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CLOSED FORM SUMMATION OF C-FINITE SEQUENCES

CURTIS GREENE AND HERBERT S. WILF

To David Robbins

ABSTRACT. We consider sums of the form

n—1

Z Fi(ain+b1j + c1)Fa(aan +baj + c2) ... Fr(agn + brj + ck),

j=0
in which each {Fj(n)} is a sequence that satisfies a linear recurrence of degree
D(i) < oo, with constant coefficients. We assume further that the a;’s and the
a; + b;’s are all nonnegative integers. We prove that such a sum always has a
closed form, in the sense that it evaluates to a linear combination of a finite
set of monomials in the values of the sequences {F;(n)} with coefficients that
are polynomials in n. We explicitly describe two different sets of monomials
that will form such a linear combination, and give an algorithm for finding
these closed forms, thereby completely automating the solution of this class
of summation problems. We exhibit tools for determining when these explicit
evaluations are unique of their type, and prove that in a number of interesting
cases they are indeed unique. We also discuss some special features of the case
of “indefinite summation”, in which a1 = a2 =---=ar = 0.

1. INTRODUCTION

In Section 1.6 of [7] the following assertion is made:
All Fibonacci number identities such as Cassini’s Fp41Fn—1 — Fﬁ =

(=1)™ (and much more complicated ones), are routinely provable using
Binet’s formula:

r=% (499 - (59)).

This is followed by a brief Maple program that proves Cassini’s identity by substi-
tuting Binet’s formula on the left side and showing that it then reduces to (—1)™.
Another method of proving these identities is given in [10], in which it is observed
that one can find the recurrence relations that are satisfied by each of the two sides
of the identity in question, show that they are the same and that the initial values
agree, and the identity will then be proved.

The purpose of this note is to elaborate on these ideas by showing how to derive,
instead of only to verify, summation identities for a certain class of sequence sums,
and to show that this class of sums always has closed form in a certain sense, and
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that these closed forms can be found entirely algorithmically. Indeed, a Mathemat-
ica program that carries out the procedures that we develop in this paper can be
downloaded from the web sites of the authors [4].

We deal with the class of C-finite sequences (see [10]). These are the sequences
{F(n)}n>0 that satisfy linear recurrences of fixed span with constant coefficients.
The Fibonacci numbers, e.g., will do nicely for a prototype sequence of this kind.
The kind of sum that we will consider first will be of the form (@) below. We will
say that such a sum has an F'-closed form if there is a linear combination of a fixed
(i.e., independent of n) number of monomials in values of the F”’s such that for all
n the sum f(n) is equal to that linear combination.

For example, consider the sum

n—1
f(n) =3 F(j)*F(2n—j)
§=0
where the F’s are Fibonacci numbers. In Section 3.1 we will see how to use our
method to show that f(n) can be expressed in the form (IIJ), which is a linear
combination of five monomials in the F’s. Hence the sum f(n) has an F-closed
form.

More generally, we will consider functions F'(n) satisfying a recurrence of min-
imal order D with constant coefficients, whose associated polynomial has roots
1,72, ... ,7q, of multiplicities e, e, ..., eq, where ) . e; = D. Such a function may
be expressed in the form

em—1

d
(1) Fn)=Y" > Aman (rm)",
m=1 h=0

where the r; are distinct and nonzero, and A, ¢, —1 7 0 for all m.
We will begin by evaluating sums of the form

n—1
(2) fn) =" F(ain+b1j+c1) - Flagn + bej + cx)

j=0
in which the a’s, b’s, and c¢’s are given integers. We assume further that, for all 4,
a; > 0 and a; +b; > 0 and at least one of these is positive. Later we will generalize
this result to allow the F’s in the summand to be different C-finite functions. The
principal result of this paper is perhaps Theorem [I7 below, which proves in full
generality, i.e., with arbitrary root multiplicities and with the F’s in the summand
all being different, the existence of closed forms, and exhibits an explicit finite basis
for the solution space.

It is elementary and well known that f(n) is C-finite, and one can readily obtain
explicit expressions for f(n) in terms of the roots r,,. Our first results show how to
obtain formule for sums f(n) of the form (2]) as a polynomial in the F’s, based on
two different explicit sets of “target” monomials in the F’s. Using the first target
set, we obtain the following result.

Theorem 1. The sum f(n) in @) has an F-closed form. It is equal to a linear
combination of monomials in the F'’s, of the form

F((a1+b1)n+i1)...F((ak—kbk)n—kik), 0<1, <D-1,
(3) iy, (M)F(ain +i1)F(agn + i) ... F(agn + i), 0<i, <D-1,
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where ;, .4, (n) denotes a polynomial of degree at most B =1+ Ap, where A =
maxy{en — 1} and p = |{i : a; = 0}|. If F is rational-valued, then there are
solutions in which all coefficients to be determined are rational.

We note that, if the roots r; are distinct, then § = 1 and the polynomials
Yiy....i, () are linear. The next theorem gives a closed form in terms of an alternate
target set of monomials.

Theorem 2. The sum f(n) in @) can be expressed in F-closed form as a linear
combination of monomials of the form

F(n—i—zl)F(n—i-zQ)F(n—l—zp), 0<7, <D-1,
(4) Vir, i MF(n+i1)F(n+1i2) ... F(n+ig), 0<i,<D-1,

where P = (a1+b1)+(az+b2)+- - -+ (ar+bg), Q = ar1+az+- - -+ag, and s, .4, (n)
denotes a polynomial of degree v = max{0,1 + A(k — > {asla; > 0})}. If F is
rational-valued, then there are solutions in which all coefficients to be determined
are rational.

For example, when F'(n) is the nth Fibonacci number, Theorem 2 states that any
sum of the form () can be expressed as a linear combination of monomials in F'(n)
and F'(n + 1), with rational linear polynomial coefficients, where those monomials
have at most two distinct degrees. Again, we note that, if the roots r; are distinct,
then v =1 and the polynomials t;, .. ;, (n) are linear.

The natural domain for these questions is the vector space V°° of complex-
valued functions on {0,1,2,...}. However, to obtain our expansions it is only
necessary to work in the vector space VM of functions on {1,..., M}, where M
is the number of unknown coefficients to be determined. More precisely, we define
M to be equal to the number of “algebraically distinct” monomials of the form
n" 1, F((ay + b,)n +4,) or n"[], F(ay,n + i,) generated by @) or ). Here
we consider two monomials to be equivalent if they differ by a rearrangement of
factors, or by a constant factor arising from cases where a, + b, = 0 or a, = 0.
(For examples, see Section 3.) Then we have the following result.

Theorem 3. Let WM C VM be the vector space of complex-valued functions on
{1,2,..., M} spanned by the monomials in @), where M is the number of alge-
braically distinct monomials generated by [B), as defined in the previous paragraph.
Let W C V™ be the vector space of functions on {0,1,...} spanned by the same
monomials. If two linear combinations of monomials of type @) agree in WM,
then they agree in W . A similar statement holds for monomials of type ().

As a consequence, we can obtain expressions of type @) or { ) by equating M
values of f(n) to the values of the assumed linear combinations, and solving for the
coefficients. We note that M < (3 + 2)d* in case @) and M < d¥ + (y+ 1)d? in
case ().

In general, F'-closed expressions are not unique. For example, we may add terms
of the form V(F)(F(n+2) — F(n+ 1) — F(n)), where ¥(F) is any polynomial in
the F'(an + 1), to an expression involving Fibonacci numbers and get another valid
F-closed form. However, the formats described by (@) and (@) are highly restrictive,
and the resulting expressions can be shown to be unique in a surprising number
of cases. We will return to the question of uniqueness and, more generally, to the
problem of computing dim(W®), in Sections 4-6.
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The structure of this paper is as follows. In Sections 2-6 we consider the case
where the roots r; all have multiplicity one. In this case, both the statements and
proofs of our results are considerably simpler, and will serve as models for the more
general case to be presented later. Section 2 gives proofs of Theorems [ Bl and Bl in
this special case. Section 3 illustrates these results with several examples. Sections
4-6 consider the issue of uniqueness and dimension, again for the distinct root case.
Section 7 drops the assumption of distinct roots, and gives a proof of Theorems
[ and 2l in a more general form (Theorem [I7)) where the factors in the summand
of @) may involve different F’s. Section 8 considers some issues that arise when
a1 = as =--- = aj = 0, i.e., when the problem of computing f(n) is an indefinite
summation problem. Section 9 contains more examples.

