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TORIC HYPERSYMPLECTIC QUOTIENTS

ANDREW DANCER AND ANDREW SWANN

ABSTRACT. We study the hypersymplectic spaces obtained as quotients of
flat hypersymplectic space R4 by the action of a compact Abelian group.
These 4n-dimensional quotients carry a multi-Hamilitonian action of an n-
torus. The image of the hypersymplectic moment map for this torus action
may be described by a configuration of solid cones in R3". We give precise
conditions for smoothness and non-degeneracy of such quotients and show how
some properties of the quotient geometry and topology are constrained by the
combinatorics of the cone configurations. Examples are studied, including
non-trivial structures on R4" and metrics on complements of hypersurfaces in
compact manifolds.

1. INTRODUCTION

An important construction in symplectic geometry is the symplectic quotient of
Marsden and Weinstein. Given a symplectic action of a Lie group G on a symplectic
manifold M, this produces, under fairly mild hypotheses, a new symplectic manifold
of dimension dim M — 2dim G.

One particularly nice class of symplectic examples is that of toric varieties.
Delzant [De] and Guillemin [Gu], have shown that a large class of toric varieties
may be produced as symplectic quotients of C? with its flat Kéhler structure by a
subtorus N of T¢. Their work also shows that the symplectic and Kéhler geome-
try of these 2n-dimensional examples is determined by concrete descriptions of the
moment polytope as an intersection of closed half-spaces in R".

In the present paper we shall investigate an analogous construction in a situ-
ation where there are multiple symplectic structures, namely for hypersymplectic
manifolds. We consider the geometries arising from a hypersymplectic quotient
construction for compact Abelian subgroups N of T¢ acting on C%¢ = C? x C<.
We determine conditions for the quotients to be smooth manifolds and to admit
non-degenerate geometric structures in two ways: firstly by direct considerations,
and then by using the (hypersymplectic) moment map for the action of a torus on
the quotient. The closed half-spaces of Delzant and Guillemin are now replaced
by solid cones in R3”, and we demonstrate how properties of the quotient may be
deduced from particular descriptions of such cone configurations.

Hypersymplectic structures were defined in a paper of Hitchin [H] and have ap-
peared in recent works such as [Hul, [Kal [FPPW] [AD]. Hitchin’s work is motivated
by the geometry of the moduli space of harmonic maps into a compact Lie group;
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the paper of Hull [Hu] and the references therein show the role played by these
structures in string theory; Mason and Sparling encountered such structures whilst
studying the non-linear Schrédinger and the Korteweg-de Vries equations [MS].
On a hypersymplectic manifold one has an indefinite Kihler metric g of signature
(2n,2n), together with a covariant constant endomorphism S of the tangent bun-
dle, such that S? equals the identity, S anti-commutes with the complex structure
I, and g(SX,SY) = —¢(X,Y). Now I, S and T = IS generate an action of the Lie
algebra s[(2, R) on each tangent space. Moreover, I, S, T, together with the metric
g, define three symplectic forms by

WI(XaY):g(XaIY)a WS(XaY):g(XaSY)v
WT(X’ Y) = g(X, TY)a

hence the name “hypersymplectic”. Every hypersymplectic manifold is neutral
Calabi-Yau, that is, Ricci-flat Kéhler with signature (2n,2n). Hypersymplectic
manifolds are split-quaternion analogues of hyperkahler manifolds and are some-
times referred to as “neutral hyperkéhler manifolds”.

Hitchin described a quotient construction for hypersymplectic manifolds in [HJ,
analogous to the hyperkéhler quotient of [HKLR]. If G acts preserving a hypersym-
plectic structure, then under mild conditions, we have, for each X € g, a moment
map p~X taking values in R3. This map satisfies the defining equation

(1.1) dpX (V) = (wr(X,Y),ws(X,Y),wr(X,Y)),

where we identify X with the vector field it induces via the group action. Of
course, () only gives u* up to an additive constant; these constants are par-
tially restricted by the additional assumption that the maps u~ combine to define
a G-equivariant map p taking values in g* ®R3. If G is Abelian, then any choice
of uX gives an equivariant map. The hypersymplectic quotient is now defined to
be 11~1(0)/G. When p has maximal rank and the action of G is free, the quo-
tient has dimension 4dim G less than the original hypersymplectic manifold. It
inherits closed two-forms from wy, wg and wr, and one expects these to define a
hypersymplectic structure; however degeneracies may occur on a certain locus in
the quotient.

In this paper we shall concentrate on hypersymplectic quotients of flat space
C%? by compact Abelian groups, although we prove some general results control-
ling smoothness and non-degeneracy of arbitrary hypersymplectic quotients. In
some ways, the picture is intermediate between that of Kahler quotients and of
hyperkahler quotients as studied in [BD]. In the hyperkéhler case the quotients
are necessarily non-compact, whereas in the Kéahler case many quotients are com-
pact. For the hypersymplectic situation, we show how to produce non-compact
non-singular structures on R*" that are not flat. It is also easy to produce com-
pact quotient sets, and with a little more work smooth examples may be found,
but on the other hand these always have singularities of the hypersymplectic struc-
ture. We show that these compact quotients produce non-degenerate structures
on hypersurface complements in real analytic subvarieties of compact toric vari-
eties. All the quotients we produce carry a natural involution. We discuss in detail
some particular examples, such as the hypersymplectic analogues of the Calabi and
Gibbons-Hawking multi-instanton spaces, and all examples obtainable as quotients
of C%2 by a one-dimensional group.
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2. THE FLAT HYPERSYMPLECTIC STRUCTURE

Our examples will be hypersymplectic quotients of the following flat hypersym-
plectic structure. Let C%¢ be C% x C% with the complex structure

I(z,w) = (21, —wi),

where i = /—1, and with the indefinite Kahler metric

d
g= Re(z dzdzy — dwkdu_)k>~
k=1

Note that I is not the standard complex structure Iy on this space, which is instead
defined by Ip: (z,w) — (zi,wi). To distinguish I from I, we shall refer to this
space with complex structure Iy as C2<.

