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CONDITIONS IMPOSED BY TACNODES AND CUSPS

JOAQUIM ROE

ABSTRACT. The study of linear systems of algebraic plane curves with fixed
imposed singularities is a classical subject which has recently experienced im-
portant progress. The Horace method introduced by A. Hirschowitz has been
successfully exploited to prove many H!'-vanishing theorems, even in higher
dimension. Other specialization techniques, which include degenerations of the
plane, are due to Z. Ran and C. Ciliberto and R. Miranda. G. M. Greuel, C.
Lossen and E. Shustin use a local specialization procedure together with the
Horace method to give the first asymptotically proper general existence crite-
rion for singular curves of low degree. In this paper we develop a specialization
method which allows us to compute the dimension of several linear systems
as well as to substantially improve the bounds given by Greuel, Lossen and
Shustin for curves with tacnodes and cusps.

1. INTRODUCTION

A closed subscheme Z C P? is said to have mazimal rank in degree d if the
canonical map H°(P2, Qpz(d)) — H°(Z,Dz(d)) has maximal rank (cf. [23]). If Z
is a zero-dimensional scheme of length N, this means that either there are no curves
of degree d containing Z or Z imposes N independent linear conditions to curves
of degree d. If Z has maximal rank in all degrees, then we simply say that it has
maximal rank.

For some classes of zero-dimensional schemes, it is known that general members
have maximal rank. For example, a general union of double points has maximal
rank. In many other cases, however, a maximal rank statement has been conjec-
tured only (cf. [18], [24], [28]). We shall consider schemes Z = Z; U Z, U ... U Z,
where Z; are unibranched cluster schemes all whose points but one, whether proper
or infinitely near, are taken with multiplicity < 2. In Theorem E.8 we prove that,
under some mild numerical conditions, a scheme Z as above whose points are in gen-
eral position has maximal rank. This generalizes and unifies a range of previously
known results:

e In [23], A. Hirschowitz proves that a general union of distinct points with
multiplicity 2 or 3 has maximal rank. Our result generalizes the multiplicity
2 case by allowing infinitely near points, which are not easily dealt with by
the Horace method.
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e M. V. Catalisano and A. Gimigliano in [6] and C. Ciliberto and R. Miranda
in [7] prove that a union of general unibranched cluster schemes all whose
points have multiplicity one (curvilinear schemes) has maximal rank. Our
result generalizes this by allowing multiplicity 2 points.

e In [§], C. Ciliberto and R. Miranda consider quasi-homogeneous schemes,
which consist of distinct multiple points, all whose multiplicities but one are
taken to be equal. They prove a quite general maximal rank theorem which
includes the computation of the superabundant systems (corresponding to
multiplicities for which the general scheme does not have maximal rank). In
the particular case in which one has a point of multiplicity not bigger than
5 and all other points have multiplicity 2, we extend their result by allowing
infinitely near points.

Other results concerning linear systems with infinitely near base points can be
found in the literature, mainly in [17], [20], [14] and [27]. Harbourne’s results deal
with clusters of points lying on conics and cubics, which are not necessary to us,
and the H'-vanishing of [14] and [27] is weaker than proving maximal rank.

The maximal rank theorem will allow us to prove the existence of irreducible
curves of low degree with tacnodes and higher order cusps. The reasoning is sim-
ilar to that of [2], [14] or [27]. Theorem [4.12] is much sharper than the result
by Greuel, Lossen and Shustin (which nevertheless applies to any kind of plane
curve singularities) and also sharper than the one Lossen obtains for tacnodes and
cusps (A-singularities), in part because our specialization avoids the use of the Viro
method to “glue” the singularities. On the other hand, Barkats’ result is a little
bit sharper than ours, but it is restricted to nodes and ordinary cusps only.

2. PRELIMINARIES

Let k be an algebraically closed field of characteristic zero, p a smooth point of
a surface S defined over k, @ = Qg , the local ring of p on S, m = m,, its maximal
ideal.

Consider a sequence of blowing-ups

or o o
Sy TSy e 25 TG = S

where o7 is the blowing-up of p and for ¢ > 1 the center of o; is a point p; which
lies on the exceptional divisor of ;1. The sequence K = (p1 = p,p2,... ,pr) is a
cluster with origin at p for which every point is infinitely near to the preceding one;
we shall call these clusters unibranched. We write S = S, and 7 : Sg — S the
composition of the blowing-ups. Usual facts known for clusters hold in particular
for unibranched clusters; we now review some of them, referring the reader to [4],
[5] for the proofs.

A point p; is said to be prozimate to p;, j > i, if and only if it lies on the
exceptional divisor of blowing up p; (that is, j = i + 1) or on its strict transform
when j > ¢+ 1. Every point in a unibranched cluster is proximate either to one or
to two points, except for pi, which is proximate to no one; if p; is proximate to p;,
then all the points between them are also proximate to p;. If p; is proximate to p;,
then there is a unique point in the exceptional divisor of o; proximate to both p;
and p;; otherwise there is none. If a point is proximate to two points, it is called
a satellite, otherwise it is free. When considering more than one cluster at a time,
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we shall write p;(K) and S;(K) for the ith point of the cluster K and the surface
obtained by blowing up the first i points of K.

A system of multiplicities for a cluster K = (p1,p2,...,pr) I8 a sequence of
integers m = (mq,ma,...,m,), and a pair (K, m) where K is a cluster and m a
system of multiplicities is called a weighted cluster. A system of multiplicities like

(m,2,2,.4.,2,1,1,.2.,1,0,0,...,0)

will be designed as (m,2¢,17). Given a weighted cluster, there are an ideal and a
zero-dimensional subscheme of S associated to it. Let E; be the pullback (total
transform) in Sk of the exceptional divisor of blowing up p;. Then the ideal sheaf

Him = (1K), Og, (—m1Ey —meEy — -+ —m, E,)

is supported at p, its stalk at p is a complete m-primary ideal Hx m C © and
defines a zero-dimensional subscheme Zg ,, of S. For K unibranched we call Zg m
a unibranched cluster scheme. As an aside, note that if I C @ is a complete m-
primary ideal, then there is a weighted cluster (K, m) such that I = Hg m, but
this cluster does not need to be unibranched.

The same (unibranched) cluster scheme is sometimes defined by different (uni-
branched) weighted clusters. In this case we shall say that both clusters are equiv-
alent. In order to have a well-defined weighted cluster associated to every cluster
scheme, one considers the notion of consistent clusters, which we define next. The
prozimity inequality at p; is

m; > Z m;j.
pj prox. to p;

A weighted cluster (K, m) is consistent if and only if it satisfies the proximity
inequalities at all its points. Given a (unibranched) cluster scheme Z, there is a
unique consistent weighted cluster (K, m) such that Z = Zg m and m; > 0 for all
i. Furthermore, for a weighted cluster (K, m) nonnecessarily consistent,

T
S Z m; (ml —+ 1)
i=1

length Zg 1 = dim ,
/ K,m 2
with the equality holding if (K, m) is consistent.

