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NON-ISOTOPIC SYMPLECTIC TORI
IN THE SAME HOMOLOGY CLASS

TOLGA ETGÜ AND B. DOUG PARK

Abstract. For any pair of integers n ≥ 1 and q ≥ 2, we construct an infinite
family of mutually non-isotopic symplectic tori representing the homology class
q[F ] of an elliptic surface E(n), where [F ] is the homology class of the fiber.
We also show how such families can be non-isotopically and symplectically
embedded into a more general class of symplectic 4-manifolds.

1. Introduction

In a fixed 2-dimensional homology class of a complex surface, there are at most
finitely many complex curves up to smooth isotopy. In contrast, there exist exam-
ples of homology classes in symplectic 4-manifolds that are represented by infinitely
many non-isotopic connected symplectic surfaces. In [FS3] Fintushel and Stern
proved that q[F ] ∈ H2(X ;Z) is such a class provided that q ≥ 4 is an even integer
and F is a symplectic c-embedded torus, i.e., a homologically non-trivial torus of
self-intersection 0 with first homology generated by two circles which bound disks
of self-intersection −1 in X , in a simply-connected symplectic 4-manifold X (e.g.
we can take X to be an elliptic surface E(n) and F to be a regular fiber). In
this paper we generalize their result by constructing infinitely many non-isotopic
symplectic tori in q[F ] ∈ H2(X ;Z) for each q ≥ 3 (even or odd) in the case when
F is a symplectic torus in a symplectic 4-manifold X satisfying [F ]2 = 0 and
H1(X \ ν(F );Z) = 0. Moreover, as a consequence of our calculation, it will be
apparent that no two of these tori are equivalent under the action of Diff (X), the
group of self-diffeomorphisms of X . In some special cases our result can be slightly
improved to include 2[F ] as in the following theorem.

Theorem 1. For any pair of integers n ≥ 1 and q ≥ 2, there exists an infinite
family of mutually non-isotopic symplectic tori representing the homology class q[F ]
of an elliptic surface E(n), where [F ] is the homology class of the fiber.

It should be noted that in [V2], Vidussi has constructed such families for every
positive multiple of the fiber class in E(n) provided that n ≥ 3. However, it still
remains an interesting open problem to construct infinite families of non-isotopic
symplectic tori in the fiber class [F ] of E(1) and E(2). We should also note that
our construction can be carried out for a far more general class of 4-manifolds than
those in [V2].
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In all of the above examples, families of braids are used to construct symplectic
tori, and Seiberg-Witten theory is used to distinguish them. The family of braids
we use in this paper are, in some sense, the simplest possible and this allowed us
not only to calculate the Seiberg-Witten invariants of the corresponding 4-manifolds
completely, but also to reprove and extend the results in [FS3] and [V2] (except for
the case of fiber class itself in E(n) for n ≥ 3). From our construction, it will be
apparent that any other collection of reasonably complicated braids will also give
rise to many more new examples of non-isotopic symplectic tori.

In the next section we construct a family of tori, {Tp,q}p,q≥2 , in T 2 ×D2 which
could be identified with a regular tubular neighborhood of a torus of self-intersection
0 in a 4-manifold. Then we show how these tori could be symplectically embedded
in E(n). In Section 3 we calculate the Seiberg-Witten invariants of symplectic 4-
manifolds obtained as the fiber sum of E(n) and E(r) along Tp,q ⊂ E(n) and a fiber
in E(r). As a consequence of these computations we prove Theorem 1. In Section 4
we explain how Theorem 1 could be generalized to a larger class of 4-manifolds (see
Theorem 14).

2. Braid construction

We first construct an infinite family of non-isotopic symplectic tori {Tp,q}p,q≥2

representing q[F ] in E(1), and show that these remain non-isotopic after fiber-
summing with E(n − 1). That is, we will construct an infinite family of tori that
embed non-isotopically into E(n) for any n ≥ 1.

