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INVARIANCE PRINCIPLES FOR ITERATED MAPS
THAT CONTRACT ON AVERAGE

C. P. WALKDEN

ABSTRACT. We consider iterated function schemes that contract on average.
Using a transfer operator approach, we prove a version of the almost sure
invariance principle. This allows the system to be modelled by a Brownian
motion, up to some error term. It follows that many classical statistical prop-
erties hold for such systems, such as the weak invariance principle and the law
of the iterated logarithm.

1. INTRODUCTION AND STATEMENT OF RESULTS

1.1. Background. The study of the limiting behaviour of the sum of a sequence
of observations or random variables is a key problem in dynamical systems and
probability theory. For example, the ergodic theorem (alternatively, the strong law
of large numbers) describes the average behaviour of such sums, and the central
limit theorem describes the deviations of these sums from the average. One can
then look for extensions of these results.

One such extension is the celebrated almost sure invariance principle [S1} [S2].
This says the following: let X, be a sequence of i.i.d. random variables with finite
(2+6)-moments and let S,, = Xo+---+X,,_1. Then there exists a Brownian motion
B and a probability space 2 on which B and S,, can be redefined such that S,, =
B(n) + o(n'/?). This immediately allows one to deduce many classical statistical
properties (such as the strong law of large numbers and various refinements of
the central limit theorem) for S, given that they are known to hold for B. A
general method for proving the almost sure invariance principle for sums of weakly
dependent random variables can be found in [PS]; here the error term is of the form
O(n'/?=%) for some & > 0.

In the context of a dynamical system T : X — X, it is natural to consider sums
of the form S,, = 22:01 fT7. The almost sure invariance principle in the case when
T is a uniformly hyperbolic diffeomorphism or flow is now well understood [DKI,
again with an error term of the form O(n'/?=%) for some § > 0.

More recently, the almost sure invariance principle has been re-examined for
a variety of partially hyperbolic maps [EMT] [MT] and non-uniformly hyperbolic
maps with indifferent fixed points [PoS] using the spectral properties of a transfer
operator. The existence of strong spectral properties (in particular a spectral gap)
allows one to deduce an improved error term of the form O(n'/4+) for any ¢ > 0.
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The purpose of this note is to prove an almost sure invariance principle with
an error term of the form O(n'/4t¢) for any ¢ > 0 for a sequence of sums of
observations arising from an iterated function scheme where the maps satisfy a
notion of “contraction on average”, a form of non-uniform hyperbolicity.

1.2. Statement of results. Let (X,d) be a metric space. Consider a family of
Lipschitz maps T; : X — X, j = 1,..., M. We are interested in studying the
statistical properties of the iterated function scheme formed by applying the maps
T} chosen at random according to a Markov transition probability.

Let p; : X — [0, 1] be continuous maps such that ZJM:1 pj(x) =1 for all x € X.
Define a Markov transition probability by

M
p(z,A) = ij(x)XA(zj)

for each Borel subset A C X. (Here x4 denotes the characteristic function of A.)
We say that the system contracts on average if there exists r € (0,1) such that
for all z1, x5 € X we have

M
(1) Hd(le‘l,le‘g)pj(xl) S ’I“d(Il,l‘g).

j=1

Examples of such systems include certain affine systems 7} : RY - R?: z —
Ajx +b; where A; € Gl(d,R) and b; € R?; see §241 Other examples and applica-
tions are discussed in [DF].

We also assume that the p; > 0 are continuous and satisfy a Dini condition (cf.
[E1]).

With these assumptions, it is known [BDEG] that there exists a unique attractive
stationary Borel probability measure v on X, i.e. for all Borel sets A

() / p(, A) dv(x) = v(A).

Let ¥ = {i = (ig,i2,...) | 1 < i; < M} denote the one-sided full-shift on M
symbols. For each z € X we define a probability measure p, on ¥ by defining p,
on cylinder sets by

NI[207 /L.QJ MR Z’I’l*l] = pi() (x)pzl (on) o .pin_l (CZ—IL'”_2 e Tigx)'
For each x € X and i € ¥ we define

Zk(ﬂf,’i) = Tz . Tzo(x)

k-1~

Then Zy(z,4) is an X-valued Markov chain with respect to p,., with initial state x
and transition probability p.

We can relate u, with v as follows. Define m,(¢) = limy_o0 T3, 15, - - - Ti,, () for
pg-a.e. @ € X. Then for all z € X we have 7iu, = v. See, for example, [E2].