If we define S(z,w) = (w, z), then

1S(z,w) = I(w, z) = (wi, —zi),
SI(z,w) = S(zi, —wi) = (—wi, zi),
so IS = —SI. We define T'= 15, so that
I’=-1, S§?=7%=1, IS=T=-SI.

We have the following symplectic forms:

1
wr = % (dzk A dZ + dwg A d’wk) ,

1
w5:§Z dzk/\d’wk—dwk/\dik),
k=1
1 _ _
wr = o (dzi; A dwy + dwi, A dzy) .

d
D
k=1
d

(
_d
D
k=1

Note that wg + iwp = Zzzl dzp, A\ dwy, which is a holomorphic (2, 0)-form with
respect to I, but is of type (1, 1) for Ij.

3. MOMENT MAPS

The torus T¢ acts on C%¢ by

0y

(zg, wg) — (eie’czk,e W).

This action commutes with I and S and hence with 7', and preserves g.
The moment maps from (L)) are
d
2 2 -
pr: (z,w) — Z L(z]” + lwk|*)er + ¢4,
k=1
d
s +ipr: (z,w) — Z izpwier + Co + ic3,
k=1

where du (Y) = wi(X,Y), etc., e1,...,eq are the standard basis vectors for RY,
and &, &, &3 are arbitrary constant vectors in R,
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The form of this differs from the hyperkiihler moment map [BD] for the T¢ action
on H%, in that we have + |wy|* rather than — |wy,|” in the formula for ;. We also
recall, for comparison, that the Kahler moment map for the action of T¢ on C¢ is

d
Bz Y s 12|” ex + c.

As in [Gu, BD] one considers a compact Abelian subgroup N of T¢ with Lie
algebra n. We shall take n to be the kernel of a surjective linear map 3: R? — R"
given by

6: €k /> Uk,

with u; € Z". In particular, R™ is spanned by uq,...,us. Then we have an exact
sequence
(3.1) 0—n-5R LR 0

and N is defined to be the kernel of the map expofBoexp™t: T¢ — T". (The
requirement that u; be integral exactly guarantees that this composition is well
defined.) For a given N, the map 3 is unique up to composition with an element

of Aut(Z™), or in matrix terms up to multiplication by an element of GL(n,Z) =
{Ae My(Z):det A#0and A~ € M,(Z)}.

We let (-,-) denote the standard inner product with respect to which ey, ..., eq
are orthonormal. For each choice of scalars A1, . .., Ag, the set of vectors {uq, ..., uq}
defines a convex polyhedron in R™ by the equations
(3.2) (s,ug) = A, fork=1,...,d.

In general, this polyhedron may be non-compact.
There is an exact sequence dual to (B1))

O—>R"*5—>Rd*i>n*—>0.

We shall identify R%" with R? using (-,-). Now [3* is given by

(3.3) = Z {(a,ug) eg,
k=1
and the moment map for N becomes
d
pr: (z,w) — Z %(|zk|2 + |wg*)ag + e,
k=1
d
ps +ipr: (2,w) — Zizkwkak + ¢ +ics,
k=1
where oy, = e We write ¢; = Zk 1A J)ak for some scalars )\,(Cj).
A point (z,w) lies in u;'(0) if and only if
d
(3.4) L*(Z(§(|zk|2+ |wk\2)+)\,(€1))ek) —0.
k=1
However ker* = im 3*, so using ([B.3]), we see that ([B4]) is equivalent to the exis-
tence of a € R™ such that

(3.5) (ayup) = Lz + Jwp) + A, fork=1,....d
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Similarly, (z,w) € (us + ip7r)~1(0) if and only if
(3.6) (byug) = izgwy + A2 +iND, fork=1,....4d,

for some b € C".
Equations 3.5) and (B.8) give a description of the level set 1 ~1(0). The hyper-
symplectic quotient M of C%¢ by N is defined to be

M = = (0)/N.

This is a Hausdorff topological space; as we will see it may or may not be a smooth
manifold.

4. NON-DEGENERACY OF THE QUOTIENT GEOMETRY

In this section we shall consider when hypersymplectic quotients are smooth,
and at which points the hypersymplectic structure on the quotient can degenerate.
We will begin with the general case and then specialise to torus quotients of flat
space.

Let us consider an action of a Lie group G on a manifold of dimension 4d pre-
serving a hypersymplectic structure and admitting a G-equivariant moment map
p: M — g* @R3. Thus, for each element X of g, the associated component uX of u
satisfies ((LI). Write G for the distribution on M generated by tangent vectors to
the group action.

Definition 4.1. The action satisfies condition (F) if G acts properly and freely
—1
on pu~+(0).

Definition 4.2. The action satisfies condition (S) if at each point p € p~1(0) there
is no non-zero solution to the equation

(4.1) (IX1 + SX5 +TX3), =0,
with X1, X5, X3 € g.

Theorem 4.3. If the G-action satisfies conditions (F) and (S), then the hyper-
symplectic quotient u=1(0)/G is smooth.

Proof. 1t is sufficient, by (F), to show that 4 =1(0) is a smooth manifold. By (),
the kernel ker dy is just the orthogonal complement with respect to g of the space U
spanned by IG, SG and TG.

As ¢ is non-degenerate we have

rank dy = 4d — dimker dp = 4d — dim U+ = dim U.

Condition (S) implies that dim U is 3dim G, which is 3dim G by (F). We deduce
that du has maximal rank, and the result follows. (]

Remark 4.4. As the moment map p is equivariant, G lies in ker du on p=1(0). This
implies that G is orthogonal to IG, SG and T'G. It follows that these spaces are
mutually orthogonal.

In the hyperkéhler case, where g is positive definite, this of course means that
condition (S) and the conclusion of the theorem follow automatically from the
freeness of the action of G, as in [HKLR].
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It is proved in [H] that the kernels of the symplectic forms on p=1(0) are given
by

(4.2) keri*w; =G+ S(GNGH) +T(GNGH)
and cyclically, where i: yp=1(0) — M is inclusion.
Definition 4.5. The action satisfies condition (D) if G NG+ = {0} on p=1(0).

