TRANSACTIONS OF THE

AMERICAN MATHEMATICAL SOCIETY

Volume 359, Number 2, February 2007, Pages 671-686
S 0002-9947(06)03906-7

Article electronically published on July 20, 2006

GENERALIZED AHLFORS FUNCTIONS

MIRAN CERNE AND MANUEL FLORES

ABSTRACT. Let X be a bordered Riemann surface with genus g and m bound-
ary components. Let {7.}.cox be a smooth family of smooth Jordan curves
in C which all contain the point 0 in their interior. Let p € ¥ and let F be
the family of all bounded holomorphic functions f on ¥ such that f(p) > 0
and f(z) € 7 for almost every z € X. Then there exists a smooth up to the
boundary holomorphic function fo € F with at most 2g +m — 1 zeros on X so
that fo(z) € v, for every z € 9% and such that fo(p) > f(p) for every f € F.
If, in addition, all the curves {v,},cox are strictly convex, then fo is unique
among all the functions from the family F.

1. INTRODUCTION

Let X be the interior of a bordered Riemann surface with genus g and m real an-
alytic boundary components. Let p € ¥ and let F, be the family of all holomorphic
functions from ¥ to the unit disc A which take p to 0 and which have, in a fixed
coordinate chart, nonnegative derivative at p. Trying to imitate the proof of the
Riemann mapping theorem, that is, trying to maximize the derivative f’(p) over
all functions f € F,, one gets the Ahlfors function at point p [I, 2]. The existence
of the ‘maximal’ function follows from the normal family argument, however it is
nontrivial to show that any Ahlfors function is a proper map from ¥ to A and that
it has at most 2g + m zeros on X, [I, 2]. For importance and usefulness of Ahlfors
functions see [6] [7, 8, @, 13, [14].

In this paper we give some natural generalizations of these results which we
hope will give some new insight on the geometry of the problem. We will say that
a family of simple closed curves {7.}.cox in C is a C* (k € N) family of Jordan
curves in C if there exists a function p € C*(9% x C) such that

7. ={w € C; p(z,w) = 0}

and (0yp)(z,w) # 0 for every z € ¥ and w € v,. We call p a defining function
for the family {~.}.cos.
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The interior of a simple closed curve v C C is the bounded component of C \ v,
and 7 will denote the closure of the interior of v. We will say that a simple closed
curve v C C is convez if 7 is a convex set in C, and that v C C is strictly convex if
7 is a strictly convex set in C.

Let k be a nonnegative integer and let 0 < a < 1. We denote by C*®(9%) the
Holder space of all real k times differentiable functions on the boundary 9% whose
derivatives of order k are Holder continuous of order a, and we denote by A*<(%)
the space of all holomorphic functions on ¥ which are of class C*® on X.

Let p € ¥ and let F be the family of all bounded holomorphic functions f on %
such that f(p) > 0 and f(z) € 4. for almost every z € 9.

Theorem 1.1. Let ¥ be a bordered Riemann surface with genus g and m real
analytic boundary components. Let {v.}.cox be a Ckt1 (k > 3) family of Jordan
curves in C which all contain the point 0 in their interior. Then there exists a
holomorphic function fo € F N AR%(X) with at most 2g +m — 1 zeros on ¥ so
that fo is a ‘proper’ map, that is, fo(z) € 7. for every z € 9%, and such that
fo(p) = f(p) for every f € F.

In the case of the disc ¥ = A the result follows from results in [20]. See also [29].
In addition, it also follows from results in [20] that fy is unique among all functions
from F. Although it seems natural to expect that the same uniqueness holds in
general, we were only able to show the uniqueness in the case of the strictly convex
curves ;.

Theorem 1.2. Let {7.}.cox be a C**1 (k> 3) family of convex Jordan curves in
C which all contain the point 0 in their interior and which are strictly convexr on a
set z € 0% with positive measure. Then there is a unique function fo € F such that

fo(p) = max{f(p); f € F}.
To include Ahlfors functions in these results one needs the following corollary.

Corollary 1.3. Letn € N and let D > np be a divisor on X of a finite degree whose
coefficient at p is n. Let Fp be the family of all bounded holomorphic functions f
on X such that (f) > D, f(z) € 7. for almost every z € 9% and which have, in
a fixed coordinate chart, a nonnegative n-th derivative at p. Then there exists a
holomorphic function fo € FpN AR (Z) with at most deg(D)+2g-+m — 1 zeros on
Y so that fo is a ‘proper’ map, that is, fo(z) € 7y, for every z € 9%, and such that
fén)(p) > f")(p) for every f € Fp. If, in addition, the family of Jordan curves
{V:}2c05 is convex for every z € 0% and strictly convex on a set z € O% with
positive measure, there is a unique function fy € Fp such that

™ (p) = max{f™ (p); f € Fp}.

A consequence of this corollary is also a result from [II], where the following
special case was considered: ¥ is a planar domain (g = 0), divisor D = np and all
the curves 7, (z € X)) are unit circles centered at 0.

To put these results in a wider context we recall the notion of the (nonlinear)
Riemann-Hilbert problem on ¥, which for a given C* family of simple closed curves
{7:}:e0x in C asks for a continuous up to the boundary holomorphic function f on
Y such that f(z) € v, for every z € 9%. It was proved in [12] that if & > 4 and if all
curves 7, (z € 9%) contain the point 0 in their interior, then there exists a solution
of the corresponding Riemann-Hilbert problem with at most 2¢g +m — 1 zeros on X.