Let f : X — R be a bounded and continuous function on X. We are interested
in the distribution of the sequence of observations

n—1
Fr, i) =Y fZk(@,0).
k=0
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It is known [EI] that f™ satisfies a pointwise ergodic theorem (or strong law of
large numbers): for all z € X and pg-a.e. i € X,

1 )

3) ) = ).
A central limit theorem is also known [Pe]. Let f: X — R be a bounded Lipschitz
function and fix € X. Then

1
(@) T2 @) = N (). )
provided that the variance o2(f) # 0. Here N(v(f),02(f)) denotes the normal
distribution with mean v(f) and variance o%(f) and —,4 denotes convergence in
distribution. The variance is given by

o?(f) = lim l/(f”(ﬂt:,i)—711/(]”))2(1,%5(1‘).

n—oo n

This quantity is independent of the choice of origin x. Error terms and estimates
on the rate of convergence in [{@l) (Berry-Esseen bounds) can be found in [Po].

The purpose of this note is to prove more refined statistical properties of f™. In
particular, we deduce the following results. (In the statements below, C([0, 1], R)
denotes the space of continuous functions on [0,1], and D(]0,1],R) denotes the
space of right-continuous functions on [0, 1] that have left limits.)

Proposition 1.1 (Weak invariance principle). Let f: X — R be a bounded Lips-
chitz function. Suppose that v(f) =0 and o*(f) > 0. Fizx € X. For each n > 0
define the random function ¢, . : ¥ — D([0,1],R) by defining

Cna(D)(t) = ————

o(f)vn

Then for every x € X and piz-a.e. i € ¥, the sequence of measures C;, . fiz: converges
weakly as n — oo to the standard Wiener measure on C([0,1],R).

The weak invariance principle is also known as the functional central limit the-
orem. It immediately implies the central limit theorem (set t = 1).

Proposition 1.2 (Functional law of the iterated logarithm). Let f : X — R be a
bounded Lipschitz function. Suppose that v(f) =0 and o*(f) > 0. Fizx € X. For
each n > 0 define the random function &, , : & — D([0,1],R) by defining

. B 1
gn,x(l)(t) - O’(f)\/m

Then for each x € X, {&n,» | n € N} has uniformly compact closure in D([0,1],R).
Moreover, the closure is equal to the set

[nt] (z,1).

1
{{ :[0,1] = R | € is absolutely continuous, £(0) =0, / ¢ (s)?ds < 1} .
0

The FLIL immediately implies the law of the iterated logarithm (set ¢t = 1).

Corollary 1.3 (Law of the iterated logarithm). Let f : X — R be a bounded
Lipschitz function. Suppose that v(f) = 0 and o*(f) > 0. Then for all x € X and
Wz-G.€. 1 € X,
o
lim sup CR) = 1.

n—oo 0(f)v2nloglogn
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The above results are well-known corollaries of an almost sure invariance princi-
ple (Theorem [[4] below). Other standard corollaries of the almost sure invariance
principle are discussed in more detail in [HH].

Theorem 1.4 (Almost sure invariance principle). Suppose that f : X — R is a
bounded Lipschitz function and is such that v(f) = 0 and o = o*(f) > 0. Fix
x € X. Then there exists a probability space (2, F,P) and a one-dimensional
Brownian motion W : Q — C(RT,R) such that the random variable w — W (w)(t)
has variance o*t, and sequences of random variables ¢p 1 X — R, ¥y, : @ — R
with the following properties:

(i) for all e > 0, we have

F(@,) = dnal-) + O(n1F9) pp-aues;

(ii) the sequences {@n o (-)}n and {¢n 2 (-)}n are equal in distribution;
(iii) for all e > 0, we have

(5) ¢n,x() = W()(?’L) + O(H%Jre) P-a.e.
Remark. Theorem [[.4] holds for a more general class of observable f. See §l

This note is organised as follows. In §2] we remark on some generalisations and
examples of the set-up described above. The Skorokhod Embedding Theorem, a key
tool in our analysis, is stated in §3l In §4l we define a transfer operator acting on a
suitable family of functions spaces and state its spectral properties. The sequence of
observations f™ is reduced to a martingale in §5l Following some moment estimates
in §6l we prove Theorem [[L4(i), (ii). The error term in Theorem [[4(iii) is estimated

in g1
2. EXAMPLES, REMARKS AND GENERALISATIONS

2.1. Generalisation to countably many transformations. In §1 we stated our
results for iterated function schemes consisting of finitely many transformations
T;. Our results continue to hold in the more general case of countably many
transformations provided that one makes the following additional assumptions:
(i)
o0
d(Tyy, T;z)

sup pj(z) < o0,
zy,2€X,y72 T dy,z) 7
(i) for some (hence any) choice of xg
o0
d(T;y, x
sup S AL T0) oy o

z,yeX =0 1+ d(ya xO)