Even though we are unable to show that T1,q is not isotopic to any torus in
{Tp,q}p≥2 in general (for fixed q), we will still include it in our construction and
computations for the sake of completeness. For any pair of integers p ≥ 1 and
q ≥ 2, consider the q-strand braid Bp,q in Figure 1. The closed braid B̂p,q is a
(2, 2p − 1)-torus knot, and is the “simplest” knot in S3 with (2p − 1) crossings,
which is usually denoted by (2p− 1)1 in the literature (see e.g. [BZ] or [Ro]).

strands

q 2−− .

.

.
.

.

.

...

−−p2 1 crossings

Figure 1. Braid Bp,q for p ≥ 1 and q ≥ 2

Let Lp,q denote the two-component link in S3 which is the union of the closed
braid B̂p,q and its axis A. See Figure 2 for a picture of L2,4 .

Next we review the generalization of the link surgery construction of Fintushel
and Stern [FS2] by Vidussi [V1]. For an m-component link L, choose a homology
basis of simple curves {αi, βi}mi=1 such that the pair {αi, βi} lies in the ith boundary
component of the link exterior and the intersection of αi and βi is 1. We define the
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A

Figure 2. Two-component link L2,4

link surgery manifold

E(n1, . . . , nm)L := [
m∐
i=1

E(ni) \ νFi]
⋃

Fi×∂D2=(S1×αi)×βi
[S1 × (S3 \ νL)] ,

where ν denotes the tubular neighborhoods. Here, the gluing diffeomorphisms
between the boundary 3-tori identify the torus fiber Fi of E(ni) with S1 ×αi , and
act as complex conjugation on the last remaining S1 factor. Strictly speaking, our
gluing construction depends on our choice of basis {αi, βi}mi=1, but we will suppress
this dependence in our notation. (See also Remark 10.)

As before let A denote the unknot which is the axis of the closed braid B̂p,q .
Choose the homology basis (α1, β1) = (µ(A), λ(A)) for the complement (S3 \ νA),
where µ and λ denote the meridian and longitude, respectively.

Lemma 2. E(1)A = E(1).

Proof. Note that the exterior of the unknot (S3 \ νA) is diffeomorphic to a solid
torus S1×D2. Hence there is a diffeomorphism between the tubular neighborhood
of a regular fiber νF = T 2 ×D2 and the Cartesian product [S1 × (S3 \ νA)]. �

Now consider B̂p,q as a knot inside the solid torus (S3 \ νA). Define Tp,q :=
S1 × B̂p,q , which is a torus embedded in [S1 × (S3 \ νA)] ≈ νF ⊂ E(1)A .

Lemma 3. The torus Tp,q ⊂ E(1)A is a symplectic submanifold and represents the
homology class q[F ].

Proof. First note that B̂p,q is homologous to qµ(A) in H1(S3 \ νA). Since the fiber
F is identified with S1 × µ(A) in E(1)A , the torus Tp,q is homologous to qF in
E(1)A = E(1). To show that Tp,q is symplectic, we can proceed as in [FS3] and
[V2]. The key step is once again verifying that the knot B̂p,q ⊂ (S3\νA) ≈ (S1×D2)
is transverse to the disks {pt.} ×D2. �

Next we show that the torus Tp,q can be embedded in E(n) for any n ≥ 1. For
n ≥ 2, we can write E(n) as the fiber sum,

(1) E(n) = E(1)A#F ′1=F2E(n−1) = [E(1)A\νF ′1]
⋃

F ′1×∂D2=F2×∂D2
[E(n−1)\νF2] ,
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where F ′1 is a regular torus fiber lying outside [S1 × (S3 \ νA)]. We immediately
see that Tp,q can be embedded into the first fiber summand and hence into E(n).
Without causing too much confusion, we will continue to denote this embedded
torus in E(n) by Tp,q . Note that Lemma 3 continues to hold for the torus Tp,q ⊂
E(n).

