Zeilberger [Z]. The proof given here is due
to I.G. Macdonald [MI]. So far, no similar phenomenon has been observed between
other boxes or for other measures.

Part II of this work is the “projective” analogue of Part I.

Projective representations were introduced and studied by 1. Schur. The theory
of the projective representations of .S,, appeared in Schur’s fundamental paper [S].
Now, an exact analogue of the VK-theory for the projective representations of
Soo exists. It is mostly due to M. Nazarov [N] (see also [I]) and is reviewed in
Section 10. The projective ergodic measures are given by the extended Schur P-
functions. The projective analogues of the measures M, , are the measures M,
which were discovered by Borodin [B].

In the projective theory the strict partitions SPar(n) replace Par(n). Accord-
ingly, the Young graph Y is now replaced by the Schur-Young subgraph SY,
spanned by |J,,~,SPar(n). Diagrams X\ are replaced by shifted diagrams sh(\)
and dy by ¢*, the number of standard tableaux of shifted shape sh(\).

In Part II we analyze the probability P,, (T(z’, j)= n) on the space of the infinite
shifted standard tableaux. There are corresponding ergodic measures, given by
extended Schur P-functions (Section 11) and the family of measures M, which
replaces M, , here (Section 12). These measures are again deformations of the
corresponding projective Plancherel measure.

As in Part I, we calculate the “projective” probabilities P,, (T(i,j) = n), then,
for (i, j) reachable, deduce the identity

(p, ) > Pu(T(,j)=n)=1.

Again, a large portion of Part II is devoted to the computation of explicit (p, *)-
identities. For example, in Section 12 we calculate the (p,*)-M,-identity corre-
sponding to the box (4,4) (the shifted analogue of (i,1)). For the box (2,2) this is,
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again, closely related to o Fy (see (12.2.1)), while for a general (i,4) that identity is
closely related to higher (multivariate) hypergeometric series.

Thanks are due to Anna Melnikov for her help with the computer experiments,
and to Grigori Olshanski for his very essential and generous help in many parts of
this work.

1. THE MAIN RESULTS

Theorem 3.1 and its projective analogue 10.1 below are the main general theo-
rems here (Section 5 indicates other such theorems). These theorems involve general
probability measures on the space of infinite Young tableaux, and they are applied
below with two specific families of such measures, yielding a variety of combinato-
rial identities. A large part of this work concerns the explicit computation of some
of these identities.

Here is a description of these theorems and of the various identities — and their
locations in this paper.

Theorem 3.1 is a source for infinitely many identities: for each reachable “box”
(i,j) € Z2 it gives the general identity

(%) > > dum(spvi ) =1

n=1 peH'(i-1,j—1,n—1)
Here
H'(k,t,m) ={utm|pup <l+1and pgr1 = £}

(this is the set of partitions g = m to which the box (k4 1,¢ 4 1) can be added,
yielding the partition u*(k + 1,¢+ 1)). d,, is the number of standard tableaux of
shape p; p*(i,7) is p with the box (i,7) added; sy is the Schur function; A is the
algebra of symmetric functions over R [M], and 7: A — R is any linear functional
satisfying the three conditions in (2.7). By the Vershik-Kerov (VK-) theory about
the characters of S, such functionals 7 correspond to “central” measures on the
space of the infinite standard tableaux (see Section 2).

Once d,, and 7(sy) are calculated, and the reachable box (i, 7) is fixed, () yields
an explicit identity. There are several well known formulas for d,, — see (3.1.1),
(3.1.2) and (3.1.3). For certain families of functionals 7 there are explicit formulas
for calculating 7(sy). In Sections 4, 6, 7, 8 and 9 we study (*) in detail for two
specific families of functionals 7: one corresponding to the “ergodic” measures
M(q;p) in the VK-theory, and the other to the measures M, , below. In general
these identities become more involved as i 4 j increases.

The simplest such 7’s arise from the (so-called) Plancherel measures. Many
explicit cases of (x)-identities are calculated from such 7’s: see (4.2.1), (4.2.1"),
(7.3.2), (7.3.4), (7.3.5), (8.2.2), (8.2.4) and (8.2.5).

The (x)-identities of the ergodic and of the M, , measures are deformations
of the (x)-“Plancherel” identities. Special cases of the (*)-ergodic identities are
g-analogues of the (x)-Plancherel identities: see Theorem 4.1.b, (6.1.2), (6.1.4),
(6.1.6), (6.1.6"), (6.2.1)-(6.2.4), (7.2.1), (7.2.2), (7.2.2'), (7.3.1), (7.3.2), (7.3.3),
(7.3.4) and (7.3.5).

Some special cases of the (x)-M,, , identities are calculated in Section 9, including
those cases corresponding to the boxes (i,j) = (k + 1,1). Here, the relation to
multivariate hypergeometric series is apparent. The (4,j) = (2,1)-identity (9.1.1)
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is closely related and can be deduced (also) from Gauss summation formula for o F;.
The (k+1, 1)-identities with £ > 2, (9.2.1) and (9.3.1), seem more involved, having
the square of the Vandermonde as a factor in them.

Part IT (Sections 10-12) is the projective analogue of the first part. The projec-
tive analogue of the VK-theory, due mainly to Nazarov [NJ, is reviewed and applied.
Theorem 10.1.c gives the projective analogue of (x): for reachable (i, j),

(P, %) > > 9" (Purgy) =1.

n=1 peSH'(i—1,j—1,n—1)
Here SH'(k,¢,m) = {u F m isstrict | pp > € —k+2 > 2 and pgy1 > € — k},
gt is the number of standard tableaux of shifted shape u, Py are the Schur P-
functions, and w is a certain linear functional 7: I' — R, where I' C A is spanned
by {Py | A strict}.

The structure of Part II is similar to that of the first part. Here g* is calculated by
Schur’s formula (10.1.1), and 7T(Pu+(m)) is calculated for two families of measures
M, “ergodic” and M,, with corresponding functional M < w. Theorem 10.3.b is
the ergodic case, while Theorem 10.5.b is the M, case of (p, x). Both of these cases
are deformations of the Plancherel case, given by Theorem 10.4.b.

In the ergodic case, explicit formulas for Py(z1,...,2,) in terms of Schur func-
tions are known when £(\) equals n or n — 1 [M], III, 8, Ex. 2]. Because of
this restriction, the examples of the (p, x)-ergodic identities here are given only for
(i,9) € Zﬁ_ such that ¢ < j < i+42. These are the identities calculated in Section 11.

Theorem 10.5.b allows, in principle, an explicit calculation of the (p,*)-M,-
identity for any box (k,¥¢) where k < £. Examples of such identities are given in
Section 12. For brevity, only the boxes (k, k) are studied in general: see (12.1.1)
and (12.1.2). Similar to (9.1.1), the box (2,2) (which is the projective — or shifted
— analogue of the box (2,1)) yields the identity (12.2.1) — which also follows from
the Gauss summation formula for 9 F;. Note that the same is also true for the box
(2,3) (shifted analogue of (2,2)): see (12.3.1). For higher (k, k), (12.1.1) is related
to higher hypergeometric functions.

The proofs of the key theorems 3.1 and 10.1 are obtained from the study of
various probabilities on the infinite Young graph Y in the ordinary case, and on
the subgraph of the strict partitions in the projective case.

Finally, notice the remarkable phenomenon exhibited in Proposition 8.2.

2. A SUMMARY OF THE VERSHIK-KEROV THEORY

Below is a brief summary of some of the main results of the Vershik-Kerov (VK-)
theory which are needed here [VKT], [VK2], [VK3].

2.1. Notation for partitions [M]. ¢(x) = the number of nonzero parts in p.

|| = the sum of the parts of y; we also write p - |p|.

We identify partitions and Young diagrams.

For two Young diagrams p and A\, we write u A if p is contained in A and
their difference A/u consists of a single box.

2.2. Definition of the Young graph Y. Its vertices are arbitrary partitions =
Young diagrams, including the zero partition = the empty diagram. Its edges are
couples i /* A. The graph is connected.

Let Y,, stand for the n'" floor of Y, i.e., the set of \’s with |\| = n.
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2.3. Paths. Assume that each edge u A is oriented from u to A.

A path in Y is an oriented path, i.e., a sequence \° /' A\ 7 ... finite or infinite.

A finite path © = A% /X' 7 ... 7 X\F = X is the same as a standard Young
tableau of the skew shape A/u. In particular, if 4 = @, then a finite path from ) to
A is the same as a standard tableau of the shape .

Given A, let Tab(\) be the set of all standard tableaux of the shape A, i.e., of
the paths from ) to A\. We set dy = dim A = |Tab()\)|. Let Tab,, be the union of
all the sets Tab(A) with |A| = n; this is a finite set. There is a natural projection
Tab,+1 — Tab, (in terms of tableaux, we delete the box containing n+ 1; in terms
of paths, we delete the last edge).

Using these projections, we form the projective limit space

Tab = lim Tab, , n— oo,

whose elements are called infinite tableauz.
By the very definition, an element T' € Tab is an infinite path in the graph Y,
starting at (),

T=0,/\ /A /...