GENERALIZED AHLFORS FUNCTIONS 673

Similar previous results can be found in [5] 20, [30]. See also [17, 18], 19, 25 BI] and
the references therein. The condition that all curves v, (z € 93) contain the point
0 in their interior can be replaced ([12} 20]) by a seemingly more general, however
equivalent, condition that there exists a continuous analytic selector for {7,}.cos,
that is, that there exists a continuous up to the boundary holomorphic function f
on X such that f(z) € Int(y,) for every z € 0. Hence it follows that all our results
also appropriately hold in the cases where the condition that all curves {v,}.cos
contain the point 0 in their interior is replaced by the condition that there exists
a continuous analytic selector for {y,}.cox. The following theorem shows that
the existence of solutions of the Riemann-Hilbert problem for {7, }.cox is actually
equivalent to the existence of a ‘bounded’ analytic selector for {7.}.cos.

Theorem 1.4. Let ¥ be a bordered Riemann surface with genus g and m real
analytic boundary components. Let {v.}.cox be a CkT1 (k > 3) family of Jordan
curves in C. FEither there is no bounded holomorphic function f on ¥ such that
f(z) € v, almost everywhere on 0¥, or there exists a solution of the Riemann-
Hilbert problem for {v.}.cox. In the latter case there always exists a solution fo
of the Riemann-Hilbert problem for {7.}.coxn such that the winding number of the
outer normal to v, at fo(z) along 0% is at most 2g + m — 1.

Let A(X x C) denote the space of all continuous functions on 3 x C, which are
holomorphic on ¥ x C, equipped with the topology of the uniform convergence
on compact subsets of ¥ x C. Recall that the A(X x C)-hull K of a compact set
K C X x C is defined as

K ={(z,w) €T x C;|h(z,w)| < mle(mx|h\ for every h € A(X x C)}.

Let
T= | (=} x 7).
z€0X
Then T is the union of m totally real tori in 9% x C, and by the maximum principle
the graph of every function from the family F belongs to the A(X x C)-hull of T.
In the case of the disc ¥ = A it follows from results in [3], [20] and [29] that the
(polynomial) A(A x C)-hull of T over ¥ equals the union of graphs of functions from
F. For a bordered Riemann surface ¥ # A it is known that in general Tn (X xC)
cannot be given as the union of graphs of functions from F (it might even happen
that 7'M (X x C) # 0 but F = 0, [4 [16]), however Theorem [T gives some ‘lower’
bound on the size and geometry of the A(X x C)-hull of T

2. EXTREMAL FUNCTIONS

The standard normal family argument and the next lemma show that there exists
a function fy € F such that

Jo(p) = max{f(p); f € F}.
Lemma 2.1. For every zy € 0% we have
T =T N ({20} x C).

Proof. Let wy € 7., Since 7, is simply connected, there exists a polynomial Q(w)
so that [|Q|[7; < @(wo) = 1. Let ¢ be an Ahlfors function on X which takes zo to

1 and let o= 1(1) = {20,21,...,2+}. Let p be a holomorphic function on ¥ smooth
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up to the boundary such that u(z9) =1 and p(z21) = -+ = u(z.) = 0. We consider

functions
1

@)
(2= (2)"
from A(X x C). Then F,,(zo,wo) = 1 for every n € N. By continuity it follows that

there is a neighbourhood U of zy on 0% so that for every n € N and every z € U it
holds that

(2,w) — Fu(z,w0) = p(z)

1
HN(Z)WQH@ <L

On the other hand we have that the sequence {p(z)m}n@; converges uni-

formly on compact subsets of 3\ {29} to 0. The boundedness of @ on T implies
that there exists n € N so that ||F,|lr < 1. Hence (29, wp) is not in T and so
TN ({z0} x C) C 4,,. The reverse inclusion is obvious. O

To proceed with the proof of Theorem [[LT] we define different families of holo-
morphic functions on ¥ we will need in our argument. We will denote by F¢ the
family of all continuous up to the boundary holomorphic functions from F, and we
will denote by Frpy the family of all functions from Fe which solve the Riemann-
Hilbert problem for {v.}.cox. It is a consequence of Cirka’s theorem [15] on the
regularity of an analytic set with boundary in a maximal real manifold that each
member of Fry is of class C¥®. On the other hand it follows from [12] that Frp
is nonempty. Namely, let g € A*+1(X) be a holomorphic function such that it has
the only simple zero on ¥ at point p. We consider the Riemann-Hilbert problem
for the C**1! family of Jordan curves in C defined as

This family still has the property that each curve 7, (z € 9%) contains the point 0
in their interior. Let h be a solution of the corresponding Riemann-Hilbert problem.
Then f = gh € Fry. Finally, for each n € NU {0} we define the family F,, of
all functions from Frg which have at most n zeros on . Then Fy C F; C --- C
Fru C Fe, and there exists ng € NU {0} such that F,, # 0 for all n > ny.

It follows from results in [12], [2I], [26] and [32] that each family F,, (n € NU{0})
is compact in Gromov’s topology, that is, if {f;} C F,, is a sequence, then there
exists a subsequence { f;; }, a finite set I' C 9% and a holomorphic function f., € 7,
such that {f;,} converges to fs in the C* sense on compact subsets of ¥ \ I.

The compactness tells us that for each n > ng there exists a function f, € F,
so that

fn(p) = max{f(p); f € Fn}.

The following lemma implies that all these functions belong to Fogym—1.

Lemma 2.2. Let f € Fru be a solution of the Riemann-Hilbert problem for
{72 }:com with more than 2g + m — 1 zeros on X. Then there exists f, a solu-
tion of the Riemann-Hilbert problem for {v.}.cox so that

f(p) > f(p).