(iii) for some (hence any) choice of

Z (Tjz, xo) lpj(y) — p;(2)]
su su e ——— .
xeg (1 + d ZIJ -770) (y@EX?y;ﬁz d(y7 Z)

The above conditions are required to ensure that a suitably defined transfer oper-
ator (see §4.2)) has the appropriate spectral properties [Pe]. Note that the above
conditions are trivially satisfied in the case of finitely many 7}s.
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2.2. Generalisation to non-negative probabilities. In §1 we assumed that the
probabilities p; are strictly positive. In addition to the generalisations given in §2.1]
we can weaken this to p;(z) > 0, provided that we assume the following: for all
x,y € X there exists ¢, € ¥ such that

imd(Zy(2,1), Zn(y,5) (1 + d(Zn(y, 5), w0)) = 0

with p;, (Z,(x,7)) > 0 and p;, (Z,(y,7)) > 0 for all n > 1. Again, these conditions
are required to ensure that a certain transfer operator has the appropriate spectral
properties [Pe].

2.3. Recoding. It may happen that a given system fails to satisfy () but does
satisfy this condition after it has been recoded. For example, take X = R? and
Ti(z,y) = (5z/4,y/4) and Tz(x,y) = (x/4,5y/4), both chosen with probability
1/2. This system does not satisfy (IJ). However, the recoded system T; ; = T; o T},
1,7 € {1,2}, each chosen with probability 1/4, does satisfy (). Hence Theorem
[[4 holds for the recoded system. It is then simple to see that the conclusions
of Theorem [[.4] hold for the original system. Note that neither T} nor 15 are
contractive.

2.4. Example: Affine maps. Specific examples of systems satisfying our hy-
potheses can be given by using affine maps; see [Pel [DF]. Let A; € Gl(d,R) and
b; € Re. Define

T; :RdHRd:xHAj:chbj.
In this setting, the contraction on average condition (Il) becomes

sup > || 4llp;(z) < 1,
wERI
where [|A]| = sup,_ [|Az|/[|z| denotes the matrix norm of A.

3. THE SKOROKHOD EMBEDDING THEOREM
Let (Q, F, P) be a probability space.

Definition. A stochastic process W : Q — C(RT,R) is called a Brownian motion
(with mean zero and variance o2 > 0) if:
(i) for P-a.e. w € Q, we have W (w)(0) = 0;
(ii) there exists 02 > 0 such that for each ¢ > 0, the random variable
wieWw)(t): Q2 —R

is normally distributed with mean zero and variance o?t;
(iii) for all tg < t; < -+ < t,, the random variables

w s W(w) () — W(w)(ti1)
are independent.
Suppose that F,, is an increasing sequence of sub-c-algebras of F.

Definition. A sequence of random variables S, is called a martingale if, for each
n, Sy is Fn-measurable and E(S,, | F,—1) = Sp—1 a.s. Wecall X, =5, —S,_1 a
martingale difference. Setting X = Sy we write S,, = Z?:o X;.

The following standard result [HH, p. 269] allows us to model a martingale by a
Brownian motion.
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Proposition 3.1 (Skorokhod Embedding Theorem). Let {¢,, = Zn ! X,;,B,} bea
square integrable, zero mean martingale on a probability space (X, B u) Then there
exists a probability space (Q, F, P), a standard Brownian motion W : Q — C(R*,R)
and a sequence of non-negative random variables 1y, 1, . .. with the following prop-
erties: Let T,, = Z;L Olrj, U, = W(T,) : Q = R, and denote by G,, the o-algebra
generated by g, ..., Yn_1, W(t), 0 <t <T,. Then:

(i) the sequences {¢n}n and {1y}, are equal in distribution;
(ii) Ty, is Gp-measurable;
i

i)
(11; (Tn | gn 1) ((¢n wn 1)2 | gn 1) a.s.;

(iv) for each r > 1 there exists a constant C, < oo such that E(7) | Gn—1) <
CrE((Yn — ¥n-1)*" | Gn-1) a.s.