Theorem 4.6. If the G-action satisfies conditions (F) and (D), then the quo-
tient 1=1(0)/G inherits a smooth, non-degenerate hypersymplectic structure.

On the other hand, if the G-action fulfils conditions (F) and (S), then the smooth
manifold p=1(0)/G inherits a non-degenerate hypersymplectic structure only if con-
dition (D) is satisfied.

Proof. Hitchin’s results provide a non-degenerate hypersymplectic structure pro-
vided ~1(0)/G is a smooth manifold and (D) holds: the symplectic form w} on
the quotient is defined by the equation 7*w} = i*wy, where 7 is projection from
= 1(0) to the quotient. Thus for the first part of the theorem we only need to
consider condition (S) of Definition

Suppose IX; + SXs+TX3 =0 at p € p~*(0). Then, for each Y € G, we have

9(X1,Y) =g(IX1,1Y) = g(IX1 + 5Xo + TX5,1Y) =0

at p. Thus by condition (D), X; = 0. Similarly, Xo = 0 = X3, and condition (S)
holds.

For the second part, if condition (D) fails, then there is a p € p~*(0) such
that V := (G N G1), is non-zero. Suppose w} is non-degenerate. Then keri*w; =
ker m,w) = G. Equation (2] gives that SV and TV are subspaces of G. However,
SV is contained in SG which is orthogonal to G. Hence, V is invariant under S and
T and hence under I = ST. Taking X; = IX, Xo = SX, X3 = 0 for some non-
zero X in V| we see that condition (S) is violated. Thus if the quotient geometry
is non-degenerate and (S) holds, then (D) must hold too. O

A simple case of the above result is:

Corollary 4.7. A hypersymplectic quotient by a free circle action with Killing field
X is a smooth hypersymplectic manifold except at points where g(X, X) = 0. ([

It will be useful, in light of Corollary .7, to have a formula for the length of the
Killing field of a circle action on C%¢. If the action is given by

(Zk; wk) — (eiOktZk’ eiﬁktwk),
then the associated vector field is
d
X = ’;lekzkﬁizk + inwkaiwk - iekékaizk — iekﬂ}k%,
giving
d
(4.3) 9(X, X) =" 021zl — |wi?).
k=1

We next investigate when condition (S) of Definition holds for general toric
reductions of flat space. For three vector fields X;, Xo, X3 with coefficients 0,(:),
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i =1,2,3, [I) becomes
" 0" 2, = (1602 — 0%y, fork=1,...,d,
‘ 0w, = —(i0P + 0Pz, fork=1,...,d.

For each k, these equations have the form

az =bw, aw = bz,

with @ € R and b € C. We deduce that a2z = abw = |b|* z, and similarly a?w =
b]* w. So the system (@A) has a solution if only if for each k,

either (zx,wy) =0,
or o) =0=0 =67,

or zr=<&w, and §k9,(€1) = i(9,(€2) + i9,(€3)),
for some &, with [£;] = 1.

(4.5)

We also discuss the question of degeneracy of the hypersymplectic structure.
We know from Theorem and the discussion leading up to (£3)) that degeneracy
occurs if and only if the inner product

(4.6) q = diag(|z|* — [wi|*)f_,

is degenerate on n < R? at some point (2, w) € p~1(0). Equivalently, in the notation
of §3] at some point of p=1(0) there is ¢ € n\{0} such that ¢(¢,-) € ker t* = im 3*.
From (B3.3), this condition is equivalent to the existence of ¢ € n\{0} and s € R
such that

(4.7 Gzl = lwil?) = (s,un) for k=1,...,d.

In §5] we shall refine both of these criteria.

5. TORIC GEOMETRY OF THE QUOTIENT

We shall now study some properties of the hypersymplectic quotient M of C%¢
by a compact Abelian group N C T¢. This quotient carries an action of the torus
T" = T¢/N, and we may consider the map ¢: M — R3" given by

(5.1) ¢: (z,w) — (a,b),

where a and b are as in (B3 and ([B.6). When M is smooth and hypersymplectic
this is the moment map for the action of T™ on M.

A similar map is considered in the Kéhler and hyperkéhler cases [Gul[BD]. In the
first case, the analogue of ¢ is a map M — R™ with image the polyhedron defined
by B2). The map induces a homeomorphism of M/T™ onto the polyhedron.

In the hyperkihler case, one has a map onto the whole of R3”, and again a
homeomorphism M/T" = R3". Essentially, this follows from the N = {1} case,

i.e., the fact that the moment map (zx,wg) — (%(|zk|2 — |wk\2),izkwk) for the

hyperkihler action of T? on H? induces a homeomorphism from H¢ / T onto R3<.
In our case, the image of ¢ is an interesting subset of R3", but we no longer
obtain a homeomorphism. Indeed the fibres of ¢ may be disconnected.



1272 ANDREW DANCER AND ANDREW SWANN

We introduce the following notation:
ay = {a,ux) — )\](€1)7
by, = (b,ug) — AL,
foraeR", beC", k=1,...,d, and where

A= AB i)

(5.2)

Proposition 5.1. The image of the moment map ¢, (51)), is the set
K={(a,b) eR"xC" :ap, = |by|, fork=1,...,d}.

Moreover ¢ induces a finite-to-one map qNS from M/T"™ onto K. The fibre 0f¢~) over
(a,b) has 2™ points, where m is the number of the inequalities in the definition of
K which are strict for (a,b).

Proof. By B.3) and B.0), (z,w) is in p~1(0) C C% and satisfies ¢(z, w) = (a, b) if
and only if

|Zk‘2 + \wk|2 =2a; and zpwp = —ibg,
for k = 1,...,d. The torus T¢ acts by (zx,ws) — (e!%zy, el w;). On pu=1(0)
we have that |wy| uniquely determines (23, wy,) up to the action of T¢. Taking the
absolute value of the second equation and using the first equation to eliminate |z |2,

we get
|wk|2 = ag + \/ akZ — |bk‘2.