Proof. Let f € A%%(X) N F be a solution of the Riemann-Hilbert problem for
{72 }:cox with more than 2g + m — 1 zeros. We will show that it is possible to
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slightly perturb f and get another solution fof the Riemann-Hilbert problem so

that f(p) > f(p)-
Let p be a C**! defining function for {v.}.cax. The map

U ALY(D) — Ch(0Y),
(W(h))(2) = p(z,h(2))
is C' [22], and its derivative at f € AYY(%) is
(DU(f)R)(2) = 2Re((Bwp)(2, f(2))1(2))-

Geometric assumptions on the family of simple closed curves {v.}.cos imply
that the winding number of the normal to 7, at f(z), that is, the winding number
of the nonzero function a(z) = (9,p)(z, f(2)) on 9%, equals the winding number
of f on 0% which in turn is equal to the number n of zeros of f.

The linear operator DU(f) is a Fredholm operator of index 2n — (2g + m — 2),
and it has no cokernel if n > 2g+m — 1, [24]. The implicit function theorem shows
that in the case n > 2g + m — 1 the family M of all nearby to f solutions of the
Riemann-Hilbert problem for {7.}.cox is a ¢ = 2n — (29 + m — 2) dimensional
submanifold of A»(%).

Let f(-,s) be a local C'! parametrization of M with the parameter space 0 €
S C R? such that f(-,0) = f. The derivative (D, f)(-,0) is an isomorphism from
R? onto the tangent space of M at f, that is, for every s € R? we have

(2.1) Re(a(z2) (Dsf)(2,0)s) =0 (2 € 9O%).

We consider the mapping ® : S — C defined by ®(s) = f(p,s). We will show
that @ is a submersion in a neighbourhood of 0 € S. Therefore for every value v
close enough to f(p) the equation ®(s) = v has a solution s(v) and f = f(-,s(v)) €
AL (%) is found. By a theorem of Cirka, [I5], we also have f € A% ().

To prove that the derivative (D®)(0) : R? — C is surjective we have to prove
that the partial derivative (D, f)(p,0) : R? — C is surjective.

We argue by contradiction. Let us assume that the image of (D, f)(p,0) is either
0 or 1 dimensional. In either case its image lies in a line in R?, and we may assume,
without loss of generality, that its image is contained in the real line, that is,

Re(i (D, f)(p,0)s) = 0
for every s € RY.

Let hj(z) = (Dsf)(#,0)e;, 5 = 1,...,q, be the image of the standard basis
of the space R?. Then h;(p) € R for each j and hence there is another basis €;,
j=1,...,q,of RY so that for their images Ej (2) = (Dsf)(#,0)e; we have 7Lj (p) =0,
j=1,...,q—1.

From (Z1)) it follows that

Re(a(2) hy(2)) = 0
for every z € 0¥ and j = 1,...,q. Let g € A®%(X) be such that it has the only
simple zero on ¥ at point p. Then hj(z) = g(z)g;(z) for some g; € AF*(%),
j=1,...,q— 1. Therefore

Re(a(z) g(2) gj(2)) = 0

for every z € 0¥ and j = 1,...,q— 1, and the linear independence of functions Ej,
j=1,...,q—1, implies the linear independence of functions g;, j =1,...,¢— 1.
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For z € 0% we define
b(z) = a(2) g(2).
Then b is a nonzero function on 9% of class C*“, and its winding number on 9% is
W) =W(a)-W(g)=W(a)—-1=n-1.

Hence W (b) > 2g + m — 1, and the space of solutions of the linear homogeneous

Riemann-Hilbert problem Re(b(z) h(z)) = 0is 2(n — 1) — (29 +m — 2) = q — 2
dimensional, [24]. Thus the functions g;, j = 1,...,¢ — 1, have to be linearly
dependent, which is a contradiction. O

Let us summarize our results.

Lemma 2.3.

max{f(p); f € Fru} = max{f(p); f € Fagtm-1}-
Proof. Lemma and Gromov’s compactness imply

max{f(p); e -7:29+m71} = max{f(p); fe fn}

for every n > 2g +m — 1.
Let € > 0 and let f. € Fry be such that

f(p) > sup{f(p); f € Fru} —¢.

Function f. has finitely many zeros on X, and hence there is n > 2g +m — 1 so
that f. € F,. Therefore

max{f(p); f € Fogpm—1} > fe(p) > sup{f(p); f € Fru} —e.

Since € > 0 was arbitrary, we get

max{f(p); f € Fogym-1} = sup{f(p); f € Fru}

The reverse inequality is obvious. O

Recall ([I2]) that there exists a C**! strongly plurisubharmonic function v on
Y xC such that T = |J, 55 ({2} X72) is a Lagrangian submanifold for the symplectic
form w = i00v and that the w-area of any fiber {z} x 7, is 1.
Let X = (0,Xo) be a C**1 vertical vector field on 9% x C with the following
properties ([29)]):
1. Xo(z,w) is transversal to ~, for every z € 9% and w € ~,.
2. There are 0 < r < R < oo so that Xo(z,w) = w for every z € 9% and
w € C such that |w| <r or |w| > R.
3. Xo(z,w) =0 if and only if w = 0.
Let @' be the flow of vector field X and let

{2} x 7z = ({2} x 72).

Let A(z,t) = f{z}xgw be the w-area of the fiber {z} x ’)72 Then A(z,t) €

Ck+1(9% x R) and the properties of vector field X and the fact that v is a strongly
plurisubharmonic function imply that A(z,t) has a nonvanishing t-derivative.

Let @ > 0. For each z € 0% there exists exactly one time ¢(z,a) such that
A(z,t(z,a)) = a, and by the implicit function theorem this dependence is C**1
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smooth in (z,a) € 9% x (0,00). Let 7, : ¥ x C — C be the projection on the
second coordinate. The family

{Ww(q)t(z’a) ({2} x 72)) }zeos

of C**1! Jordan curves in C has the property that the w-area of any fiber is a.
The next lemma takes care of functions from F continuous up to the boundary.

Lemma 2.4.

max{f(p); f € Fru} = max{f(p); f € Fc}.
Proof. Let € > 0 and let f. € F¢ be such that
fe(p) > sup{f(p); f € Fc} —e.