Given an arbitrary weighted cluster (K, m) there is a procedure called unloading
(see [B, 4], [10, TV.II], or [E]) which gives a new system of multiplicities d(m) =
dx (m) such that (K,d(m)) is consistent and equivalent to (K, m). In each step
of the procedure, one unloads some amount of multiplicity on a point p; whose
proximity inequality is not satisfied, from the points proximate to it. This means
that there is an integer n > 0 such that, increasing the multiplicity of p; by n
and decreasing the multiplicity of every point proximate to p; by n, the resulting
weighted cluster is equivalent to (K, m) and satisfies the proximity inequality at
p;. In other words, if F; C Sk is the strict transform of the exceptional divisor of
blowing-up p;, D = —m1FE1 —moFs —--- —m, E, and Ez - D < 0, then one chooses
n as the minimal integer with E; - (D — nE;) > 0 and replaces D by D — nE;. A
finite number of unloading steps lead to the desired equivalent consistent cluster
(K, 6(m)).

Let C C S be a curve (more generally, a divisor). For any proper or infinitely
near point ¢ of S we denote by e4(C') the multiplicity of (the strict transform of) C'
at g. Let (K, m) be a weighted cluster of r points and ¢ < r. Let S; be the surface
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obtained by blowing up the first i points of K, C C S; the pullback of C' and for
1< j <i, E; C S, the pullback of the exceptional divisor of blowing up p;(K). We
define the virtual transform of C' in S; relative to the system m as the divisor

C':C'—mlEl—ngg—w'—miEi.

A curve C contains the cluster scheme Zg 1, if and only if its virtual transform in
S;—1 has multiplicity at least m; at p; for all i. Then we say that C goes through
(K,m). If e, (C) = m; for all ¢, then the virtual transform coincides with the
strict transform; furthermore, if C' is a divisor with normal crossings, then we say
that C' goes sharply through (K, m). In this case, mx is an embedded resolution
of singularities for C, and (K, m) determines the equisingularity class of C'. There
are curves going sharply through (K, m) if and only if (K, m) is consistent, and in
this case they are all equisingular.

We define next varieties Y; C X; and smooth surjective morphisms ¥; : X; —
Y;—1 of relative dimension 2, as follows: Let Y_; = Speck, Xy = S and Yy = {p},
and for i > 0, let

Xi —2 Yio1 Xy, Xio
be the blowing-up along the diagonal A(Y;—1) C Y;—1 Xy,_, X;—1, let Y; C X; be
the exceptional divisor, and ); the composition my, , ob; : X; — Y;—_1. We define
also morphisms m; = 7x,_, ob; and m; ; = mjy10---om_yom : X; — Xj.

Note that by construction the variety Y; is irreducible and smooth, and |y, :
Y; — Y;_; is a P'~bundle, therefore Y; is also projective and rational for all i. The
varieties X; are irreducible, smooth, projective and rational if S is. Y,._; can be
identified with the set of all unibranched clusters of r points of S with origin at p
(cf. [33], [19], [31]) in such a way that for all K = (p1,p2,...,pr) € Y;_1, denoting
by ji : {K} — Y;_1 the inclusion, one has a pullback diagram

Sk x X,
Tt
Spec k =——= {K} BELIN Y. 1

where ix is a closed immersion, and a commutative square

SK i—K>X7n

1K
Sp —25 X,

where K = (p1,02y--yPr—1) = Yp_1(K) € Y,_o is the cluster of the first r — 1
points of K, and o, is the blowing-up of p,.(K). note that Sz = S._1(K) and
i (e (K)) = K.

For every pair of integers s,¢ such that » > s > ¢ > 1 the subset of Y,_;
containing exactly the clusters K with p(K) proximate to p,(K) is an irreducible
smooth closed subvariety Ps; (cf. [33]). There are also open and dense subsets
Us, C Ps which contain all unibranched clusters with p;(K) proximate to p;—1 (K)
for all i > 1 and to p(K) if s > i > t, and no other proximity relations. We shall
write P = P,y and Us = Us 1. We say that a system of multiplicities m is
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P2
P
P3
1
I
\
| P
Py
pr—l Py
» ’/c’_\o
s+1 -

-
-

Ps+2

F1GURE 1. Enriques diagram of a cluster in Uy

consistent in a subset W C Y, when the weighted cluster (K, m) is consistent for
all K e W.

Lemma 2.1. Fiz a cluster K = (p1,p2,...,pr) € Us. Let i,j be positive integers
such that r =i+ j + 1 and consider the systems of multiplicities

m_ = (m,2,19),

m, = (mg,277 1970,
Let I C @ be an ideal such that

Hgm, @1 G Hgm_ -

Then there is a point q € E, such that I = Hp, m, with Kq = (p1,p2,... ,Pr,q)
and mgy = (mq,2¢, 17+ .

Proof. For any q € E, let ¢’ be the unique point that is proximate to g and to p;.,
and consider K, = (p1,p2;,---,Pr,¢,¢') and m’ = (my,2’, 17+2). By performing
successive unloading steps on p,,pr—1,... ,piy2 we see that (K;, m’) is equivalent
to (K, my) and since (K, m’) results from (K, m_) by adding two simple points,

HK,m,

dim <2.

Km
The hypothesis on I implies that the inequality is in fact an equality and

HK m_
=di - =1
im — ,

dim

Km

s0 I = Hgm, + (f) for some f € Hgm_\ Hxm, . [ is the equation of a germ
of curve ¢ which goes through (K, m_) but not through (K,m,), therefore its
virtual transform at p, relative to the system of multiplicities m_ is smooth, so
it has a unique point ¢ € E,. It is clear that I = Hgm, + (f) € Hk, m, and
dim(HKq7m0/HK’m+) S]., SOI:HKq’mO. O
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Proposition 2.2. Let (K,m) be a weighted cluster supported at p and f € @ the
equation of a germ of curve & through p. Write e; = ep,(€). Then the conductor
(Him : f) is Hx m' with

m,=m; —e;.
Proof. The total transform of £ in Sk is
{+eiBr+exBy+ -+ ek,

where € is the strict transform. Let g € @ be the equation of a second germ n. If
g € Hg m, the total transform of £ + 7 is

E+C+((m1—e1)+e)Er + ((mg —e2) +e2)By+ -+ (my — e,) + €,) B,

with C effective, so clearly fg € Hx m. Conversely, if fg € Hg m, then the total
transform of & + 7 is

E+C+miB +maBy + - +m B,
with C effective, so the total transform of n must be
CH+(mp—e)E1+ (m2—e)Ex+ -+ (m, —e,)E,
and g € Hg . [l

If Z C S is a zero-dimensional scheme defined by the ideal sheaf Z/g and C' C S
is a curve, then there is an exact sequence

0—Zy,5(-C) —1Iz/5 — Ziznc))c — 0

where Z(zncy/c = Z7/5 @ D¢ and Iy g defines a zero-dimensional scheme Z’ C S.
In the context of the Horace method, it is usually called the residual exact sequence
and Z' is the residual scheme of Z with respect to C (cf. [23]).

Corollary 2.3. If Zx m C S is a cluster scheme and C is a curve with e, (C) = e;,
then the residual scheme Z' of Z m with respect to C is the cluster scheme Zg m:
with m’ as in Proposition [2.4.