Thus there is a solution for |w|* only if aj, > |bi|. There are two solutions if the
inequality is strict, otherwise there is only one solution. The result follows. (I

Remark 5.2. Taking d = 1 and N = {1} in the proof of the proposition, ¢ is
the hypersymplectic moment map for the action of T* on C!!. One can see that
the corresponding hypersymplectic quotient may be two points, a single point, or
empty depending on the choice of level set. So we may get smooth quotient sets of
different topology for different choices of level set, contrasting with the hyperkahler
case.

Proposition 5.3. The set K = ¢(M) is convex in R3".
Proof. Using (5.2), the set K is the intersection of sets
K, ={(a,b) e R" x C" : a), > |by| }, k=1,...,d

However, K, is the preimage of the solid cone { (z,z) € Rx C: x > |z| } under the
affine map (a,b) — (ag,br). Thus K} is convex, and it follows that K is convex,
too. (]

Convexity implies in particular that K is connected, and Proposition BE.] now
gives:

Corollary 5.4. M is connected if and only if each inequality in the definition of K
is an equality at some point of K. (I

Theorem 5.5. The hypersymplectic quotient M = p~1(0)/N is compact if and
only if the vectors uq,...,uq define a bounded polyhedron in R™,
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FiGURE 5.1. The solid cone K; when n = 1.

Proof. Suppose u1,...,uq define a bounded polyhedron. As
M = (u7(0) N (ps +ipr) (0))/N,
it is enough to show compactness of u;*(0).

If (2,w) € p;'(0), then the vector a of (B5) must live in the polyhedron {a :
(a,ug) > /\g) }, which is compact by hypothesis. Now (3.8]) gives us a bound on
the |zx| and |wg| in terms of the uy and Ag.

Conversely, note that M is compact if and only if M /T™ is compact, and hence
if and only if K is compact. We may define a projection p: K — C" by p(a,b) = b.
The fibres of p are the polyhedra

Fb = {a cR": <a7Uk> = )\l(cl) + ‘bk| }

If M is compact, then F} is compact for each b € p(K). As F; is non-empty, this
implies that ug,...,us define a bounded polyhedron as in (3.2). O

As promised in §4] we now refine the criteria for smoothness and non-degeneracy
of the hypersymplectic quotient M, in terms of the map ¢ and the vectors wu.

In order to consider smoothness of M, we need to discuss the orbit types of the
actions of N on p~1(0) and the smoothness of u=1(0) itself. Let us begin with the
orbit types. In the notation (B.2]), put

(53) VkZ:{(a,b)ERnX(Cn:ak:():bk};
see Figure 5.1l Note that ([3.5) and ([B.6) show that for (z,w) € p=1(0)
zp=wr =0 ifand only if  (a,b) = ¢(z,w) € V.
Following [Gul, if A is a subset of {1,...,d} we denote by T4 the torus whose Lie
algebra is
tqa =spang{e,: k€ A}
We deduce that the stabiliser of (z,w), for the T action, is T, where
(5.4) J:={k:¢(z,w) € Vi }.

Proposition 5.6. For (z,w) € u=1(0):
(i) Staby(z,w) equals T; N N, where T is the torus whose Lie algebra is
spanned by the vectors ey, for which ¢(z,w) € Vi;
(ii) on M, Stabyn(z,w) is the torus whose Lie algebra is spanned by the vectors
ug such that ¢(z,w) € V.
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Moreover, putting B, = (ug : © € Vi),
(iii) Staby(z,w) is finite for all (z,w) € p~=1(0) if and only if for each x € ¢(M),
the collection of vectors B, is linearly independent;
(iv) Staby(z,w) =1 for all (z,w) € p=(0) if and only if for each x € $p(M),
the collection of vectors B, is contained in a Z-basis for Z".

Proof. Statements (i) and (ii) follow from the above discussion, while (iii) and (iv)
follow from (i), (ii) and results of Delzant [De] and Guillemin [Gul, as cited in the
proof of Theorems 3.2 and 3.3 in [BD]. To see this, note that Vj, is the affine flat
Hj, introduced in [BDJ. O

Remark 5.7. The argument of Theorems 3.2 and 3.3 of [BD] shows that if every
n+ 1 of the Vi have empty intersection, then the condition of (iii) holds and hence
N acts locally freely on x~1(0). In particular, for any given collection of vectors
ug, the action will be locally free for generic choice of A\. Hence, by Sard’s theorem,
M = p~1(0)/N will have at worst orbifold singularities for generic choice of .

Similarly, we see that if for each A C {1,...,d} of size n, the collection (uy : k €
A) is a Z-basis for Z", then M = ~1(0)/N is a manifold for generic \.

To determine precise conditions for the smoothness of p=1(0), let
Wy = {(a,b) ER"xC":qa = |bk|}
A point (z,w) € p~1(0) has ¢(z,w) € Wy if and only if |2| = |wk|. Note that
Vi C W}, and that both sets may be empty for a given k. Let J be as in (4] above
and put
L:={(:¢(z,w) € Wy }.
Note that L contains J.

Consider the equations {H]) at (z,w) € p=1(0). For k € J, there is no restriction
on 9,(:). For k € L', the complement of L in {1,...,d}, we require 9,(:) =0, for
i =1,2,3. For k € L\ J, we have {kﬁél) = i(9,(€2) + i9,(€3)). For such k, we have
|zi| = |wk| # 0, so & is uniquely determined by

& =

wy, lwp|? w

2y 20 . b
—_— _1_

Consider the map
Apy: n0,s ®R x C) — Cpy g,
My (007, 007) = (010" + ax),

where ny,_; is the projection to t; of ny :=nnNty. Alternatively, ny_; is the kernel
of the map fBr, 7: tr\; — R™"/im(B|,) induced by 3.

