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LARGE ORBITS IN COPRIME ACTIONS
OF SOLVABLE GROUPS

SILVIO DOLFI

ABSTRACT. Let G be a solvable group of automorphisms of a finite group K.
If |G| and |K| are coprime, then there exists an orbit of G on K of size at
least \/@ It is also proved that in a m-solvable group, the largest normal
m-subgroup is the intersection of at most three Hall w-subgroups.

1. INTRODUCTION

All groups considered here are finite groups.
We prove the following;:

Theorem 1.1. Let G be a solvable group acting faithfully on a group K. If
(|G|, |K|) =1, then there exist z,y € K such that

Ce(z)NCa(y) =1.

As a consequence of Theorem 1.1, we have that in a faithful coprime action of a
solvable group G there always exists an orbit of size at least /|G|. This answers a
question raised by I. M. Isaacs in [9].

Corollary 1.2. If G is a solvable group that acts faithfully on a group K with
(|G|, |K]|) = 1, then there exists x € K such that

ICa(@)] < VG

The main step in the proof of Theorem 1.1 is the study of large orbits of primitive
solvable linear groups. This is accomplished in Theorem 3.4.
Theorem 1.1 can be rephrased in a somewhat different way:

Theorem 1.3. Let w be a set of primes, G a m-solvable group and H a Hall -
subgroup of G. Then there exist x,y € G such that

HNH*NHY =0,(G) .

We remark that Theorem 1.3 was proved by D. S. Passman in [12] for sets 7 = {p}
consisting of a single prime. We point out that in [18], V. I. Zenkov shows that
if H is a nilpotent Hall w-subgroup of a m-solvable group G, then the intersection
of any number of conjugates of H in G can be expressed as the intersection of (at
most) three conjugates of H.
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We also reprove a result by A. Seress ([13, Theorem 2.1]):

Theorem 1.4. Let G be a solvable group and V' a finite faithful G-module. If V is
completely reducible, then there exist vi,vs,v3 € V' such that

CG(Ul) n Cg(’l}g) n Cg(ﬂgg) =1.
We point out that Theorem 1.4 can be improved for groups of odd order:

Theorem 1.5 ([4], Theorem 3). Let G be a (solvable) group of odd order and V a
finite faithful and completely reducible G-module. Then there exist v,w € V such
that

Ca(v)NCq(w) =1.

As shown in [17], Theorem 1.5 holds for supersolvable groups G, but it fails for
G solvable of even order.

2. PRELIMINARIES

By well established reduction methods, the proof of Theorem 1.1 boils down
to showing that a solvable group G, acting faithfully and primitively on a finite
module V with (|G],|V|) = 1, has “enough” regular orbits on V' @& V. That is
given by Corollary 3.6, which follows from Theorem 3.4 where we consider a more
general context, by dropping the coprimality assumption. We mention here that in
the proof of Theorem 3.4 we are using the computer algebra system [GAP] in order
to check some “small” primitive groups.

We recall that an irreducible G-module V is said to be primitive if there is no
nontrivial decomposition of V' into a direct sum of subspaces V =V, & Vo@--- PV,
such that G permutes the set {Vi,Va,...,V;,}. A linear group G < GL(d, p*) is
said to be primitive if the natural G-module is primitive.

It is clear that in looking for regular orbits of a primitive solvable linear group
G, we can assume that G is a maximal primitive solvable linear group. Further, by
reducing the scalars, there is no loss of generality in assuming that the ground field
of the module is a prime field.

In the following lemma we collect a number of facts concerning the structure of
maximal primitive solvable linear groups. We mainly adopt the notation in [14]. In
particular, we denote by GG1YG> the central product of two groups G; and G2 and by
F2(G) the second term of the Fitting series of G (i.e. Fo(G)/F(G) = F(G/ F(G))).