Clearly, ) ¢ A\! € A2 C ---, and we denote by D(T) the union of the diagrams
Ak, This is an infinite Young diagram, i.e., a subset of {1,2,...} x {1,2,...} = Zﬁ_
such that if a box (i, j) is contained in D(T"), then D(T') also contains all the boxes
(i, 5') with i’ <4, j' < j.

The space Tab is endowed with the projective limit topology. Since all the sets
Tab,, are finite, Tab is a compact totally disconnected topological space.

2.4. Cylindrical sets. Given 7 € Tab,,, we denote by Cyl(7) the pull-back image
of 7 under the natural projection Tab — Tab,,. This is an open and closed subset
of Tab. Tt is called the cylindrical set with base 7. Clearly, Cyl(T) consists of all
the infinite paths in Y whose first n links are the edges of 7.

2.5. Measures on paths and reachable boxes. We shall deal with probability
measures on the space Tab. Given such a measure M, we shall look at (Tab, M) as
a probability space and examine certain random variables defined on it.

A box (i,7) is called reachable (with respect to M) if it is contained in D(T") for
almost all T'. This means that a random path passes through (¢, ) with probability
1. The set of all M-reachable boxes is an infinite Young diagram. Let D(M) denote
the set of the M-reachable points: D(M) C Z3.

Each T € Tab can be viewed as a function T'(7, j) from the boxes (i,5) € D(T)
to the numbers 1,2,... . If (¢, j) is a reachable box, then the function T' — T'(3, j)
is defined almost everywhere.

2.6. Central measures. A probability measure M on Tab is called central if for
any diagram A, all the cylindrical sets Cyl(7) with 7 € Tab()\) have the same mass.

2.7. Positive functionals. Let A stand for the algebra of symmetric functions
over the base field R, and let {sx} be the basis of A formed by the Schur functions
(M].

Proposition. There is a bijective correspondence M «— 7 between the central mea-
sures M on Tab and the linear functionals w: A — R satisfying the following three
conditions:
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m(l) =1;

7 factors through the algebra A/(sqy — 1)A;

w(sx) > 0 for any A.

Under this correspondence, for any A and any 7 € Tab(\),

M (Cyl(7)) = 7(sn) .

2.8. Ergodic measures. The central measures form a convex set. Its extreme
points are called ergodic (central) measures.

2.9. Theorem [VK3|. In terms of the correspondence M — m, M is ergodic if
and only if m is multiplicative, i.e., w(fg) = w(f)n(g) for any f,g € A.

2.10. Thoma’s simplex. Let  be the set of pairs w = («, 3) of weakly decreasing
sequences of nonnegative real numbers, « = (o1 > @z > -+ >0), 8= (1 > B2 >
.-+ >0), such that

oo

Z(ari—ﬂi) <1.

i=1

The set € is equipped with the topology of coordinatewise convergence. With
respect to this topology, it is a compact topological space.
We set

oo

v=1-> (i + ) .

i=1

Note that « is not a continuous function of w.
The set €2 is an infinite-dimensional simplex, called Thoma’s simplex.

2.11. Extended symmetric functions. Let C(£2) be the Banach algebra of con-
tinuous real-valued functions on Q. There exists an algebra morphism A — C(2)
which factors through A/(s(;y — 1)A and determines an embedding of the latter
algebra into C(Q2) with closed image.

This morphism f — f is defined as follows: Recall [M], [I] that A coincides with
the polynomial algebra R[p1,pa,...], where p1,po,... are Newton power sums.
Given w = («, ) € Q, let us specialize:

pr—pi(w)=1,

pee Pr(w) =) of +(—D)FI> "8 k>
=1

Then we obtain an algebra morphism f — f(w) from A to R. Since p;(w),

p2(w), ps(w), ... are continuous in w, we get that f(w) is continuous in w for any
feA

The continuous function f € C(€) obtained in this way is called the extended
version of f € A. (Note that the function w — > a; + > §; is not continuous on

In particular, the functions Sy (w) are called extended Schur functions.

In Sec. 4 we indicate how to compute 5y (w) explicitly.
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2.12. Description of central measures.

Theorem. (1) There exists a bijective correspondence M < P between the central
measures M on Tab and the probability measures P on ), characterized by the
following property: For any A, and each T € Tab()\),

M(Cyl(r)) = /Sng(w)P(dw) .

(2) Under the bijection M «— P, the ergodic central measures M correspond to
the Dirac delta measures on €2, i.e., to points w € Q:

M(Cyl(1)) = sx(w) .
2.13. The diagram attached to an ergodic measure. Let M be the ergodic

measure corresponding to a point w = (a,3) € Q. Then there exists an infinite
diagram D = D(w) of the M reachable points such that D(T) = D for almost all
(with respect to M) paths T' € Tab. This diagram looks as follows.
Proposition. (i) If there exist k¢ € {0,1,2,...}, k+ £ > 1, such that apy1 =
Oék+2:"':B€+1:B€+2:"':7:07
ar >0, ﬂl >0,

then D(w) is a hook shape:

D(w) ={(i.j) |i<k or j<(}.

(ii) Otherwise (i.e., if all «;’s are strictly positive or all B;’s are strictly positive
or vy is strictly positive) D(w) coincides with the whole set {1,2,...} x {1,2,...}.

3. APPLICATIONS OF THE ORDINARY Soo-REPRESENTATIONS

The main result here is Theorem 3.1. To formulate it, we introduce additional
notations.
Let M be a probability measure on Tab. Let Z; = {1,2,...}. Given i, j,n € Zy,
denote
Tab(T(i,j) =n) = {T € Tab| T(i,j) =n}
and define
P, (T(i,j) =n) = M(Tab(T(i,5) =n)) ,

the M probability that a random T € Tab satisfies T'(i,j) = n. Denote Tab(i,j) =
Uns1 Tab(T'(i,5) = n), the set of tableaux such that the corresponding diagrams
contain the box (7.7). This is a disjoint union; hence

M(Tab(i,j)) = > _ P, (T(i,5) = n).
n>1
By definition, (i,7) € Zﬁ_ is reachable if and only if M(Tab(i,j)) =1.
Let = n —1, v+ n be such that v/u is the box (i,7), then write v = u™* (4, 5).
Denote

H'(i—1,j—1,n—1)={(u1,p2,...) Fn—=1] i1 >jand p; =j— 1} .

If JURS HI(Z - 1).7 -1n- 1)) then v = /J/+(Z7]) = (/J/la- coy Pi—1s i 1;/J/i+17-' )
is a partition. Conversely, let T;, be a finite standard tableau of shape v F n, with
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n in the (4,j) box. Deleting n from T, gives a standard tableau T}, of shape p,
peH (G —-1,7—1,n—1),and v = pu*(4,5).

We can now formulate
Theorem 3.1. Fix i,j,n € Z,. Let M be a central measure on Tab with corre-
sponding M «— 7, m: A — R (see 2.7). Then

(a)

PJ\/I (T(Zvj) = TL) = Z duﬂ—(s/ﬁ'(i,j)) .
peH’ (i—1,5—1,n—1)

By summing over all n > 1, we obtain

(b)
Z Z dum(8,+3,5)) = M(Tab(i,j)) i

n=1 peH’(i—1,j—1,n—1)
In particular, if (i,7) is M-reachable, the right-hand side equals 1 and we obtain
(c) If (i,7) is M-reachable, then

Z Z dum(sutqy) =1 .

n=1 peH’(i—1,j—1,n—1)

To state Theorem 3.1 more explicitly requires some additional notations and
explicit formulas for dy. We list three such formulas:

The Young-Frobenius formula. Let p = (p1,... ,p5)s pr = pr +k—r, 1 <r <
k. Then

_ u'Vi(p)
(3.1.1) du= "0
Where V(p) = HT<7’" (pT’ —_ pr/) and p! = HT‘ pr!.

The hook formula. For © = (r,s) € u, h(z) = pp + pf —r — s+ 1 is the
corresponding hook number. Denote H(u) = [, ¢, h(z); then

!
3.1.2 d, = ——.
(312 = HG
d, in (k,¢)-Frobenius-type coordinates. Let Hy(k,¢) C H(k,{) denote the
partitions containing the box (k,£) but not (k + 1, +1): Ho(k,¢) = {p | px >
4, g1 < L}. Given p € Hy(k,?), let
pr=pr+k—L—r, 1<r<k, g =p+l—k—-s, 1<s</(.

Thus (p | ¢) = (p1,--- 0k | q1,--. ,qe) are the (k, £)-(Frobenius-)type coordinates
of p, where p = (p1 > -+ > pr > 0), ¢ = (g1 > -+ > q > 0). Trivially,
ul = X pr + 3¢5 + 5[k + € — (k= £)?]. Note that (p | q) = p € H'(k, £, |p]) if
and only if pg,qe > 1. In that case ut(k + 1,£+ 1) is also a partition, denoted by
prk+1,0+1)=(p|q)"
For pn = (p| q) in Ho(k, ) the previous two formulas for d,, imply that
'V (p)V(9)
plg! Hr,s(pv" +qs + 1) ’

where V(p) =[], (pr —pr), V(@) = [,cs(@s —qs), ! = [ 2! and ¢! =[] gs!.
We can now restate

(3.1.3) dy = dplg) =
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Theorem 3.1.c. Denote k=1—1 and £ =j— 1. Then

l(p [ I'V(p)V(g)
2 P!, (pr + a5 +1

)W(S(pmﬂ =1,
p1>->prp>1
q1>>qe>1

where, again,
(p|q) |—Zpr+2qg k+€—(k: 07,

V(p) =11, cr(or —pr), V(@) = [lscs(@s — ), P! =1, pr! and ¢! =[], qs.