2. PROOFS IN THE CASE OF DISTINCT ROOTS

In this section, we will assume that F'(n) satisfies a recurrence of minimal order
d, with distinct roots, and hence can be expressed in the form

d
(5) F(n) =) Anrp,
m=1

with the r,, distinct and the A, nonzero. Expanding the right side of () above
and using (@), we find that

n—1 k d
f(n) = Z H { )\mram+sz+w}
o .

j=02¢=1 Um=1
A typical term in the expansion of the product will look like

ain+bij+ci azn+baj+ca arn+brjitcy
(6) Krml Ty my ’

LW T

in which K is a constant, i.e., is independent of n and j, which may be different at
different places in the exposition below. Since we are about to sum the above over
7=0,...,n—1, put

0= r%lrg’;’w...,rg’jk,
because this is the quantity that is raised to the jth power in the expression (@).
Now there are two cases, namely © = 1 and © # 1.

Suppose © = 1. Then the sum of our typical term (@) over j =0,...,n —1is
(7) Kn (ral raz o rdk )n

mi1° Mo i myg
On the other hand, if ® # 1, then the sum of our typical term (Bl over j =
0,...,n—11s

(8) K{(rﬁ;"'bl 7‘“’“+b’“)n — (r‘“ R el )n}

1 i my may T myg

The next task will be to express these results in terms of various members of the
sequence {F(n)} instead of in terms of various powers of the r;’s. To do that we
write out (B) for d consecutive values of n, getting

d
Fn+i) = > Amrp™  (i=0,1,...,d-1)
m=1

d
= D wrb)rn (i=0,1,...,d—1).

m=1
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We regard these as d simultaneous linear equations in the unknowns {r{,...,rJ},
with a coefficient matrix that is a nonsingular diagonal matrix times a Vandermonde
based on distinct points, and is therefore nonsingular. Hence for each m =1,...,d,

rP is a linear combination of F(n), F(n + 1),...,F(n + d — 1), with coefficients
that are independent of n. Thus in (@), ) we can replace each 77, by a linear
combination of F'(a;n), F(a;n +1),...,F(a;n +d — 1), and we can replace each

ri® ) by a linear combination of

After making these replacements, we see that the two possible expressions (),
() contribute monomials that are all of the form (B]), with the polynomials Wir i
all linear. This establishes the existence of expansions in monomials of type @), as
claimed in Theorem 1.

To prove the corresponding claim made in Theorem [2] it suffices to observe that,

in the above argument, we could have written ]}’ = (r};, )* and replaced it by a

homogeneous polynomial of degree a; in F(n), F(n+1),...,F(n+d—1). Similar
reasoning applies to rﬁl(ia#bi). Thus all of the resulting monomials are of type ().

We continue now with the proof of Theorem [Bl The arguments are identical for
cases (@) and (@), so we will consider only case ([B). We have observed that for
eachi=0,...,d—1, F(n+1i) is a linear combination of r},..., 7%, and conversely.
Hence, in both VM and V*°, the linear span of the set

F(ain +i1)F(agn +i2) ... F(agn + i), 0<i, <d-1,

is equal to the linear span of the set {07,0%,...,07, }, where the 6; range over all
monomials of the form

a a a
102 L 0k

Tml mo my ©

Arguing similarly for the other cases, we see that the linear span of all monomials
of type (@) is equal to the linear span of the set of 3d* functions

0,0
(9) ?7 gv"wwgka
nw?vn¢;7 e 7nwgkv

where the 6; are as defined above and the 7; range over all monomials of the form

ay+by Ta2+b2 . ,r-ak“‘bk

rml ma mg

We claim that the number of distinct functions appearing in (@) is less than or equal
to M. Indeed, it is straightforward to check that the map F(6n + i) — (rl ;)"
extends to a well-defined, surjective map from the set of equivalence classes of
monomials of type [B]) to the set of functions appearing in ().

Now suppose that ®(n) and ¥(n) are linear combinations of monomials of type
@), with ®(n) = ¥(n) for n = 1,2,..., M. We know that ®(n) and ¥(n) can both
be expressed in the form

Dt diut + Y enniy
% 7 k

for some constants c¢;,d;, ey, where the sum is over distinct elements of (@) and
hence there are at most M terms in the sum. It follows from standard results in the
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theory of difference equations (e.g., see [3], Chapter 11) that ®(n) and ¥(n) satisfy
the same linear recurrence of order at most M with constant coefficients, e.g., the
recurrence with characteristic polynomial [[,(t — ;) [T, (¢t — ¥;)?. Hence the values
of ®(n) and ¥(n) are completely determined by their values for n = 1,2,..., M,
and since they agree for these values, they must agree for all n. This completes the
proof of Theorem [ O

The proof also shows that the C-finite degree of f(n) is bounded by 3d*. Sharper
bounds appear in Corollaries [[9 and 20 below.

3. EXAMPLES

3.1. A Fibonacci sum. This work was started when a colleague asked about the
sum

n—1

(10) f(n) => " F(j)’F(2n - j),

Jj=0

in which the F’s are the Fibonacci numbers. If we refer to the general form (2)) of
the question, we see that in this case

k = 3; d = 2a (al,blacl) == (a2aan02) == (Oa 1;0), (ag,bg,C?,) = (23 71,0)

If we now refer to the general form (@) of the answer we see that the sum f(n) is a
linear combination of monomials

nF(2n), F(2n), nF(2n+ 1), F(2n + 1), F(n)3,
F(n)?’F(n+1), F(n)F(n+1)? F(n+ 1),
Hence we assume a linear combination of these monomials and equate its values to

those of f(n) for n =0,1,...,7 to determine the constants of the linear combina-~
tion. The result is that

(11)
f(n) = % (F(2n) + F(n)’F(n+1) — F(n)F(n+1)* + F(n+1)° — F(2n+1)) .

This formula is expressed in terms of monomials of type [B)). Using monomials of
type (@), we obtain the alternate expression

(2F(n)F(n+1) —2F(n)? — F(n+1)? + F(n)*F(n + 1)
—F(n)F(n+1)>+ F(n+1)%).

N | =

(12)  f(n) =

In Section 5 we will show that both of these expression are unique, i.e., ([ is
the unique F-closed formula for f(n) of type [B) and (IZ) is the unique F-closed
formula of type ().

3.2. An example involving subword avoidance. Given an alphabet of A > 2
letters, let W be some fixed word of three letters such that no proper suffix of W is
also a proper prefix of W. For example, W = aab will do nicely. Let G(n) be the
number of n-letter words over A that do not contain W as a subword. It is well
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known, and obvious, that
(13) G(n)=AG(n—1) — G(n—3),
with G(0) = 1,G(1) = A, G(2) = A2, so this is a C-finite sequence. It is easy to

check that the roots of its associated polynomial equation are distinct for all A > 2.
Suppose we want to evaluate the sum g(n) = Z?;(} G(5)%. Then

k= 2, d= 3, (al,bl,cl) = (ag,bQ,CQ) = (0,1,0)

Using either Theorem 1 or Theorem 2, we see that g(n) is a linear combination of
the monomials

1, n, G(n)2, G(n)G(n+1), G(n)G(n+2), Gin+1)G(n+2), G(n+1)2, G(n+2)2.

As before, we assume a linear combination of these monomials with constants to be
determined, and we equate the result to computed values of g(n), forn =0,1,...,7,
to solve for the constants. The end result is that

1

(14) g(n) = A(A—2)

(1 —(A=1)’G(n)* = 2G(n)G(n+1) + 2G(n)G(n + 2)
+2(A-1)G(n+1)Gn+2) - (A-1)*G(n+ 1) - G(n+ 2)2>
if A> 2, and
(15) g(n) =n+2G(n)* +7G(n)G(n+ 1) — 5G(n)G(n + 2)
—5G(n+1)G(n+2) +3G(n+1)> + 2G(n + 2)°
if A=2.