There exists {7"}.con, n € N, a sequence of C**1 families of simple closed
curves in C such that the w-area of any fiber {z} x 42 is a constant which depends
only on n,

—

7 CInt(y?) (2 €0%)

for every n € N, and

N7w=% (z€0%).

neN
It follows from results in [I2] that for each n € N there exists g, € A¥%(2) a
solution of the Riemann-Hilbert problem for {y7'},css such that f.(p) < gn(p). To
get g, let 8, > 0 be so small that the disc A(f.(z),36,) is contained in 47 for every
z € 0X. Then there exists ([I0], [23]) a smooth up to the boundary holomorphic
function f7 such that || f* — f-|lec < d, on X. Also, let g € A¥+1(X) be such that it
has the only simple zero on ¥ at point p. We consider the Riemann-Hilbert problem
for the family of C**! Jordan curves

1
V= @(’Y? — f2(2) = (fe(p) = fZ(p)) — 0n)

which all contain 0 in their interior. Let h, be a solution of the corresponding
Riemann-Hilbert problem. Then

gn = [+ (fo(p) = f2(P)) + 60 + g hn.

Lemmal[23limplies that there exists a sequence of holomorphic functions { f,, } nen
on ¥ of class C** such that

a) fn solves the Riemann-Hilbert problem for {77'},con.
b) fn has at most 2g +m — 1 zeros on X.

c) fulp) > fe(p) > Sup{f(p);f S .7:0} — €.

By Gromov’s compactness theorem [21], [26], [32] there exists a subsequence { f,; },
a finite set I' C 0% and a holomorphic function fo, € Frg such that {f,,;} converges
in the C*“ sense on compact subsets of ¥ \ I' to fs, a solution of the Riemann-
Hilbert problem for {v,}.cox. Hence

max{f(p); f € Fru} > feo(p) = sup{f(p); f € Fc} —¢.

Since € > 0 was arbitrary we get

max{f(p); f € Fru} > sup{f(p); f € Fo}.

The reverse inequality is trivial. (I
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The following lemma completes the proof of Theorem [[I}

Lemma 2.5.
max{f(p); f € F} = max{f(p); f € Fc}.

Proof. Let {7"}.cox, n € N, be a sequence of C**! families of Jordan curves in
C as in the proof of Lemma 2] such that the w-area of any fiber {z} x 77 is a
constant which depends only on n,

—

2 CIn(yn) (2 € 0%)

for every n € N, and

N7w=% (z€0%).

neN

Let {;}ien be an increasing sequence p € ¥; C ¥yy; (I € N) of domains in

> with real analytic boundaries, of the same topological type as X, and such that
their union is ¥. Let J be the complex structure on X. Then (3, J) is a sequence of
Riemann surfaces which ‘converges’ to (3, J), that is, let {1;};en be a sequence of
smooth diffeomorphisms v; : ¥ — ¥, ¢;(p) = p, which in the C° sense converges
to the identity map, and let

Ji = (D) o J o Dyy.

Then {.J;};en is a sequence of complex structures on ¥ which C* converges to .J.
Let n € N be fixed and let fy € F be such that

fo(p) = max{f(p); f € F}.

For every [ we define f; = fyot; a smooth up to the boundary holomorphic function
on (X, Jp).
Since the graph of fy belongs to a A(X x C)-hull of the tori

7= U ({2} x 7).

z€0X

which forms a closed subset of ¥ x C, we get that there exists [y € N so that for
every | > g we have
fi(2) € Int(v7) (z € 0%).

If not, there exists a sequence I; — oo and a sequence z; € 0¥ which converges to
zg € 0¥ such that

wj = fi,(2) = fo¥u,(25)) & Int(72)).
Since fy is bounded, there exists, after passing to a subsequence, the limit wq of
sequence {w; }jen. Therefore the sequence

(1, (25), w;) = (¥, (25), foldhy, (25)))
of points from the graph of fy converges to (20, wo) € {20} X 75, which is a con-
tradiction. N
By Lemma 24 there exists a sequence {g;};=;, of C** functions on ¥ such that

for every | > I

a) g; is holomorphic on (%, J;).

b) g; solves the Riemann-Hilbert problem on (X, J;) for {77 }.cox.
¢) g has at most 2g +m — 1 zeros on X.
d)

gi(p) = filp) = fo(¥i(p)) = fo(p).
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Let | — oo. Using Gromov’s compactness theorem we get that there exists a
C*2(3) holomorphic function f, on (¥,.J) such that

a) fn solves the Riemann-Hilbert problem on (X, .J) for {77}zeom.
b) fn has at most 2¢g + m — 1 zeros on X.

¢) fu(p) = fo(p) = max{f(p); f € F}.
Let n — oo, and the proof is finished as in Lemma [2.4] O

A similar argument also gives the following theorem.

Theorem 2.6. Let ¥ be a bordered Riemann surface with genus g and m real
analytic boundary components. Let {7.}.cox be a C*TY (k > 3) family of Jordan
curves in C which all contain the point 0 in their interior. Then there exists a
holomorphic function fo € A**(X) with at most 2g +m — 1 zeros on ¥ so that
fo(z) € v, for every z € 9% and such that

[fo(p)| = max{[f(p)|; f € HZ(X), f(2) € 7. (ae. z € O%)}.

Proof of Corollary [L3. Here we prove the existence part of Corollary [L31 The
uniqueness part is proved in the next section.