Lemma 2.1. Let G be a primitive mazimal soluble group of GL(d,p), p a prime.
Then G has a unique mazimal abelian normal subgroup A, A is cyclic and |A| =
p* — 1 for some integer a.
Let C = Cg(A) and let F = F(C) be the Fitting subgroup of C. Let e = e(G) =
d/a. Then the following holds:
(1) G/C is a cyclic group and |G/C| divides a;
(2) C < GL(e,p*) (for a suitable embedding of GL(e, p*) in GL(d, p));
(3) |F/A| = €2 and each prime divisor of e divides |A|;
(4) F/A is a completely reducible, faithful symplectic C/F-module (possibly
over fields of different characteristic);
(5) for each prime divisor q of e, Oq(F) = Oq(A) ¥ E, with E, an extraspecial
group; if q is odd, then exp(E,) = q; if |E,| = ¢' 72", in GL(q",p?) there
is a unique conjugacy class of subgroups Eq isomorphic to Ey;
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(6) if e = d = ¢1"q3?, with q1, g2 distinct primes, then G is conjugate in
GL(d,p) to the Kronecker product G1xGy where G; is a mazimal primitive
solvable subgroup of GL(¢",p) with e(G;) = ¢™ fori=1,2;

(7) ifdis a prime and a = 1, then G ~ (Cp_1Y E).H where E is an extraspecial
group of order d® and exponent d if d is odd, E = Qg if d = 2, and H is
a mazimal irreducible soluble subgroup of SL(2,d); further, |H : F(H)| < 6
and |H :F(H)| =2 ifd=2;

(8) G is isomorphic to the semilinear group T'(p?) if and only if e = 1.

Proof. For (1)—(4) we refer to [14, Thms. 2.5.13-15]. (5) comes from [14, Thm.
2.5.17] and [14, Thm. 2.4.7a)]. (6) is a particular case of [15, Thm. 20.17]. For (7)
we refer to [14, pg. 62 and pg. 76]. Observe also that H = Hy N SL(2,d), where
H; is a maximal irreducible soluble subgroup of GL(2,d). If H; is imprimitive
or semilinear, then |H; : F(Hy)| = 2. If Hy is primitive and e(H;) = 2, then
|Hy : F(Hy)| < 6. (8) is [10, Corollary 2.3(a)]. O

We remark that for G; < GL(n;,p) with Z; = Z(GL(n;,p)) < G;, the Kro-
necker product G; xGs is isomorphic to the central product G1 vy Gs, with Z;, Z,
amalgamated.

We will maintain throughout the paper the meaning of the symbols a, e, 4, C,
F introduced in Lemma 2.1.

We state now a couple of well-known facts about symplectic modules. We say
that an H-module U is symplectic if U carries a nonsingular symplectic form that
is invariant by the action of H.

Lemma 2.2. Let U be a finite symplectic S-module. If char(U) does not divide
|S], then [S,U] and Cy(S) are nonsingular S-submodules of U.

Proof. By the Zassenhaus decomposition, U = [U, S] x Cy(S). It is enough to show
that Cy(S) = [U, S]*, the orthogonal (with respect to the nonsingular S-invariant
symplectic form (-,-) on U) of [U,S]. If w € [U,S]*, then for all u € U, z € S,
0= (w,u”—u) = (w,u”) —(w,u) = (w, u”) — (W*,u*) = (w—w*,u*), sow—w”* =0
and w € Cy(S). Therefore [U, S]* < Cy(S) and equality follows by considering
dimensions. (]

Lemma 2.3. Let U be a symplectic H-module and assume that U = Uy & Us with
Uy, Uy totally isotropic H-submodules of U. Then Cy(Uy) = Cy(Us).

Proof. One can choose x1,z9,...,xr € U; and y1,y2,...,yr € Us such that, for
i = 1,...,k, the linear span P; of z; and y; is a hyperbolic plane and U is the
orthogonal sum of the P;’s. Then observe that if h € H centralizes all the elements
x;, then h centralizes also all the elements y;. O

We need also some estimate on the order of centralizers in primitive linear ac-
tions. The following lemma is inspired by [16, Theorem 1.2(b)] and [13, Lemma
2.3]. We adopt the notation in Lemma 2.1.