4. FUNCTION SPACES AND TRANSFER OPERATORS

4.1. Function spaces. We will be interested in the following family of function
spaces. Fix a choice of origin zg € X (the exact choice of z( is immaterial). Let
a, B € (0,1) and define a(t) = 1 +t*, b(t) = t°. Define

Cap(X,R) ={f € C(X,R)

where b =|fla+[flap and
o | f ()]
Flo = S0 i, 20))
|f|ab — sup |f(x)7f(y)|

z,y€X,x#y a(d(x, .To))b(d(.%‘, y)) '

The following is easily proved from the definitions.

Lemma 4.1. Let f; € Copy(X,R) forj=1,2,...,¢. Then szl [ €Ct pype (X, R).
Moreover,

(6) | f1f2llaz p102 < Il f2

We shall use the following simple observation in what follows.

lla,b-

Lemma 4.2. Let a and b be as above. Let f : X — R be a bounded Lipschitz
function. Then f € Cyp(X,R).

Proof. Clearly |fla = sup, |f(z)]/a(d(x, z0)) < [floo, where [floo = supyex [f(2)]-
Similarly,

‘fla,b
(@) — f() £(@) — f()
S e <t (A 2@, 9)) | etz a(d(, 20))b(d(, 1))
Fluipd(, ) @)+ 1£w)
S e < (A 2@ D) | ez a(d(@, 20))b(d(, 1))

IN

|f|Lip + 2‘f|oo < oQ.
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4.2. Transfer operators. Define the operator P : C(X,R) — C(X,R) by

M
Pf(@) =Y p;(@)f (Tya).

It follows that

Pnf(x) = Z pio('r)ph(Tiox)"'pinfl(Tin—z "'Tziox)f(nn—l "'on)

T —1seees

)
7 [zt s
More generally, let Fj, denote the sub-o-algebra of 3 generated by the cylinders of
length k. Then

(8) Pf(Zn-1(x,:)) = Eo(f(Zn(x,")) | Fr1),

where E, denotes the conditional expectation on L'(3, u1,). As x is fixed, we will
often write fZ for f(Zy(z,")).

The following result, ensuring that on suitable function spaces P has a spectral
gap, will be a key tool in our analysis.

Proposition 4.3 ([Pd]). Let a(t) = 1+ t%, b(t) = t? where a, 3 € (0,1/2) and
8 < «. Then:
(i) the operator P maps Cap(X,R) — Cyp(X,R);
(ii) the operator P, when restricted to Cqp(X,R), has 1 as a simple mazimal
etgenvalue with an associated eigenprojection v;

(iii) the remainder of the spectrum lies inside a disc of radius p = p(a,b) <
r® <1 (where r is as in ().

Remarks. 1. Thus we can write P = v + @, where Q : Cq (X, R) — Cop(X,R)
has spectral radius at most p. Moreover, we have that vQQ = Qv = 0 so that
P =v+Q".

2. The eigenprojection v corresponds to the stationary probability measure
defined in (2)).

Suppose that we are in the simpler case of a place-independent probability, that
is, pi(xz) = p; is independent of x for each i. Then we can instead work on the
simpler function space

CHXR) ={f: X = R|[|flla = [f]+ |fl@) < o0},

where
— |f(2)]
I = s T G z)”
fla = sup L@ =IWI

z,yeX, x#y d($7 y)a

This space is invariant under the transfer operator P. It is shown in [Pe] that if
« is sufficiently small, then P is quasi-compact and the conclusions of Proposition
hold.
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5. REDUCTION TO A MARTINGALE

Let f: X — R be a bounded Lipschitz function. We assume that v(f) = 0. In
[Pe] it is shown that a,b: Rt — R™ can be chosen as in §&1]in such a way that P
acts on the different spaces Co (X, R), Cy2 p1p2 (X, R) and Cya pyps (X, R) and has
a spectral gap.