Proposition 2.4. Given a cluster K = (p1,p2,... ,pr) € Us and a point q € E,,
consider Kq = (p1,p2,---,Pr,q). Suppose that r > (s — 1)(s — 2). Then for any
q,q € E,., each of them proximate only to p., there is an automorphism o* : @ — O
such that, for any system of multiplicities m,

¢ (Hk,m) = HK )y m -
In particular, Zx,m = ZK , m-

Proof. Let mg = (s — 1,17). It will be enough to see that there are open neigh-
bourhoods V; C S;_1 of p; and V,y; C Sk containing both ¢ and ¢’, and isomor-
phisms ¢; : V; — V; commuting with the blowing-ups, such that ¢;(p;) = p; and
or+1(¢) = ¢’. This is equivalent to prove that there are isomorphic unibranched
germs of curve £ and &’ going sharply through (K,, mg) and (K, mg) respectively,
because then there is a neighbourhood V' of p; where both £ and £’ have a represen-
tative and an automorphism ¢ of V sending one to the other and which therefore
lifts to the desired ;. Let £ : f = 0, respectively  : g = 0, be arbitrary unibranched
germs of curve going sharply through (K,, my), respectively (K, mq). They are
equisingular with a single characteristic exponent s/(s — 1) and their intersection
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multiplicity at p is v > (s — 1)2 + (s — 1)(s — 2) — 1, so there is an automorphism
of the completion

¥ D — 0
with ¥*(f) = g (cf. [36] II]). Let =,y € @ be a system of parameters; we have
O = k[[x,y]], and ¢* can be described by

) =Y aiaty,
i,7>0
) =Y by
i,7>0
Choose e € Z~1 such that m® C Hg ) m,- Then

pr(x) = D aya'y,
i+j<e
et (y) = Y biaty’
i+j<e
defines an automorphism of @ such that ¢*(f) = 0 is the equation of an irreducible
germ £’ going sharply through (K, mg). Indeed, f € m = (x,y) so o*(f)—¢*(f) €
m® C Hpy , m, and we know also that ¢*(f) € Hu,_, m,. Therefore, o*(f) = 0 is
the equation of a germ &’ going through (K, mg). As ¢* is an automorphism, &’
is irreducible and goes sharply through (K, my). O

3. SPECIALIZING UNIBRANCHED CLUSTER SCHEMES

The subscheme of the Hilbert scheme which parametrizes cluster schemes of a
given type, and its relation to the corresponding variety of clusters, has been studied
by many authors ([29], [80], [31], [15], among others). However, they usually assume
that the proximity relations between points of the clusters remain constant. Little
seems to be known about the relative position of these subschemes. Evain computed
in [I1] and [I2] several collisions of points, including all cases with 3 points; this
is equivalent to the determination of the closure of the corresponding subschemes
of the Hilbert scheme, that is, the specializations of cluster schemes when new
proximity relations arise. In this section we show some flat families of unibranched
cluster schemes in which proximities vary; we introduce them in order to prove
Theorems .8 and but they can also have some interest on their own.

Let z,y be local parameters for @. The inclusion @ C O = k[[z, y]] allows us to
write any f € O as a formal power series

f=> aya'y’
4,520
in a unique way. Thus any polynomial II(X;;) € R = k[X;;]ij>0 determines a
function @ — k, by evaluating at a;;: II(f) = II(a;;)i >0, and to every f € @
corresponds a maximal ideal

my={IIeR|I(f)=0}CR

with quotient field equal to k. So we have a mapping @ — MaxSpec R C Spec R,
and it is easy to see that it is injective. For any variety Y we have therefore
@ xY < Spec R x Y, and we shall take the Zariski topology on @ x Y induced by



4932 JOAQUIM ROE

the one on Spec R x Y. It is easy to see that this Zariski topology does not depend
on the local parameters chosen for (). We shall prove in below that for any
system of multiplicities m the set

Hp = {(f,K) =X 0] X Y1 | fEHK’m}.

is Zariski—closed in @ x Y,_1 .

Fix for the rest of the section a system of multiplicities m = (mq,ma,...,m,)
which we shall apply to any cluster of r points; write th = (mq,ma,...,m,_1). For
a cluster K = (p1,p2,...,pr), we write also K = (p1,p2,...,Pr—1).

Lemma 3.1. For every Ko € Y,._1 C X,._1 there are an open neighbourhood V C
X,_1 of Ky, an isomorphism of k-varieties

U:=VnY,, 2k,
two functions
r,y el (U Xy, 5 V, @Yr_lxy,,.,zxr_l)

generating the ideal of A(U) and polynomials A}; € Rlu1,us, ..., uy—1] fori,j >0,
such that for every K € U and f € Hg m the formal power series

AL AME)) (@ oig) (yoig)
4,>0
belongs to Os,. p. and is a local equation for the virtual transform of f =0 at the

last point p, of K.

Note that the conditions on x,y and U imply that for any cluster K € U the
functions x,y, A1 o 1y — M (K), A2 oty — A2(K),..., A1 oty — Ar—1(K) are a
system of parameters for the local ring of (K, K) in U Xy, _, V, the surface

{K} Xy, , Xom1 = {K} x i3 (Si) = S-1(K)

is locally defined by the equations \; o 7y = \i(K), and x 0 iy, y oi are local
parameters for Og, _, p, (recall that Sy = S,_1(K) and iz (p,) = K).

Proof. We proceed by induction on r. For r = 1, choose a system of parameters
z,y € O and a neighbourhood V of p where x and y have regular representatives
(which abusing notation we call x,y also) and V(z,y) NV = {p}. Then the claim
is clear, because Yy = {p}, and the virtual transform of f at p is f itself, so we
can take A%j = X;;. Suppose now r > 1 and apply the induction hypothesis to
(R',rh). We obtain the existence of V. .C X,_o, U = VN Y,_o = k™2, X, &,1,
and the polynomials A;"j_l as in the claim. By making a linear substitution in &,
we may assume that the last point p,. of Ky lies in the direction of g o %, = 0.
b (U xy,_, V) is open in X,_1, and is the blowing-up of A(U) in U xy._, V,
which can be described as the subvariety of

ﬁ XY, 3 ‘7 X Pl

given by the equation uZ — vy = 0, where (u : v) are projective coordinates of

P'. The exceptional divisor Y, 1 N b % (U xy._, V) has equations # = § = 0. We
define now V' to be the open subset determined by v # 0, and the isomorphism

N:U— K 1'=k2xk
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as A = (Ao ¢r_1) x (u/v). Let my, 7y be the projections of U XV oon its two
factors. Then it is easy to see that

r==Iomy,
u U i
= -0y ——O0Ty =S O0My — A\ 0Ty
v v T

generate the ideal of A(U).
Because of the induction hypothesis we know that for any K € U and f € Hg m
the virtual transform of f at p,_1(K) relative to m is

o i J
F=3 A (fao v a(K) (#0iy) (yoiy)
4,720
This virtual transform must have multiplicity at least m,_1 at p,_1(K), therefore

A;“j_l(ﬁ)\owr_l(K)) =0Vi,j, i+j<my_1,

and the virtual transform transform of f in S,_1(K) is given locally by

itj—mr—1 [ J
Z A:j_l(fv)\owr—l(K)) (foif(oo'r—l) (%Oilﬁ(oar—l) =0,

+j>me 1

which because of the commutativity if{ 00,1 = my_1 0%y can be written in terms
of the local parameters x oi g,y 0iz:

S AT At a(K) (woig) T (yoig + A(K))

i+j>my_1
4 J ; itj—m ¢
= D D ALY (K)) <n> A(K) ™ (zoig) ™" (yoig)
4,j>me—1 £=0
This allows us to define the polynomials
AZE(f7u17"'auT—1) = Z Azrjil(f7ula"'7u7"—2) (i)ui:li 5
itj=k+m,._1

after which the claim is satisfied. O

Proposition 3.2. H,, is Zariski—closed in @ X Y,_1.