In the case A = 2, it is easy to show that G(n) = F(n + 3) — 1 for all n, where
F(n) is the nth Fibonacci number. Consequently, G(n+2) — G(n+1) — G(n) = 1,
and adding any multiple of the relation
(16) (Gn+2)—Gn+1)—-Gn)—1)*=0
to the right side of (IH) gives another degree 2 expression of type ([B]) or (). Thus
formula ([IH) is not unique within the class of formula of type @) or (). However,

in Section 5 we will show that, when A > 2, formula (4] is unique within this
class. When A = 2, we show that all relations are constant multiples of (I6]).

3.3. Fibonacci power sums. Theorems 1 and 2 imply that if the F'(j)’s are the
Fibonacci numbers, then for each integer p = 1,2,... there is a formula

Ap;F(n)Y F(n+1)P77 + cpn + dp.

~
B
Il
]
=
t;
3
|
INNgE
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Here is a brief table of values of these coefficients.

Pl Ao Apr Aps Aps Aps Aps Ay Ao dp
1 1 0 0 0 0 0 0 0 0 -1
2 0 1 -1 0 0 0 0 0 0 0
3] -4 2 o -3 0 0 0 0 0 i
4 0o £ -2 = -2 0 0 0 = 0
5/ % -m» o 1 1 om0 0 0 -3
6 0 i =3 0 3 i -1 0 0 0
T|—8s 635 —es. a0 s 316 —aro o O o3

The resulting expressions for f(n) turn out to be unique within the class of type
@) or @) formulee when p Z 0 mod 4. When p is a multiple of 4 (for example, in
the fourth line of the table above) the formule are not unique, but are subject to
a one-parameter family of relations generated by powers of the degree-4 relation

(F(n+1)2 = F(n)? - F(n)F(n+1))?>=1.
We will establish these facts in Section 5.

3.4. Generic power sums. Consider the power sum
n—1
fln) =Y F(k)?
k=0

where F'(n) solves a linear recurrence
F(n)=AF(n—1)4+ BF(n—2)

with initial values F'(0) and F(1), where A and B are sufficiently general to insure
that, if 71 and r, are the associated roots, then r; and ry are distinct and none of
the monomials 77, 172, and r3 equals 1. This is equivalent to assuming simply that
A2 +4B #0, A# +(B—1),and B # —1.

Using techniques introduced earlier, we can express f(n) as a linear combination
of F(n)?, F(n)F(n+1), F(n+1)2, and 1. The solution may be computed explicitly
in terms of A, B, F(0), and F(1), and we find that f(n) equals
(17)

(1-B—-A%2(1+B))F(n)>+ 2AB)F(n)F(n+ 1)+ (1-B)F(n+1)? - K
(A2-(B-1)))(B+1) ’

where
K= (1-B—A*(B+1))F(0)>+ (2AB)F(0)F(1) + (1 — B)F(1)%

In (7)), we observe a curious phenomenon: since F'(n) depends on F(0) and F(1),
we might expect that our linear equations would have led to a solution in which each
of the coefficients depends on F(0) and F(1). However, this dependence appears
only in the constant term. The next theorem demonstrates that such behavior is
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typical for power sums of C-finite functions in which the terms in (B]) containing n
are not present, i.e., in cases where no monomial in the roots equals 1.

Theorem 4. Suppose that {F(n)}n>0 is a C-finite sequence determined by a recur-
rence of order d together with initial conditions F(0), F(1),...,F(d —1). Suppose
that the recurrence polynomial has distinct roots r1,...,74, and suppose that no
monomial of degree p in the r; equals 1. Let f(n) = z;:ol F(j)?, where p is a
positive integer, and let

(18)  f(n)= > Ny iy igF(n+i))F(n4ig)---F(n+iq) + K

0<iy,i2,...ig<d—1

be the expansion of f(n) obtained according to the method given in Section 2. Then
the coefficients Ay, 4,.... i, 1 [I8) do not depend on F(0),F(1),...,F(d—1).

Proof. Suppose that F(n) = Ziﬁl Am 1l . Define

A F(n)
)\27’3 F(TL + 1)
X(n) = ) and Y(n)= .
AdTy Fn+d-1)
Then we have
(19) Y(n) = VX(n) and X(n)=V~'Y(n),

where V is a Vandermonde matrix in the r;. It follows from (I9) that the terms
Amr, 1 < m < d, can be expressed as linear combinations of the functions F'(n+1),
with coefficients that do not depend on F(0), F(1),..., F(d—1). Using the method
of Section 2, we can compute

d P
Z /\mrfn)

m=0

DR YIP VR V(PR A '%)J)

0<in ia,...ip<d

Il
- o

3w
I

\'3
S
Il
M1
L
2
.
=
Il
s
L
A~

=}

<.

(riyrip - -m3,)" — 1

= Z Ais Aig - Aiy (Fixtig -~ 7i,) — 1

0<i1,i2,...,ip<d

(20) -

0<in ia,...ip<d

)‘ilrzn )\iQTg )\z 7“?
Q) Qi) - Qiyrty)

(riyrig -+ o7i,) — 1

where K is a constant. Using ([9), we can express all of the terms in [20) except
K as a linear combination of monomials in the F(n + i) with coefficients that do
not depend on F(0), F(1),...,F(d— 1), as claimed. O

We will return to this subject in Section 8, where we prove that a more general
version of Theorem [ holds even when the roots r; are not distinct.
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3.5. Computational issues. We have seen in the above theorems and corollaries
that we can decide the uniqueness of representations of certain sums in closed form
if we can decide whether or not the N = (p+d_1) formally distinct monomials
of degree p in the roots ry,...,rq are actually all different, when evaluated as
complex numbers. We note here that there are various ways in which this can be
done without computing the roots.

For example, the elementary symmetric functions of these N monomials in the
r;’s are symmetric functions in the r;’s themselves. Since any symmetric function
of the roots of a polynomial can be computed rationally in terms of its coefficients,
the same applies to these. Once the elementary symmetric functions of the N
monomials of degree p have been computed, the discriminant of the polynomial
whose coefficients they are can be computed in the usual way. Thus, our condition
on the roots of F' can be tested without finding the roots. It would be interesting
to investigate in general this “hyperdiscriminant” of degree p that is attached to a
polynomial f, particularly with regard to how it factors when expressed in terms
of the coeflicients of f.

4. UNIQUENESS AND DIMENSION: FIBONACCI POWER SUMS

In the next two sections, we investigate the uniqueness of the expansions guar-
anteed by Theorems [ and Motivated by the example in 3.3, we first consider
this question for expansions of the form

p
Z Ay jF(n) F(n+1)P7
j=0

and, more generally,
P
Z Ap;F(n)Y F(n+1)P77 + cpn + dp,
j=0

where F(n) denotes the nth Fibonacci number. In Section 5 we develop tools
to help answer these questions for more general linear recurrences, and for other
summations such as those arising in the examples in 3.1 and 3.2. The techniques
in these two sections can be viewed as refinements and extensions of the ideas
introduced in Section 2 to prove Theorems [l 2 and [

Theorem 5. Let V. = V> denote the vector space of complex-valued functions
on {0,1,2,...}, and let Wy, denote the subspace of V spanned by functions of the
form F(n)iF(n+1)P~% fori=0,...,p, and let Wt denote the subspace spanned
by the same monomial expressions together with with the functions g(n) = n and
h(n) =1. Then

(1) dim(Wp) =p+1, and

. p+2, if pis divisible by 4,

(2) dlm(W;“") - { p+3, ({therwise. !
Corollary 6. The functions F(n)'F(n+1)P=% 1 <i < p, are linearly independent,
and the set

{F(n)'F(n+1)""h<icp U{n, 1}

is linearly independent unless p is divisible by 4, in which case there is a single
relation among its elements.
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Proof. Let 11 = (14+/5)/2 and ry = (1 — v/5)/2 denote the roots of the Fibonacci
recurrence polynomial. Asnoted earlier in the proof of Theorem 1, 7] and 7§ may be
expressed as linear combinations of F'(n) and F'(n+1) and vice versa. Consequently,

W,, is the linear span of r{”rg(p_z),z’ =0,...,p, and to prove statement (1) it
suffices to show that these functions are linearly independent. But this follows
immediately from the fact that the numbers rirép =9 are distinct, for i = 0, ..., p.
To prove part (2), consider the (p+ 3) x (p + 3) matrix M, whose ith column is
equal to the vector (1,6;,6%, ..., 9f+2), where 0; = rirépﬂ),i =0,...,p, and whose
last two columns are the vectors (1,1,...,1) and (0,1,...,p + 2). For example,
when p = 2 we have