Let

w=> Prf=3 Q"f € Cop(X,R).

k=0 k=0

Then

w—Pw:iP’“f—iPkf:f.

k=0 k=1

Recalling that f™(z,i) = S.p—o fZk(x, 1) we see that

n—1
fn(xal) = Zka(l',Z) - Pka(va)
k=0
= z_:(ka(x, i) — PwZi_1(x,7)) + w(x) — PwZ,_1(x,1)

k=1

n—1
= Z ug(x, 1) + w(z) — PwZ,_1(z,1),
k=1

where we have set ug(z,i) = wZ(z,i) — PwZy_1(x,i). Let
n—1

One (i) = Z ug(x, 1)
k=1

so that
M (x,0) = pno(i) +w(x) — PwZ,_1(x,i).
Proposition 5.1. Let € > 0. Then for each x € X
1 (@,1) = bnai) + O(nFT)
for py-a.e. i € 3.
Proof. For each n > 0 let
Spe={i €S| PwZ,_(x,i) >nite}.
To prove the proposition it is sufficient to prove that u,-a.e. i € X is in at most

finitely many X, .. By the Borel-Cantelli lemma it is sufficient to prove that
> ba(Zns) < 0o, As Pw € Cyp(X,R) we have that (Pw)? € Cuapyps(X,R),
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a space on which P acts and has a spectral gap. Now

En,m

4
< PwZn i) gy,
S nite
1 4

n,x

= P (PO @)

< (P £ @ (P )

1
< Const W,

where the constant is independent of m. As this series is summable, the result
follows. ([

The following is the key observation in our analysis.

Proposition 5.2. The sequence ¢, ,(-) is a square-integrable, zero-mean martin-
gale on X with respect to the filtration {F,}, where F,, denotes the o-algebra of
cylinders of length n.

Proof. To see that ¢, , is a martingale, simply observe that

ug(x,i) = wZp(z,i) — PwZi_1(z,1)
(9) = wZi(z,i) — Ex(wZy | Fr—1)(x,1)
by (8). Hence
Ez(uk(x,i) ‘ ]:kfl) = Em(ka — Em(ka | kal) | fkjfl)

I}‘:x(U}Z]c | fk—l) — Em(ka | ]:k—l)
= 0

so that uy is a martingale difference operator and ¢,, , is a martingale. Moreover,
integrating () with respect to p, shows that [ wux(x,%) du, (i) = 0. Hence ¢y, , has
zero mean. That ¢, , is square integrable follows from Proposition below. O

6. MOMENT ESTIMATES

Here we collect several estimates that will be useful below. We begin with the
following observation.

Lemma 6.1. Let f,g € L*(X,v). Then

/ F oo, 0)9 Z (27) dpia (i) = (P"(P™f - ) (2).
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Proof. Simply observe that
/on+m (.’ﬂ, i)an(.’ﬂ, Z) d,u'z (Z)
= > D@ pin (Znoa(x,4))

1050 sin—1

X Z Pin (Zn(@,9) Pinsns (Zngm—1(2,9) f (Zgm (@, 7))

Tnyeerlntm—1

X g(Zn(x,1))
> pio(@)pi (Zooa (@) (P™ ) Zo(,1)9 20 (1)

2050 yin—1

= (P"(P"f)g)(x).

We need the following estimate.

Proposition 6.2. The variances 02((;5”79;) of ¢n.o with respect to the measure i,
satisfy

02(q§n)$) =no?(f) +O(1).

Proof. Observe that w?, (Pw)? € Ca2 p+p2 (X, R), a space on which P acts and has a
spectral gap. Recall that ¢y, , has zero mean. Also recall that the uj are orthogonal
as they are martingale differences. Hence

02(¢n,m): Y U2(.’L'7Z)d I(Z)
;/ k K
Now
[kt duati
= /wQZk(xJ) —2wZ(x, 1) PwZy_1(x,i) + (Pw)*Zyp_1(x, 1) dug (4).

By (@) and Lemma [61] we have that

(10) /ui(mvi) dp (i) = P*(w?)(z) — PP ((Pw)?)(x)
so that
o (nw) = D _(PHw?) — P H((Pw)*))(x)
k=1

= n(w?) —v((Pw)?) + Y Q" (w?)(z) — Q¥ ((Pw)*)(x).
k=1
Proposition [£.3] implies

> QF(w?)(x) — Q¥ H(Pw)?)(x)| < Const Y pF < oo,
k=1

k=1

A calculation, using the fact that w = Y";~, P*f, shows that v(w?) — v((Pw)?) =
o (f). 0
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Remark. One can easily show that the degenerate case o(f) = 0 holds if and only
if there exists u : X — R such that, for each j, fT; = uT; — u v-a.e. [Pel.

Remark. The above calculation immediately implies that ¢,, ,(-) € L*(%, ). By
Proposition Bl we can find an abstract probability space (2, F, P), a Brownian
motion W : Q — C(R*,R) and a sequence of stopping times T, such that if we de-
fine 1, » = W(T},), then the sequences {¢y, ,} and {1, .} are equal in distribution.
This immediately implies part (ii) of Theorem [[.4

We will also need the following fourth moment estimate. Here and throughout,
uy, denotes ug(z,-).