Let g be a smooth up to the boundary holomorphic function on ¥ such that
(9) = D and g™ (p) > 0 in a given coordinate chart. Let us consider the C**!
family of Jordan curves in C defined as

~ 1

O
By Theorem [[.1] there exists a solution of the corresponding Riemann-Hilbert prob-
lem f; € F N A*%(X) with at most 2g + m — 1 zeros on X so that f(p) > f(p) for

~

every bounded holomorphic function f on ¥, such that f(p) > 0 and f(z) € 7, for
almost every z € 9%. Finally we define fy = g fi. O

3. UNIQUENESS

In this section we show the uniqueness of the extremal functions in the case where
the given smooth family of smooth Jordan curves in C consists of convex curves
which are strictly convex on a set z € 9% with positive measure. This follows
immediately once we prove that in this case every extremal function f is ‘almost
proper’, that is, f(z) € v, for almost every z € 93. Namely, let f; and f> be two
different extremal function for p € ¥.. Then f1(z) # f2(z) for almost every z € 9%,
and since {7, }.cox are strictly convex on a set z € J¥ with positive measure, we
get that f = (f1 + f2)/2 is an extremal function such that f(z) € Int(~,) on a set
z € 0% with positive measure. This leads to a contradiction, and we get uniqueness.

Let K1,...,Kag4m—1 be oriented smooth simple closed curves in ¥ which form
a canonical basis for Hq(X), [24, 28]. Let u be a harmonic function on X. For each
canonical cycle Kj, j =1,...,29 +m — 1, we assign u its period along Kj,

1
Pj(u) = — /K ou.

Here, Ou = %(du —iduo J), where J is the complex structure on X. If u is a real
harmonic function on 3, all its periods are real.
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Remark 3.1. The periods of a harmonic function u can also be defined using oper-
ator d° =4(0 —0) = —duo J,

1 .
Pj(u) = Py /K d‘u.

Recall that a harmonic function v on ¥ has a well-defined harmonic conjugate if
and only if all its periods are 0. On the other hand, if this condition is not satisfied,
one can still define, via the integration, a multiple-valued harmonic conjugate of u.
In a special case when all the periods of a real harmonic function u are integers, the
harmonic conjugate of u might not be well defined, however its composition with
the exponential function is a well-defined function on X, and we get a holomorphic
function f on X such that

[ =" (zex).

We claim that there exist 2g + m — 1 smooth up to the boundary real harmonic

functions hi, ..., hag+m—1 on X such that the matrix
Pl(hl) N Pl(h2g+m71)
(3.1) P= s ‘ :
PZngmfl(hl) .o P2g+m71(h2g+mfl)

is invertible.
Let G: ¥ x ¥ — [—00,0] be the Green’s function on . For every real smooth
function ¢ on 9% we define

2
D(p)(2) = = | OuG(z,w) p(w).
t Jos
Then ®(¢p) is a smooth up to the boundary real harmonic function on X such that

P(p)[os = -
Let us observe the linear map which to any real harmonic function u on ¥ assigns
all its periods

U +— (Pl(u), ey nger,l(U,)) S R29+m—1,
If there are no smooth up to the boundary real harmonic functions hyq, ..., hogim—1
on X such that matrix P is invertible, then there exist real numbers Ay, ..., Aogrm—1,

which are not all equal to 0, such that
A Pr(u) + 0+ Aagym—1 Pogim—1(u) =0

for every real harmonic function u on 3. Thus for every real smooth function ¢ on
> we have

AL PL(®(p)) + -+ Aagrm—1 Pegrm—1(®(p)) = 0.
Let us compute

2 2
) =2 [ ol auGEwew)=-2 [ swon(| 0.6ew).
T JK; o% T Jox K;
Therefore for every real smooth function ¢ on 0% we have
[ e@nou(| 0.6Gw) 4t daginr0u([ 8.6 w) =0
ox K1 Kogim—1
and hence
A1 O ( 0.G(z,w)) + -+ Aagtm—1 aw(/ 0,G(z,w)) =0
Ky Kogtm—1
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for every w € 9%. It is known ([28]) that Z;(w) = 8w(ij 0.G(z,w)), j =
1,...,2g+m — 1, are R linearly independent holomorphic differentials on ¥. Thus
A== Xogym—1=0.

Lemma 3.2. Let E C 0% be a subset of positive measure. For each ¢ > 0 let H.
be the set of all bounded holomorphic functions f on ¥ such that |f| < 1 almost
everywhere on E and |f(z)| < e almost everywhere on 0¥\ E. Let p € X and let
M(e) = supyy_ |f(p)]. Then

M(e)

lim =00
el0 £

See [27] for similar and more general results in the case of the disc.

Proof. Let hy,...,hag4m—1 be smooth up to the boundary real harmonic functions
on ¥ so that matrix P of their periods ([BI) is invertible and let K be the cube
[0, 1]29Fm~1 C R29+™m~1 Without loss of generality we may assume that P is the
identity matrix.

Let € > 0, let

(2) = 0, z€eF,
Xel#) = log(e), z € 0L\ E,
and let u. be the harmonic function on ¥ such that u. = x. almost everywhere
on 0X. Let a;(e) = Pj(us) — [Pi(us)] (j = 1,...,2g+m — 1) and let a(e) =
(a1(e),...,a2g+m—1(¢)) € K. Here, [z] denotes the integer part of € R,
Then all the periods of the harmonic function
ug = e — (a1(e) b1 + -+ + a2gim—1(€) hagym—1)

are integers, and hence there is a well-defined holomorphic function F' on ¥ such
that

|F(2)| = e®®)  (zeX).
Let

C = max{)\l hl(z) —+ -+ )\Qngm,l hgngm,l(Z); ()\1, RN )\Qngm,l) eK, z€ i}

and let p > 0 be the value at p of the harmonic function on ¥ whose boundary
values are almost everywhere equal to 1 on E' and 0 elsewhere. Then

|F(p)]
1>

> e He™C,

Also, let
c=min{\ h1(2) + -+ Xogpm—1 hogem—1(2); (A1,..., Adogym—1) € K, z € 0L},
Then holomorphic function e€ F'(z) belongs to H. and hence

ME) | FG) | pyec,
9 9

which proves the lemma. O

Lemma 3.3. Let Q C C be a compact convex set which contains the point 0 in its
interior. Let v = 0Q be the boundary of Q and let ¢ = d(0,) be the distance of
point 0 to v. Then for every A > 0 the distance of sets Ay and 7y is

d(Xy,7) = |l = Al
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Corollary 3.4. If {v.}.cox is a C! family of convex curves in C which all contain
0 in their interior, there exist constants 0 < ¢ < C' < oo such that

C‘l - )‘l < d()‘Vzv'Yz) < C|1 - )“
for every A > 0 and every z € 0%.