The proof of Theorem 3.1 follows from Lemmas 3.3-3.5 below.
Let pu = n. Define A(n) = U, ¢ rqp(,) C¥l(T) (a disjoint union), i.e., A(u) is the
subset of Tab of the paths that go through p: A(u) = {\° /AL /- | A" = u}.

Lemma 3.3. Let u - n. Let M be a central measure on Tab, with M — ,
m: A — R (see (2.7)). Then M(A(p)) = dum(s,).

Proof. Indeed,
M(A(p)) = Z M (Cyl(T)) = Z w(sy) =dum(sy) -

7€ Tab(p) 7€ Tab(p)

Given p /v, uF-n—1,vEn,let
Alp S v)={\° 2A /A = pand A" = v},
the (infinite) paths passing through both p and v.

Lemma 3.4. Let p /v and let M be a central measure on Tab, with correspond-
ing M —m, m: A—R. Then

M(A(p /' v)) =dum(s,) .

Proof. Let 7 € Tab(u): 7=X° /7 A' /.. 7 X*~! = ;. Then 7 uniquely defines

T+ € Tab(v )Via’TJr =X AL s Al 2N =y Thus A /' v) =

Us e 7ab(uy Cyl(™), a disjoint union. Since 7% € Tab(v), therefore M (Cyl(rT)) =
m(sy). Thus

M(A(p / v)) = Z M(Cyl(tT)) = Z m(s,) = dum(sy) .
7€ Tab(u) 7€ Tab(u)

O

Given p / v, let Tab(u /" v) ={\° /A\' /.- /7 u / v} C Tab(v). Note that
A(p /' v) = U, e tup(u ) CYl(T), a disjoint union.

Lemma 3.5. With the above notations,
Tab(T (i, j) = n) = U Alp / 't (i)

pEH! (i—1,j—1,n—1)

a disjoint union.
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Proof. The inclusion D is obvious. Conversely, let T € Tab with T'(i,j) = n. By
standardness, the integers 1,2,... ,n—1 in the (infinite) tableau T form a standard
subtableau T}, of shape p, where p € H'(i—1,j—1,n—1). Adding the cell (i, j)
to T,,—1 — with n in it — gives T},, the standard tableau of shape u™(i,j), and
obviously

TeAlu /7 ph(i,5)) -
O

The proof of Theorem 3.1 now easily follows from Lemma 3.5 by applying the
central measure M. Note that by definition,

M(Ta’b(T(i’j) = ’I’L)) - PM (T(Zvj) = ’I’L)7
and by Lemma 3.4
M(A(p /7 pw*(i,9))) = dum(surag) - O

4. Two FAMILIES OF MEASURES

We begin with a more explicit description of the functions sy (a; 3) (see (2.11)),
(o; 8) = w € Q, hence, by Theorem 2.12.2, of the ergodic measures M, on Tab.
Denote

sx(a; B) = sa(a; B;y)  and M(a;ﬁ) = M(a;ﬁ;'y) )
where v =1 — >, (a; + 3;); then
M(a;ﬁ;'y) (Cyl(T)) = g)\ (a; 6; ’7)
for any 7 € Tab(\). Also
M) © T(aspim A = R i) (52) = Sa (03 837) -

The extended “complete” symmetric functions En(a; B;) are introduced via the
generating function
oo oo

(4.0.1) Zﬁn(a;ﬁ; v)z" =e? H

n=0 i=1

1+ Biz
1—a;z

The extended Schur functions are given by a Jacobi-Trudi type formula:
(4.0.2) Sula; Byy) = det(hy,—iyj(a; ;7)) -
As a corollary of Theorem 3.1.c we obtain

Theorem 4.1. Let w = (o; 3) € Q (2.10). Then
(a)

PJ\/I(Q,ﬁ;,Y) (T(Za]) = TL) = Z du~u+(i,j)(a;ﬂ; 7) .

pEH' (i—1,j—1,n—1)

If (i,7) is M(q;p;y)-reachable (see (2.13)), then
(b)

> > duSu (s Biy) =1,

n=1 peH’(i—1,j—1,n—1)
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or, more explicitly, with (k,¢) = (i —1,7—1),

(p| )V (p)V(g) - o
2 Lt D) =1

p1>-->prp>1
q>>qe>1

The Plancherel measure M,o;1). Let oy = 31 = 0; then by (4.0.1) we have
11,(0;0;1) = 1, and hence, by (4.0.2) and by [I} 19.5],
1 d
41.1 5,(0,0;1) = —— = &
. HO0 = Gy T

where H(p) is the product of the hook numbers of p.

In the VK-terminology, Mq,o;1) is called the Plancherel measure. It is the limit
of M(a;ﬁ;'y)v where all Oéi,ﬁi — 0.
Theorem 4.1 clearly implies

Corollary 4.2. (a)
d
Pu. (T(i,j)=n)= > -
oo pEH'(i—1,j—1,n—1) H(qu(Z’]))
(b) By (2.13) D(M(O;O;l)) = Zi, and hence for any (i,7) € Zi
. d
(4.2.1) > > —
n=1 peH'(i—1,j—1,n—1) H(MJF(Z’]))
Denote (i — 1,5 — 1) = (k,?) and let uw = (p | q) in the (k,£) coordinates (see
: ko opy ¢ g
(5.1.3)). By an easy calculation, H(u%) = H(u) (Hrzl pp—?) (Hs:l qq—jl>, and

since d,, = % , clearly

di | 9IVER)V2(9) S S
U222 HGD T P @ L+ 0. 17 <r=1 " 1) (H " 1) |

s=1

Both parts of Corollary 4.2 are given explicitly by (4.2.2). For example, Corollary
4.2.b becomes:
For any k,¢ > 0,

3 (v [ D)['V*(p)V?(q)
1> >pe2l () (a!)? Hf:1 H§:1(pr +qs +1)?
(4.2.1/) q1>>qe>

k 4
Dr qs
X =1
(r—lpr+1> (s—l_[1q8+1>

where (p | Q) = err‘f'zs(h"‘ %[(k—f—ﬁ— (k_Z)Q]'
The Plancherel measure M q,0,1) is revisited in Section 8. See also (6.1.8).

The non-ergodic central measures M, , (K], [O], [KOV]). Given u,v € C,
M, is given by My, » <> Ty A — R (see (2.7)), where

(43.1)  muulsu) = ][] (u—i—j—i)(v—i—j—i)u,u(
(i,5)€n

d,
w+ 1) (uwv+n-—1)n!’

where |p| = n.
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The parameters u, v should satisfy one of the following two conditions:

1. w =7 € C is a non-integer.
2. u,v € (m,m+ 1) for some m € Z (hence again u,v ¢ Z).

The reachable boxes are D(M,,) = Z%. In the limit, as u = T tends to infinity,
My,o(p) — M;0,1)(). Thus, both M43,y and M, are deformations of the
Plancherel measure Mq.o;1)-

Similarly to Theorem 4.1, we have

Theorem 4.3. Let u=7€ C—7Z or u,v € (mym+ 1) for some m € Z. Then:
(a)
Pira (T(i,j) =n)
_ dp  Nleurap [t @)+ c@))]

e HEG) T wlwt Dl D

(b) Since D(M,.,) = 7%, for any (i,j) € Z%
i Z dp, % H;ch*(i,j) [(’LL + C(QC))(’U + C(l‘))}

+(7. 7 _
n=1 peH’(i-1,j—1,n—1) H(u* (i 7)) uofuv +1)--- (wv+n —1)

(here c(x) is the content of = [M], [I]: c(k,£) =€ —k).