Lemma 2.4. Let G be a primitive mazimal solvable subgroup of GL(d,p), p a
prime, and V the natural G-module. Let S be a subgroup of G of prime order s.
If S < C, then |Cy (S)| < p*®, where:
(1) if S< A, then o =0;
(2) if S<F, then a < 1/s;
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(3) if [S,04(F)] # 1 for some prime q # s, then |[S, O, (F)]| = ¢*™* for some
positive integer m and

1 m -1
a§<q+s> if s|¢™ —1,
s qm
1 m™4+1
ag—(q i ) if s|l¢™+1;
S qm

(4) if S <F3(C), then a <2/3 and a < 1/2 if s # 2;
(5) o <3/4 in any case.
If S £ C, then |Cy(S)| < pe/2.

Proof. The cyclic group A acts fixed point freely on V, so (1) is clear.

If S £ C, then there exist x € S, a € A such that [z,a] is a nontrivial element
of A. Since Cy (z) N Cy(2%) = Cy(z=1) N Cy(2%) < Cy([z,a]) = 0 and |Cy ()| =
|Cy (2%)|, we have |Cy(S)| < pe@/2.

Therefore, we can assume S < C. By Lemma 2.1(2) a subgroup of C is a group
of GF(p®)-linear transformations of V.

Assume first that S < F, S £ A. Then s # pand S < F < G, with F
an extraspecial s-group. We consider the restriction Vg. It is a direct sum of
faithful irreducible E-modules, since Z(E) < A acts fixed point freely on V. As
dimensions of centralizers do not change by extending the ground field and they
add up in direct sums, we can assume that V is an irreducible, faithful F-module
on an algebraically closed field F. If x is the (Brauer) character corresponding to
V, then, as char(F) # s, dimg(Cy (5)) = [xs, 1] = < dimp(V) since x(z) = 0 for
every x € E'\ Z(E), and (2) is proved.

Assume now that [S, F;] # 1, where F; = O4(F'), for some prime ¢ # s. Observe
that S centralizes Z(F,) < A. Hence U = F,/Z(F,) is a faithful nonsingular
symplectic S-module and (]S],|U|) = 1. Then by Lemma 2.2, Q = [Fy,S] is an
extraspecial group and |Q| = ¢*™*! for some positive integer m. Observe that
S centralizes Z(Q) and by coprimality S acts fixed point freely on Q/Z(Q). We
may again assume that the ground field of V is algebraically closed. If W is a
QS-submodule of V', then |Cy (S)| = [Cw (S)||Cv/w(S)|, and both W and V/W
are faithful @QS-modules (as nontrivial normal subgroups of QS containing Z(Q),
which acts fixed point freely). By induction on dim(V'), we can hence assume that
V is irreducible. Applying [7, Satz V.17.3] when char(V) # s and [8, Theorem 2.6]
when char(V') = s, we get (3).

If S <F3(C), then [S,0,/(F)] # 1 or S < F; thus (4) follows by (2) and (3).

Finally, if S £ F there exist g € G, x € S with 1 # z = [z,g9] € F. By
(2), dimgppe) Cv(2) < /2 and since 2dimgp ey Cv (2) = dimgppe) Cv (z71) +
dimgp(pey Cv (29) = e + dimgp(pa) (Cy (271) N Cy (29)), we have (5). O

The next two lemmas are probably known, but we have found no reference in
the literature. Their proof uses arguments similar to those in [10, Thm. 3.5].

Lemma 2.5. Let G a nontrivial solvable and completely reducible group of linear
transformations of the finite vector space U. Then
Ul8
c:Fe) < UE

A
where B = logg(63/24) and \ = V/24.
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Remark 2.6. The bound in Lemma 2.5 is attained when G = GL(2, 3), acting on
its natural module. Observe also that 2.884 < XA < 2.885 and 1.297 < 3 < 1.298.