Lemma 6.3. There exists K > 0 such that Em(ui) <K< oo forallk>1.
Proof. Observe that
E.(uf) = Eu(w'Zy(z,i)+ 4w Zy(x,i)(Pw)Zp_1(x, 1)
+ 6w? Zy, (2, 1) (Pw)? Zy,_1(2,4)
+ 4w Zy(x, 1) (Pw)? Zp_1(2,1) + (Pw)* Zy_1(2,14))
PFHP(w?) + 4P(w®) Pw + 6 P(w?)(Pw)? + 5(Pw)*)
v(P(w*) + 4P(w®)Pw + 6 P(w?)(Pw)? + 5(Pw)*) + Const p.

IN

7. ESTIMATION OF THE ERROR TERM

To estimate the error term and to prove part (iii) of Theorem [[4 we follow
an approach outlined in [PS]. Let 02 = o%(f) = v(w?) — v((Pw)?). Let W be
a standard Brownian motion satisfying the conclusions of Proposition 3.1l We
estimate

n—1
Tn — 02n = ZTk —]E(Tk | gk_l)
k=0
n—1
+ ZE(Tk | Groo1) — E((¥r — ¥r-1)* | Gr-1)
k=0
n—1

+ ZE((% —Vp1)? | Gro1) — (Vr — Y1)’
k=0

n—1
+ > (k= Ye-1)? = Eo(uf)

k=0
n—1
+ Z E.(u?) — o’n
k=0
= (I) 4+ (II) 4+ (III) + (IV) + (V).

By Proposition BJ(iii), we have that (IT) = 0. By Proposition [62, (V) = O(1).
We will then need the following lemma, which is a special case of a version of
the Kronecker lemma for martingales; see [F, p. 243].
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Lemma 7.1. Let S,, = Xo+ -+ X,, be a zero mean martingale. Suppose that for
some K, we have that E(X2) < K < oo for alln > 0. Then for any € > 0 we have
that s

— — 0 a.s.
n3te

We claim that both (I) and (III) are O(nz*¢) a.s.
Lemma 7.2. Letx € X and e > 0. Then

n—1
(D) => 7 —E(ri | Guo1) = O(n>"%) as.
k=0

Proof. Let X = 7 —E(7 | Gr—1). PropositionBIKii) implies that 7, —E(7% | Gr—1)
is Gp-measurable and that
E(ri —E(7k | Gr—1) | Gr—1) = E(7% | Gr—1) — E(7% | Gr—1) = 0.

Hence the summand in (I) is a martingale difference.
Note that
E((m — E(s, | Gr-1))?) E(7}})
E(E(77 | Gr-1))
CoE(E((¢r — ¢r-1)" | Gr—1))
= CE(( — r1)?)
CoRy (uy)
K < oo

ININIA

IN

(where we have used Proposition B{i), (iii) and Lemma[63]) for some constant K
independent of k. O

Lemma 7.3. Let x € X and let € > 0. Then

n—1
(D) = > B((Wr — r-1)” | Ge-1) = (W —v1)” = O(n*) as.

k=0
Proof. Let Xy, = E((¢¥, — Yr—1)% | Gr—1) — (¥ — ¥r_1)%. The definition of Gy, in
Proposition Bdlimplies that E((vr —¥k—_1)? | Gr—1)— (¥ —r_1)? is Gg-measurable.
Moreover,

E((¢r — ¥r-1)> = E((¥x — ¥r-1)" | Ge-1) | Gr—1) = 0.
Hence the summand in (III) is a martingale difference.
Note that

E(E((¢r — ¥r-1)" | Ge-1) — (b — ¥k—1)?)?) < E((¥r — ¥-1)")

g
=
w0
o)
=
)
@)
o)
=
w0
-t
o
=4
=
o
)
o}
%)
=
o
@
=
-+
o
=
-
us]
<
—
o)
=
8
2
—
=
=
=
Il
@)
—
3
N
+
o
S~—
o
[}
O

Finally, it remains to consider (IV).

Lemma 7.4. We have that

n—1

(Iv) = Z((i/’k —p_1)? — Eg(u})) = O(n%J”S) JT S

k=0
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The summand in (IV) is not in general a martingale difference, and the analysis
above does not immediately generalise. We prove Lemma [7.4] in §§ below.
Combining the above we see that

T, — o’n = O(n%+5)
ta-a.e. To prove part (iii) of Theorem [[4] it suffices to note that for any e > 0,
W(T,) = W(e*n+0(n>*)) as.
= W(o*n)+ O(n%“/) a.s.

for some 0 < &' < e.