Denote (z), = z(z +1)--- (2 + n — 1), the Pochhammer symbol. Let (k,¢) =
(t—1,j—1) and p = (p| ¢) in the (k,¢) coordinates. A simple calculation shows
that

H (u + c(a:))
zEpT(4,5)
_ (u+l—k) Hr (U =7+ Dp,—hptpr Hs (U= gs —k+ g k—r4s
Hle(u —r+1)
If we combine this with (4.2.2), Theorem 4.3.b becomes: Let k, £ > 0, u,v € C,
u="71 or u,v € (m,m+1), m € Z. Then

V2(p)V3(q) LI
p1>~Z>pk21 it (P)2(a)2 Ty Tl (1 + 45+ 12 <1:[1 pr+ 1)
(4.3.2) @>>a>1

l
qs F)f ) L
" <1;[1 ¢s + 1) [y [ =7+ Dew = 7+ D] (w0) iy 41

where

~

k
flw)=(w+—k) H =7+ Dp—ktt4r H — s =k +0)g,4h—t+s]

and where |(p | q)| :er,,—f—zsqs—i—a[k—f—ﬁ— (k—=120) ]

In Sections 6 and 7 it is shown that certain specializations of Theorem 4.1 produce
g-analogues of the “Plancherel” identities, given by Corollary 4.2. Examples of
explicit identities produced by Theorem 4.3 are given in Section 8, identities which
are different kind of deformations of the “Plancherel” identities.
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5. EXTENSIONS TO PROBABILITY OF JOINT EVENTS
Similar to P,, (T(z’, j)= n), it is possible to define the probability of two events:
’PM(T(i,j)zmand T(a,b)zn) , m<n,

and similarly for more events.
By arguments similar to those in the proof of Theorem 3.1 one proves
Theorem 5.1. Fix ¢,5,a,b,m,n € Z, m <n. Let M be a central measure on Tab

with corresponding M < 7, m: A — R. Then

(5.1.1)
P (T(i,j) =m and T(a,b) = n)
- Z Z dudk/u*(m)ﬂ(sﬂ(a7b)) .
REH'(i—1,j—1,m—1) p+(i,j)CAEH’ (a—1,b—1,n—1)

Analogous theorems can be proved for more events.

Remark 5.2. A conditional reachability for the box (a,b) can be defined by the
equation

(5.2.1) P, (T(,j)=m) = Z P, (T(i,j) =m and T(a,b) =n) .
n=1

In some cases of such reachability, and when dy,,+(; ;) can be calculated ef-
fectively, Theorem 5.1 yields explicit identities. For brevity, we consider only the
following example:

PJ\/I (T(Zvj) =1j and T(Zvj + 1) = n) (OI‘ PJ\/I (T(Zvj) =1ij and T(Z + 1;,7) = n)) )
where M = Mg,;1) and P = PM(0;0;1)' |

FiI‘St, H,(Z - 17] - ]-7@] - 1) = {‘LL}, where ,LLJF(ZLY) = (jl)v and P(T(Z7.7) = Z])
can easily be calculated by Corollary 4.2.b. Next, apply Theorem 5.1. Notice that
here A/(u*(4,5)) is a disjoint union of two ordinary diagrams, say U 6, and

+ 10
dA/u*(i,j) = dyug = <|77||77|| |> dydp

Finally, apply (5.2.1) to deduce the identity. The essence of this calculation is given
in Figure 1.
Here are a few low cases:

Example 5.3. (i,j) = (1,2). Here P(T(1,2) = 2) = 1 and we deduce the two
identities

m—a—-Dad(n—a+1)(a+2)(n+2) 2

(5.3.1) i 5 <Z> L

(e}

n=1 a=

and

(5.3.2) Z Z Z(n_|_v_a_3)!a!(n+v—a—1)(a+2)(n+’0) 9
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ij+1,ij+2,...,v-1

FIGURE 1.

(i,7) = (1,3). Now ’P(T(l, 3) = 3) = % and, for example, one identity deduced
here is

N TCL (n—c)l(n—c—2b+1)?
(5.3.3) D ( ) _ %

n=2 ¢=0 b=0 g(n,b,c)

gn,b,e)= b+ DIn—b—c+2)lcc+2)(b—1)l(n—b—c)l(b+c+2)(n—b+3).

6. APPLICATION I: M = M 40,0

Here, and in the next three sections, Theorem 3.1 is applied in some special cases,
and we shall see that it yields certain explicit summation-identities. We study first
a special case of the ergodic measure M,.3.)-

Fix m and let w,, = (;0;0) be the following points in the Thoma simplex:

vy=0 0 =0 ="--=0a, >0and a1 = ami2 = --- = 0. Then
the reachable points of M = M,.,0) are D(M) = {(i,j) € Zﬁ_ | i < m}, and
Sa(a; B;579) = sa(aq, ... ,auy) is the ordinary Schur function. Specialize a1, ... ,

as follows: Let 0 < ¢ < 1, r = [Z:’ll qi_l]_l = 11:(1‘3”, and let a; = r¢* 1,
1 <i<m, and a1 = 0. Note that

lim w,, = («;0;0) ,
m—0o0
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where @; = (1 —q)¢*~1, i = 1,2,..., and every (i,5) € Zi is reachable. Recall
!

the definitions of h(x), of ¢(x) and also of n(A) = 7,5, (;1> [M], [I]. Applying

Theorem 3.1 and [M|, Ex. 1.3.1], we deduce

1

Proposition 6.1. Let 0 < g <1, r = —1:q?n ,

v=0. Then, for any j,

ai=r¢ 1, 1<i<m, ami1 =5 =

(a)
1-—- v y
Prne T =)= > du<1_q(fn ) 06
' pEH' (i—1,j—1,u—1)
(6.1.1) L e
| oy

zEpT(i,5)
(note that the last factor equals zero unless, also, p*(i,5) € H(m,0,u)). Since
(i,7) is M(q0,0) reachable, hence

)

qm
u=1 peH’(i—1,j7—1,u—1
< I
zEPT (1,5)

(b) Letting m — oo in (6.1.1), we obtain
P (TG ) = 1)

6.1.2
( ) 1— qurc(x)

1— qh(gc) -

(6.1.3) N ot (69)) 1
= Y a9 I
weH (i—1,j—1,u—1) zept(i,g)
Also
St + 1
— o)t (E,9)) - - _
(6.1.4) > > du(1—q)*q"v D) ] i = 1
u=1 peH’'(i—1,j—1,u—1) zept(3,7)
(see the Remark, below).
(c) Since
1 1 I\ m+ela)
S (_7 ’ _) =
m m m h(x)
—_——— TEA
, W), by substituting oy = -+ = = = (my1 =1 =7 = we obtain from
M|, [M], by substituti - =0 0 btain fi
Theorem 4.1

PM(LY;O;O) (T(Z7‘7) = ’LL)

(6.1.5) B 1\“ m + c(x)
= X (=) 11 e
neEH'(i—1,j—1,u—1) zept(i,5)

and

(6.1.6) i 3 W<%)“ [I (m+ec@)=1.

u=1 peH’(i-1,j—1,u—1) zEPt(1,5)
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Note that (6.1.5) is obtained from (6.1.1) by formally letting ¢ — 1. If in (6.1.1)
PM(@;O;O) 2222 0 wniformly, independent of q, then the limit ¢ — 1 exists and
gives — again — (6.1.6).

(d) Letting ¢ — 1 in (b) or m — oo in (¢) or ¢ — 1 and m — oo in (a), we
obtain

d
(6.1.7) P (T(,j)=u) = —Fr
(«;0;0) ( ) MGH/(igLul) H(u+(z7]))

Hence

0 du
(6.1.8) Z Z m =1 5

u=1 peHl’(i-1,7—1,u—1)
just like (4.2.1), (4.2.1).

Remark. Any extended Schur function is continuous on the Thoma simplex. So, if
a sequence of points, say, w,, tends to a limit point w in the topology of the Thoma
simplex, then the corresponding values converge too. Identity (6.1.4) is obtained
by applying Theorem 3.1.c to the ergodic measure M 4;0,0), @ as above. One could
also deduce (6.1.4) directly from (6.1.2) by letting m — oo, provided one can prove
directly that such a limit exists.

By applying the (k,0) = (i — 1,5 — 1) type coordinates, it is possible to rewrite
the above formulas, and, in particular, part (c), more explicitly. Here, for example,
is the case i=k+1and j=1 ((=0). Now u=(p|$)=(p), pr >+ >pr > 1,

k k d,
=22 pr — (2)’ eru+(k+1,1) (m + C(x)) =[l=i(m =7+ 1)p,—tr, and Huh)
is obtained from (4.2.2) with £ = 0. Thus

k
Pr

r:lpr—’_l

/ [(P)['V2(p)
(6.1.6") > o
p1>->pr>1
where |(p)] = 32, pr = (5).
Clearly, (a) is a g-analogue of (c¢), while (b) is a g-analogue of (d). Note also

that as m — oo and ¢ — 1, all o; — 0, while all §; = 0 by definition. We shall
see in Proposition 8.1 that PM(o-o-l) (T'(i,§) = u) is the right hand side of (6.1.7);

hence we shall deduce (6.1.8) again from the case (0;0;1). Thus, in a sense, the
case (a;0;0) (or (0;5;0)) here is a g-analogue of the case (0;0;1).

Example 6.2. When ¢ =2 and j = 1, (6.1.2) becomes
00 u u—2 m-+k
1—¢ pe1 (1 —¢™")
(6.2.1) ( ) q _ =1,
2 L=q™/) “(1-4q)

u—2
u=2 q 1—q)[T= (1= ¢

<%> ﬁ(m 7+ D)pmkir =1,

r=1

(6.1.4) yields

= 1
6.2.2 1—q)" -1,
(022 g( D A= e L2 =)

while (6.1.6) (or formally ¢ — 1 in (6.2.2)) implies that

(6.2.3) i(i)u(m_1>mm(m+u_2)=1.

m (u—2)lu

u=2
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Finally, (6.1.8) (i.e., m — 00, ¢ — 1 in (6.2.1)) yields

(6.2.4) Z o

(which is easy to verify, since m = ﬁ - %) Thus, (6.2.1)—(6.2.3) are

generalizations, and g-analogue generalizations of (6.2.4).