Since the torus Tp,q ⊂ E(n) has self-intersection zero, we can form the (general-
ized) fiber sum,

(2) E(n)#Tp,q=FE(r) := [E(n) \ νTp,q]
⋃

Tp,q×∂D2=F×∂D2
[E(r) \ νF ] .

The gluing diffeomorphism ϕ identifies Tp,q with F and acts as complex conjugation
on the ∂D2 factor. The torus fiber F in E(r) has a canonical framing coming from
the elliptic fibration. Note that when n ≥ 2 there is a canonical framing of Tp,q
in E(n) that is inherited from a fixed framing of Tp,q in E(1) by our fiber sum
description (1).

Lemma 4. The diffeomorphism type of the fiber sum E(n)#Tp,q=FE(1) does not
depend on the chosen framing of Tp,q .

Proof. Changing the framing of Tp,q amounts to composing the gluing map ϕ with
an orientation-preserving self-diffeomorphism of ∂νF ∼= T 3. However, Matumoto
has shown in [Ma] that any orientation-preserving self-diffeomorphism of ∂νF ex-
tends over [E(1) \ νF ]. �

We remark that the gluing formula in [Pa] cannot be used to compute the
Seiberg-Witten invariant of the fiber sum (2), since the triple ([E(n) \ νTp,q],
[E(r) \ νF ], ϕ) is not admissible in the sense of Definition 8 in [Pa]. However, the
key observation is that this fiber sum can be expressed as a link surgery manifold.

Lemma 5. E(n)#Tp,q=FE(r) = E(n, r)Lp,q .

Proof. For the construction of E(n, r)Lp,q , we choose the homology basis (α1, β1) =
(µ(A), λ(A)), and (α2, β2) = (λ(B̂p,q),−µ(B̂p,q)). The identification with the fiber
sum is now immediate. �

3. Seiberg-Witten invariants

To prove Theorem 1, we need to show that the family of tori {Tp,q}p≥2 we con-
structed are mutually non-isotopic for fixed q. It is enough to show that the corre-
sponding family of 4-manifolds {E(n, 1)Lp,q}p≥2 are mutually non-diffeomorphic,
since any isotopy between the tori {Tp,q} will translate into diffeomorphism between
corresponding 4-manifolds {E(n, 1)Lp,q}. We shall compute their Seiberg-Witten
invariants to show that {E(n, 1)Lp,q} are mutually non-diffeomorphic.

Let ∆Lp,q(x, t) denote the Alexander polynomial of the link Lp,q , where the
variable x corresponds to the axis A.

Lemma 6. ∆Lp,2(x, t) = 1 + xt2p−1 , and when q ≥ 3 ,

∆Lp,q(x, t) = 1 + xq−1t2p+q−3 + xt2
(

1 + t2p−3

1 + t

)(
1− (xt)q−2

1− xt

)
.
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Proof. The braid group on q strands is generated by the elementary braid transpo-
sitions σ1, . . . , σq−1 , where σi denotes the crossing of the (i + 1)st strand over the
ith. Note that

Bp,q = σq−1 σq−2 · · · σ2 σ
2p−1
1 .

By Theorem 1 in [Mo], we have

(3) ∆Lp,q(x, t) = det
(
I − xC(q−1)

q−1 C
(q−1)
q−2 · · · C(q−1)

2 (C(q−1)
1 )2p−1

)
,

where C(q−1)
i denotes the following (q − 1)× (q − 1) matrix which differs from the

identity matrix I only in the three places shown on the ith row:

C
(q−1)
i :=



1
. . .

1
t −t 1

1
. . .

1


.

When i = 1 or i = q−1, the matrix is truncated appropriately to give two non-zero
entries in row i.

The statement for q = 2 case is obvious. We are going to prove the case q ≥ 3 by
induction on q. The main step of this induction is proving that Dp,q = xtDp,q−1,
where Dp,q := ∆Lp,q+1(x, t) − ∆Lp,q(x, t). Then we prove that ∆Lp,3(x, t) = 1 +

x2t2p + xt2
(

1+t2p−3

1+t

)
and this implies Dp,2 = xt2(1 − t+ t2 − · · · − t2p−3) + x2t2p

and hence Dp,q = xq−1tq(1− t+ t2− · · ·− t2p−3) +xqt2p+q−2. Finally, by using the
induction assumption and ∆Lp,q+1(x, t) = ∆Lp,q(x, t) + Dp,q we finish the proof of
the lemma.