(5.5)

Proposition 5.8. For a locally free action of N on p~1(0), condition (S) of Def-
inition for smoothness of the level set u=1(0) holds if and only if the linear
map N p) of [BA) is injective at each point (a,b) of K. O

Remark 5.9. Over the combinatorial interior of K,
d
Cnt(K) = K \ | | Wx,
k=1

the set L is empty, so ¢~ *(CInt K) C M is always a smooth manifold. The combi-
natorial interior is equal to the topological interior if Ky # Wy, for all k.
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Remark 5.10. By Proposition (.6 if the action of N is locally free, then nj is
transverse to t;y and hence the orthogonal projection ny — nr s is injective. Thus
the smoothness condition will necessarily fail if 3dimny, > 2|L\ J|. Since dimny, >
|L| — n, we conclude that smoothness requires |L| < 3n, i.e., no more than 3n of
the Wj’s may meet in K.

Finally, let us consider non-degeneracy of the hypersymplectic structure.

Proposition 5.11. The non-degeneracy condition (D) of Definition fails at
some point (z,w) € pu~1(0) with ¢(z,w) = (a,b) if and only if there exist scalars

(1,-.-,Cq, not all zero, and s € R™ such that
(5.6) 167 (w2 = ) = (s, Jork=1,....d
and

d
(5.7) > Grug = 0.
k=1

Proof. This is immediate from the the discussion at the end of §4 equation (4.1,
the definition of n as ker 3, and the proof of Proposition Bl which expresses |zy|
and |wy| in terms of a and b. O

Remark 5.12. Consider the special case when s = 0. The expression ay? — |b;€|2
is zero on Wy. Suppose A C {1,...,d} has n + 1 elements. Then (uy : k € A) is
linearly dependent, so we may find ((1,...,¢q) € ta \{0} satisfying (&7). If

KﬂﬂWk;éQ
keA

we then obtain a solution to the remaining equations (5.6). Thus if n + 1 of the
Wy.’s meet in K, then condition (D) necessarily fails. This is a considerably stronger
restriction than that obtained for smoothness in Remark 510, and as we will see
in 7 one may easily obtain smooth quotients with hypersymplectic structures that
degenerate on some hypersurface.

Theorem 5.13. Let ¢ be the moment map for the action of T™ on the hyper-
symplectic quotient M = p~1(0)/N. Suppose the combinatorial interior Clnt(K)
of the image K of ¢ is non-empty. Then an open subset of M carries a smooth
non-degenerate hypersymplectic structure.

When M 1is compact, the degeneracy locus is non-empty of codimension at least
one.

Non-trivial examples of quotients with empty degeneracy locus will be given
in 7

Proof. We have already noted that M is smooth over Clnt(K). For (a,b) €

CInt(K), we have ai # be|* for all k. Equations (5.0) may thus be solved for
Cr and (B.7)) becomes

d
H(s,w) := Zwk (s, uk) up =0,
k=1
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with w = (wi,...,wq), wp = 1/(2exy/ar? — |bp]?), ex = £1 and s # 0. Now
H: Ry x Ry — R™, where Ry = R\ {0} and Ry is an n-dimensional mani-
fold contained in the complement of the coordinate axes in R? has differential
DH g .u)(s,v) = 2221 (wis + Vg s, ug) up, which has rank n when wy, # 0 for all .
Thus H~!(0) is a submanifold of R; x Ry C R x R? of dimension n. But if (s, w)
lies in H—1(0), then so does (As,w) for A € R\ 0. So the projection of H~1(0) to
the second factor Ry, has dimension at most n — 1, i.e., the degeneracy locus is at
least codimension one.

Now suppose that M is compact. Consider the map p: K — C" of Theorem
and its fibres F,. Note that when the interior Int F}, is non-empty we have Int F, =
{a € R™ : a; > |bg|}. As this is an open condition on b, we see that p(Int F},) C
Int(p(K)). Fix b on the boundary of p(K). Then F) is a compact polytope in
R™ with empty interior. Let v be a vertex of that polytope. Then v is at the
intersection of at least n hyperplanes ap = |bg|. However, if only n hyperplanes
meet, then we can find interior points of F} close to v. Thus n+ 1 hyperplanes meet
in v. This is the same as saying that (v, ) lies on n+1 of the Wj,. By Remark [5.12]
this implies that the hypersymplectic structure is degenerate at (v, b). O

We shall next relate our quotients to toric varieties. We first prove a lemma.

Lemma 5.14. Let 6: T¢ — T x T¢ = T?? be the diagonal map, and let N be a
compact Abelian subgroup of T¢.

If N < T9 is defined by a collection of vectors in R™ defining a bounded poly-
hedron, then §(N) < T2 is defined by a collection of vectors in R"*? defining a
bounded polyhedron.

Proof. We have an exact sequence
0—d,(n) > RI@RY =R L, Rt

for some map f. It is straightforward to check that d,(n) = { (v,v) : v € n} is the
kernel of the map defined by

- up +egpqq, if k< d,
€L — U =
y P e, if k> d.

So we can take this map to be ff, and hence d,(n) is defined by vectors 1, . .., Uag.
Consider the polyhedron {s € R"*%: (s 1) > ¢, k= 1,...,2d }. The defining
inequalities may be written as

(s1,ur) + (52, €rya) = c, for k=1,...,d,
(82, —€ktd) = Chtd, fork=1,...,d,
where s = 51489, s1 € R™" and s3 € span{egi1,...,e2q}. Wesee that (s, ug) = cp+

Cktd, for k =1,...,d. As uy,...,uyq define a bounded polyhedron by hypothesis,
we get a bound on s, and hence, from
cr — (51, uk) < (52, €h1d) < —Chid
a bound on ss. O
Now, observe that uy is just the moment map m for the Kéhler action of 6(N)

on C2¢, (Here C?¢ has the standard complex structure Iy, not the hypersymplectic
complex structure I, as remarked in §21)
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The construction of Guillemin and Delzant now gives:
Theorem 5.15. M is the sub-variety

ts +ipr =0
in the toric variety m~1(0)/6(N). If the vectors uy define a bounded polyhedron,
then by Lemma [B.14] this toric variety is compact. O

Remark 5.16. Note that pug + ipp, although I-holomorphic, is not holomorphic
with respect to the complex structure on this toric variety, which is induced from
Iy.