Similar examples can be calculated for any (i,j) € N?. However, the identities
corresponding to (i,7) € N? become much more complicated as i + j increases.

7. APPLICATION II: M = M(q.3.0)

Here we let v = 0 and (s 8;7) = (o; 5;0) = (o; 8) = (a1, ..., ;01, -, 55)
(i.e., ait1 = Bj41 = 0). The M(q,4,0) reachable points are {(a,b) | a < i, b < j}
(2.13). Again, for each (i, j) € N? we deduce identities with (“double”) g-analogues.

Note that if p € H'(i — 1,5 — 1,u — 1), then pu* = p*(4,5) 2 Ry, the i x j
rectangle. Thus pt (4, j) defines the two partitions,

+):

l/(‘LL (Ml_jv"'vuifl_jﬂo) and n(:u’-i_):(:ull_%?/‘l’;fl_zﬂo)

Since here Sx(a;3;0) = sx(au,...,04;01,...,05;) are the super (or hook) Schur
functions, by [BR] Theorem 6.20] (or by a special case of the Sergeev-Pragacz
formula [M] 1.3], and since u* 2O R; j,

S/,L+(i,j)(a17 s O‘i;ﬁlv s 76])

[H ljock—Fﬁe

Su(uty (s i) syuty(Bry -, By) -

1
Nowlet 0 < p,g< 1,7 = (Zk Op + Zé éqg) , and substitute oy, = rp*~ 1, 1 <
k<i,and B, =rq¢™ ', 1< ¢ <j. Thus Zk>1(ak + Bx) = 1; hence v = 0. Clearly,
su(ryrp, ., rp ™) = rlVls,(1,p, ... ,p"~1), and similarly for s,(r,rq,... ,r¢?"").
Applying [M, Ex. I.3.1], we obtain the value of s,,+ (a; 3). Combined with Theorems
3.1.a, this implies

Proposition 7.1. Let 0 < p,qg <1, r = [Zk ob —|—Zz éqg] , v =0, and let
(a; 3) = (r,rp, ... ,7p =Y rq, ... ,rg? 1Y) as above. Then

(a)

Pty TG =)= 3 dur® lﬁ [[0*+d)

€H(i—1,j—1,u—1) k=0 =0
(7.1.1) g !
]_ — pi+c(x) ]_ —_ q]“"c(x)
n(v) n(n)
xpg H 1= ph@ H 1= @

zev(pt) zEN(pt)
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1.1

(b) As in Proposition 6.1.c, let (a;3) = (%, S  J ,ﬁj), or for-

mally let p,q — 1 in (7.1.1). Then

D ) — 1\ i
PM(Q;ﬁ;m (T(Z’]) - ) ueH’(i—%—l,u—l)du <Z +j> 2
i+ c(x) Jj+c(x)

zev(pt) zen(pt)

(7.1.2)

Again, n(\), h(z) and ¢(z) are given in [M] I.1].

Clearly, (7.1.1) is a (“double”) g-analogue of (7.1.2). By (2.13) the box (i, )
is M(q;p,0)-reachable. Hence, by Theorem 3.1.c (i.e., by summing over all u’s in
(7.1.1) and in (7.1.2)) we obtain

Proposition 7.2. In the notations of Proposition 7.1,

(a)

00 i—1 j—1 N
S S 11§ (R EE
u=1peH’ (i—1,j—1,u—1) k=0 =0

(7.2.1)

_ pite(@) 1 — gite(@)
n(n(ut)) 1=p" il iy
xq H 1— ph@ H 1= @ =1.
zev(pt) zEN(nt)

(b) From (7.1.2) (or formally letting p,q — 1 in (a)), we obtain

> Y a(my)
u=1 peH’(i—1,j—1,u—1) vty

1+ c(x) j+ec(x)

<10 h(z) 11 h(z)

zev(pt) zen(pt)

(7.2.2)

Note that (7.2.2) is obtained from (7.2.1) by formally letting p,q — 1. Thus,
again, (7.2.1) is a double (or p-) ¢ analogue of (7.2.2).

Let (i,5) = (k+ 1,£ + 1) and rewrite (7.2.2) with the (k,£) coordinates as
follows (compare with (4.3.2) and (6.1.6")). First, the summation >, > . becomes

Yopi>->pe>1- Now
q1>>qe>1

el 9l'V(p)V(g)
W g T, (e + s +1)

where [(p | @)l = 327y pr + Xy s + 5[k + €= (k= 0)?],

L _ V) ([ _» 1 V() as
H(v(ut)) P! (pr+1>’ H(ut)  d IJ(qu)v

k

I G+e@)= J[ +1+c@)=][Ck+2-7)p -k
)

zev(pt zev(pt) r=1

d,=d
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and
¢

[T G+e@)=TI+2- )0 —crs-

zen(pt) s=1
Thus, (7.2.2) now reads as follows:

Proposition 7.2.b’.
(7.2.2))

> [(p | )I'VZ(p)V3(q) (k pr )(ﬁ qs )
e 2@ T T (e +as + 1) oy prt1 )\ a1
q1>->qe>1

1 I(pl)|+1 (0 k
X (m> 9(k+1)(£+1) H(k+2_7”)pr—k+r

r=1
14
X (H(£ +2— s)%HS) =1.

s=1

Some special cases. By symmetry, the cases (i,j) and (j,4) are the same. The
case ¢ = j = 1 being trivial, we first consider
i=2,j=1: Here (7.2.1) specializes to

00 1 u 1 _pu,1
7.3.1 — | 2(1 — =1
(r8.1) > (545) 20+n =1,

u=2

while (7.2.2) (or p — 1 in (7.3.1)) becomes

(7.3.2) i (%)u (u—1) = i ,

u=2

which can easily be verified directly.
i=j=2: By (7.2.1),

) ) k+£+4
> 2 (k;£++12> (ﬁ) A+DA+g9p+1)(p+q)
(7.3.3) k=0 =0

1— k+1 1— 041
% p q -1,
1-p 1-gq

and by (7.2.2) (or by p,q — 1 in (7.3.3))

(7.3.4) i i (kffjf) G)W (k+1)(¢+1) =16 .

k=0 (=0

i=3,j=2: Here (7.2.1) implies a p, ¢ identity of a type similar to, but more
involved than (7.3.3), while (7.2.2) implies the identity

(7.3.5) k=0 (=0 m=0 Ml + 0+ 210 +m+3)(k+ £+ m+4)
6

5
_2 _
= o5 =488.28125.
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8. APPLICATION III: M = Mg,0,1)

We now examine more closely some special cases, arising from the Plancherel
measure M,o;1). It is shown below that the probabilities in (8.2.1) and (8.2.3)
below possess a remarkable property.

Example 8.1.
(3,1): 1=3,j=1(ori=1,5= 3). By Corollary 4.2,

(u— 1) (u — 2k —2)2

(821)  Pugy,, (TG H0+ 2 (u— k=) (u k)

hence (also by (6.1.8))

(u—1)(u— 2k — 2)? —
(8.2.2) Z XZ: RE+ 2 u—F—2la Rl

(2,2): i=j=2. By Corollary 4.2,

) (u—2) .
(8:23) Paig (T =) =2 pro i 4w F 21

hence (or by (6.1.8))

(8.2.4) i

=0
(4,1): i=4,j=1ori=1, j =4. Here we deduce from Corollary 4.2 (or from

u—4

(u—2)!

M2k —Dlu—k—2Mu—1

(8.2.5) SN flabe=1,

a=0 b=0 c=0

A
BxC'’

fla,b,c) =

A=(a+2b+3c+3)(b+1)*(a+1)*(a+b+2)?
B=cdc+DIb+c+DIb+c+2)(a+b+c+2)(a+b+c+3)!,
C=(c+2)b+c+3)(a+b+c+4).

Computer experiments lead us to observe the following rather remarkable phe-
nomenon:

Proposition 8.2. For all u>1 (i.e., u>3),
PM(O-,O;I) (T(?), ]_) = u) = P (2—‘(27 2) =u-+ ].) .

M(0;0:1)

(So far, no similar phenomenon has been observed between other entries or for
other measures.)

Comparing (8.2.1) with (8.2.3) for u even and for u odd, we see that Proposition
8.2 is equivalent to the following two “binomial” identities:
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Lemma 8.3. (1)

(8.3.1) kz_:( ) <k+2> (n—k—1)> :n:_: (2”,; 1) (QZI;) .