∆Lp,q+1(x, t) = det(I − xΓp,q+1), where Γp,q+1 := C
(q)
q C

(q)
q−1 · · ·C

(q)
2 (C(q)

1 )2p−1.
Note that

C
(q)
i =


0

C
(q−1)
i

...
0

0 . . . 0 1


for i ∈ {1, 2, . . . , q − 2}, so we must have

Γp,q+1 = C(q)
q C

(q)
q−1


0

C
(q−1)
q−1

...
0

0 . . . 0 1


−1

0

Γp,q
...
0

0 . . . 0 1



=


1

. . .
1 1
t 0




0

Γp,q
...
0

0 . . . 0 1


.
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Hence, it follows that

(4) Γp,q+1 =


0

Γp,q
...
0
1

t (Γp,q)(q−1 , ∗ ) 0


and

I − xΓp,q+1 =


0

I − xΓp,q
...
0
−x

−xt (Γp,q)(q−1 , ∗ ) 1


,

where (Γp,q)(q−1 , ∗ ) denotes the last row of Γp,q . When we calculate the determinant
of the matrix I − xΓp,q+1 by expanding along its last column we get the following
equality:

(5) det(I−xΓp,q+1) = det(I−xΓp,q)−(−x)t [det(I − xΓp,q)− det(I − xΓp,q−1)] .

To prove the above equality, observe that all but the last row of the minor of
the matrix I − xΓp,q+1 corresponding to the entry −x in the last column are the
same as the rows of I − xΓp,q , and the last row of the minor is t times the last
row of I − xΓp,q except for the last entry. In the minor, this entry is 0, whereas
in I − xΓp,q this entry is 1 (since (4) shows that the last diagonal entry of Γp,q is
0).1 This observation is why the determinant of the minor corresponding to −x is
t times the difference between the determinant of I −xΓp,q and the determinant of
the minor of I − xΓp,q obtained by deleting the last row and the last column (and
this minor is nothing but I − xΓp,q−1).
Dp,q = xtDp,q−1 now follows trivially from (5). The next step is to calculate

∆Lp,3(x, t). By (3), we have

∆Lp,3(x, t) = det

[(
1 0
0 1

)
− x

(
1 0
t −t

)(
−t 1
0 1

)2p−1
]
.

An easy induction argument shows that(
−t 1
0 1

)2p−1

=
(
−t2p−1 1+t2p−1

1+t

0 1

)
and then an explicit calculation gives

∆Lp,3(x, t) = 1 + x2t2p + xt2
(

1 + t2p−3

1 + t

)
.

1Strictly speaking, the last diagonal entry of Γp,q is 0, only if q ≥ 4. Nevertheless, for q = 3,
(5) could be confirmed by a direct calculation of ∆Lp,4(x, t) along the same lines as the calculation

of ∆Lp,3(x, t).
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As we discussed before, to finish the proof one only needs to check that

1 + xq−1t2p+q−3 + xt2
(

1 + t2p−3

1 + t

)(
1− (xt)q−2

1− xt

)
+ xq−1tq(1− t+ t2 − · · · − t2p−3) + xqt2p+q−2

= 1 + xqt2p+q−2 + xt2
(

1 + t2p−3

1 + t

)(
1− (xt)q−1

1− xt

)
.

�

Recall that the Seiberg-Witten invariant SWX of a 4-manifold X (with b+2 (X) >
1) can be thought of as an element of the group ring of H2(X ;Z), i.e., SWX ∈
Z[H2(X ;Z)]. If we write SWX =

∑
g agg , then we say that g ∈ H2(X ;Z) is a

Seiberg-Witten basic class of X if ag 6= 0.