Proof. By induction on r. The case r = 1 is clear, because then Hg y, = m™! is
the closed subset of @ = (@ x Y determined by the ideal I = (X;;)i+j<m,. Suppose
now r > 1 and the claim is true for Hy, C O X Y,_s. Let Koy € Y,_1 be a cluster
and U C Y,_; the open neighbourhood given by Lemma Bl It will be enough to
see that Hym = Hm N W;Tl_l (U) is closed in @ x U, because Y,_1 can be covered
by a finite number of such open neighbourhoods. Define

Hym ={(f.K) € 0 x U |(f,pr(K)) € Hu} .
Because of the induction hypothesis and the fact that

idg Xpr: O X Y1 — D XY,
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is continuous, Hy; ,, is closed in @ x U. Moreover, (f, K) € Hym if and only if
(f, K) € Hy; p, and the virtual transform of f = 0 at p,(K') has multiplicity at least
my, that is, by Lemma B.1],

A (f,AK)) =0V, g, i+ 5 <m, .
These equations define a closed subset V(A])itj<m, C @ x U, therefore Hym =

]
Hi; oo NV (AL)itj<m, is closed in @ x U. O

From this we obtain a number of corollaries. Let N be a positive integer such
that dim(@/Hg m) < N for all K € Y,_; (for example, N = >"7_, m; (m; +1)/2).
Then Hgm D m¥ for all K, and we can define

Hm = {(f_,K) S nj% XY, 1 | fEHK7m}.

Corollary 3.3. Hy, is Zariski—closed in (@/mN) x Y, 1.
Proof. Let Ky € Y,_1 be a cluster and U C Y,._1 the open neighbourhood given by

Lemma Bl As in Lemmal[3.2] it will be enough to see that Hy pm = Hmﬁﬂ;ll (U)

is closed in (@/m%) x U. We also know from the proof of Lemma that Hym

is defined by a finite number of polynomials Afj, k=1,...,7r. Now fora+ 38> N,

1%y” € Hg m for all K, so the polynomial Afj (zyP ur, .. uk—1) € klug, ..., up_1]
must be identically zero. This implies in fact that

Afj S k[Xag](y+[3<N[’u,1,’u,2, . ,uk_l] C R[ul, ug, ... 7uk—1] .

Now k[Xapla+s<n is the affine coordinate ring of /m’, which is a k—vector space
admitting the basis {Z%9”}o+g<n. Therefore, the Afj define a Zariski-closed subset
in (O/m™) x U, and it is immediate to see that this is in fact Hy m. O

Corollary 3.4. The function
Y1 —Zxo
. 0
K — dim —— = length Zx m
HK,m /

18 lower semicontinuous.
Proof. Choose N such that dim(@/Hk m) < N for all K € Y;_;. Then

0 T @/mN - N(N_|_1) ) B
m Hrom dim Hrem /¥ 5 — dim (Hm Xy,_, {K})

di

and the claim follows because the dimension of the fibers of the (nonflat) family

Hy, — Y. is upper semicontinuous. O

Note that in general there is no ideal sheaf Z on S x Y,_1 with Z®k(K) = Hx m
for all K; in other words, all Zx m do not form a family. Indeed, the length
of the members of a family of zero-dimensional schemes is upper semicontinuous,
against Corollary 34l As the simple example m = (2, 2, 2) shows, this length is not
always constant, and in fact the systems of multiplicities for which it is constant are
quite exceptional. However, we shall see that restricting the set of clusters under
consideration so that the length of the corresponding schemes remains constant, it
is possible to construct flat families of cluster schemes.
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Given a subvariety W C Y,_1, let W, C W be the open subset in which
dim (@/Hgk m) is maximal, and denote this dimension by N = N(m,W). The
restriction

_ 0
Hm|Wm C m—N X Wm

is thus a family of vector subspaces of @/m” of codimension N, so it defines a
morphism W, — G to the Grassmannian G = Gy (@ / m ) In G, the codimension
N vector spaces which are ideals of (@/m”) constitute a closed subscheme, which
is identified to the Hilbert scheme Hilbév S of length N subschemes of S supported
at p (cf. [13], [25]). As Hk m is by definition an ideal for every K, we finally obtain
a morphism

W 2= HilbY §
K+— ZK,m
That is, the schemes Zx m, form a flat family with parameter space Wy,. In the
particular case that W = C' is a smooth curve, the morphism ¢, can be extended
to all of C, by [22] III, 9.8], but then it is not true that ¢m(K) = Zx m for those

K € C\ Cn. In fact, ¢m(K) depends not only on K and m but also on C.
Nevertheless, we have the following

Corollary 3.5. If C C Y,_; is a smooth curve and K € C, then Zg m C om(K).

Proof. The morphism ¢y, : C — Hile],V S C G defines a closed subset ®,, C
(@/mN) x C, and we have to see that ®,, C Hp|c. As Hy, is closed and

_ 4]
(I>m|Cm = mlCm C N X C(m
m

it will be enough to see that ®, is the closure of ®.,|c,, .

Take (f, Ko) € ®m, with Ky € C'\ Cm. The family determined by ¢y, corre-
sponds to an ideal sheaf Z C (O/m") ® @¢. By definition, f € T ®¢,, k(Kp), so
there is an open neighbourhood U of Ky in C' and a section

fuerl (Spec% X U,I)
with f = fu(Ko). As Cm C C is open, we may assume U \ {K¢o} C Cra, therefore
VK € U\{Ko}, fu(K) €I ®k(K)= Hgm- So we have a morphism
U— o
K = (fu(K),K)

whose image contains (f, Ko) and has every other point in ®,|c,,, therefore ( f, Ko)
lies in the closure of @y, |c,,. As this holds for every (f, Ko) € @ and Py, is closed,
the claim is proved. O

Next lemma shows an example of a flat family of cluster schemes which will be
useful later on.

Lemma 3.6. Let (K, m) be a consistent weighted cluster of r points and E = E, C
Sk the exceptional divisor of blowing up the last point. Consider the system of mul-
tiplicities my = (mq, ma,...,my, 1) and for every q € E, K4 = (p1,02,---,Pr,q)-
Then the schemes Zk, m, form a flat family.
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FIGURE 2. Enriques diagrams illustrating Proposition Bl By
moving the free points, Zx m specializes to Zx+ m’.

Proof. 1t is clear that length Zx_ m, <length Zx m + 1 Vq. On the other hand, as
(K,m) is consistent, there are curves going sharply through (K, m) which miss ¢
(cf. [l 4]), so length Zx, m, = length Zx m + 1 Vq. Abusing slightly notation, we
shall call E = ix(E) C Y;; as the length of Zx, m, does not depend on ¢, we have
Ewm, = E and the schemes Zk_ m, form a flat family. O

Recall that Ps; C Y,_1 is the irreducible subvariety containing the unibranched
clusters K with ps(K) proximate to p1, and U; C P; is the open dense subset which
contains all unibranched clusters based at p; with p;(K) proximate to p;—1(K) for
all ¢ > 1 and to p1(K) if s > 4 > 1, and no other proximity relations. Assume
from now on that the system of multiplicities we are dealing with is of the form
m = (m,2%,19). We shall denote by V(s,m,i,j) = om(Us) the closure of the
subscheme of the Hilbert scheme that parametrizes the unibranched cluster schemes
Z K (m,2i 15y with K € Us. Note that this does not depend on r, as far as 7 > i+j+1.
Note also that Us C (Ps)m because Uy is open and dense in Py and length Zk p, is

constant on Us. Therefore, om((Ps)m) C ©m(Us).