Proof. We work by induction on |U]|.

Let U = Uy @ Us for nontrivial G-modules Uy,Us and let G; = G/C; with
C; = Cg(U;), i =1,2. Then G is isomorphic to a subgroup of G; X G2 and hence,
by induction,

B B B B
G F(G)| < |G x Ga : F(G1 x Ga)| < 'Uﬂ 'Ui| - ‘Zl 'UA| .

We can hence suppose that U is an irreducible G-module. If U is imprimitive,
there exists a normal subgroup N of G such that Uy is non-homogeneous; we choose
N maximal with such properties. Let Uy = Uy & Uy & - - - ® U,,,, where the U;’s
are the homogeneous components of Uy. Then G/N is a faithful and primitive
permutation group on the set {Uy,Us, ..., Uy} (see, for instance, [10, Proposition
0.2]). By induction, we have |N : F(N)| < |U|?/A™. As |G : F(G)| < |G : F(N)| =
|G : N||N : F(N)], it is enough to show that |G/N| <A™~ 1.

If M/N is a chief factor of G/N, then |M/N| = m and M/N is a faithful
and irreducible G/M-module. By [10, Theorem 3.5 (a)] |G/N| < m®*1/A, with
3<a+1<10/3. So we can assume mlio/3 > A" that implies 2 < m < 5. If m is
prime, then |G/N| < m(m —1) < X"~ L If m = 4, then |G/N| < |Sy4| = A\* and we
are done in this case.

As the limitation of the index of the Fitting subgroups is inherited by subgroups,
we can thus assume that G is a maximal solvable primitive subgroup of GL(d, p),
where |U| = p?, p a prime.

We use the notation of Lemma 2.1. If e = 1, then by Lemma 2.1(8) we have
|G F(G)| <d < p?/Xforall (p,d) # (2,1). But, if (p,d) = (2, 1), then G is trivial.
So we can assume e > 2. We remark also that if p = 2, then by Lemma 2.1(3) it
must be a > 2 and e odd.

By [10, Theorem 3.5 (a)], |C/F| < ¢*%4 50 |G : F(G)| < |G : F| < a - %2,
Recall that |U| = p®. As 3 > 5/4, we are done when \ae”/? < p¢5/%. So we
consider the function

1
f(p,e,a) = %logpflogaf glogef 510g24

in D ={(p,e,a) | pprime, e,a positive integers,e > 2}.

Taking derivatives, one checks that f(p,e,a) is increasing with respect to p and
a in D, and it is increasing in e whenever ea > 6.

Further, f is positive at (2,6,2), (2,3,3), (3,8,1), (7,3,1) and (3,2,2). There-
fore, recalling that the prime divisors of e must divide p* — 1, we are left with the
cases (p,e,a) =(2,3,2),(3,4,1)orp >3, e=2,a=1.

Assume (p,e,a) = (2,3,2). By Lemma 2.1(4), C/F is isomorphic to a subgroup
of Sp(2,3). Hence, \|G : F(G)| < M8 < 267,

If (p,e,a) = (3,4,1), then G/F(G) = C/F is a solvable subgroup of the sym-
plectic group Sp(4,2) =~ Sg, so |G/ F(G)| < 72. As 72\ < 3*%, we are done in this
case.

If e = 2, then by Lemma 2.1(7), |G/ F(G)| < 6 and hence |G/ F(G)|\ < p?? for
all p > 3 (with equality when p = 3). The proof is complete. |
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Lemma 2.7. Let K be a nilpotent group and U be a nontrivial, finite, symplectic
K-module. If U is faithful and completely reducible, then
vl

K|l < —
< 5

where v = log,(6).
Remark 2.8. The bound is sharp for K = F(Sp(2,2)). Also, 1.292 < v < 1.293.

Proof. By induction on |U].