Lemma 7. Let ι : [S1 × (S3 \ νLp,q)] → E(n, r)Lp,q be the inclusion map. Let
ξ := ι∗[S1 × µ(A)], τ := ι∗[S1 × µ(B̂p,q)] ∈ H2(E(n, r)Lp,q ;Z). If p ≥ 2 and q ≥ 3,
then the Seiberg-Witten invariant of E(n, r)Lp,q is

SWE(n,r)Lp,q
= (ξ−1 − ξ)n−1 (ξ−q − ξq)r−1

[
ξ−(q−1)τ−(2p+q−3) + ξq−1τ2p+q−3

+
(
τ−(2p−4)

2p−4∑
i=0

(−τ2)i
)( q−3∑

j=0

(ξτ)−(q−3)+2j
) ]

.

When p = 1 and q ≥ 2, we have

SWE(n,r)L1,q
= (ξ−1 − ξ)n−1 (ξ−q − ξq)r−1

[ q−2∑
j=−1

(ξτ)−(q−3)+2j
]
.

When q = 2 and p ≥ 1, we have

SWE(n,r)Lp,2
= (ξ−1 − ξ)n−1 (ξ−2 − ξ2)r−1

[
ξ−1τ−(2p−1) + ξτ2p−1

]
.

Proof. Recall from [FS1] that SWE(n) = ([F ]−1 − [F ])n−2. From the formulas in
[Pa] and [T2], we know that

SWE(n)\νF = ([F ]−1 − [F ]) · SWE(n) = ([F ]−1 − [F ])n−1.

From the formulas in [FS2] and [T2], we conclude that

SWE(n,r)Lp,q
= SWE(n)\νF1 · SWE(r)\νF2 · ∆sym

Lp,q
(ξ2, τ2) .

We also need to identify [F1] with ξ and [F2] with ξq. This last identification
is really necessary since we specifically chose to have α2 = λ(B̂p,q) = qµ(A) =
qα1 ∈ H1(S3 \ νLp,q) in the proof of Lemma 5. Hence we must have [S1 × α2] =
q[S1 × α1] ∈ H2(S1 × (S3 \ νLp,q)). Finally, we note that

∆sym
Lp,q

(x, t) = x−
q−1

2 t−
2p+q−3

2 ∆Lp,q(x, t) ,

where ∆Lp,q(x, t) is presented as in Lemma 6. The rest of the proof is an easy
exercise which we shall leave to the reader. �

Corollary 8. For fixed q ≥ 3 and n ≥ 1, the 4-manifolds {E(n, 1)Lp,q}p≥2 are
mutually non-diffeomorphic.
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Proof. We note that the total number of the SW basic classes are invariant under
any diffeomorphism. As a consequence of Lemma 7, the total number of basic
classes of our 4-manifolds depend on p. In fact, for q ≥ 3 and p ≥ 2, the total
number of basic classes of E(n, 1)Lp,q is (2n+ 2q − 6)p+ (qn− 4n− 4q+ 12). One
could check the validity of this formula by the following elementary argument which
occupies the rest of the proof.

We first recall that the homology classes ξ and τ are linearly independent in
H2(E(n, r)Lp,q ) by Proposition 3.2 in [MT]. Let Nn,p,q be the number of basic
classes of E(n, 1)Lp,q . Then Nn,p,q is the number of non-zero coefficients of

SWE(n,1)Lp,q
=
[ n−1∑
k=0

(−1)k
(
n− 1
k

)
ξn−2k−1

] [
ξ−(q−1)τ−(2p+q−3) + ξq−1τ2p+q−3

+
(
τ−(2p−4)

2p−4∑
i=0

(−τ2)i
)( q−3∑

j=0

(ξτ)−(q−3)+2j
) ]

=
[ n−1∑
k=0

(−1)k
(
n− 1
k

)
(ξn−2k−qτ3−2p−q + ξn+q−2k−2τ2p+q−3)

]
+

[ n−1∑
k=0

2p−4∑
i=0

q−3∑
j=0

(−1)i+k
(
n− 1
k

)
ξn+2j+2−2k−qτ2i+2j+7−2p−q

]
.