We conclude by discussing two actions that can occur on M for special choices

of \.
Remark 5.17. If we take )\,(Cj) = 0 for all j,k, then (0,0) € p~1(0) and is a fixed
point of N, giving a singular point in the quotient M = p~*(0)/N. In fact it follows
from (BE), B6) with /\gk) = 0 that we have a scaling action (z,w) — (t.z,t.w), for
t € R* on p~1(0) which descends to the quotient, so that M is a cone with vertex
at (0,0).

Remark 5.18. Harada and Proudfoot [HP] have observed that in the hyperkéahler
case, if we take /\f) —|—i)\,(:’) = 0 for all k, then the quotient M admits a circle action
(z,w) — (z,e%w).

This action is holomorphic with respect to I but not with respect to J or K.

This action does not occur for the K&hler quotients of [Gul [De]. However we
observe that it does exist for our hypersymplectic quotients, provided we take )\;2) +
i)\,(f’) = 0 as above. The action is compatible with I but not with S or T

Note also that under this condition on A, the hypersymplectic quotient contains
two distinguished subvarieties, defined by the vanishing of z and w, respectively.
Each of these may be identified with a Kihler quotient of C% by N, and hence with
a toric variety.

The locus w = 0 lies in the fixed point set of the circle action. As M is a quotient,
we may in addition have other components of the fixed point set. We find, as in
the hyperkéhler case [HP], that the fixed point set in general is a union of toric
varieties which may be enumerated in terms of conditions on the vectors uy.

To make this precise, for A, B C {1,...,d}, let

MA,B:{[z,w]EM:zkzoforallkeA
andwgzoforallfeB}.
Note that My 4 is a toric variety. The fixed point condition
(2. ¢"w) = (9(4) 2z, 9(¢)w)

for g(¢) € N implies immediately that wy = 0 whenever z; # 0. Further examina-
tion of this condition leads to:

Proposition 5.19. When )\f) —|—i)\,(€3) = 0, the hypersymplectic quotient M admits
a circle action with fized point set the union of the toric varieties Ma p where
AUB={1,...,d} and

Zuk € span{ug : £ € AN B}.
keA
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6. INVOLUTIONS

In the Kihler case studied by Guillemin and Delzant, the moment map p: C?
n* is invariant under the involution of C? given by complex conjugation. In fact,
conjugation induces an involution v of the quotient M = p~1(0)/N. Moreover the
fixed point set of complex conjugation in x~1(0) is a cover of the fixed point set of
v in M. The group of deck transformations is the finite group I' of involutions in
N.

In the hyperkahler situation there appears to be no such involution in general.

In our hypersymplectic case, however, we do have an involution. Explicitly, the
map o: CH4 — C%? given by

*

og: (Zkvwk‘) = (wk72k‘)

preserves 1~ 1(0) and sends N-orbits to N-orbits. (It does not commute with the
action, but we have o(g - (z,w)) = g~ ! - 0(z,w), which suffices.)

It follows that o induces an involution 6 on the hypersymplectic quotient M =
= 1(0)/N. Let us denote by 1~1(0), and M, the fixed point sets of the involutions
in £=1(0) and M, respectively.

Theorem 6.1. The natural projection 7: pu~1(0) — M induces a surjection
1H0)y — Mo
If N acts freely on u=*(0) this map is a cover whose group of deck transformations
is the finite group
F={heN:h*=1}

Proof. Observe first that (z,w) € p~1(0) represents a point in M if and only if
there exists ¢ € N with w = ¢g~'2 = gz. Now if h € N satisfies h? = g, then

h-(z,w) =h-(2,g%) = (hz, h~1gz) = (hz, hz),

so (z,w) represents the same point in M as does (hz,hz) € u~*(0),. This proves
the surjectivity assertion.

Next, suppose that two points (z,%) and (u,@) in p~'(0), are related by the
action of g € N. We need, for each k,

2k = €%y, and  z, = €l

for some e € T!. Hence either e+ is an order two element in T? or z;, = v; = 0.
We deduce that g2 € T; N N, where J is the set of indices for which z;, = 0.

If N acts freely on p~'(0), then T; N N is trivial by Proposition The
remaining assertions now follow easily. (I

Proposition 6.2. The symplectic forms wr,ws and wr all vanish when restricted
to M(,.

Proof. The involution ¢ pulls back wy,ws and wr to their negatives. O

Remark 6.3. Non-degenerate hypersymplectic manifolds with multi-Lagrangian sub-
sets have recently appeared in [FPPW]. There hypersymplectic structures arise on
T2?"_fibrations over a T?" base, and the fibres are multi-Lagrangian.
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In contrast, we have:

Proposition 6.4. The fized point set Mg is non-empty only if

d
ﬂ Wi # @.
k=1
The non-degeneracy statement (D), Definition A3, is not satisfied on TM|pr, . In
particular, if the action satisfies conditions (F) and (S) of Definitions &1l and 2],
then M is smooth but the hypersymplectic structure is degenerate over Ms.

Proof. 1f (z,w) € p=1(0) is a fixed point for o, then |z;| = |wg| for k = 1,...,d.
This is the condition that ¢(z,w) € Wy, for k =1,...,d, and the assertion follows.

When |z| = |wg| for all k, the quadratic form (&6 is identically zero. Thus
condition (D) fails. The final statement follows from Theorems 3] and d

7. EXAMPLES
7.1. The diagonal circle action. Let us take d = n + 1, and take
U = €, fork=1,...,n,
Unt1 = —(e1 4+ en),

so the vectors wu; define the standard simplex in R™. Now N is the standard
diagonal circle in T"*!. The corresponding toric hyperkihler manifold is the Calabi
space T*CP(n).
In the hypersymplectic case M = p~!(0)/N is the quotient of the subset of

Cn*t1n*1 cut out by the equations

n+1 n+1

Sl # ol = 23" A0,

k=1 k=1

n+1 n+1

Sz, = —i > (WY +idY),
k=1 k=1

by the action
Z eiezk, Wp — eiewk.
Using Theorem [5.15 this may be identified with a hypersurface in u;*(0)/N =
Cp2ntl,
Note that the action

(z,w) — (Az, Aw), for AcU(n+1)

preserves the level set of y~1(0) and commutes with the action of N, so defines an
effective PU(n + 1) action on M.