1 1 1 1 0

r% T1T2 7‘% 1 1

My = s or3r2 ot 102

S or3rs % 1 3

TS r‘fr% rf 1 4

Note that det M), is the derivative at ¢ = 1 of the (p + 3) x (p + 3) Vandermonde
determinant det M, (¢), where M, (t) is the matrix whose first p + 2 columns are the

same as those of M,,, and whose last column is (1,¢, t2,...,tP*2). We have
d
det M, = — detM,(t)

dt 1
d

— T < H (ej—ei) H (1_9i) H (t—Hi) (t_1)>

0<i<j<p 0<i<p 0<i<p t=1

= I @ -0 J] a-6)~

0<i<j<p 0<i<p

It follows that det M, = 0 only when ¢t = 1 is a multiple root of det M,(t), i.e.,
rirf™" =1 for some i. Using the fact that ry7o = —1, it is easy to show that this
property holds if and only if p is a multiple of 4. Thus, when p is not a multiple of
4, the columns of M,, are linearly independent and we have dim(W;,r )=p+3.
If p is a multiple of 4, then M, contains exactly two columns of 1s. If one of these
columns is suppressed, the argument just given shows that the remaining columns
are linearly independent. Hence rank(M,) = p + 2 and dim(WF ") > p 4 2. Since
the dimension is clearly at most p 4+ 2 in this case, the theorem is proved. ([l

5. UNIQUENESS AND DIMENSION: OTHER RECURRENCES WITH DISTINCT ROOTS

Analogs of Theorem [0l hold for more general recurrences with distinct roots, but
the exact statements depend on properties of the associated roots. The follow-
ing theorem concerns relations among monomials of type (), and allows precise
dimension computations in many cases.

Theorem 7. Let F(n) be a solution to a linear recurrence of order d whose asso-
ctated roots 1,73, ...,1q are distinct, and let p and q be distinct positive integers.
Let Wy, denote the subspace of V. =V spanned by all degree p monomials of the
form

Fn)*"Fn+1)2..-F(n+d—1)",
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where i1 + i3 + - +1ig = p and i; > 0 for all j. Let Wﬁl‘ denote the subspace
spanned by all degree ¢ monomials

F(n)"F(n+1)2---F(n+d—1)"% and
nF(n)"F(n+1)2...F(n+d—1)",

where i1+ i3 +---ig = q and i; > 0 for all j. And, finally, let Wit =W, + WT
denote the subspace spanned by all of the above monomials. Then

dim(Wp) =[S, . dim(W[) =2[S,|, and dim(W§)=1[5,|+2|S,—[SpNSl,

where Sp = {2 rtt iy +ig 4o dig = p} and Sy = {rirk - ri i in +
<o~ +1iq = q} are the sets of monomials in the r; of degrees p and q, respectively,
both viewed as subsets of the complex numbers.

Corollary 8. The sets of monomials generating Wy, W, and W respectively,
are linearly independent if and only if evaluations of formally distinct monomials

in the sets Sp, Sq and S, U S, yield distinct complex numbers.

The proof of Theorem [0 is analogous to that given for Theorem [ but more
careful analysis is required. First consider the case of Wpy. As noted in Section
2, each of the functions F(n), F(n+1),...,F(n+d— 1) lies in the linear span of

r,ry, ..., 7, and conversely. Hence Wy, is spanned by the set {67,673, . .. ,an(p d)},
where m(p,d) = (”Zil) and the 0; range over the m(p, d) formally distinct mono-
mials of degree p in 71, 79,...,74. Similar reasoning shows that W:lr is spanned by
the 2m(q, d) functions
(21) w?a ¢37 e 7sz(q,d)’

n¢?7 nwga sty n¢?n(q,d)’
where the 1; range over all formally distinct monomials of degree ¢ in 7q,...,7q,
and finally, W% is spanned by the m(p, d) + 2m(q, d) functions

T0T, ... 9%(p7d),

(22) w?a ¢37 e 7sz(q,d)’

n¢?7 nwga sty n¢?n(q,d)’

where 6; and ¢; are defined as above. Theorem [7]is now an immediate consequence
of the following lemma.

Lemma 9. Let wy,ws,...,w,, be complex numbers, and let ay,as, ..., a,, be positive
integers. Then the functions

nfwlk, 1<i<m,0<j<a;—1,
are linearly independent if and only if the w; are distinct.

Lemma [ is a standard component of the classical theory of finite difference
equations (e.g., [3], Chapter 11), indeed it is the justification for the usual method of
solution of such equations. It is easy to give a direct proof via generating functions,
or, alternatively, one can give a Vandermonde-type proof based on the following
elegant determinant formula ([2], but also see [0] for an extensive history of this
formula).
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Theorem 10. Let xq,xo,...,x, be indeterminates, and let a1, as, ..., a, be positive
integers with ), a; = N. For all t, and for any integer k > 1, let
ot k) = L1t N
) dtk Y PR ) .
Let M(ay,az,...,a,) be the N x N matriz whose first a; rows are py(x1,0),...,
pn(z1,a1 — 1), and whose next as rows are py(x2,0),...,pn(22,a2 — 1), and so
forth. Then

n

det M(aq,...,a,) = H(ai — H (z; — )%,

i=1 1<i<j<n
where KN denotes 112!--- k! and 0!l = 1.

For example,

1z 23 23 xi z8
1 xy 3 a3 s x5

0 1 2z 322 422 5z

M,2,3) = | 2 x32 x42 x52
3 3 3 3 3

0 1 2z3 323 4a3 5z}

0 0 2 6xz 1223 203

and
det M(1,2,3) = 2(xg — x1)*(v3 — 21)% (03 — 22)°.
Theorem [1 describes relations among closed form expressions of type (@), but
the proof also yields similar results for expressions of type ().

Corollary 11. Let F(n) be a solution to a linear recurrence of order d whose asso-
ciated roots are distinct. Let W} denote the space spanned by monomial functions
of type B). Then dim W} = |S| + 2|T'|, where S is the set of all monomials of the
form t11457 - 8% and T is the set of monomials of the form t§* TP¢g2 b2 . pok+or
and, for each i, t; is one of the roots r1,7s,...,7q. The monomial functions of type
@) are linearly independent if and only if formally distinct monomials in S UT
correspond to distinct complexr numbers.

We omit the proof, which is analogous to that of the proof of Theorem [l We
note that the set S UT in Corollary [[1lis a subset of the set S, U .S, appearing in
Corollary B, and thus we obtain the following result.

Corollary 12. Under the assumptions of Corollary ], if the monomial functions
of type [@) are linearly independent, then so are the monomial functions of type

@.
We will now apply these results to some of the formulae in Sections 3.1 and 3.2.

Corollary 13. For the Fibonacci sum f(n) appearing in ([IQ), equation () gives
the unique F-closed formula of type @) and ([I2) gives the unique F-closed formula

of type [@).

Proof. By Theorem [f]and Corollary [I2] we need only check that if r; and r5 denote
the roots of the Fibonacci recurrence, then

2 2 3 .2 2 3
1, T172, 5, ], T172, 175, and 75

are distinct real numbers. This is an elementary calculation.
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Corollary 14. For the sum g(n) = Z;'L:_(} G(j)? arising in the subword avoidance
problem with A = 2, solutions g(n) of type [@) are all given by ([AH) plus constant
multiples of relation (I0]).

Proof. The roots of the recurrence equation t3 — 2¢t2 + 1 = 0 are 71,79, 73, where
r1 and ro are roots of the Fibonacci recurrence and r3 = 1. By Theorem [, the
dimension of the space W;r 3 spanned by the six degree-2 monomials in G(n),
G(n+1) and G(n + 2) together with 1 and n is equal to |Sa| + 2|Sg| — [S2 N Sol,
where Sy = {r},r3,1,r172,71,72}, and Sy = {1}. Elementary calculation shows
that this dimension is equal to 7, hence the monomials generating W;‘ 3‘ are linearly
independent apart from a one-parameter family of relations.

Next we consider the case A = 3, as a warmup for the general case A > 2.

Corollary 15. For the sum g(n) = Z?;(} G(5)? arising in the subword avoidance
problem with A = 3, formula (I4)) gives the unique G-closed formula of type ().