Note that, if n+ 2j + 2− 2k− q = n+ 2j′ + 2− 2k′ − q and 2i+ 2j + 7− 2p− q =
2i′+ 2j′+ 7− 2p− q, then i+ k = i′+ k′; hence Nn,p,q − 2n is equal to the number
of elements in the set

Λ := { (j − k, i+ j)
∣∣ 0 ≤ i ≤ 2p− 4 , 0 ≤ j ≤ q − 3 , 0 ≤ k ≤ n− 1 } .

On the other hand, the number of elements in Λ is

#Λ =
(
(2p− 4) + 1

)(
(q − 3) + 1

)(
(n− 1) + 1

)
− (2p− 4)(q − 3)(n− 1).

To see this, consider the linear map ρ : R3 → R2 given by ρ(x, y, z) = (y− z, x+ y).
The kernel of ρ is the line generated by the vector (−1, 1, 1). Hence #Λ is equal
to the number of lines in R3 that are parallel to the vector (−1, 1, 1) and meet an
integer point in the rectangular parallelepiped

P := { (x, y, z)
∣∣ 0 ≤ x ≤ 2p− 4 , 0 ≤ y ≤ q − 3 , 0 ≤ z ≤ n− 1 } .

We see easily that the set of such lines is parametrized by the integer points on the
three sides of P lying on the xy-plane, xz-plane, and the plane x = 2p − 4. The
number of integer points on these three sides of P is equal to the total number of
integer points in P minus the number of integer points in a smaller parallelepiped
of dimensions one less. See Figure 3.
This proves the formula for #Λ. Now an easy calculation gives

Nn,p,q = (2n+ 2q − 6)p+ (qn− 4n− 4q + 12). �

It follows that the symplectic tori {Tp,q}p≥2 are non-isotopic in E(n), which
completes the proof of Theorem 1 for q ≥ 3. We should note that since the number
of basic classes of E(n, 1)L1,q is qn, which is the same as the number of basic classes
of E(n, 1)L2,q , the above argument cannot be used to conclude that no torus in
{Tp,q}p≥2 is isotopic to T1,q . It is also insufficient to show that the 4-manifolds
E(n, 1)Lp,2 are mutually non-diffeomorphic, since the number of their basic classes



NON-ISOTOPIC SYMPLECTIC TORI 3747

q

p

_

_ 3

n 1

_ 42

x

y

z

Figure 3. The rectangular parallelepiped P in R3

are independent of p. Nevertheless, it is possible to prove the following corollary
by comparing the divisibilities of certain basic classes of E(n, r)Lp,2 .

Corollary 9. There are infinitely many mutually non-isotopic tori in the set of
symplectic tori {Tp,2}p≥2 in E(n).

Proof. First note that by an easy Mayer-Vietoris argument we can extend the
set {ξ, τ} to an integral basis of H2(E(n, r)Lp,q ;Z) (see [GS], pp. 72–74, for the
description of a basis of H2([E(n)\νF ] ;Z)). To distinguish Tp1,2 and Tp2,2 in E(n)
we could choose a suitable r and compare the divisibilities of basic classes with
Seiberg-Witten invariant ±1 for E(n, r)Lpi,2 . When n is odd and p1 > p2 >

n−1
2 ,

a comparison of the divisibilities of basic classes for E
(
n, 2p1+1−n

2

)
Lpi,2

shows that
these 4-manifolds are not diffeomorphic and hence Tp1,2 and Tp2,2 are non-isotopic
in E(n). In case n is even r could be chosen as 2p1 − n