Arguing as in step (1) of the proof of Theorem A in [3], we have an orthogonal
decomposition U = Wy LWy L --- 1L W,,, where each W; is K-irreducible or the sum
of an irreducible K-module and its dual. In both cases W; is non-singular, for all i.

Working by induction on |U|, we can hence assume that U = Wj.

Let N be a normal subgroup of K. By step (2) of the proof of Theorem A in [3],
Uy =U,®Us & --- ® Uy, where each U; is either homogeneous or the sum of the
homogeneous components corresponding to an irreducible M-module and its dual.

If h > 1 and M is the kernel of the transitive permutation action of K on
{U1,Us,...,Up}, by the induction hypothesis,

h

M <]]

=1

By [1, Theorem 3], |K/M| < 2"~1; hence |K| < |U|7/2.

Therefore, we can assume that, for all N < K, Uy is either homogeneous or the
sum of a homogeneous N-module and its dual. Since the kernel of a module is the
same as the kernel of its dual, it follows that every abelian normal subgroup of K
is cyclic. As K is nilpotent, it follows that there exists a cyclic normal subgroup B
of K with |K : B| < 2 (see for instance [7, II1.7.6]). By [3, Lemma 1.1}, | B| divides
p" £ 1, where |U| = p**, p a prime. Hence |K| < 2(p"+1) and, as 4(p" + 1) < p*
for all p™ > 3, we are left with the case p” = 2. Then K < Sp(2,2) and hence
|K| < 3. As 3 =47/2, the proof is finished. O

M
Cu(Uy)

3. THE PRIMITIVE CASE

Given a group G and a prime ¢, we denote by n,(G) the number of elements of
order ¢ of G and by ny/(G) the number of elements of prime order # g of G.

We further denote by v(G) (resp. v4(G); resp. v4/(G)) the number of subgroups
of G of prime order (resp. of order ¢; resp. of order a prime # ¢ ) not contained in
Z(@G).

The proof of the next lemma is straightforward and we omit it.

Lemma 3.1. Let G be a group and q a prime.

(a) If G =L x M, then ny(G) = (ny(L) + 1)(ng(M)+1) — 1.
(b) If Z = Z(G) is cyclic, then

@12),, /2.

vq(G) < -1

Lemma 3.2. Let H be a solvable and completely reducible subgroup of Sp(4,3).
Then there exists a 2-subgroup K of H such that |H : K| < 48 and ny(K) < 3.
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Proof. It is well known that a maximal subgroup of Sp(4,3) is conjugate to one
of five groups My, Ma, ..., Ms, where My ~ SL(2,3) 1 Sa, |Ms| = |M3| = 2% - 3%,
|O3(Mz)| = |O3(M3)| = 33, My = 2.5, M5 = (Dg ¥ Qg).As. We can hence assume
that H is maximal among the solvable subgroups of M; such that O3(H) = 1, for
some 4. If i = 1, then H = M; and we consider K = O2(M;) ~ Qg X Qg. If i =2
or i =3, then |H| <48. If H < My, then Z = Z(M4) < H and H/Z is isomorphic
to a solvable subgroup L of Sg with O3(L) = 1. It is easily checked that then L
is isomorphic to a subgroup of either Sy ! S3 ~ S; x Cy or a Frobenius group of
order 20. Hence in this case |H| < 96 and one takes K = Z. If, finally, H < M5,
then H ~ (Qs v Dg).L, where L is isomorphic to S3, A4 or a Frobenius group of
order 10. We are done by taking as K a subgroup of H isomorphic to Qg. (We
observe also that this is the only case where K is not normal in H. If we take
K =F(H) ~ Qs ¥ Dg, then ny(K) =11 and |H : K| < 12.) a

By Lemma 2.1(4), symplectic groups are naturally involved in the structure of
primitive linear groups. We collect in the following lemma some information about
some small solvable symplectic groups (see also [13, 2.10, 2.11]).