(2) 7
:2;: <2n,: 1) (22 i ;) (2n — 2k — 1)?
—enen > () ()

k=0

(8.3.2)

Proof (I.G. Macdonald). The first proof of 8.3 was a computer proof, given by D.
Zeilberger (and Shalosh B. Ekhad) [Z]. Here are the main steps of a “human” proof,
due to I.G. Macdonald (private letter). We verify, for example, (8.3.1). Note first
that, on both sides, Zk o can be replaced by 1 2" 2 . Evaluate the coefficient of
t2n- 3 in (1+t)n- 22 =(1+t)? 11+t to conclude that

2&‘:3 o —1\ (2n—1\  [dn -2
2\ k k+2) " \2n-3)"

This simplifies the right hand side of (8.3.1). Now simplify the left hand side:
expand (n — k —1)%2 = (n — 1)% — 2nk + k(k + 2), so that the left hand side is

1
3 [(n—1)*A—2nB+C]
with corresponding A, B and C, which simplify by similar arguments. For example,
2n—2 2n—2
2n n—1 2n
=k (1) (1) =2 E () (nie)
= 2n|the coefficient of t*" % in (1 + )"~ = (1 +¢)*" (1 +1)*"]
in —1
=2n <2n - 3> '

After simplifying A, B and C, it is easy to verify that the left hand side equals the
right hand side. O

8.1. Probability of congruences. Given ¢,r € N and M, we consider
P (T(i,5) = r (modq)),

the M-probability that T'(i,j) = r (mod q).
Trivially, Par(T(i,j) = u) = 0 if u < ij. Therefore we can replace 0 < r < g by
ij <1 < ij+ gq; then clearly,

(8.4.1) Pr(T(i,j) = r (modq)) ZPM (i,j) =kq+r) .

Below we consider two examples, both in the case M = M q,o,1) and with (7, j) =

(1,2).
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8.1.1. Ezample: (i,7) = (1,2) (or (i,5) = (2,1)). Let 2 < r < 2+ g; then

o0

1
4.2 T(1,2) = dq)) = :
(8 ) P]\/I(O;O;l) ( ( ’ ) " (mO q ;) qk +r— 2) (qk + T)
This follows since, by Proposition 8.1, ’PM(O;0 1)( u) = —(u_12)!u. Since
m = ﬁ — %, this implies that for ¢ = 2
1
(8.4.3) Prtioron, (T(1,2) =1 (mod?2)) = o

a phenomenon which was observed in [R].
For ¢ = 3 the corresponding probabilities are

(8.4.4)

PM(O;O;l) (T(la 2) =3 (mOd 3)) =1- W [COS <\/§> 4+ cos (? — %>‘| ,

_ 2 V3 V3 r
P]\/I(O;O;l) (T(l, 2) =4 (mod 3)) = 3—\/5 [cos <7> — oS (7 + 5)

9. EXAMPLES OF SOME M,, ,-IDENTITIES

and

Theorem 4.3.b is applied for an explicit calculation of the M, ,-identity corre-
sponding to the box (k + 1,1), k arbitrary, and to (2,2).
k=1 (ie., the box (2,1)): Theorem 4.3.b implies that

(9.1.1) 3 ( L (@=Unl=Dn

= - 2)In (uv)p

A priori, (9.1.1) holds if u =7 € C or uw,v € (m,m + 1) for some m € Z. However,
using a summation formula of Gauss, we show that (9.1.1) holds for (u, v) in a much
larger domain in C?: 0 > v 6 Z or Re(uv) > Re(u) + Re(v) (G. Olshanski):

Since m = ﬁ — L, the left hand side of (9.1.1) can be rewritten as

(u—1)(v—-1) Z (Wn-1(v)n—1 _ Z (u—D)n(v—1)n .

uv wv+1)p—1(n —1)! (uv)pn!

n>2 ( n>2

Now apply the Gauss formula

(a)n(b)n  T'(c)'(c—a—0b)
Z c)pn!  T(c—a)l(c—1b)’

n>0 (

where 0 > b € Z or Re(c) > Re(a) +Re(b), apply I'(z + 1) = 2I'(2), and notice that
the summations above start with n > 2. The proof of (9.1.1) follows.
Recall that, given m = (mq,...,mg),

Vim)=V(my,... ,my) = H (m; —my) .
1<i<j<k
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k =2: Here Theorem 4.3.b implies that
Z (2)m1+m2 V2 (m) (u)ml (u)mz (v)m1 (v)mz

ml!mQ!(g)ml (3)m2 (U"U + 2)m1+m2
B Suv(uv + 1)
T De-2e-DE-2)"
at least when u=v€ Coru,v e (M,M +1), M € Z.
k > 3: The M, ,-identity corresponding to the box (k+ 1,1) is

g (= gk = VR [T [(0 42 = B0 42 = D]
[Ty [mal(3)m, ] (wv V) |- Lk(k—3)+1
_ 2RI [(w+2 - k)i(v +2 — k)]
C(u—k)u—k+D)v—-kw—-k+1)’
at least when u =7 or w,v € (M, M + 1), M € Z. Here |m| =mq + --- + my.
Notice that without the factor V2(m), the left hand side (of (9.2.1) and) of
(9.3.1) is one of the multivariate hypergeometric series, evaluated at (1,...,1).

As an additional example, we also give the case of
The box (2,2): Letu=v€Coru,ve (M,M+1), M €Z. Let

(9.2.1) m1,m220

(931) mi,...,mip>0

(n—2)!
El(k+2)(n—k—4)(n—k—2)(n—1)

(compare with (8.2.3)) and let
glu,k,n) = (Wpa(u —n+k+3)p_k—2 ;

p(k,n) =

then
n X < p(k,n)g(u, k,n)g(v, k,n)
P 22 =) kzzo ()
and
(9.4.1) i Tfp(kan)g(u, k.n)g(v.kon)

(uv)y,

10. THE ANALOGOUS PROJECTIVE THEORY

A partition is strict if all its parts are distinct. These partitions span the Schur-
Young subgraph SY of Y. In the theory of the projective representations of \S;, and
of S, SY replaces Y. An exact analogue of the VK-theory exists for SY, and is
mostly due to Nazarov [N] (see also Ivanov [I]).

Here Tab is replaced by STab C Tab, the infinite paths T in SY. A strict
partition A now corresponds both to its ordinary and to its shifted Young diagram
M| 117], [HH]. We continue to identify A with its ordinary diagram, and will denote
by sh(A) its shifted diagram. For example,

r x x T T
(5,2,1)= z =

T
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and
r r x T T

sh(5,2,1) = x x
x

Each infinite path T" € STab now corresponds, in an obvious way, to an infinite
shifted standard tableau.

The algebra A of the symmetric functions is replaced here by its subalgebra T’
spanned, for example, by the Schur P functions {Py | A strict} [M], III, 8]. Here dy
is replaced by ¢g*, the number of standard tableaux of (shifted) shape sh(\).
Theorem (Schur. See [M, III, 8]). Let A = (A1,..., \g) Fn, Ay > A > oo >
A > 0. Then

n! ()\1 — )\])
(10.1.1) e || i a2y
Al ! 1<i<j<k ()\z -+ )\])
Let A F n be strict. There is an obvious bijection between paths
d=A0 AL S A =)
and standard tableaux of shape sh(A). Denote by STab()) all such paths, i.e., all
such standard tableaux of shape sh(\): |STab(\)| = g*.

S-cylindrical sets are defined in analogy to the Y case: given A F n strict and

T € STab(X\), SCyl(t) are the infinite paths in STab with first n links equal to 7.

The definition of central measures on STab is analogous (is central if for any strict
A, all the S-cylindrical sets SCyl(7), 7 € STab(\), have the same mass).

Proposition (see [N], [I]). There is a bijective correspondence M — 7 between the
central measures M on STab and the linear functionals w: T' — R satisfying the
following conditions:

e w(l)=1.

e 7 factors through the algebra T'/(s(1y — 1)I'. Note that 51y = P).

e 7(Py) >0 for any strict .

Under this correspondence, for any strict A and any 7 € STab(Py)

M(SCyl(1)) = m(Py) .

Shifted analogues (of the Y case) are now introduced in an obvious way:

S(2%) ={(i,j) € Z% | i < j} (analogue of Z2).

The shifted diagram SD(T) C S(Z%) of T € STab (analogue of D(T)).

8P, (T(i,j) = n), where M is a central measure on STab, (i, j) € S(Z2), n € Z
(analogue of P, (T'(i,j) = n)).

STab(i, j) = {T € STab | (i,5) € SD(T)} ,

M (STab(i,§)) =Y SP, (T(i,5) =n) .
n>1
Call (i, 5) € S(Z2) M-reachable if M (STab(i, )) = 1.

Given ¢ > k, H'(k,¢,n) is now replaced by SH'(k,¢,n) = {(A1,A2,...) F n |
AM>d> g >l—k+2and Ay =0 — k} Note that if p € SH'(k,¢,n),
then ut(k,0) = (1, .-, pk, k1 + 1, g2, - .. ) is also a strict partition.

In exact analogy with Theorem 3.1 we have here
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Theorem 10.1. Let (i,5) € S(Z2), n € Zy. Let M be a central measure on STab
with corresponding M «— 7, w: T' — R. Then

(a)
SP, (T(i,) =n) = > 97 (Put i) -
pESH (i—1,7—1,n—1)

By summing over all n > 1 we obtain

(b)
> > 9"7(Py+ij)) = M (STab(i, )) .

n=1 pueSH'(i—1,j—1,n—1)

(¢) In particular, if (i,7) is M reachable, then
(o)

> > g"m(Puriigy) =1 -

n=1 peSH’(i—1,j—1,n—1)

Similarly to the ordinary theory, we now study two special families of central

measures M on STab. One family is the ergodic measures M.y, and the second

is a remarkable one parameter family of measures {M, | € RT U {co}}.