Proposition 3.7. Suppose that m = (m,2¢,19) is consistent in Us and (Ps)m does
not contain Usq1. Then
1. m=2s—2andi>s,
2. ifi+j > s2—3s+1, then V(s,m,i,j) contains V(s+1,m+1,i—s+1,j+5-2),
3. (m 41,2075 19+572) s consistent in Usy1 if and only if i < 2s—2. If it is
not, then it is equivalent to (m + 2,2i72s+1 15+25=2)

Proof. 1. m is consistent in Us, but not consistent in Usy, otherwise Ug11 C
(Ps)m- Therefore, the proximity inequality at p; must be satisfied for K € U,
but not for K € Usy1. This means that

2s>m>2s—2 ifi > s,
s+i>m>s+i—1 ifi<s.
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Therefore, if i < s we must have m = s+ — 1, and for any cluster K € Uy
we have §(m) = (m + 1,1%%77%). So

length Zx m = length Zg 5(m)

1 2 1
et Dme) o mme)
2 2
for all K € Ugy1, so Usy1 C (Ps)m against the hypotheses. We conclude that
1 > s, and it only remains to be seen that the case m = 2 s—1 is not possible.

But in this case §(m) = (m + 1,2¢7%,197%) in Uy, so again

+3i+j

length Zx m = length Zg 5(m)
m+1)(m + 2 ) .

for all K € Usy1 and Usy1 C (Ps)m-
. We are given two systems of multiplicities

m=(2s—2,2" 1),

m’ = (25— 1,2075F1 17572
with ¢ > sand i+ j+1 > (s —1)(s —2). We have to see that for any
cluster Ky € Us41 there is a deformation of Zg, m’ whose general member is
of the form Zk n, with K € U,. For that, let C be a smooth irreducible curve
Ky € C C Ps (recall that Ps is smooth) with C N Us # () and consider the
morphism

m(m+1)

i
5 t3i+)

C 2 HilbY S
Consider also an auxiliary system of multiplicities and the associated mor-
phism
m, = (25 — 1,275 1ty
O HpN S
For K € CNUs, Zk.m & ZK,m, - Therefore, om(K) & om, (K) forall K € C.
Moreover, part [ of the proposition shows that Ko € Cm,, 50 ¢m, (Ko) =
ZKy,m. - On the other hand, (Ko, m) does not satisfy the proximity inequality
at p1, and unloading multiplicity at this point gives
m_ = (2s— 1,275 19F%),

Note that m_ may be nonconsistent in Us41, but still Zx, m = Zx, m_ and
length Zx, m < length om(Kp). All together, we have

Zkom_ = Ziom & Pm(Ko) & pm, (Ko) = Zkym,
and we are in the conditions of Lemma 2l Therefore, there is a point ¢ in
the exceptional divisor £ = E, of blowing up p, such that ¢om(Ko) = Zx, mo»
with
my = (25— 1,275 19+t

Let go € E be the unique point proximate to p,_1. If ¢ = qo, then unloading
gives Zx, mo = ZK,m’ SO ©m is the family we are looking for. If ¢ is not
proximate to p,_1, then we only know that Zx, m, € V(s,m,i,j). Asi+j+
1> (s —1)(s —2), though, by Lemma [Z4] we can say that for any free point
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q€E, Zk, m, € V(s,m,1,j). As the free points are dense in £, this implies
©m, (E) C V(s,m,i,j). Now it is enough to see that gy € Epm,, because then
Zkom' = ZK,5,mo = Pmo(q0) € V(s,m,i,7). If (K4, mp) is consistent for ¢ €
E free, then qo € Em, because of Lemma [361 if it is not, then the equivalent
consistent system obtained by unloading is d, (mg) = (m+2,27~2% 19+2s+1),
whereas for the cluster K, the equivalent consistent system is dr, (mg) =
(m + 2,20725F1 1772572)  This implies that length Zx, m, = N(mo, E), so
again qo € Em,.

3. Follows from an easy unloading calculation. [l

Corollary 3.8. Suppose that m = (m,2¢,19) is consistent in Us and (Ps)m does
not contain Usi1, and suppose that j > s> —5s+ 2. For every k € Z>o we define
mr=m+ 2k,
in=i—k(k+2s—2),
je=J+k(k+2s-3).
If either k =0 orig—1 >2(s+k — 1) — 2, then V(s + k, my, ix, jr) C V(s,m,1,J).
Proof. We shall proceed by induction on k. For k& = 0, there is nothing to prove.
For k > 0, we have either kK — 1 =10 or
oo > i1 >2(s+k—-1)—2>2(s+k—2)—2
so we can apply the induction hypothesis and
V(S +k— 1) mk—hik—hjk—l) C V(Samaiaj) .
On the other hand, a straightforward computation shows that jp_1 > (s+k—1)%—
5(s+k—1)+2, therefore ix_1 + jr—1 > (s +k—1)2 =3 (s+k—1)+ 1. Under the
conditions, Proposition 3.7 tells us that
V(S + k,mg, ik, jk) C V(S +k—1,mg—1,%—1,7k—1)
thus finishing the proof. (|

4. DEGREE OF SINGULAR PLANE CURVES

In this section we work on a projective irreducible smooth surface S, mainly S =
P2. We are interested in linear systems of curves which contain a zero-dimensional
scheme composed of unibranched cluster schemes. These linear systems can be
specialized to linear systems of curves through a unibranched cluster (supported at
a single point) using the technique developed in [33]. We shall not repeat the whole
treatment here, but only show the parameter space (a variety of clusters) to which
we apply the semicontinuity theorem.

For convenience, we fix a point p in S. Given a sequence of integers r =
(r1i,r2,...,1,) with r1 < ro < ... < r, we define varieties X;(r) and Y;(r) in
an analogous way to X; and Y;. Let Y_1(r) = Speck, Xo(r) =5, Yy(r) = {p}, and
for i > 0 let

bi
Xi(r) —— Yioa(r) Xy, () Xiea(r)
be the blowing-up along A(Y;_1(r)),

Yi(r) exc. divisor of the blowing-up if i ¢ {r1,72,...,7,},
() =
’ Xi(r) ifie{ri,re,... 75}
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and 1;(r) = Ty, @) © b; : Xi(r) — Y;_1(r) is smooth of relative dimension 2. We
write also X (r) = X, (r) and Y (r) = Y, _1(r). All these varieties are projective,
irreducible and smooth; Y (r) can be identified with the set of all clusters of r,
points of S, such that py = p and p;41 is proximate to p; for all i ¢ r. A general
cluster K € Y(r) is the union of p unibranched clusters of 1,79 — r1,..., and
T, — I'p—1 points.

Lemma 4.1. For any sequence of integersr = (ri,7r2,... ,7,), X; andY; are closed
subvarieties of X;(r) and Y;(r) respectively, and the morphism v; : X; — Y;_1 of
section[q is the restriction of 1¥;(r) : X;(r) — Yi—1(r) for all i.