Lemma 3.3. Let R be a solvable group, U an elementary abelian normal q-subgroup
of R (q a prime) and assume that R/U acts completely reducibly and faithfully,
respecting a nonsingular symplectic form on U. Then there is a normal subgroup
K of R with U < K and K/U nilpotent such that:
(a) if |U| =24, then |R: K| <8, 7(K/U) C {3,5} and n3(K) < 80, n5(K) =0
ornz(K) =0, ns(K) < 64;
(b) if |U| = 2%, then |R/K| < 48, R/K has at most 23 subgroups of prime
order, m(K/U) C {3, 5, 7} and one of the following holds:
D) na(K) < 728, n5(K) =0, ne(K) = 0;
ili) ng(K) <8, ns(K) =0, n7(K) < 384;
(c) if |U| = 2% and U has no totally isotropic H-submodules, then |R/K| < 64
or R/K is isomorphic to a subgroup of either So1.S4 or GL(2,3) x Cy; also
va /() < 3280;
(d) if [U| = 3%, then |R/K| < 1296, m(K/U) = {2} and vo(K) < 7-38.

Proof. By assumption H = R/U is a solvable completely reducible subgroup of
the symplectic group Sp(U). Note that an irreducible H-submodule of U must be
either nonsingular or totally isotropic. Observe also that we may shift to subgroups
H; < GL(U) containing H. Namely, if Ny is a normal nilpotent subgroup of H; and
K is the preimage in R of Ny N H, then R/K is isomorphic to a subgroup of Hy/N;
and 7(K/U) C w(Ny). Also, K acts completely reducibly on U, so (|K|,|U]) =1
and K splits on U. It follows that ng(K) < n,(U x Ny), for all primes g.

(a): If H is reducible or H is imprimitive, then H < H; = GL(2,2)1 S; (as
a subgroup of GL(4,2)). Considering N7 = F(H;), we have |H; : N7| = 8 and
ny (U x N1) = ng(Ay x Ay) = 80. If H is primitive, then H is a subgroup of the
semilinear group I'(2%). Since Sp(4,2) ~ S has no element of order 15, the claim
follows.

(b): Let |U| = 26. If U, as an H-module, is reducible and has an irreducible
submodule of dimension 4, then H < L x GL(2,2) where L is a maximal solvable
irreducible subgroup of Sp(4,2) and by (a) we have i) or ii). If U has just one
irreducible submodule of dimension 3, then H < L x GL(2,2) where L is a maximal
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solvable completely reducible subgroup of GL(3,2). Thus, L ~ I'(23) and hence
we have iii). If U = Uy @ U with U; irreducible submodules of dimension 3, then
the U; are both totally isotropic and by Lemma 2.3, Cy(U;) = Cy(Us). Hence
H < T'(2%) < GL(3,2) and iii) follows. If all irreducible submodules of H are at
most 2-dimensional, then H < (GL(2,2))3, hence i) follows.

Assume now that H is irreducible and imprimitive. If the blocks of H are
2-dimensional, then H < H; = GL(2,2) @ Ss3. With Ny = O3(H;), we have
U x Ny ~ (A4)® and we have i). If the blocks are 3-dimensional, then they are
totally isotropic (as the space generated by their radicals is H-invariant) and again
they have the same centralizer in H. It follows that H < T'(2%).S,, hence we have
iii).

Suppose finally that H is primitive. Then, in the notation of Lemma 2.1, e(H) =
Lore(H)=3. If e(H) = 1, then H < I'(2°) and, as Sp(6,2) has no element of
order 21, we have 1) or iii). If e(H) = 3, then H < H; where H; is the (unique up
to conjugation) maximal primitive solvable subgroup of GL(6,2) with Ny = F(H;)
extraspecial of order 33. One checks that H;/N; ~ GL(2,3). As N; < SL(3,2%),
the non-central elements in N; have centralizers of order 22 in U. Hence U x N;
has 2 - 26 4 24 - 21 = 512 elements of order 3 and i) follows.