2 to distinguish Tp1,2 and
Tp2,2 in E(n) for sufficiently large p2 < p1. �
Remark 10. Strictly speaking, when r ≥ 2, the diffeomorphism type of the fiber
sum E(n)#Tp,q=FE(r) = E(n, r)Lp,q may depend not just on the isotopy class of
Tp,q but also on the chosen framing of Tp,q that trivializes νTp,q. However, given two
inequivalent framings of Tp,q in E(n), the resulting two possibly non-diffeomorphic
fiber sums have equivalent Seiberg-Witten invariant (given by Lemma 7). For-
tunately for our purposes, the Seiberg-Witten invariant is not delicate enough to
display the dependence of the diffeomorphism type of this particular fiber sum on
the framing of Tp,q. Hence the collection of Seiberg-Witten invariants (in particular,
the divisibilities of the basic classes) of the fiber sums is indeed an isotopy invariant
of the torus Tp,q, even though the diffeomorphism types of {E(n)#Tp,q=FE(r)}r≥2

by themselves may not be one.

4. Generalization to other 4-manifolds

It is not hard to show that our family {Tp,q} embed non-isotopically into a more
general class of 4-manifolds than E(n). One way to generalize Theorem 1 is to



3748 TOLGA ETGÜ AND B. DOUG PARK

use the formulas in [FS2] and show that there is an infinite family of non-isotopic
symplectic tori in q[F ] for q ≥ 3 provided that F is a c-embedded symplectic torus
of self-intersection 0 in a symplectic 4-manifold (cf. Theorem 5.2 in [FS3]). Another
way is to utilize the product formulas for Seiberg-Witten invariants given in [Pa]
and [T2] to generalize Theorem 1 to an even larger class of 4-manifolds. The latter
will be our approach here. In the rest of this section let F denote a 2-torus of
self-intersection 0, which is a symplectic submanifold of a symplectic 4-manifold X .
We shall always assume that [F ] ∈ H2(X ;Z) is a primitive class, i.e., [F ] 6= mγ
for some γ ∈ H2(X ;Z) and |m| > 1. Just as before, we may identify a tubular
neighborhood νF with [S1 × (S3 \ νA)], and we immediately obtain an embedding
of the tori {Tp,q} into νF ⊂ X . It is easy to check that Lemma 3 continues to hold
in this more general setting, i.e., Tp,q ⊂ X is a symplectic submanifold representing
the homology class q[F ].

To show that the family {Tp,q} are mutually non-isotopic in X , we need to again
show that the corresponding 4-manifolds,

X#ϕp,qE(r) := [X \ νTp,q]
⋃

Tp,q×∂D2=F2×∂D2
[E(r) \ νF2]

= [X \ νF ]
⋃

F×∂D2=(S1×α1)×β1

[S1 × (S3 \ νLp,q)]
⋃

(S1×α2)×β2=F2×∂D2
[E(r) \ νF2] ,

are mutually non-diffeomorphic. Here we again choose the homology basis (α1, β1)
= (µ(A), λ(A)), and (α2, β2) = (λ(B̂p,q),−µ(B̂p,q)) when we do link surgery. To
compute the Seiberg-Witten invariants, we will need the following definition.

Definition 11. A surface F ⊂ X is said to be essentially embedded if there exists
a homology class δ ∈ H2(X ;Z) such that [F ] · δ 6= 0.

For example, a torus fiber F2 ⊂ E(r) is essentially embedded since we can take δ
to be the homology class of a section. Note that a surface F is essentially embedded
in a 4-manifold X if and only if its homology class [F ] ∈ H2(X ;Z) is a non-torsion
element. Also note that a symplectic surface F in a symplectic 4-manifold is always
essentially embedded.

Lemma 12. Suppose F ⊂ X is an essentially embedded 2-torus of self-intersection
0. If H1(X \ νF ;Z) = 0, then

SWX#ϕp,qE(r) = SWX · ([F ]−1 − [F ]) ([F ]−q − [F ]q)r−1 ∆sym
Lp,q

([F ]2, τ2) ,

where τ := ι∗[S1 × µ(B̂p,q)] ∈ H2(X#ϕp,qE(r);Z) is defined as in Lemma 7.