Proof. By induction on i. The cases ¢ < 1 are clear, so assume i > 1 and the claim
to be true for X;_; and X, 5. This means that X;_1 C X;_1(r), Yi-1 C Yi_1(r)
are closed subvarieties and the morphism ;1 : X;_1 — Y;_5 is the restriction of
Yi—1(r) : X;-1(r) — Yi_2(r). So we have also a closed subvariety

Yio1 Xy, Xi1 CYia1(r) Xy, ) Xio1(r)
and
A(Yi—1(r)) NYic1 Xy, , Xim1 = A(Yiq)

so by the definitions, X; C X;_1(r) is the strict transform of Y;_1 xy,_, X;_1 under
the blowing-up b; (cf. [22, I1.7.15]), Y; is a subvariety of the exceptional divisor,
hence of Y;_1(r), and ¢; : X; — Y;_1 is the restriction of ¢; : X;(r) — Y;_1(r). O

Given a cluster K € Y (r), a system of multiplicities m and a divisor D, we shall
denote by Lp (K, m) the linear system of effective divisors linearly equivalent to D
which go through (K, m). As seen in [33] the function

Y(I') —>Z271
K v+—{p(K,m):=dimLp(K,m)

is upper semicontinuous. We consider the dimension of the empty linear system
to be —1. Because of Lemma [£1], we can bound ¢p(K,m) with K general in
Y (r) by £p(K,m) with K in Y, ;. For any subset W C Y (r) we shall also write
(p(W,m) =inf{{p(K,m) | K € W}.

In the case S = P2, we can choose D = d - L, with L a line and d € Z~o. We
shall then denote Lg4(K,m) = Lp(K, m) the linear system of curves of degree d
going through (K,m) and ¢4(K,m) = {p(K,m) its dimension. We say that a
zero-dimensional scheme Z has level d when length Z = (d + 1)(d + 2)/2. For a
level d scheme in the plane P? it is equivalent to have maximal rank or to have
maximal rank in degree d. Furthermore, an arbitrary zero-dimensional subscheme
Z C P? has maximal rank if and only if there exist maximal rank schemes Z; and
Zg41 of level d and d + 1 respectively such that Zg C Z C Zg41 (see [23] 2.2.2]).

Lemma 4.2. For every cluster scheme Zk m where K € Ug and m = (m, 20 1j)
is consistent in U there ewist systems of multiplicities m_ = (m, 2~ 19-) and
my = (m, 2%, 19+) consistent in Us such that Zxgm C Zkm C ZKmyr LK,m_
has level d and Zy m, has level d + 1. Furthermore, my and m_ can be chosen
such that j+ > j and (j— > j ori_ =0), the inequalities being strict if Zx m does
not have level d. If 3i + j > 2m + 3, then d > m.
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Proof. Write

m(m + 1) (d+1)(d+2)
2 B

with 0 < € < d + 1. It is enough to define m, = (m, 2%, 1779+2=¢) and

+3i+j=

(m, 207, 19%2¢) if § > ¢,
m_ — . .
(m, 1743i=¢)  if § <.

O

Before we prove our maximal rank theorem we need some lemmas on level d
cluster schemes. Assume for a while that m = (m,2*,17) and d € Z are such that

m(m+1)+3i+j: (d+1)(d—|—2).

2 2

Lemma 4.3. Ifi =0 and s < m + 1, then £3(Us,m) = —1, with U; C Y, 1 as
defined in section [3.

N(m) =

Proof. 1t is clear that d > m—1; we shall prove the claim by induction on d—m. For
d =m — 1 the result is obvious. For d > m we have j > m + 1. By semicontinuity
it is enough to see that there are no plane curves of degree d containing Zx m with
K general in Uy, 2. Now for K € U, 12, unloading gives Zx m = Zg (m+1,1-m-1),
and the result follows from the induction hypothesis.

Lemma 4.4. If2i <m, 2i+ j > m and m is consistent in U, then £4(Us, m) =
—1.

Proof. By semicontinuity it is enough to see that there are no plane curves of degree
d containing Zk m with K general in Uy,42—;. But for K € U,,42_;, unloading gives
ZKm = Z§ (m+1,12+i-m-1y, and the result follows from Lemma[4.3] O

Proposition 4.5. If d < m+ 1 and m is consistent in Us, then

d<mandi=0
Ly(Us,m) = =1 <— or
d=m-+landm>i+s—2.

Proof. 1t is clear that d > m —1, and d = m — 1 implies i = j = 0, £4(Us, m) = —1.
Assume now d = m or d = m + 1. We will prove the claim by induction on i. If
i = 0, then consistency guarantees both m > i+ s—2 and s < m+ 1, so the result
follows from Lemma B3 Assume now ¢ > 1. For K general in Us, consider the
line L passing through p in the direction of po. If s = 2, we can assume (K being

general) that ps does not lie on L; for s > 2 this is automatic. For every curve
Ce Ld(K, m)

L-C>m+2=d+1>degC,

therefore L is a component of C, so it is a fixed part of Ls(K, m). The residual
linear system is

Ld(K, m) — L= Ld_l(K, m/)



CONDITIONS IMPOSED BY TACNODES AND CUSPS 4941

with m’ = (m — 1,1,271 17) because of Corollary 23l As this is true for general
K € U, we have now £4(Us,m) = £3_1(Us, m’). But m’ is not consistent in Us.
The equivalent consistent system is

5(m’) (m, 2075 17F5) ifm=2(s—1)<2(i—1),
m') = A ,
(m — 1,271 1% in any other case.

Note that N(§(m')) = N(m) — m — 2, so
1. If d = m, then N(6(m')) < d(d+1)/2 and L4(K,m) = Ls_1(K,6(m’)) + L
is nonempty for all K € Uy, as claimed for d = m, i # 0.
2. If d=m+1, then N(6(m’')) =d(d+1)/2 s0o Zx m haslevel d—1 for all K €
Us. Now the induction hypothesis gives £4(Us, m) = ¢q_1(Us,0(m’)) = —1
because

i—s=0 iftm=2(s—-1)<2(i—1),

m2>1+s— 2+ . .
m—1>(i—1)+s—2 in any other case.

O
Corollary 4.6. If2i < m, d > m and m is consistent in Us, then £q(Us,m) = —1.

Proof. By Lemma [£4] we may assume 2i + j < m. But then

m(m+1 m(m + 1 m m+3)(m+4
Nmy = 2H D gy e mima )y maSmt )

2 2 2 2
so d < m + 2. Moreover, we have either ¢ > s — 2, in which case m > 2i > i+ s—2
or i < s — 2, in which case consistency of m in Uy implies m > i+ s — 2. In both

cases Proposition concludes. O

Lemma 4.7. Ifi <m, d >m, 4(i+j) > m?—2m —4 and m is consistent in U,
then £q(Ugs, m) = —1, except in the case m =6, i =25, j =0, s =4.

Proof. Consider first the case d = m+1. If m > i+ s—2, then Proposition EE5]says
that £4(Us,m) = —1, as wanted, so assume m < ¢ + s — 2. We will see that this
implies m =6,41=25, j =0, s =4. Indeed, d = m + 1 implies 3¢ + 7 = 2m + 3, so
j =2m+3—3i and 2m+ 3 — 3i cannot be negative. The conditions 2m+3—3i > 0
and 4(i + j) = 8m — 8 + 12 > m? — 2m — 4 allow only a small finite number of
solutions (m, i), and (m,i) determine j. Moreover, s is limited by consistency, so
we only have to check a finite number of 4-ples (m, 1, j, s) to see that the only one
with m <i+s—21is (6,5,0,4).