8. PROOF OF LEMMA [74]

In order to prove Lemma [7.4] we need the following special case of the Ga’al-
Koksma inequality.

Lemma 8.1 ([PS| Appendix I]). Let X, be a zero-mean random variable such that
E(X?) < K < oo, where K is independent of k. Suppose in addition that for each
m,n € N

m—+n 2
E <Z Xk> = O(n),
k=m
where the implied constant is independent of m. Then for any € > 0, we have that
n—1
1
ZXk =0(nz"e) a.s.
k=0

We apply Lemma RBIlto (IV) with Xj = (¢, — ¢x—1)? — Ex(u}). By Lemma[G.3]
and Proposition [3i) we see that

(11) E(X}) = Eo((uf — Eo(u))?) = Eu(up) — Eo(u)® < K < o0.
Now
m+n 2 n+m n m4n—d
(12) E (Z Xk) = > E(XP)+2) E(Xk+aXk).-
k=m k=m d=1 k=m

The first term is clearly O(n) (independently of m) by ().
We claim that

(13) IE(XpaXp)| < Const p¢,

where the constant is independent of m,n,d, k. To see that (I3) is sufficient to
conclude that ([I2)) is O(n), simply note that

n m-4n—d n n
SN =St <3 npt < L =0().
d=1 k=m d=1 d=1 L=p

It remains to prove (I3). Using Proposition B.I|(i) we have
E(Xp+aXr) = Eo(ujyqui) — Eo(uiya)Ea(u).
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As v = w?Zy — 2wZpPwZy_1 + (Pw)?Z,_1 we can write the above as a linear
combination of the following nine terms:

14) By (w? Zyyaw? Zy) — By (w?Zy 4 a) By (w? Zy,),

(
(15) E.(w? ZyawZy PwZy_1) — By (w? Zy 1 q)Be(wZy PwZy,_1),
(16) By (w? Zgta(Pw)? Zy—1) = Bo (0 Zia)Bo (Pw)* Zg 1),
(17) Eo(wZpraPwZiyq 1w Zy) — Bo(wZiygPwZyyq) By (w?Zy),
(18) E.(wZiyqPwZyig1wZyPwZi_1)
—Eo(wZyyaPwZyya)Ee(WZp PwZy 1),
(19) Eo(wZyyaPwZyya1(Pw)*Zyx_1)
— Ep(wZpyqPwZy_1)Ey(Pw)?Zi_1),
(20) E.(Pw)?Zyya—1w*Zy) — By ((Pw)*Zgya—1)Ea(w? Zy),
(21) E.((Pw)*Zyia-1wZpy PwZy,_1)
—E.((Pw)?Zyyq1)Ep(wZi,PwZy 1),
(22) E.((Pw)*Zya—1(Pw)*Zy—1)

B (Pw)2Zks a1 )Ea(Pw)?Z 1),
The following estimates will prove useful.

Lemma 8.2. Let a,b be as in Proposition 3l For g,h € Cy (X, R) and p > 0 we
have

(i) for each x € X, |QPg(x)| < Const pP;

(ii) |v(QPg - h)| < Const pP.

Proof. Statement (i) follows immediately from the definition of C, (X, R) and
Proposition 431
To prove (ii) note that

Qg -h)| < / QP ()| 1) dv(x)
< / 1Q glla pa(d(, 2o))| laa(d(z, 20)) dv(z)
<

Const pp/a(d(x,xo))2 dv(z).

As a(t) =1+ t* and « < 1/2, we have a(t) = O(t). Hence it is sufficient to prove
that [ d(x,z0)dv(z) < co. In the case of finitely many maps 7} this is immediate
from [BDEG, Theorem 2.4]. For the case of infinitely many maps, we argue as
follows. From [Pel Lemma 2.3], we have that
sup Eg(d(Zn(z,1),20)) = M < 0.
zeX,n>0

For each m > 0, deﬁne dpm () = min{d(z, xo),m}. This is a bounded Lipschitz
function, hence P"d,,(z) — [ d,, dv. As for each n,

Pdy () = Er(dm(zn(xai))) < Ep(d(Zn(2,1),20)) < M < o0,

we have [d,, dv < M < oo and the result follows by the Monotone Convergence
Theorem. [l
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To estimate (I4), ([8), @0) and @2)) we use the following calculation. Recall
that « € X is fixed. For brevity, we shall write Pg for Pg(x), etc., in what follows.