The measure M(aw). Here av is a1 > a9 > --- > 0 with 221 a; < 1, and
y=1->72, a;. To define M(,.,) we need the functions Py (a;y) which generalize
the Schur P functions Py (z): Px(a;0) = Py(a). The Py(o;7)’s are implicitly given
as combinations of the functions S (a;0;7).

To compute ﬁ,\(a; ), start with ¢ = gi(;7y): these are given by

~ o~ oy T Lt
(10.1.2) Qt) =1+ ;qkt =2 H Tai
(compare with [M} III, (8.1)]). Since @(t)@(—t) = 1, follow M| III, 8], replacing
g = gr(x) by G- = Gr-(c;7y). Then @)\ = Pf(M)\), the Pfaffian of the matrix
My = (Q(Ah)\j)) [M, 111, (811)] Here Q(r,s) = aras + 22:21(—1)i’qu+i65,i [M, 111,
(8.10)].
Finally, P, = 2N Q, [M] III, (8.7)].

The ergodic measure. M., is given by its corresponding functional

M) < Tam s T = R,

T(asy) (Py) = Py(es7) -

Reachable boxes. (i) If there exist k € Z4 such that a1 =--- =7 =0, ap > 0,
then the reachable boxes are the shifted k-strip {(i,j) |i<k, i< j}.
(ii) Otherwise (i.e. if all o; are strictly positive or if v > 0), the reachable boxes
are S(Z2%).
Let A n be strict. Note that
g _ 1

n! B HmEsh()\) hD(A) (l‘)
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in the sense of [M, III, 8, Ex. 12] (with the correction D(A) = (A1, Aa,... | A1 —
L,Ada—1,...). Infact, if D(A) = (M — L, A2 —1,...| A1, Ae,...), then
Z—Z(A)gk 1 )
n! B H;cEsh(/\) hD(A) (J?)
Thus, the projective analogue of (4.1.1), and of [J, 19.5], is
Theorem 10.2. Let a =0. Then v =1, and
2n7£()\)g)\
n! ’

Py(0:1) =
where |\| =mn. This is the Plancherel measure on STab.

Proof. Show that @ A(0;1) = Q—nLA by following the steps mentioned above.

First, by (10.1.2) with o = 0 we have ¢, = , ; consequently
i 2r+z szi
Q(“) __+ Z (r+aol(s—i)!"
Standard “binomial” calculations give

~ 2rts (r—s)
@) = sl (r+s)’
Now write A = (A1,...,A2m), A1 > -+ > Agyp, > 0; then

My = <2 X (i A])) .
A (G + ) 1<i,5<2m

Note that the it" row of M. A is divisible by %, and the j** column by 2;—1, Hence
! 1

— 2Xi 2% X — N 2n ? X — N
My) = - R R — 7).
det (M) L5555 det(Ai+)\j> (A1!~~A2m!) dt()\+>\)
Thus
Pf(My) = Pf(E—2y
STV Wons v LA )

It is well known that
XNi — A i — A
f()f )\],): ()f >\],)7
7'+ J i<j 7'+ J

and the proof now follows from a formula for g* [M] III, 8, Ex. 12, (2)]. O
From Theorem 10.1 we now deduce

Theorem 10.3. For the ergodic measure M

(a)

;)

SPZW(&W) (T(Za]) = TL) Z guﬁu‘*(i,j) (a; 7) .

pESH' (i—1,7—1,n—1)
(b) If (i,j) € S(Z2) is Mq.) reachable, then

[e )

> > 9" Py (as) = 1.

n=1 peSH’(i—1,j—1,n—1)
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In the special case (a;7) = (0;1) Theorems 10.1 and 10.2 imply

Theorem 10.4. Let (i,j) € S(Z3). Then
(a)

guzn—é(;ﬁ(i,j))g/ﬁ(id)

8Py, (TG, J) =n) = >

n!
WESH' (i—1,j—1,n—1)

Hence, since any (i,7) is reachable,
(b)

gu2n—€(u+(i,j))gli+(’iaj)

i Z n! =1

n=1 pueSH'(i—1,j—1,n—1)

Clearly, Theorem 10.3 is a certain deformation of Theorem 10.4.

Similarly to the measures M, , < 7y, (4.3.1), there exists here a remarkable
one parameter family of (non-ergodic) central measures M. These were discovered
in [B], and are given, on strict partitions A - n, by M, < 7,

2t g Tl e (=) —i+1)+x]

(10.1.3) 7o (Py) ol w(z+2)(x+4) - (m+2(n—1)) '

Here z € RTU{oo} and A is interpreted as a shifted diagram. When \ is interpreted
as an ordinary diagram, M, is given by

gn—L(A) gA . [ jyexl( = 1)j+ 2]
n! zz+2)(z+4) - (z+2(n—1))
The reachable boxes of M, comprise the whole of S(Z3).
Note that when x = oo, the “x factor” equals 1; hence Mo, = M) is the

Plancherel measure. Thus M, are (again) deformations of the Plancherel measure.
From Theorem 10.1 we deduce

(10.1.4) (P =

Theorem 10.5. Interpret p as an ordinary diagram. For any (k,() € S(Z2)
(a)
on—b(ut) grgut
SPur, (T(k,0) =n) = Z 299
HESH' (k—1,6—1,n—1)
[Ligyen+ (G —1)j + ] .
z(x+2)---(z+2(n-1))

n!

Hence, since (k,£) is reachable,
(b)

Qn—é(f)gug/ﬁ

i Z n!

n=1 peSH'(k—1,—1,n—1)
[l jyeps [G—1)J + 2]
z(x+2)-- (z+2(n-1))

Here x € RT U {oo}, pt = ut(k,0), and in “(i,5) € p* 7, u™ is interpreted as an
ordinary (not shifted) diagram. Clearly, Theorem 10.4 is the case x = oo here.

(10.2.1)
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Theorems 10.3, 10.4 and 10.5 can be made more explicit by applying formula
(10.1.1) for g*. This is done in Sections 11 and 12, where several special cases are
treated.

Extensions to the probability of joint events. Let j > i, s > r and n > m,
and consider the probability SP,, (T(i, j)=mand T(r,s) = n), and similarly for
more events. In complete analogy with Theorem 5.1, we now have

Theorem 10.6. Let M be a central measure on STab, (i,5), (r,s) € S(Z3), m <
n € Zy. Then

SP,, (T (i,j) =m and T(r,s) =n)

= Z Z g”g/\/”+(i’j)7r()\+(r,s)) .

RESH' (i—1,j—1,m—1) pt(i,j)CAESH' (r—1,s—1,n—1)
Here g’\/’ﬁ(w) is the number of standard tableaux of shifted skew shape \/ut(k,£).

The “shifted” analogue of Remark 5.2 would lead to many new identities. For
brevity, no examples of such identities are given here.

11. APPLICATIONS IV: M = M40

To apply Theorem 10.3.b when v = 0, we shall need an explicit formula for
Py(a1, ... ,am).

Fix i € Zy and let (i,j) € S(Z%). Let m =iorm =i+ 1, with g > - >
am 20,01+ -+ am =1, a1 = = 0: m is the number of variables in Py(«).
Let M4,y be the corresponding ergodic measure. Then (i, ) is M40y reachable
and Theorem 10.3.b applies.

LetueZy,pe SH (i—1,5—1,u—1) and u™ = p*(4,). Then the decompo-
sition
(11.1.1) P (o) = s+ —5(a) s (o)

holds, provided ¢(u™) equals m or m — 1 M, III, 8, Ex. 2]. Here § = (m — 1,m —
2,...,1,0).
Claim. Let it < j<i+1, m=4orm=1i+1. Then (11.1.1) holds. Indeed, if
pweSH (i—1,7—1,n—1), then £(u") =i (equals m or m —1).
Claim. Let j =i+ 2, m =i+ 1. Then again (11.1.1) holds, since in that case,
pT)=1ior b(pt) =14+ 1.

However, if j > i+ 3, then ¢(u*) =i for some p’s and £(u) =j—1>i+2 for
other p’s in SH'(i — 1,7 — 1,n — 1). Hence (11.1.1) might be false.

Therefore, explicit identities are deduced here from Theorem 10.3.b only for
(i,5) € S(Z3), i<j<i+2.

Obviously, Theorem 10.3.b now implies
Theorem 11.1. Let (i,j) € S(Z%).

(a) Let i < j <i+2. Then

[e )

Z Z gllsll,*—é(alw" ,04i+1)55(0&1,..- aai-‘rl) =1.

u=1 peSH'(i—1,j—1,u—1)
Here oy >+ > ajy1 >0, 0+ +ag1 =1 and § = (4,i—1,...,1,0).
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(b) Let i < j <i+ 1. Then, in addition,

[ee]
Z Z g"s+—s(ar, ... aq)ss(on, ... ,a5) = 1.

u=1 peSH'(i—1,j—1,u—1)
Here a7 > > a;, a1+ -+a;=1land 6 =(i—1,...,1,0).