Assume now d > m + 1. We shall use semicontinuity applied to a family of
level d cluster schemes which specializes free points to be proximate to p;. When
m is odd, unloading alone is enough to obtain the family; for even m we will use
Proposition 371 By Corollary [£6] we may assume 2i > m; now we distinguish two
cases according to the parity of m:

m even Write m = 2t — 2. As m is consistent in Uy, and 2i > m, we must have

t > s, so by semicontinuity it is enough to see that there are no plane curves
of degree d containing Zx m with K general in Uy. It is clear that (P;)m does
not contain Uy 41, and 4 (i + j) > 4 (t> — 3t + 1), therefore by Proposition B.7

Vit+1m+1li—t+1,j4+t—2)CV(t,m,i,j) .

By semicontinuity applied to the tautological flat family on V(¢,m,i,j) C
Hile(S ) then, it is enough to see that there are no plane curves of degree d
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containing Zx y with K general in Upyq and m’ = (m + 1,207+ 19+=2),
But then 2(i —t+1) = 2i —m < m+ 1 and still d > m + 1 so the result
follows by Corollary

m odd Write m = 2t — 1. By semicontinuity it is enough to see that there
are no plane curves of degree d containing Zx m with K general in Uz4q.
But for K € Uiy, unloading gives Zxm = Zg (m+1,2i-¢,15+t), and again
2(i—t) =2i—m—1<m+1and d > m+1 so the result follows by Corollary
[4.6 O

With this knowledge of level d cluster schemes we are in a position to attack the
general case. Now let p, s be positive integers, and suppose we have systems of
multiplicities m;, my, ... ,m, with

mi = (ma 27;17 1j1)7
my, = (2%,19%), k=23,...,p.

Suppose furthermore that m > min(s—1+4) i, 2(s—1)). Consider a cluster scheme
Zy = Z(K,m;) with K € U, and p—1 unibranched cluster schemes Z5, Zs, ... , Z,
supported at different points of P?, whose defining clusters K», K3, ... , K, have no
satellite points. The scheme Z = Z; U Z; U --- U Z, has length

N_m(m—|—1) 3 . P
D) s> .
k=1 k=1

Theorem 4.8. If the position of the points of the p clusters Ko, K3,... ,K, is
general, 3> ik + > jr > 2m+3, and 4 Y ji, > m?> —4m —6, then Z has mazimal
rank, except in the cases

e m=2, Zik:4;jk:OVk’

e m =4, ZikZG;jk:OVk’

e m=0,> i =25, jpy=0Vk, s=4.

Proof. Consider r = (r1,72,...,7,). Let Ps(r) be the closed variety of Y (r) where
P2,D3, - - - , Ds are proximate to p. It is easy to see that Ps(r) is an irreducible variety
and P; = Ps(r) NY,, 1. Then the claim may be equivalently stated as

d+1)(d+2
£4(Ps(r), mp) = max (—1, % - N) vd
where mg = (m,2%,1/1,2% 172 . 2% 1Jr). By semicontinuity it is enough to

see that £4(Ps, mg) = max(—1,(d + 1)(d 4+ 2)/2 — N)Vd and unloading gives that
m = (m, 22 %, 12“) is equivalent to mg in Us. Therefore,

Kd(Ps(r)a mO) < gd(Uw mO) = ed(Uw m) vd .

It only remains to be seen that for a general cluster K € Uy, Zx m has maximal
rank. Because of Lemma 2] either Zx m has level d or there are schemes Zg m
and Zg m, of level d and d + 1 respectively, satisfying the above conditions and
not among the exceptions, with Zx m_ C Zx.m C ZK,m,, S0 we can assume that
Zr,m has level d > m, and it is enough to see that £4(Us,m) = —1 .

Let i =Y ik, 5 =Y jk. The proof runs by induction on ¢. The case i < m has
already been settled in LemmalZ7] so suppose ¢ > m + 1. We shall distinguish two
cases according to the parity of m.



CONDITIONS IMPOSED BY TACNODES AND CUSPS 4943

m even Write m = 2t—2. As m is consistent in U and i > m+ 1, we must have
t > s, so by semicontinuity it is enough to see that there are no plane curves
of degree d containing Zg ym with K general in U;. It is clear that (P;)m does
not contain Uy 41, and 4 (i + j) > 4 (t2 — 3t + 1), therefore by Proposition B.7

Vt+1,m—+2,i—2t+1,j+2t—2) C V(t,m,i,j) .

By semicontinuity applied to the tautological flat family on V(¢,m,i,j) C
Hilb™ (S), then it is enough to see that there are no plane curves of degree d
containing Zx ms with K general in U, and

m’ = (m/,2i/7 1]4) _ (m + 272i72t+1, 1j+2t72) )

An easy computation shows that we are still in the numerical conditions of
the claim, and ' < ¢, so we can apply the induction hypothesis, except in
the case that d = m + 2. In this case, either we are in one of the exceptions
above, or i =m+1,j =3, m’ = (m + 2,1™"3) and the claim follows from
Lemma E.3]

m odd Write m = 2¢ — 1. By semicontinuity it is enough to see that there are
no plane curves of degree d containing Z n, with K general in U;y;. But for
K € Uiy, unloading gives Zx m = Zg (m41,2i-,15+1), 50 the result follows by
the induction hypothesis again. [l

Note that Theorem applies in particular when we have only double points,
proper or infinitely near, and they are neither 5 nor less than 4. For the remaining
cases the behaviour is also known (cf. [17]). Namely, one double point has (ob-
viously) maximal rank and the scheme of three double points (proper or infinitely
near, in general position) has maximal rank; systems which fail to have maximal
rank appear in degree 2 when there are two points and in degree 4 when there are
five. In both cases there is an “unexpected” curve of the form C' = 2D, where D
is the straight line or the conic through the points, respectively. The cases of one
point of multiplicity m = 3,4 or 5 and 4 double points (again, proper or infinitely
near) are also covered, except for i < 2m/3 4+ 1 and for the case m = 4,7 = 6.
All excepted cases involve less than eight points and were therefore also solved by
B. Harbourne. The systems which do not have maximal rank are (3,2) in degree
3, (4,2), (4,2?) in degree 4, (5,2), (5,22) in degree 5, and (4,2%) in degree 6.

We shall now apply this result to find irreducible curves of low degree with
tacnodes and cusps. We shall use a form of Bertini’s theorems slightly different
from the usual ones. Given a linear system L of curves on S with no fixed part, the
base points of L form a (usually nonunibranched) cluster BP(L).

Proposition 4.9. Let L be a linear system of curves on S with no fized part. Then

1. General curves in £ go sharply through BP(L).
2. If £ is reducible, then it is composed of the curves of a pencil.

Proof. 2 and the fact that all singularities of general curves sit at the proper base
points of L are standard. For a proof of 1, cf. [5], 7.2]. Cf. also Zariski’s remark on
the theorems of Bertini in [35]. O

Lemma 4.10. Let Z C Z' be two zero-dimensional subschemes of P? such that
length Z' = length Z + 1, and let d be a positive integer such that going through Z
imposes independent conditions to curves of degree d. Then Z' imposes independent
conditions to curves of degree d + 1.
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Proof. This is an easy application of the residual exact sequence of the Horace
method. There is a unique point p € P? where the length of the component of Z’
supported at p is bigger than that of Z. Let L be a general straight line through
p, and consider the residual exact sequence

0 —)IZ//(d) E— IZ’(d+ 1) e IZ’I’TL/L(d_‘_ 1) — O .
We have to prove that
H'Zpapp(d+1)) =H (Zz:(d) =0 .