Lemma 8.3. Let g,h € Cyz2 142 (X,R). Then
Eo(9Zp+qhZp) — Ba(9Zp+q)Ea(hZp)| < Const p?,

where the constant is independent of p,q.
Proof. Observe that

|Eo(9Zp+qhZp) — Ba(9Zp1q)Ea(hZ))]
PP(hPig) — PP¥ig. PPh|
PP(u(g)h+ Qg - h) — (v(g) + Q" Ig)(w(h) + QPR)|
= [W(Q%g - h) + QP(Q%g - h) — v(h)Q" g — QP+ig - QPh|
Const p?. O

N

To estimate ([I7) and (T9) we use:
Lemma 8.4. Let g, h € Cyp(X,R). Then
|Eo(9Zp+qP9Zptq—1hZp) = Ba(9Zp1qP9Zptq—1)Ec(hZp)| < Const p?,
where the constant is independent of p,q.
Proof. Observe that, using a simple extension of Lemma [G.1]
Ee(9Zp+qP9Zpsq-1hZp)
= P((PN(Pg)?)h)
= PP(u((Pg)*)h+ QT ((Pg)*)h)
= v((Pg)*)v(h) +v(QT™((Pg)*)h) + v((Pg)*)Q"h + QP (Q~* ((Pg)*)h)
and
Eo(9Zp+qP9Zp+q-1)Ea(hZyp)
— prEl((Pg)2)PPh
= (W((Pg)*) + Q*F17H((Pg)*))(v(h) + Q¥h)
= v((Pg)*)v(h) +v((Pg)*)QPh +v(h)QPH 1 ((Pg)?)
+QUHIT(Pg)!)QPh.

Noting that the constant terms and terms only involving QP cancel and applying
Lemma [B2] we see that the difference of the above terms is at most Const p?. O

To estimate ([IH]) and (ZI) we use:
Lemma 8.5. Let g,h € Cy (X, R) and suppose that v(h) = 0. Then
B (9Zp 1 qhZpPhZy 1) — Bp(9Zp 1 q)Ea(hZyPhZ,_1)| < Const p?,
where the constant is independent of p, q.
Proof. First note that Ph = Qh. It is easy to see that
E.(9ZptqhZ,PhZy_1)
= PPY((P((Pig)h))Ph)
= v(gv((@n)?) +v(Q(Q%g - h)Qh) + v(Q%g - B)Qh + v(g)QP((Qh)?)
+ QPN (Q(Q - h)Qh)
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and
Ey(9Zp+q)Ey(hZyPhZ, 1)
= v(gv((Qh)?) +v(9)QP 1 ((Qh)*) + v((Qh)*)QP g
+ QP g - QI ((Qh)?).
The constant terms and terms involving only QP cancel, and Lemma (with an

obvious modification to control the term v(Q(Q% - h)Qh) implies the result. O

Finally, we estimate (I8). Recall that v(w) = 0 so that Pw = Qw. First note
that

E.(wZiyaPwZiqg—1wZ PwZy_1)
= PFH(P((PTH((Pw)?))w)) Pw)
= v((Qu)*)r((Qu)*) + (QQ™ H((Qw)*)w)Qu) + v(Q ((Qw)*)w)Q*w
+r((Quw)*)Q" 1 ((Qw)?) + Q* HQQ ((Qu)*)w)Quw)
(where we have used the facts that v(w) = 0 and v@Q = 0) and that
E (wZyyqPwZyyg—1)By(wZp PwZy_1)
= (PMH(Qu)*) (P H(Quw)?)
(r((Qw)*) + QM1 ((Qu)®)) (n((Qu)?) + Q1 ((Qw)?)).

Multiplying this out, we see that the constant terms and terms involving only QF

again cancel. Applying Lemma (and an obvious modification to control the

term v(Q(Q?1((Qw)?)w)Qw)) implies that () is bounded above by Const p.
Combining the above and Lemmas [R.3] B.4] we see that

|E(XktaXk)| = |Em(ui+d“%) —E; (“%er)]Ez(u%)‘ < Const de

where the constant is independent of k,d. By the discussion above, this implies
that (IV) = O(n2*¢) for any £ > 0. This concludes the proof of Theorem [[4l
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