Proof. Corollary 20 in [Pa] gives

SWX\νF = SWX · ([F ]−1 − [F ]).

The rest of the proof goes exactly the same way as in the proof of Lemma 7. Again
we need to identify [F2] = q[F ] for the same reasons as in the proof of Lemma 7. �

Corollary 13. Suppose that F is a symplectic 2-torus in a symplectic 4-manifold
X with b+2 (X) > 1. Also assume that [F ] ∈ H2(X ;Z) is primitive, [F ] · [F ] = 0,
and H1(X \ νF ;Z) = 0. Then for fixed q ≥ 3, there are infinitely many man-
ifolds in the set of symplectic 4-manifolds {X#ϕp,qE(1)}p≥2 that are mutually
non-diffeomorphic.
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Proof. When b+2 (X) > 1, we always have SWX 6= 0 by Taubes’ result [T1]. Note
that the homology classes [F ] and τ are linearly independent in H2(X#ϕp,qE(1))
by Proposition 3.2 in [MT]. The rest of the proof is an easier analogue of the proof
of Corollary 8. We formally set τ = [F ], and note that as p→∞, the total number
of terms in

SWX#ϕp,qE(1)

∣∣∣
τ=[F ]

= SWX · ([F ]−1 − [F ]) ∆sym
Lp,q

([F ]2, [F ]2)

goes to ∞ as well. This immediately implies that the number of SW basic classes
of X#ϕp,qE(1) also goes to ∞ as p→∞. �

Now we can readily generalize Theorem 1 to other symplectic pairs (X,F ) as
follows.

Theorem 14. Suppose that F is a symplectic 2-torus in a symplectic 4-manifold
X with b+2 (X) > 1. Also assume that [F ] ∈ H2(X ;Z) is primitive, [F ] · [F ] = 0,
and H1(X \ νF ;Z) = 0. Then for any integer q ≥ 3, there exists an infinite family
of mutually non-isotopic symplectic tori representing the homology class q[F ]. �

Note that, Corollary 9 cannot be easily generalized, since the divisibilities of
basic classes of X#ϕp,qE(r) depend heavily on SWX and H2(X ;Z).

Remark 15. One must take care and define SWX := SW
±
X,F when b+2 (X) = 1 (see

[FS2] and [Pa]). When b+2 (X) = 1, it is not automatic that SWX is a finite sum
and SWX 6= 0 for a symplectic X . If indeed SWX 6= 0 and is a finite sum, then
Theorem 14 will still be valid for such a pair (X,F ). However, if SWX = 0 or is an
infinite sum, then there seems to be no method currently available to check whether
the tori in our family are mutually non-isotopic in X . Along this line, it has been
conjectured that an infinite family of homologous but non-isotopic symplectic tori
cannot occur in X , when X is a rational ruled surface with c21(X) > 0. In fact,
Sikorav has already proved this conjecture for X = CP2 in [Si] and Siebert and
Tian announced a proof for X = S2 × S2 and X = CP2#CP2 (see [ST1]).

Remark 16. We should also point out that since our proof uses the product formula
to calculate the Seiberg-Witten invariants of 4-manifolds obtained by gluing along
the boundary of a regular neighborhood of a torus and since such product formulas
do not give the complete picture in case the gluing occurs along higher genus sur-
faces, we were able to construct infinite families of non-isotopic tori only. In fact,
there is an ongoing research to determine the number of symplectic representa-
tives (up to smooth isotopy) in the homology class of symplectic surfaces of higher
genus. For example in [Sm], by using purely topological techniques, Smith was
able to prove that for every odd number g 6= 3 there exists a symplectic 4-manifold
Xg that contains an infinite family of homologous but non-isotopic connected sym-
plectic surfaces of genus g. On the other hand, Siebert and Tian announced in
[ST2] that there is a unique symplectic surface in the homology class of a degree d
complex curve in CP2 provided that d ≤ 17 and similarly in the homology class of
a complex curve of bidegree (m,n) in a Hirzebruch surface provided that m ≤ 7.
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