As going through Z imposes independent conditions to curves of degree d and L is
general, length Z N L < d + 1, therefore length Z’ N L < d 4+ 2 and

HY(Zzap/L(d+1)) = 0.

As by hypothesis H'(Zz(d)) = 0, it will be enough to see that Z contains the
residual scheme Z”. Let I,I',I"” C @, be the ideals locally defining Z, Z’ and Z”,
and let f € @, be a local equation of L. length Z’ = length Z + 1 implies that
I =1+ (g) for some g € @, with gm, C I’, therefore fI = fI' + (fg) C I’ and
IcI”"=(I':f), as wanted. O

Corollary 4.11. If (K, m) is a weighted (not necessarily unibranched) cluster such
that Zi m imposes independent conditions to curves of degree d, then general curves
in L = Eqy1(K,m) go sharply through (K,m). Furthermore, if (K, m) is not a
single point of multiplicity d + 1, then a general curve in L is irreducible.

Proof. Because of Lemma .10, L has no fixed part and BP(L) = (K,m). By
Proposition then, we only have to see that if L is composed of the curves of a
pencil, then BP(L) is a point with multiplicity d+ 1. Let L be composed of r curves
of degree k in a pencil. Then rk = d+ 1 and

r=€d+1(K,m):d+2+€d(K,m) >d+1

because Zx m imposes independent conditions to curves of degree d. Therefore,
r=d+1and k= 1. A pencil of lines has a unique base point p so curves in L are
composed of d + 1 lines through p and BP(L) is as claimed. O

The cluster of infinitely near singular points of a tacnode of order ¢ is a weighted
unibranched cluster K of ¢ free points with multiplicities m = (2!). The scheme
Zk m is called a tacnode scheme. The cluster of infinitely near singular points of
a cusp of order n is a weighted unibranched cluster K of n + 2 points, the last
of which being satellite and the others free, with multiplicities m = (2",12). We
define an “extended” unibranched cluster (K’,m’) which has an additional free
point taken with multiplicity one and call Zg v a cusp scheme of order n. When
this last point p,y3 € K’ varies in E, o = P! we obtain a flat family of cluster
schemes, because of Lemma In the special position of p,43 which makes it
proximate to p,t1, unloading gives §(m’) = (271 0,0) so any cusp scheme of
order n can be specialized to the tacnode scheme of order n + 1 given by the free
pOiIltS P1y--- yPnti1-

Theorem 4.12. If

T v

d(d + 1
dd+1) ; )ZZti—f—Z(ni—kl)ZG,
=1 i=1
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FicUre 3. Enriques diagrams of a tacnode cluster and an ex-
tended cusp cluster.

then there ezists a reduced irreducible curve of degree d with T tacnodes of orders
t1,...,tr and v cusps of orders my,... ,n, as its only singularities.

Proof. Consider a scheme

Z=T'JUToyU---UT, UNTUNyU---UN,

where T} is a tacnode scheme of order t; supported at p; € P? and N; is a cusp
scheme of order n; supported at g;, all of them having their points in general
position. We claim that the linear system L4(Z) of curves of degree d containing
Z is nonempty and that a generic curve in it has a tacnode of order t; at p;, a cusp
of order n; at ¢; and no other singularities.

Specializing the cusp schemes N; to tacnode schemes T; of order n; + 1 we obtain
a scheme Z in the conditions of Theorem [.8] therefore of maximal rank and length
33 ti+ > (n; +1)). So by semicontinuity Z is also of maximal rank. The bound
on d assures that Z imposes independent conditions to curves of degree d — 1. So
by 1Tl a general curve in L4(Z) is irreducible and has no other singularities but
the ones in p;, ¢;, which are tacnodes and cusps of the desired orders. [l

Note that in the hypotheses of Theorem we ask that > ¢; + > (n;+1) > 6
in order to apply[4A8l In fact, the remarks we made after the proof of Theorem
prove that the result holds also for Y t;+> (n;+1) = 3,4. Incase Y t;+> (n;+1) =
5, an ad hoc reasoning can be used to prove the existence; however, for these small
numbers of singularities the result is neither new nor significant, so we omit this.

We should like to point out that there are examples in [27] of curves F, with one
tacnode or cusp, of degree lower than the one given by Namely, they have
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degree d = 2k + 1 and

a tacnode of order w;’k*l if 2k + 3k — 1 is even,
a cusp of order % if 2k2 + 3k — 1 is odd.

The author was informed by C. Lossen that he conjectures, after testing many
particular cases, that these curves are irreducible and have no other singularity.
He conjectures also that they do not satisfy the T'—smoothness property (cf. [34])
which states that the variety of curves of degree d with that singularity is smooth
of the expected dimension at F. Curves with tacnodes and cusps whose points are
in general position (as those given by ET2) do satisfy the T-smoothness property.

The reader may notice that after LI, any h'-vanishing result for a class of
cluster schemes can be exploited to obtain curves of low degree with the equisin-
gularity type fixed by the clusters. In fact, the bounds obtained using [£I11] are
(slightly) sharper than those obtained using the somewhat more complicated rea-
soning of [14]. In particular, it is not difficult to extend Theorem to curves
with tacnodes, cusps, and one different singularity.

Proposition 4.13. Let S be an equisingularity class whose cluster of infinitely near
singular points is unibranched and consists of one point of multiplicity m followed by

k free double points. Define M =k+.._;t;+> . (n;+1)+max (O7 W) .
If

dd+1) m(m+1) 2
— >M > - 1
6 6~ egmth
then there exists a reduced irreducible curve of degree d with one singularity of type
S, 7 tacnodes of orders ti,...,t. and v cusps of orders mi,...,n, as its only
singularities.
Proof. Analogous to the proof of O

Note also that in the proof of Theorem 412 we proved that the union of general
tacnode and cusp schemes has maximal rank, which is a case not included in The-
orem L8 It is easy to see that many other cases may be equally treated using the
same techniques. For example,

Proposition 4.14. The scheme of the cluster of infinitely near singular points of
a Dy —singularity whose points are in general position has mazximal rank, except in
the two cases k = 6,7.

Proof. The cluster of infinitely near singular points of a Dj—singularity, with &
even, is a weighted unibranched cluster with k/2 — 1 free points with multiplicities
m = (3, 2’“/2*2), so we are in a particular case of Theorem E.8]

If k is odd, then the cluster of infinitely near singular points of Dy, is a weighted
unibranched cluster with » = (k4 1)/2 points, the last of which being satellite and
the others free (that is, K € U, ,_2), with multiplicities m = (3,2"73,12). For
simplicity, we assume k > 15 (or r > 8), as the cases with k small require special
care. Let U C P, ,_2 N P; be the open subset where only p3 and p, are satellites
(we specialize the third point to be proximate to the first). For K € U, unloading
gives Zx m = Zg m with m’ = (4, 27=4.1,0,0), so the length of Z K m is the same
for K in U or in U, ,_o, therefore U C (P ;—2)m. As Uy ,—2 is dense in (P, —2)m,
by semicontinuity it is enough to see that Zx m = Zk m’ has maximal rank for K
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general in U and the result follows from Theorem E8, because the multiplicity of

the last point is now 0 so we can assume K general in Us. |
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