Proof of Lemma B3 We first consider the special case where Q is the intersection
of finitely many half-planes, that is, there exist complex numbers a, ..., a, of the
unit length and positive real numbers 71, ..., 7, such that

Q={z€CRe(ayz) <rj,j=1,...,n}.

A point z € @ belongs to the boundary ~ if and only if Re(a;z) = r; for at least
one j=1,...,n.

Let A > 0, let a be a unitary complex number and let » € R. The dilation z — Az
maps lines to parallel lines. In particular it maps the line given by the equation
Re(a@z) = r to the line Re(az) = Ar, and their distance equals

(3.2) [1— Xllr].

Observe that the geometric meaning of |r| is the distance of point 0 to the line
Re(az) =r.
The curve \v is the boundary of the convex set
AQ ={z € C,Re(a;z) < Arj,j=1,...,n},

and the distance d(\vy,~) is the distance between two closest parallel lines which
define Q and A\Q. From (B2) it follows that

d()‘ﬁ)/af)/) = C|1 - A‘,

where ¢ = d(0,7).
In general we know that @) equals the intersection of all closed half-planes II such
that @ CII. Let A > 0 and let 2z, w,p be points from  such that

d(0,7) = |pl, d(My,7y) = |dw — z].

There exist complex numbers a1, ..., a, of the unit length and positive real numbers
r1,...,Tn such that

Qg@:{ZEC,Re(a_jz)§rj,j:1,...,n}

is a compact set which contains the points z,w,p on its boundary. Let 7 be the
boundary of ). Then we have

The first equality holds by the observations above and the choice of point p. The
next inequality holds because of the choice of points z, w, and the last inequality is
again a consequence of the choice of point p. This proves the lemma. O

The next proposition, together with the observation from the beginning of this
section, completes the proof of Theorem See [27] for more on the ‘almost
properness’ of the extremal functions in the disc case.
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Proposition 3.5. Let {7.}.cox be a Ot family of convex Jordan curves in C which
all contain the point 0 in their interior. Let p € X and let F be the family of all
bounded holomorphic functions f on % such that f(p) > 0 and f(z) € 7, for almost
every z € 0%. Let fo € F be an extremal function, that is,

Jo(p) = max{f(p); f € F}.
Then fo(z) € 7y, for almost every z € 0%.

Proof. Let fo be an extremal function. Let us assume that there exists a set £ C 0%

of positive measure such that fo(z) € Int(vy,) for every z € E. Let E,, = {z €

E; fo(z) € (1 — 1)7.}. Then |, E, = E, and hence there exists a set Ey C 9% of

positive measure and Ag € (0,1) such that fy(z) € A\g7: for almost every z € Fj.
By Corollary [3.4] there exist constants 0 < ¢ < C' < oo such that

c|l = A < d(Myz,7.) < CJL = A

for every z € 9% and A > 0.

Let dg = ¢(1 — Xo) > 0. If Ey has full measure in 9% we are done, because we
can replace fy with fo+dg € F. Let us now consider the case where 0%\ Ey is not
of measure 0. Let € > 0. The extremal value at p for the family {(1+¢)7,}.cox is
(14+¢€)fo(p). By Lemma there exists a family {f:}e~o of bounded holomorphic
functions on ¥ such that

L. fe(p) >0,

2. |f<(2)] <1 almost everywhere on Ey,

3. [fe(2)| < € almost everywhere on 9%\ E,
and
(3.3) lim =) _

el0 €

We define the family of functions { fo+do f< }c>0 which are bounded holomorphic
functions on ¥ such that fo(z) + dofe(2) € (1 + €) 7, almost everywhere on 0%.
Since the extremal value at p for the family {(1 4 &), }.cox is (1 + €) fo(p), we
must have

fo(p) +dofe(p) < (1+¢)fo(p)
and hence

f(p) _ folp)

which is in contradiction with B3). O

Corollary 3.6. Let {7.}.cox be a C**1 (k > 3) family of convex Jordan curves
in C which all contain the point 0 in their interior. If there exists zg € 9% such
that 7., is a strongly convex curve in C, then there is a unique function fo € Fru
such that

fo(p) = max{f(p); f € F}.

Remark 3.7. A curve v C C is strongly convez if its curvature never vanishes.



684 MIRAN CERNE AND MANUEL FLORES

4. BOUNDED ANALYTIC SELECTORS

The proof of Theorem [[4] is similar to the proof of Lemma [2.5] and it is more
or less included in it.

Let fo be a bounded holomorphic function on ¥ such that f(z) € 4. almost
everywhere on 9.

We start as in the proof of Lemma Let {7"}.com, n € N, be a sequence of
C*+1 families of Jordan curves in C such that the w-area of any fiber {z} x 47 is a
constant which depends only on n,

—

7 CInt(yl) (2 €0%)

for every n € N, and

N7w=% (z€0%).

neN
One should observe that the condition that each curve 7., z € 9%, contains the
point 0 in its interior is not essential for the existence of the sequence {77}.cos,
n € N.