Similarly to Section 6, specialize oy = r¢'~1, 1 <t < i+ 1, where 0 < ¢ < 1

andr:1+q+~~+qi:171q;iq+l. Thus,r—>%whenq—>1. For z € A,

denote Ry(z) = % (again, c¢(x) is the “content”, h(x) the “hook number”
of z € \). By Theorem 11.1a and M| 1.3, Ex. 1], for 1 < i < j < i+ 2 and
§=(i,...,1,0),

= 1—q¢ \" +
S(rgh) % e

u=1 nESH'(i—1,j—1,u—1)
(11.2.1)
X H RM+,5(£L') H R(;(:L') =1.
zeput—4§ TES
Substitute oy = -+ = @41 = H—Ll in Theorem 11.1a (or, formally, let ¢ — 1 in

(11.2.1)), then deduce that

[e )

1 u
()
HESH'(

u=1 i—1,j—1,u—1)

H i+ 14 c(x)

i+14c(x)
h(z) H

he) |

zeput—4 TES

4 i+1
and since [] 5 z+2'(";)(”) = 2< 2 ) , deduce that:

If1<i<j<i+1landd=(i...,1,0), then

i+1

(11.2.2) Z(z—il—l) Z g" H %:2_( 2 ) .

u=1 WESH' (i—1,j—1,u—1)  zEp+—6

Clearly, (11.2.1) is a ¢ analogue of (11.2.2).

Similar identities can be derived for 1 < i < j < i+ 1, with m = i replacing
m =i+ 1 in the above summands. .

As before, (11.2.2) can be made more explicit by analyzing g and %
Here is

The casei=j,m=i+1: pe€SH(i—1,7—1,u—1) implies

/’L:(:U’la"'7:ui—l)7 /j/1>"'>/j/’i—122; :U’+(i7i):(/'[/17'-'7/j/’i—151)'
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Let pr = pr — 2, 1 <7 <4 —1. Then (11.2.2) becomes

I (Ip[ + 2i — 2)!V2(p)
2 (z + 1) -t

p1>>pi—1>0 r=1 [pr!(pr + 2)!} H1§r<s§i71(p7" +Dps + 2)
i—1 _(i.:,2_1)
x [TG+2=r)proits =2
r=1

(11.2.3)

(because of the factor V?2(p) = ILs(pr — ps)?, the condition “p; > -+ > p;_1”
can be replaced by “p1 > -+ > p;—1”.
As before, |p| =p1+ -+ +pi—1 and (a), =ala+1)---(a+n—1).
The case i = j = m is omitted for brevity.
Below we list a few (low) case examples of (11.2.1), (11.2.2) and (11.2.3).
i=j=2,m=3: By (11.2.3)

u=3

which can be verified directly. A g-analogue can be obtained from (11.2.1).
i=j7=3,m=4: By (11.2.3)

g:ﬁ(i)u [Zﬁ)} <Z;f) b+ D)(u—b—4)(u—b—3)(u—2b—5)7? = 136 .

When j =i+ 1 =3 and j =7+ 1 = 4, both cases m = ¢ and m = i + 1 of
Theorem 11.1 are calculated below.
j=141=3: By the m = i-analogue of (11.2.1) we deduce the identity

°° 1 u—1 21_qu—4
11.3.1 u—3) | —— — =1
(11:3) S-9(135) L

u=>5

and by the m = i-analogue of (11.2.2) (or, formally, ¢ — 1 in (11.3.1)),

i(u _3)(u—4) (%)H —1

u=>5

(which can be verified directly).
j=1i+1=m=3: Deduce that

1132 -9 < = >uq(1 — N -q") A=) -g) _

—~ 1—¢ (1—-9q)? (1-q)?

and (¢ — 1)

i(u —2)(u=3)(u—4) (%)u = é

u=>5

(can be verified directly).
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j=i+1=4,m=3: Get

[=52]

oy

(11.4.1) o= =
1-¢"HA -2 —g""") (A-¢*)(1-¢q") _
< (=P~ ) T
and (¢ — 1)
o el
(11.4.2) uz:; <§> bz:; ( b )
(u—2b—220b—1)(u—b—3)(b—2)(u—b—4) 1
x w—2)b+1) 1
j=i+1=m=4: The q analogue is left for the reader. By (11.2.2) (which is
“q — 17 of that ¢ analogue),
(11.4.3)
o ,oyu T
1 u—1
%(:) X ()
(u—2b—2%(b—1)b—2)(u—b—2)(u—b—3)(u—b—4) 3
. (w—2)(u—b-1) T3

j=i+2=4, m=i+1=3: Here a = (a1,a2,a3). From (11.2.1) we deduce
that

(11.5.1) i (11_—_;3>u (“; 1> (u=5)f(qu) =1,

u="7

where
Fl-¢*)1 -1 -¢")A=q“ )1 —¢"5
2(u—1)(1 - ¢q)°
N ¢u—6)1-¢*)(1—g")(1—g" )1 g7
3(u—2)(1 - q)*

flq,u) =

and by (11.2.2) (i.e., ¢ — 1)

(11.5.2) i(%)“ <u;1> (u—5)
[12(u—3)(u—6) S — 5)(u— 6)(u —7)
(u—1) 3 —2)

|
—

12. APPLICATIONS V: M = M,

Applying Theorem 10.5.b, we calculate the general case (k,£) = (m+1,m+ 1),
m arbitrary, as well as a few other low cases.

Proposition 12.1. Let u,v € C satisfy u+v =1 and uv € Ry. Let m € Z,..
Then
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(¢)

H Hr — s

1<r<s<m fhr ¥ Hs

1 s Dl e — 1

a5 > & lH e

(1211) 23 7~~~7Hm—1 r=1
(I 00) (T (0i)

(%)|u|+1

Y

(b)

(121.2) % i 2“(:)|ul' [ﬁ pr — 1

1
By s pim =1 po1 P T

H Hr — s — gm+1l

1<r<s<m For + s

Here |p| = p1 + -+ + pom and p! = gl !

Proof. When = = oo the z-factor in (10.2.1) equals 1, and part (b) will follow from

et +
the values of 2~ :g“‘g given below (n = |u| + 1).

n:

To prove (a), note first that in (10.2.1) the summation } . >>, copr(m.m.n—1) €21
be replaced by Z,U«1>“'>H«m22’ n = (/J’la' e uum)a /J’+ = (/J’la' e 7Mma1)7 6(/'[/—"_) =
m+1land |pu|=p1 + -+ pm =n—1.

Denote uv = 2z and let 2z replace x in (10.2.1); then deduce that

2—(m+1)gugu+ (H:’L:l b [(s —1)s+ 2x]) 2z _

2 (el + 1!

B> > i >2 (@) uf+1
By (10.1.1), for such p = (p1,... , tm)
2
g"g"" |M|' lﬁ fir = [ Lt
(lul +1)! R R o I P S U 1

By symmetry and because of the factors p,. — 1 and p, — ps, the summation
>y s> pp, 20 i both (a) and (b), can now be replaced by
1 oo
w2
M1y s fm =1
This proves (b).
Let ¢ =s—1. Since u+v =1 and uv = 2z, (c+u)(c+v) = (s —1)s+ 2x. Thus

Hor pr—1
[116s = Ds+20] = [T [(e+ e+ v)] = @y, (), -
s=1 c=0
This completes the proof of (a). O

Example 12.1. Let m = 1 in the above. Then (12.1.2) yields the identity

(o)
-2
Z - 2 =4,
— nl
which is obvious. Here (12.1.1) gives the identity

i (n —2) w(Wn-1(V)n-1 _ ,

(12.2.1) ,
n=3 n! (%)n
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u+v =1, uwv € Ry, which is not that obvious.

The following argument, due to G. Olshanski, shows that (12.2.1) follows from
the Gauss summation formula for o F}:

Let ¢ be the left hand side of (12.2.1); then

_ > I (Wn1(v)p—1uv = 1 (Wn-1(v)n—1wv
D € P P )

Cw o~ (k) 2uv (= Dn(v = 1)n
(%) 2 (2 +1), @-1-1) Z nt (%),

Note that (u—1)(v — 1) = wv — (u + v) + 1 = wv. The proof now follows from
the Gauss summation formula for o F} (compare with (9.1.1)).

Example 12.3. The box (k,¢) = (2,3). By Theorem 10.4.b or 10.5.b with = = oo,
i (n—1)(n—3)(n—4)2" <
n

!

n=>5
(easy to verify directly). Similarly to Example 12.2, deduce here the identity

e’} 1 _ 4 . .
(12.3.1) y el '3)(71 ) W2z
n=>5 " (% +2),
for u,v € C satisfying v +v =1 and uv € R,..

Similarly to Example 12.2; it is now possible to derive (12.3.1) from the Gauss

(n=)(n=3)(n—4) _ _ 1 12

summation formula for o F (expand o = i (nEQ)! + (n1—21)! -1z

then proceed as in Example 12.2).

Remark. The box (1,¢): Since SH'(0,¢ —1,n — 1) has < (5

) elements, (10.2.1)

implies that the sum of a certain number < of rational functions (in x) equals

L
2
1. Each such identity can easily be verified algebraically. For example,

The box (1,3) yields the trivial identity ggii; + m =1.
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