Proof. Here the recurrence equation is t> — 3t> + 1 = 0, which has roots r; =
14+n+0"7,ro = 140"+ r3 = 14+1° + '3, where n = €>™/18 is an 18th root of
unity. Again, by Theorem[7] the dimension of the space of monomials W;“ ¢ is equal
to |S2| + 2|So| — |S2 N So|, where So = {r?, 73, r2 riry, 7173, 7973}, and Sy = {1}.
A slightly less elementary calculation shows that the formal monomials in S5 U Sy
are distinct, so that dim(W3{) = 8 and the monomial functions generating W;r 3
are linearly independent.

Corollary 16. For the more general power sum g(n) = Z;L;Ol G(j)? arising in the
subword avoidance problem, with p > 0 and any A > 2, solutions of type @) are
unique if and only if p £ 0 mod 6.

Proof. An argument analogous to the calculation in Section 3.2 shows that formulee
of type @) exist expressing g(n) as linear combinations of monomials in G(n),
G(n+ 1), and G(n + 2) of degree p, together with 1 and n. We need to compute
the dimension of W, which by Theorem [ is equal to |S,| + 2|So| — [S, N Sol,
where Sp = {1} and S, is the set of all degree-p monomials in 71,75, and rs, where
r1,72, and 73 are roots of the recurrence equation ¢ — At? + 1 = 0.

If p is not divisible by 6, the proof will be complete if we can show that formally
distinct monomials in S, evaluate to distinct complex (actually real) numbers, and
none of them equals 1. Suppose that 7$'r$2rs? = I rf20l3 where e, =S fi = p
and e; # f; for some i. Then by cancellation we obtain the relation r;* = 7’}“ i
for some rearrangement of the indices, with u;,u;, ur > 0 and at least one of these
exponents positive. Using the relation rirers = —1, if necessary, to eliminate one
of the roots, we obtain (after possibly reindexing) r;* = j:r;}j with v;,v; > 0, and
at least one of these exponents positive.

It is a straightforward exercise to show that the roots 1,75 and r3 are all real,
and that, if they are arranged in decreasing order, then r; > 1,0 < ro < 1,
and —1 < r3 < 0. From elementary Galois theory we know that there exists an
automorphism @ of the field K = Q(ry,72,73) such that ® : r1 — 79 +— 73 — 1y,
i.e., it permutes the roots cyclically. Hence the equation r;* = irjv»j holds for all
three cyclic permutations of the roots. At least one of these equations leads to a
contradiction, since |r1| > 1 and |rg|, |r3] < 1. This proves that formally distinct
monomials are distinct, and it remains to show that none can equal 1.
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Suppose that ri*r5?rs® = 1, and that the exponents e; are not all equal. Applying
the identity r1ror3 = —1 we obtain a relation of the form rZ-“T;j = 41 for some pair

of distinct 4, j, with u;,u; > 0 and at least one positive. Again, this relation holds
for all cyclic permutations of the indices, and consideration of absolute values leads
to a contradiction in at least one case. Consequently, we must havee; = e; =e3 =€
for some e. From the relations rirors = —1 and (r17973)¢ = 1 we conclude that
e is even, which implies that p is a multiple of 6. This completes the proof that
monomials in the G are linearly independent when p Z 0 mod 6. When p = 6m

the relation (r17r973)*™ = 1 gives relations in the G of degree 6, and so the proof of
Corollary [I6l is complete. O

6. THE GENERAL CASE OF MULTIPLE ROOTS

In this section we show the result of dropping the assumption of distinct roots.
We also consider a somewhat more general summation problem, viz.
n—1
(23)  f(n)= Z Fi(ain + b1j + c1)Fa(agn + baj + ¢2) - - - Fi(arn + bgj + cx),
j=0
in which the factors of the summand may be different C-finite functions. The
analysis in this general case is similar to that in the case of distinct roots, but
some additional machinery is required. The main result is the following, which is a
generalization and also a strengthening of Theorem [I1

Theorem 17. Let Fy, Fs, ..., Fy be given C-finite sequences. Suppose that, for

each i = 1,...,k, Fi(n) satisfies a recurrence of minimal degree D(i) whose poly-
nomial equation has d(i) distinct roots. Denote these roots by 7{’), ey ’I“((;()i), and let
eﬁ”, .. .,eg()i) be their respective multiplicities, so that D(i) = Zj egi). Finally, let

Ai) = maxlgjgd(i)(ey) —1). Then the sum f(n), of [23), can be expressed as a
linear combination of the monomials

(24) Fi((a1 +bi)n+i1)... Fx((ar +bp)n+ix) (0<i, <Dw)—1;1<v <k),
and
(25) iy, in(M)Fi(ain+41) ... Fp(agn +ix) (0<4, <Dw)—1;1<v<k),

in which ¥y, . (n) is a polynomial whose degree is bounded above by

e zero, i.e., the factor v can be omitted, if for all sequences (my,ma, ..., mg)

with 1 < m; < d(i), we have Hl 1(rm i £ 1, and
o 1+ {A(%): a; = 0} otherwise.

Proof. We have, for the sum f(n) of [23]),

kode) e —1
e =313 Z N (aem + b + o) (D) s,

, are defined by the form of the F}’s, namely

d(z) eifz) 1

=> > )‘mh” (ri)"

m=1 h=0
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If we expand the product and the two inner sums in (28), we find that a typical
term is of the form

K(aln—l—blj—i—cl) ( (1))&17L+b1]+01. .(akn—l—bkj+Ck)hk(T(k2)ak7L+bkj+ck,

m1 m
where 0 < h; < e%{. —1for 1 <i<k. If we write
(aim +bij + i) = (ai(n — j) + (a; + bi)j + ;)"

and further expand each of these factors, we find that our typical term can now be
expressed as

e Ky (G el (e e
in which
(25)

qg< Z{hi tai+b; £0}, r< Z{hz ca; # 0}, and g+r < Zhi < Z(effl)i—

At this point we need the following result.

Lemma 18. We have

= b P,(n)a™ 4+ Py(n), ifx#1
a b _ a ’ ’
ZJ (n—j)a) = {Pa+b+1(n)7 ifr=1,

where Ps(n) denotes a generic polynomial of degree s, whose coefficients may depend
on x.

Proof. Suppose that x # 1. If b = 0, we have

B () 5o (2) ()

which is of the form stated when b = 0. For b > 0 we have

() S () S () e

j=0 7=t
— (xdi)a 2" ((Py(n) +n")2 "+ K) = (:v%)a (Po(n) +n® + Ka")

which is evidently of the desired form. The case x = 1 is elementary. Il
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If we sum the typical term [27)) over j = 0,...,n — 1 and use the lemma, we find
that the overall sum f(n) is a sum of expressions of the form

ZKJ n= g (5 Y (e )

=& () o)
{ n) () R ) 4 Pun), iE© £ 1,

q+7«+1 n), if®=1.

KP,(n) (( ( 7“,%2 a1+b ...(rg,lfg)“”b’f)

+KP(n) (i) ...(7«55,3)%)”, it 41,
KPyeria(n) () D))", ife =1,

where © = (r,(ﬂ)bl . (rg,]f,z)bk, g and r satisfy the bounds given in (28)), and Ps(n)
denotes a generic polynomial of degree s.

Considering each of the three terms appearing in the last member of ([29), we
first have

Ky ()oY = KR [ )t

q
> o | IT et
j=0

{i:a;+b;#0}

say. Since ¢ < Y .{h; 1 a; +b; # 0} < Zl{e%{ —1:a;+b; # 0}, each exponent j in
the range 0 < j < ¢ can be written (in many ways) as j = j1 + j2 + - - - + jx, where
0<yj < e%)j — 1 and j; = 0 if a; + b; = 0. Hence the last member above may be
expressed as

q
(30) s I wei)metto 0 < <el).

J=0  {i:ai+b;#0}

Now we observe that the solution space of the recurrence satisfied by F;(n) has
dimension D(%), and that the D(¢) shifted sequences

{Fi(n)} {Fi(n+ 1}, {Fi(n+ D(i) — 1)}

are linearly independent, since in the contrary case the function F; would satisfy
a recurrence of degree < D(i). Consequently these D(i) sequences are a basis for
the solution space, and therefore each of the functions n’(r (& )) ,J=0,1,. el —
1,m = 1,...,d(i) can be written as a linear combination of F;(n), F; (n —|— 1), e
F;(n+ D(i) — 1).