Also, let {¥;};en be an increasing sequence ¥; C Y41 (I € N) of domains in
> with real analytic boundaries, of the same topological type as X, and such that
their union is ¥. Let J be the complex structure on 3 and let {1);};cn be a sequence
of smooth diffeomorphisms 1; : ¥ — %;, which in the C> sense converges to the
identity map. We define

Ji = (D) "' o J o Dyjy.
Then {J; };en is a sequence of complex structures on ¥ which C*° converges to J.

For every [ we define f; = fy o ¢ a smooth up to the boundary holomorphic
function on (%, J;). Let n € N be fixed. Since the graph of f; belongs to T, we get
that there exists Iy € N so that for every [ > [y we have

filz) e nt(v7) (2 € O%).

From [12] it follows that there exists a sequence {g;};>, of C*® functions on
such that
a) g is holomorphic on (%, J;).
b) gi solves the Riemann-Hilbert problem on (X, .J;) for {77} .cox.
¢) The winding number of the outer normal to 77 at g;(z) along 0% is at most
2g +m — 1.
Let I — oo. Using Gromov’s compactness theorem we get that there exists a
Ck2(%) holomorphic function f, on (X, J) such that
a) fn solves the Riemann-Hilbert problem on X for {77},cas.
b) The winding number of the outer normal to 77 at fn(z) along 8% is at most
2g+m —1.
Let n — oo, and the proof is finished by the compactness theorem.

REFERENCES

1. L.Ahlfors, Bounded analytic functions, Duke Math. J. 14 (1947), 1-11. MR0021108 (9:24a)

2. L.Ahlfors, Open Riemann surfaces and extremal problems on compact subregions, Comment.
Math. Helv. 24 (1950), 100-134. MR0036318 (12:90b)

3. H.Alexander and J.Wermer, Polynomial hulls with convez fibers, Math. Ann. 266 (1981),
243-257.


http://www.ams.org/mathscinet-getitem?mr=0021108
http://www.ams.org/mathscinet-getitem?mr=0021108
http://www.ams.org/mathscinet-getitem?mr=0036318
http://www.ams.org/mathscinet-getitem?mr=0036318

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

GENERALIZED AHLFORS FUNCTIONS 685

. D.E.Barrett, Failure of averaging on multiply connected domains, Ann. Inst. Fourier 40

(1990), 357-370. MR1070831//(92b:30050)

. H.Begehr and M.A.Efendiev, On the asymptotics of meromorphic solutions for monlin-

ear Riemann-Hilbert problems, Math. Proc. Cambridge Philos. Soc. 127 (1999), 159-172.
MR1692479|/(2000¢:30076)

. S.R.Bell, Finitely generated function fields and complexity in potential theory in the plane,

Duke Math. J. 98 (1999), 187-207. MR1687563|/(20001:30015)

. S.R.Bell, Ahlfors maps, the double of a domain, and complexity in potential theory and con-

formal mapping, J. Anal. Math. 78 (1999), 329-344. MR1714417(2000m:30012)

. S.R.Bell, A Riemann surface attached to domains in the plane and complexity in potential

theory, Houston J. Math. 26 (2000), 277-297. MR1814239/(2001m:30009)

. S.R.Bell, Complezity in complex analysis, Adv. Math. 172 (2002), 15-52. MR1943900

(2003m:30016)

E.Bishop, Subalgebras of functions on a Riemann surface, Pacific J. Math. 8 (1958), 29-50.
MR0096818(20:3300)

Y.-B.Chung, Higher order extremal problem and proper holomorphic mapping, Houston J.
Math. 27 (2001), 707-718. MR1864806| (2002j:30031)

M.Cerne, Nonlinear Riemann-Hilbert problem for bordered Riemann surfaces, Amer. J. Math.
126 (2004), 65-85. MR2033564(2004k:30092)

M.Cerne and F.Forstneri¢, Embedding some bordered Riemann surfaces in the affine plane,
Math. Res. Lett. 9 (2002), 683-696. MR 1906070 |(2003j:32021)

M.Cerne and J.Globevnik, On holomorphic embedding of planar domains into C2, J. Anal.
Math. 81 (2000), 269-282. MR 1785284 |(2001g:32047)

E.M.Cirka, Regularity of boundaries of analytic sets (Russian) Math. Sb. (NS) 117 (1982),
291-334. MR0648411|/(83£:32009)

J.Diller Failure of weak holomorphic averaging on multiple connected domains, Math. Z. 217
(1994), 167-177. MR1296392//(95m:30034)

M.A .Efendiev and W.L.Wendland, Nonlinear Riemann-Hilbert problems for multiply con-
nected domains, Nonlinear Anal. 27 (1996), 37-58. MR1390711)(97h:30057)

M.A Efendiev and W.L.Wendland, Nonlinear Riemann-Hilbert problems without transversal-
ity, Math. Nachr. 183 (1997), 73—-89. MR 1434976/|(98b:30038)

M.A.Efendiev and W.L.Wendland, Nonlinear Riemann-Hilbert problems for doubly connected
domains and closed boundary data, Topol. Methods Nonlinear Anal. 17 (2001), 111-124.
MR1846981//(2002d:30045)

F.Forstneri¢, Polynomial hulls of sets fibered over the circle, Indiana Univ. Math. J. 37 (1988),
869-889. MR0982834(90g:32018)

M.Gromov, Pseudo-holomorphic curves in symplectic manifolds, Invent. Math. 81 (1985),
307-347.