The stabiliser of (z,w) is P(U(1) x U(n)) if z,w are linearly dependent, and
P(U(1)xU(n—1)) otherwise: the PU(n+1) action on M is therefore cohomogeneity
one.

Let us write

n+1 n+1
P=-23"A" Q@=-i> 07 +irY).
k=1 k=1

oy . . 1
A necessary condition for M to be non-empty is |Q| < 5P.
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The vector field X for the action of N takes the value (iz,iw) at the point
(z,w). From §4] we see that I X, SX , TX are linearly independent unless w = Az
for a complex number A of unit modulus. It is easy to check that such a point (z, w)
cannot lie in ©~1(0) except in the special case |Q| = %P. We deduce that M is a
smooth manifold unless |Q| = 2 P.

The hypersymplectic structure on M will degenerate at some points, however.
Observe that the point (z,w), where

2= (/4P.0,....0), w=<ﬁ,w2,...,wnﬂ>
2

and

n+1

Y husft = 4P - 12
=P

k=2 2

lies in ¢~ 1(0) when this set is non-empty. Moreover, from (3)), we have that the
Killing field for the circle N is null at (z,w). Hence the hypersymplectic structure
degenerates at this point.
If we take @ = 0, then we have a circle action
(z,w) — (z,e%w)

as discussed in Remark [5.I8 The fixed point set of this action in M = p~1(0)/N
is the union of the loci z = 0 and w = 0, since in Proposition we have A = &
or {1,...,n+ 1}. These fixed point sets are both diffeomorphic to CP", and are
the special orbits of the PU(n + 1) action in this case.

7.2. Codimension-one subgroups. Take n = 1, and first consider
ug = eq, fork=1,...,d,

SO
d d
n= {Zakek : Zak :0}
k=1 k=1

and N is the torus T4 1 = {(t1,...,tq) : tita...tq = 1} in T¢ The Gibbons-
Hawking multi-instanton metrics are obtained as hyperkéhler quotients of H? by N.
We obtain, analogously, 4-dimensional hypersymplectic quotients of C*? by N,
with an action of the circle group T¢/N. Like the multi-instanton spaces, these
hypersymplectic spaces are non-compact, as can be seen from Theorem
Note that the sets Vj, of (B3] are now just the d points

Vi = {()\21)7%,22),)\;&3))}, fork=1,....d.

Proposition [5.6(iv) shows that N acts freely on p~1(0) provided that these d points
are distinct (as in the hyperkéhler case).
The set K = ¢(M) in Proposition [l is the intersection of the d cones

{(@,b) eRxC:a— A" > p— (AP +ixP)p

with vertices at ()\g), )\f), )\,(63)), for k = 1,...,d. All these cones have the same
angle and parallel axes.

The fixed points of the circle action correspond, from Proposition [B.0[(ii), to the
preimages under ¢ of those points ()\,(cl), )\,(62), )\,(f)) which lie in the intersection of
the cones.
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We deduce that different configurations of the cones may give a zero or non-zero
number of fixed points. This gives an example of different choices of level set giving
quotient sets which are inequivalent as T"-manifolds.

By contrast, in the hyperkihler case, ¢(M) is the whole of R?, and we always get
d fixed points for the circle action (provided that the points Hy = V}, are distinct).

Let us now consider what may happen for arbitrary choices of u; when n =1
and d is small.

Example 7.1. Consider n = d = 1. This case is relatively trivial as the group NV
is discrete. However, it illustrates a number of features of our constructions.

The map [ is defined by a single u; € Z\ {0}, which we may take to be positive.
The image of the moment map ¢ is the solid cone K = K consisting of (a,b) € RxC

such that a — A fuy > ‘b — A9 g

()\gl)/ul, Agc)/ul). The N-action is free only if u; = 1, in which case N = {1}. As
n = {0}, the maps A(, ;) (B.5) are injective, so the quotient is indeed smooth when
u; = 1. The equation (51) implies ¢; = 0, confirming that the quotient geometry
is non-degenerate. ~

In the case u; = 1, the induced map ¢: C1'! /Tt — K = K is 2-to-1, branched
over 0K = W;. Each disc D(r) = {(a,b) € K : a = r + )\gl)} is the image of a
two-sphere S?(r) in C11/T! = R3, and this sphere in turn is the quotient of the
three-sphere S3(2r) = {|z|* + |w|* = 2r} in C!. The map S2(r) — D(r) may be
thought of as an orthogonal projection to the equatorial plane, whereas the map
S3(2r) — S%(r) is the Hopf fibration.

, as in Figure 5.1l The vertex Vj is the point

Example 7.2. If n = 1 and d = 2 we are considering hypersymplectic quotients
of C?2? by a one-dimensional Abelian group, and the result is a four-dimensional
hypersymplectic manifold M with S'-symmetry. The map 3 defining N is deter-
mined by uq, us € Z not both zero. Without loss of generality we may take u; > 0.
Let us restrict to the non-degenerate case where us is also non-zero. The moment
map ¢ on M has image K = K; N K3, where K}, are solid cones in R x C with
vertices Vi, = (5\21),5\,(:)) = ()\,(cl)/uk,)\,(:)/uk). The quotient M is compact if and
only if uy > 0 > us.

Let us successively consider the conditions (F), (S) and (D) of # for these quo-
tients.

For the freeness condition (F) of Definition A1} Proposition forces V1 # Va
and imposes the restriction that ui = £1 if the vertex Vj lies in K. Allowable cone
configurations include the three given in Figure [k [[Tla) has u; > 0, uz = 1 and
N = SYITI(b), up,us > 0 and N = St x Z/ ged(uy, uz); TIc), uy = 1, ug = —1.
Other allowable configurations have V5 € Wy \ V.