Thus we return to our general term (B0, and we replace each of the monomials

of the form nIr®*® by such a linear combination of functions of the form

F((a+b)n), F((a+bn+1),..., F((a+bn+ D(i) — 1),
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and expand everything again. Now our general term is of the form [24]) in the
statement of the theorem, which concludes the treatment of the first term in the
final display of ([29). The second term,

KP(m) (i) i)™) "

may be handled similarly. In the third case, which occurs when © = 1, powers of n
in Py4,41(n) can be redistributed as in ([BU]) provided that each corresponding a; is
nonzero. If all a; # 0, a term of degree at most 1 remains, since g+r <), eS,?,i —1;
more generally, the residual exponent is at most equal to 14+ . {A(4) : a; = 0}. O

By keeping track of the number of terms of the form n/ []r2" and n’ [] platmn

being summed in ([29) we can give a bound on the C-finite degree of f(n), general-
izing Theorem [3 to the case of multiple roots and different Fj.

Corollary 19. Suppose that Fy, Fy, ..., Fy are as defined in Theorem [ Let M
denote the number of algebraically distinct monomials generated by 24) and (25),
as defined in the paragraph preceding Theorem Bl Then the sum f(n) in 23) is C-
finite, of degree at most M. The coefficients of the monomials expressing f(n) as a
linear combination of those monomials can be found by solving equations involving
at most M wvalues of f(n). If a solution is valid for the first M values of n, then it
is valid for all values of n.

Proof. Assume first that no expression of the form © = lezl(rfﬂ)bf equals 1.

Define Q = {¢| ag+ by # 0} and R = {¢ | ag # 0}. The proof of Theorem [[7] shows
that f(n) is in the linear span of the set Ug U Ug, where Ug is the set of functions
of the form

(31) I | nie (T(Z))(alerz)"
my
LeQ

where 1 < my < d(¢) and 0 < j, < e%)e — 1, and Ug is the set of functions of the
form

(32 ) R

LeER

where 1 < my < d({) and 0 < j, < e%)z — 1. We claim that |Ug UUg| < M. The
argument is similar to the one used in Section 2 to prove Theorem [3in the distinct
root case: if 0 # 0, we define a map Fy(0n + i) — nj(r%))en, where i +— (j,m) is
some enumeration of the D(¢) pairs with 1 < m < d(¢),0 < j < e,(f;)z — 1. This
map extends to a well-defined surjective map from the set of equivalence classes of
monomials of type ([24) and (28] to the set Ug UUg. The maximum C-finite degree
of any function in (Ug UURg) is equal to the dimension of that space, and hence the
C-finite degree of f(n) is less than or equal to M.

Next suppose that there exist expressions of the form © = H?ZI(T%Z)Z’@ equal
to 1. The proof of Theorem [I7] shows that f(n) is in the linear span of the set

Ug U Wg, where Ug, is as defined above, and W, is the set of functions of the form

(33) n" T

LeER
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where 1 < my < d(¢) and 0 < h < H, where
¢
(34) H=1+3 (% -1+ (e -1
€eR (¢R

and, for a given sequence m, with ¢ € R, the m; are chosen to maximize H over
all sequences (myq, ..., my) such that HZGR(T,(Q)I”-’ Hng(riﬁ)E)bz =1.

As in the first case, the map Fy(0n + i) — n? (rf)?" 0 # 0, extends to a well-
defined surjective map from the set of equivalence classes of type ([24) and (23] to

the set Ug U Wk, proving that |Ug U Wg| < M. Hence the C-finite degree of f(n)
is at most M in all cases, and the remaining assertions follow immmediately. [

It is possible to give another bound on the C-finite degree that is sometimes
sharper than the one in Corollary

Corollary 20. Suppose that Fy, Fy, ..., Fy are as in Theorem [T, where each F;
is C-finite of degree D(i), with d(i) distinct roots. Then the C-finite degree of f(n)
is bounded by

35 [ [T 1+Z<%-1) +<Hd(@)><1+z(%_1>>,

leqQ leq leER lER
where Q@ = {{ | ag + by # 0} and R = {l | a; # 0}. This last expression is in turn
bounded by
(36) [[pw+]]pw.
leq LeER
In all of these expressions, the empty product is taken to be equal to 1.

Proof. Again, we first consider the case where no product of the form © =
H’;Zl(n(ﬁl)bf equals 1. To establish the bound in ([B3]), note that

Uol< > [1+D (el —1)

(me)ecq LeQ
(37) ~(TTao) + [ (0o IT a0~ [Ta0)
e eq J#LITEQ e
_ Do)
= ggd(é) 1+§2<d(£) 1) ,

where the first summation is over all sequences (my)eeq, satisfying 1 < my, < d(¥)
for ¢ € Q. The second term in (B3] is handled similarly, and the result follows. To
obtain the bound in (36]), it suffices to show that

D()
d(e 1 —2r -1 < D(¢).
[ao) (13 (G 1) ) < Too
£eQ LeQ €Q
To see this, divide both sides by [[,c, d(¢), and write D(¢)/d(¢) = 1 +t;, where
ty > 0. It remains to show that 1 + ZEEQ ty < HeeQ(l + t¢) for nonnegative ty,
which is obvious. This completes the proof of Corollary M9 in the first case.
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Next suppose that there are products of the form © = lezl(n(ﬁz)b"' equal to 1.
Let Wk be defined as in the proof of Corollary We will show that |Ug U Wg|
is bounded by (B3). Arguing as in the first case, we obtain that |Ug]| is less than
or equal to the first summand in ([B3]). Before computing the Wx contribution, it
is convenient to define

Wi = {n" [[ ()" | Ho < h < H},
LER

where Hy =1+ ZzeR(e%Z] —1). We claim that
U N Wal > WY,

To see this, suppose that n" HeeR(rﬁ,Q)W” € W9. Since h > Hy, there must exist

indices m; with £ ¢ R such that HZER(T%Z)Z’E HEQR(T%)Z )¢ = 1. Assume that these

have been chosen so that the right-hand side of ([B4]) is maximized. Then
nh7H0 H(T%Z)a[ﬂ — nh*Ho H(T,%l)(a[ﬁ*b[)n H(r,'(f;)z)b[n
(ER (ER ¢¢R
is an element of Uy N Wk, and it is clear that this map is injective. It follows that
UqUWg| = |Ugl+ |Wgl|—[Ug N Wk|
Uq| + [Wr| — [Wg
Uq| + [Wr — Wi].

IN

Finally, we have
Wr=Wgl< > (14> (el = 1)
(me)eer LER
which is less than or equal to the second summand in ([35), by the argument pre-
sented in the first case. The bound (B8) follows as before, and the proof is com-
plete. O

We remark that the second case above can also be derived from the first case by
a continuity argument.

7. A STRIKING PROPERTY OF INDEFINITE SUMMATION

When a1 = as = -+ = a;, = 0 in (23]) we are doing indefinite summation, i.e., the

problem is equivalent to finding a function S(n) (called an indefinite sum function)
such that
(38) S(n)—=8Sn—-1) = Fi(bin+c¢1) -+ Fi(bpn + cx).
In this section we will show that, if no products of the form H;":l(rffl))b are equal
to 1, there exists an indefinite sum function S(n) expressible (formally) as a linear
combination of monomials in the F; with coefficients that are independent of the
initial conditions satisfied by the various F;.

Theorem @ proved this result (which we will call the independence property)
for power sums »_; F'(j)F, assuming that the roots r; are distinct, and it is easy to
extend that proof to the case of summands of the form Fy(byn+cy) - - Fip(bpn+ci),
with different F;, as long as the roots are distinct. Among other things, this section
extends Theorem Ml to the multiple root case, where the proof turns out to be
considerably more difficult.
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Similar questions have been considered in [9], where the author describes a
method (different from ours) that finds indefinite sum functions in some but not
all casesly but does not delineate these cases with a theorem. In fact, the method
developed in [9] assumes the independence property; the author asserts (in some-
what vague terms, and without proof) that it holds if no products Hz(r%)l)bl are
equal to 1.