C.D.Hill and G.Taiani, Families of analytic discs in C™ with boundaries on a prescribed CR
submanifold, Ann. Scuola. Norm. Sup. Pisa 5 (1978), 327-380. MR0501906 (80c:32023)
L.K.Kodama, Boundary measures of analytic differentials and uniform approximation on a
Riemann surface, Pacific J. Math. 15 (1965), 1261-1277. MR0190327|(32:7740)
W.Koppelman, The Riemann-Hilbert problem for finite Riemann surfaces, Comm. Pure Appl.
Math. 12 (1959), 13-35. MR0146394 (26:3916)

F.G.Maksudov, M.A .Efendiev, The nonlinear Hilbert problem for a doubly connected domain
(Russian), Dokl. Akad. Nauk SSSR 290 (1986), 789-791. MR0863355| (88j:30088)

P.Pansu, Compactness, in M.Audin and J.Lafontaine, Editors, Holomorphic curves in sym-
plectic geometry, Progress in Mathematics 117, Birkhduser (1994), 233-249. MR1274932
E.A.Poletskil, The Fuler-Lagrange equations for extremal holomorphic mappings of the unit
disk, Michigan Math. J. 30 (1983), 317-333. MR0725784 (85b:32038)

M.Schiffer and D.C.Spencer, Functionals on finite Riemann surfaces, Princeton Univ. Press.,
Princeton, 1954. MR0065652|/(16:461g)

Z.Slodkowski, Polynomial hulls in C? and quasicircles, Ann. Scuola Norm. Sup. Pisa 16
(1989), 367-391. MR1050332//(91m:32016)

A.ISnirelman, The degree of a quasiruled mapping and a nonlinear Hilbert problem (Russian)
Mat. Sb. 18 (1972), 373-396. MR0326521||(48:4865)


http://www.ams.org/mathscinet-getitem?mr=1070831
http://www.ams.org/mathscinet-getitem?mr=1070831
http://www.ams.org/mathscinet-getitem?mr=1692479
http://www.ams.org/mathscinet-getitem?mr=1692479
http://www.ams.org/mathscinet-getitem?mr=1687563
http://www.ams.org/mathscinet-getitem?mr=1687563
http://www.ams.org/mathscinet-getitem?mr=1714417
http://www.ams.org/mathscinet-getitem?mr=1714417
http://www.ams.org/mathscinet-getitem?mr=1814239
http://www.ams.org/mathscinet-getitem?mr=1814239
http://www.ams.org/mathscinet-getitem?mr=1943900
http://www.ams.org/mathscinet-getitem?mr=1943900
http://www.ams.org/mathscinet-getitem?mr=0096818
http://www.ams.org/mathscinet-getitem?mr=0096818
http://www.ams.org/mathscinet-getitem?mr=1864806
http://www.ams.org/mathscinet-getitem?mr=1864806
http://www.ams.org/mathscinet-getitem?mr=2033564
http://www.ams.org/mathscinet-getitem?mr=2033564
http://www.ams.org/mathscinet-getitem?mr=1906070
http://www.ams.org/mathscinet-getitem?mr=1906070
http://www.ams.org/mathscinet-getitem?mr=1785284
http://www.ams.org/mathscinet-getitem?mr=1785284
http://www.ams.org/mathscinet-getitem?mr=0648411
http://www.ams.org/mathscinet-getitem?mr=0648411
http://www.ams.org/mathscinet-getitem?mr=1296392
http://www.ams.org/mathscinet-getitem?mr=1296392
http://www.ams.org/mathscinet-getitem?mr=1390711
http://www.ams.org/mathscinet-getitem?mr=1390711
http://www.ams.org/mathscinet-getitem?mr=1434976
http://www.ams.org/mathscinet-getitem?mr=1434976
http://www.ams.org/mathscinet-getitem?mr=1846981
http://www.ams.org/mathscinet-getitem?mr=1846981
http://www.ams.org/mathscinet-getitem?mr=0982834
http://www.ams.org/mathscinet-getitem?mr=0982834
http://www.ams.org/mathscinet-getitem?mr=0501906
http://www.ams.org/mathscinet-getitem?mr=0501906
http://www.ams.org/mathscinet-getitem?mr=0190327
http://www.ams.org/mathscinet-getitem?mr=0190327
http://www.ams.org/mathscinet-getitem?mr=0146394
http://www.ams.org/mathscinet-getitem?mr=0146394
http://www.ams.org/mathscinet-getitem?mr=0863355
http://www.ams.org/mathscinet-getitem?mr=0863355
http://www.ams.org/mathscinet-getitem?mr=1274932
http://www.ams.org/mathscinet-getitem?mr=0725784
http://www.ams.org/mathscinet-getitem?mr=0725784
http://www.ams.org/mathscinet-getitem?mr=0065652
http://www.ams.org/mathscinet-getitem?mr=0065652
http://www.ams.org/mathscinet-getitem?mr=1050332
http://www.ams.org/mathscinet-getitem?mr=1050332
http://www.ams.org/mathscinet-getitem?mr=0326521
http://www.ams.org/mathscinet-getitem?mr=0326521

686 MIRAN CERNE AND MANUEL FLORES

31. E.Wegert, Nonlinear boundary value problems for holomorphic functions and singular in-
tegral equations, Mathematical Research 65, Akademie-Verlag, Berlin, 1992. MR1206907
(94b:30049)

32. R.Ye, Gromov’s compactness theorem for pseudo holomorphic curves, Trans. Amer. Math.
Soc. 342 (1994), 671-694. MR1176088|/(94f:58030)

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF LJUBLJANA, JADRANSKA 19, 1111 LJUBLJANA,
SLOVENIA
E-mail address: miran.cerne@fmf.uni-1j.si

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF LA LAGUNA, 38771 LA LAGUNA, TENERIFE,
SPAIN
E-mail address: mflores@ull.es


http://www.ams.org/mathscinet-getitem?mr=1206907
http://www.ams.org/mathscinet-getitem?mr=1206907
http://www.ams.org/mathscinet-getitem?mr=1176088
http://www.ams.org/mathscinet-getitem?mr=1176088

	1. Introduction
	2. Extremal functions
	3. Uniqueness
	4. Bounded analytic selectors
	References