Turning to the smoothness condition (S) of Definition 4.2 assume that the N-
action is free. By Remark [5.10] smoothness fails if V5 lies in W7, since at V5 we then
have L = {1,2}, J = {2} and n;, = n has dimension 1. Thus the configurations of
Figure [(T] are the only candidates for smooth quotients. For Figure [[Tl(a), there
is no more to check as n;, = {0} at all points of K. For Figures [[.T[(b) and [[I]c)
we need to consider points (a,b) € Wy N Ws. Here L = {1,2} and J = &, so
np;=n;, =n=R and the map A, : n®(R x C) — C? in ([EF) is

1 W peny) — (@1(0:18%) +a16)
A(a,b) ((.’,UQ) ® (0 50 )) (xg(bgﬁ(l) +a26(c)) )
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(c)up =1=—ug, Vo €Int K,

FiGure 7.1. Configurations giving smooth quotients from non-
degenerate S'- and S! x Z/m-actions on C%2.

/™)

(a) ug,ug >0 (b) u1 >0 > ug

FIGURE 7.2. Level sets a constant through K; and Ks showing
the angles ¢y, for a point p = (a,b) € W1 N W,. The points Vi, are
the orthogonal projections to this plane of the vertices Vj.

where zju; + zous = 0. This is not injective if and only if by /a; = —0(©) /6(1) =
by /ag for some (0(1),9(6)). On Wy, ax, = |by|, so by /ar = €'¥*. Looking from above,
we have Figures [[.2(a) and [C2(b).

One sees that the quotient is smooth when we have Vi, ¢ W; for k # j. Thus
the three configurations of Figure [Z]] give smooth four-dimensional manifolds.

Finally, we turn to the non-degeneracy of the hypersymplectic structure as guar-
anteed by condition (D) of Definition 4.3 when the quotient is smooth satisfying
conditions (F) and (S). Remark shows that for (D) to hold we must have
W1 N Wy = @. This only occurs when us = 1 and V5 € Int K7, as in Figure [[)(a).
Thus the other two configurations give smooth manifolds with a hypersymplectic
structure that degenerates along some hypersurface. Indeed in these two cases the
fixed point set of the involution & of @ is non-empty and Proposition applies.

For us = 1 and V5 € Int K7 we need to consider Proposition 5.1 in detail. Put

ka = ak/uk = a— 5\](61), Ek = bk/uk =b— 5\](:) and

frla,b) = aj, — [by*.
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Then f; > 0 on Kj with equality on W. Equations (5.0 and (B.7) are now

(7.1) Gfi =131 =(fo
(7.2) Gruy + Gaug =0,

for some s € R. In K = K5, we have f; > f5, since this holds on W5 and f1 — fo
is an increasing linear function of a. Fixing b, we have lim,_,o(f2/f1)(a,b) = 1,
so fa/f1 takes all values in [0,1) in K. Now (7)) implies (?/(3 = fa/f1, whereas
[T2) gives (1/¢2 = —1/uq, since ug = 1. We conclude that the hypersymplectic
structure on this quotient is non-degenerate if and only if u; = 1.

Topologically, the quotient M from w; = us = 1 and Vo € Int K7, is non-
compact with two connected components interchanged by the involution & of §6l
On each component, a is a Morse function with a single critical point of index 0.
Topologically and smoothly each component of M is R*. The hypersymplectic
structure is not in general flat.

To see this, consider the case where )\gc) =0= )\éc), so the quotient carries the
Harada-Proudfoot circle action of Remark B.I8 The fixed-point set has, as one
component, the image of w; = 0 = ws. This is totally geodesic in M with metric h
obtained from the quotient of the set { |z1|* — |z2|* = ¢1 = )\(1) /\(2)} in C? by

the isometric circle action (21, 22) +— (€21,e7%2y). For the case ¢; = 1, writing

21 = V1 +1r2e? and 2o = rel® =9 we get h = 27,’;:'11(1 2 ng,’;fll di?, which has
curvature —1/(2r? + 1)3.

7.3. Another circle action. Let us modify the action of §7.11 so d = n + 1 and

up = eg, fork=1,...,n,

Up+1 = €1+ -+ €n.

Take AY) = 0 for i = 1,2,3 and k = 1,...,n. Put )\5114)_1 =—-A<0and )\ffj_l =0.
Then if a = (a1),...,a@,)) € R", etc., we have

Ky ={(a,b) e R" x C" : ag >|bk)|} fork=1,...,n

el

We see immediately that K is the intersection of just Kl, - 7Kn and that W, 4
does not meet K. As Vi N...NV, lies in K and {ey,...,e,} is a Z-basis for Z",
Proposition 5.6implies that the action of the circle N is free on p=1(0). For smooth-
ness, note that the index sets L and J are both subsets of {1,...,n}. However,
ng1..n) = {0} since the restriction of 3 to t{1,. 3 = R" — R" is just the identity
map. Proposition .8 implies that the hypersymplectic quotient M = p~1(0)/N is
thus smooth. Topologically and smoothly it has two connected components which
are copies of R*". These components are interchanged by the involution &.

That the quotient has a non-degenerate hypersymplectic structure may be seen
as follows. Using (1), we have (; = -+ = (, = ¢ and (,4+1 = —(. Putting
§ = 5/2( the system (&6 becomes

Kn+1:{(ab)ER"X(Cn )\—i—Za(k (k)

k=1

Ay = |b(k>| + 5, fork=1,...,n
2 ~ ~
(a(l) + e + )\ |b(1) +---+ b(n)‘ + (3(1) R s(n))2'
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Using the triangle inequality, the first n-equations imply that the left-hand side of
the last equation is strictly greater than the right-hand side for A > 0. So there is
no solution to the degeneracy equations, and we obtain a smooth non-degenerate
hypersymplectic structure on two copies of R4”. The computations of the previous
section show that this metric is not flat.
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