Theorem 24] (below) establishes this result, and in full generality. It dispenses
with the assumption of distinct roots, and makes appropriate modifications in the
case where products of the form Hz(rfyﬂ )bi are equal to 1. The first step in the proof
is to identify a collection of functions analogous to the terms A7, 1 < m < d, that
appear in the proof of Theorem M, which can be expressed as linear combinations

of the F(n + i) with coefficients that do not depend on the initial conditions.

Lemma 21. Suppose that

d em—1
F(n)= Z Z A ()",
m=1 h=0

where the ry, are distinct and nonzero, and A, ., —1 # 0 forallm. Form=1,...,d
and h=0,... e, —1, define

Oy (n) = mZ (2)Amvm”<7“m>”'

i=h
Let D =), en. Then each of the functions ®}'(n) may be expressed as a linear
combination of the functions F(n), F(n+1),..., F(n+D—1), with coefficients that
do not depend on the values of A, 1, i.e., those coefficients do not depend on the
initial conditions of F.

Proof. Let F be the column vector of length D whose ith element is equal to
F(n+1),0<i<D-—1. Let R and ® be column vectors of length D, each indexed
by (m,h),1 <m <d,0 <h<e,—1, where the (m, h)th element of R is equal to
n" (rp,)" and the (m, h)th element of ® is equal to ® _;_, (n). Then we have

F = MR,

where M is a matrix with rows indexed by 0,..., D — 1 and columns indexed by
(m, h), whose entry in row ¢t and column (m, h) is equal to

em—1 .
(rm)t Z (;) Am,itiih~

i=h
We have the factorization
M = MpA,
where My is a matrix indexed as in M, whose entry in row ¢ and column (m, h) is

(Tm)t temflfh

)

and A is a matrix with both rows and columns indexed by (m,h), whose entry
is row (m,h) and column (m',h’) is equal to zero if m # m/ or K’ > h, and is

IThe authors thank the referee for bringing this reference to their attention, and also for several
other helpful suggestions and remarks.
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otherwise equal to

em —1—(h—"H)
)‘m,em—l—(h—h’) < Iy ) .
One can also check that
$ = AR.
We note that Mg does not depend on the values of A, . Furthermore, after
factoring out various powers of the roots r,,, it is column-equivalent to the transpose
of the matrix whose determinant was computed in Theorem [I0l Hence, since we
are assuming the r,, to be distinct and nonzero, Mg is nonsingular. Thus we can
write
Mo 'F = AR = &,

and the lemma follows. O

As an illustration of the previous lemma and its proof, consider the function

F(n) = ary +bnr} + enr} + drly + enrly.

Then
di(n) = arP+bnr? 4 cn?rl,
di(n) = bri 4 2enry,
®y(n) = crf,
®i(n) = dry +enry,
®¥(n) = ery.
We have
a b c d e r
(a+b+c)rm (b+2c)r1 crp (d+e)ra  erg nri
MR = (a+2b+4c)r?  (b+4c)r? cr? (d+2e)r3 er3 n2ry
(a+3b+9c)r3  (b+6c)r3 cr? (d+3e)rs ers Ty
(a+4b+16c)rt (b+8c)rf crt (d+4e)rs ers nry
F(n+1)
=| F(n+2)
F(n+3)
F(n+4)
and
0 0 1 0 1 ¢c 0 0 0 O
T ri ri Tra T b 2¢c 0 0 O
M = MyA = 2 2r2 2 213 3 a b ¢ 00
orf 3 P 33 3 0 0 0 e O
16rf 4rt i 4Ary 13 0 0 0 d e
Also
dl(n) ¢c 0 0 0 O rp
®l(n) b 2¢ 0 0 0 nry
®=| ®n | =]1a b ¢c 00 n?rt | = AR.
2 (n) 0 0 0 e O ry
dl(n) 0 0 0 d e nry
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Thus the relation ® = My 'F expresses each ®7*(n) as a linear combination of
F(n),...,F(n+4), with coefficients that do not depend on a,b, ¢, d, and e.
To prove our main result, we also need the following lemma.

Lemma 22. If p > 0, define Sy(n,z) = z;:ol GPad. Ifx # 1, then

S, (n, ) B,(z) — " ( i (i) n*B, i(x))

k=0
= By(z) —2"((n+ Q)" ),
QF— By ()

where By(x) = Ap(x)/(1 — 2)**, and Ay(z) denotes the Eulerian polynomial of
degree k. Here, the notation Q¥ — By (x) means “replace QF by By(x) throughout”.
If v =1, then Sp(n,x) is a (well-known) polynomial of degree p + 1.

Proof. The identity

_ Ap()
ijxj (1 — )+t
is classical (see e.g. [1]), and 1mmed1ately implies the relation 2B, (z) = Byy1(x),

as a formal power series identity. The lemma now follows easily by induction. [

The next lemma provides an explicit form for our indefinite sums, expressing the
result in terms of the functions ®7*(n) defined in Lemma 211

Lemma 23. Suppose that for eachi=1,...k,

d(i) el -1
Z Z )‘S@)h”h 7'2))
m=1 h=0
with )\(z) 7é 0 for alli and m. For 1 <i <k, let §;m = e,(fl) 1. Then
(39) ZFl(j)FQ(j)"'Fk(j) = U(n)+5(0) — S(n),
j=0

where U(n) is a polynomial, and
O1,my 0k, my,

Smy= 3 > B k)

(40) P& R 21 5=0
(I)l,ml q)k,mk
X4 @™ (n) -0 ()
ti+-t+tp=s

If no product of the form 7“(1) r,(ff,z equals 1, then ¥(n

)
has degree at most 1 + 3, A(i), where A(i) = max;<;<q(;)(e
as

Theorem [T In formula {@Q), Bs(z) = As(x)/(1—2)*T!, a
and for{=1,...,k,

= 0; otherwise ¥(n)
; — 1), as defined in
defined in Lemma

N2

Se,my .
o) = 3 () A,
i=t

as defined in Lemma 2]
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Note that in expression (0], the coefficients By (1"7(72 . rgf,Z) depend only on the

roots i , and hence by Lemma 2] S(n) is independent of the initial conditions of
the Fj.

Proof. To simplify notation, we will first consider the case where the F; each have
a single root, i.e.,

where 7 is a root of multiplicity e = §; + 1. We have

S RG)-RG) = X_j Z NG ZA““ r®y
§=0

0 1
—1

+
Z Z )\1(11) e )‘gf)js(r(l) (kD)

s=0 1+ Fipg=s
Lo,

n—1
_ Z )\z(,ll) .. )‘z('f) Z 3 Ry
=0

s=0 i1+ Fip=s

3 .
Il

I
EM

>
+

Now for any integer p > 0, define

p
(41) Hyna) = a3 (1) B, (o),
k=0
where By (z) is as defined in Lemma 221 Thus, by that lemma, we have
n—1 .
N ital = Hy(0,2) — Hy(n,z) = 2" (n+ Q)” 7
=0 Q*— By ()

for any = # 1. Continuing with the above calculation, we obtain

3" FG) RG)

S14--+8
- S ala® (HS(O,r(l)~~7'(k))—Hs(n,r(1)~~7"(k))>
s=0 14 Fip=s

provided that (1) ... (%) o£ 1 otherwise the sum is equal to ¥(n), a polynomial of
degree at most equal to 1+ .8, =1+ _,(e’ — 1). In the former case, write

O1+-+0k

S(n) = Z Z ,\(,11) . .)\l(,”:) Hy(n,r@ ...p(0)
11+ Fipg=s
so that
n—1 .
. : S(0) = S(n) if rM...p®) L1 and
42 F ... F —
) jgo 1) ) {‘I/(n) otherwise.
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Using the alternate form in (£Il), we can write

1t +0

S(n) = Z Z )\511) .. )\E’?(T(l) ) (4 Q)

s=0 i1+ Fip=s

- i AV Q) )y (iAE’“’(n +Q) oy
(3 Dy (1)rar ey

L : i i—uU U n
BB

=0

= (SZ 52 (;) AE”n"‘“(rm)”Q“)

u=0i=u

A(ER Qo)

u=01i=u
81 Ok
_ (UZ_chi(mQ“) (;}qﬁmw}

Combining this last expression with ([2]) yields the statement of Lemma 23 in
the case where each recurrence has a single root. For the general case (i.e., when
there are multiple roots for each Fj), one can collect terms in the expansion of

Q5 =B, (r(V)...p(k)

Q*— B, (r()p(®)

Q5 —B.(r()...p(k))

Q5 —B.(r()..r(k))

Qs — B, (r(...r(®)

Fi(§)F2(j) - - - Fx(j) corresponding to each choice 7y, Tmy, - .-, 7m, of a sequence
of roots from each F;, and an expression for K(n) of the form (B9) results, with
S(n) as in (@0). This completes the proof of Lemma 23] O

Combining Lemmas 2] and 23] we obtain the following theorem, which is the
main result of this section.

Theorem 24. If Fi(n), Fs(n), ..., Fr(n) satisfy the hypotheses of Lemma 23], then
the sum

n—1

Y Fi(bij + e Fa(baj + ca) - Fio(bej + cx)
=0

may be expressed as ¥(n) — S(n), where ¥(n) is a polynomial and S(n) is a linear
combination of monomials of the form

Fl(bln + il)Fg(bgn + ig) .- F(bkn—l— ’Lk> (O <i < D(V) —11<v< k)

with D(v) = >, elX) | such that the coefficients of that linear combination are
independent of the initial conditions of the F;. If no product (r%i)bl e (rﬁr]fz)bk of
the associated Toots equals 1, then U(n) is a constant; otherwise it has degree at
most 14+, A(i). In general, ¥(n) will depend on the initial conditions of the Fj.
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8. MORE EXAMPLES

We will give some examples illustrating the results in the previous two sections.

8.1. A mixed convolution. Let F(n) denote the nth Fibonacci number, and let
G(n) be defined by the subword-avoiding recurrence (I3) with A = 3, in other
words G(0) =1,G(1) =3,G(2) =9, and G(n) = 3G(n — 1) — G(n — 3) for n > 2.
Then we have the following identity:

zn:jF(j)G(n—j) = 18G(n+1)—(9G(n)+5G(n+2)+3F(n)+nF(n)+nF(n+1)).
=0

The target monomials in this case are
F(n), nF(n), F(n+1),nF(n+1), G(n), G(n+1), G(n + 2),

and the (unique) solution is obtained by solving a system of 7 equations in 7 un-
knowns. Here we are applying Theorem [I7] in the case where no product of the
form [[r?, equals 1, with Fy(n) = n, Fa(n) = F(n), and F3(n) = G(n). The sum
is C-finite of degree 7, and this degree achieves the bounds given in Corollaries
and

8.2. The independence property. We will give two examples of indefinite sum-
mations illustrating the phenomena described in Theorems M and Consider
the sum Z?:_Ol F(j)3, where F(n) satisfies the Fibonacci recurrence with initial
conditions F(0) = p, F(1) = 1. The target monomials are

1, F(n)®, F(n)?F(n+ 1), F(n)F(n+1)% F(n+1)3,

and we obtain the identity

n—1

1 3 3 1
Y F()? = 5(1=3p+ 3p°) — 5F(n)3 + 5 F(n)F(n+ 1)2 — SF(n+ 1)3,
§=0

which is of the form S(0) —S(n) in the notation of Theorem[24l Since the associated
roots are distinct and no product equals 1, this case is covered by Theorem [4]

Next consider the sum Z;:g F(5)*, for which we now have products of roots
equal to 1. The target monomials are

1L, nFn)*, F(n)3F(n+1), F(n)>?F(n+1)%, F(n)F(n+1)3, F(n +1)%,
and we obtain the general solution
1

55 (Ag + Ain + 52F (n)*F(n+ 1) — 22F(n)?F(n

1)2
—36F(n)F(n+1)% +19F(n +1)%)

+ K ((-1+p+p*)?— (F(n+1)? — F(n)? — F(n)F(n+1))?)

+
+

where
Ag = —19+36p 4+ 22p* — 52p°, A} = 6(—1+p+p?)?,

and K is an arbitrary constant. If p> + p — 1 # 0, the polynomial term ¥(n) in
Theorem [24] will always have degree 1.
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8.3. Partial summation of series. Consider the sum

where F'(n) is the nth Fibonacci number and z is an indeterminate. The summand
is a product of two C-finite sequences, one of degree two and the other of degree
one. Following Theorem [I[7] we construct a list of target monomials 1, F(n)z"™, and
F(n+ 1)z™, and from these we obtain the identity

§F(j)xj— v —x"( L= py 4 — " Pn+ 1)).

T l—z—22 1—2—22 1—2— a2

This identity quantifies the remainder term in the Fibonacci generating function
(an equivalent result appears as problem 1.2.8.21 in [5]). Our approach can be
easily extended; for example, using 1, F'(n)%z", F(n)F(n + 1)z", and F(n + 1)22"
as target monomials and solving four equations in four unknowns, we obtain the
partial summation formula

n—1

(43) S ppr - D),
=0
where
(44)  Rp(z) = (1—-2z —2?)F(n)? + 222 F(n)F(n+ 1) + z(1 — 2)F(n + 1)2.

1—2x — 222 4 23

The first term in (@3] is the full generating function for squares of Fibonacci num-
bers. A formula for the full generating function for all powers p appears in []] (see
also [5], problem 1.2.8.30).

We note that, to obtain ({@3) and (@l by this method, it was only necessary
to know the first four values of the sum, and also that F satisfies some 2-term
recurrence with constant coefficients.

8.4. The degree of the polynomial multiplier. In Theorem [I7] we gave a set
of monomials in terms of which the sum can be expressed, in the general case of
repeated roots. In those monomials a polynomial factor v;,  ;, appears, and the
degree of that polynomial was found to be at most 1 + > {A(Z) : a; = 0}. We
remark here that the C-finite function F'(n) = n?, for positive integer p, shows that
this upper bound can be achieved. For here we have

k= ]-ad(]-) = 1; 7“51) = 1; egl) :p+1a A(l) =D, D(l) :p+1a (alablacl) = (0,]—70)

The monomials in the list (24)) are all of degree p, and those in the list ([25]) are of
degree equal to the degree of ¢ (n). The maximum allowable degree of the latter
is 1+ A(1) =p+1, and in this case ® is of degree p + 1 since the sum obviously is
also.

8.5. An example from the theory of partitions. Our algorithm for summation
of C-finite sequences can sometimes have by-products that are more interesting than
the particular problem being solved. A small example of this is given here. Suppose
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ps(n) is the number of partitions of n into < 5 parts. Then > . ps(n)z" =
(1=2)(1 =231 =231 -1 - 25))71, so ps is C-finite of degree < 15. We
asked our Mathematica program [4] to find f(n) = > -, 1 ps(j). In addition to
giving the answer, a number of the arbitrary constants that are used to form linear
combinations with target monomials were left unassigned, and since the coefficient
of every such unassigned constant must of course vanish, one has found an identity.
On this occasion we chose one symmetrical looking such identity from the output,
namely

ps(n—10) +4ps(n —9) +9ps(n —8) + 15ps(n —7)
+20ps(n — 6) + 22 ps(n — 5) + 20 p5(n — 4)

+15ps(n —3) + 9ps(n —2) +4ps(n— 1) + ps(n) = (njl—4>

The coefficients on the left side are recognized as the numbers of permutations of 5
letters that have k inversions. From this one might suspect that we have generally,

() S otk imtn ) = ("TE),

n

where b(k, j) is the number of k-permutations that have exactly j inversions and
pr(m) is the number of partitions of m into parts < k. A proof of this identity by
generating functions is quite trivial. Here is a bijective proof, that is, a bijection
between pairs consisting of a permutation of k letters with j inversions and a parti-
tion of n — j into < k parts, on the one hand, and one of the ("ﬂj_l) compositions
of n into k nonnegative parts, on the other. Take such a composition X of n into k
parts. Perform a “modified bubble sort,” whereby whenever one sees an adjacent
pair xy with < g, it is replaced by (y — 1)z. Keep doing this until there are
no adjacent pairs & < y, i.e., until a partition A (perhaps followed by 0’s) is ob-
tained. Call the resulting permutation of positions o. Then A and ¢ are uniquely
determined by X, and the correspondence is bijective. (I

We do not claim novelty for this result or its proof, but offer it only as an example
of the usefulness that our algorithms can have in the discovery process.
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