Observe that in any case R/K has at most 23 prime order subgroups, since either
|[R/K| <16 or R/K < GL(2,3) or S5 Ss.

(c): Assume that |U| = 2% and that H fixes no totally isotropic subspace of U.
Observe that U has no irreducible submodule of odd dimension. If U is reducible
and one irreducible submodule of U has dimension 6, then H < L x GL(2,2), where
L is an irreducible solvable subgroup of Sp(6,2). By (b) (and the last paragraph
in its proof), we get (c).

If the submodules of U are at most 4-dimensional, then H < Sp(4,2) x Sp(4,2)
and we are done by (a).

Assume now that U is irreducible and imprimitive. If the minimal blocks have
dimension 2, then H < H; = GL(2,2) 1 S4. Thus for Ny = Os(H;) we have
U x Ny =~ (A4)*, 50 vo (U x N1) = 3280 and Hy /Ny =~ S21S4. If the minimal blocks
are 4-dimensional, they are either both totally isotropic or both nonsingular. In the
first case, the centralizer of one of them centralizes also the other and H < T'(24).Cs.
In the latter case, H < I'(2%)1S; and, recalling that Sp(4, 2) has no element of order
21, (c) follows.

Finally, if H is primitive, then H < H; ~ T'(2®). For Ny = F(H;), |H; : Ni| =8
and v(U x Ny) < 283.

(d): Let |U| = 35. Assume first that H = R/U is reducible. Note that there
is no irreducible H-submodule of U of dimension 5. If there is a 4-dimensional
irreducible submodule, then H < Sp(4,3) x GL(2,3) and, recalling the remark at
the end of the proof of Lemma 3.2, there is a 2-group N < H such that na(N) < 23
and |H : N| < 48-6 = 288. If there is a 3-dimensional irreducible H-submodule Uy,
then Uy is totally isotropic. If U = Uy & Uy with Us a totally isotropic H-module,
then by Lemma 2.3, H < GL(3,3). Otherwise, H < GL(3,3) x Sp(2,3) x GL(1, 3).
Observe that if 7" is a completely reducible solvable subgroup of GL(3,3), then T'
is either isomorphic to a subgroup of GL(2,3) x GL(1,3) (if T is reducible), or
GL(1,3) 1 S3 (if T is irreducible and imprimitive), or T'(3%) (if 7" is primitive). In
all cases there is a 2-subgroup M < T with no(M) < 7 and |T : M| < 39. So it
follows that if U has a 3-dimensional submodule, then there is a 2-group N < H
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with ng(N) < 31 and |H : N| < 117. If the irreducible H-submodules of U are
at most 2-dimensional, then H < (GL(2,3))3 and hence there exists a 2-subgroup
N < H with |H : N| <216 and ny(N) < 7.

Let us assume that H is irreducible and imprimitive. If H has blocks of dimension
1, then we can assume H ~ GL(1,3)1Ss. Since the solvable subgroups of Sg
have order at most 72, taking as N the base group of H we have na(N) = 63
and |H : N| < 72. If H has 2-dimensional minimal blocks, then we can assume
H ~ GL(2,3) 1S3, and by taking N = Oz(H) we have ny(N) = 7 and |H : N| =
243% = 1296. Finally, if H has minimal blocks of dimension 3, then by Lemma 2.3,
H < GL(3,3).Cy and hence there is a 2-group N < H with na(N) < 31 and
|H : N| < 234.

If H is primitive, then H < T'(3%) (if e(H) = 1) or H < (O ¥ Qs).Sp(2,2).C3
(if e(H) = 2). In both cases there is a 2-subgroup N < H with ny(N) = 1 and
|H : N| < 546.

Therefore, in any case there is a K < R with K/U a 2-group, |R : K| < 1296
and 1,(K) < 63 - 36. U

We now come to our main result about primitive solvable linear groups. We
observe that the condition about multiplicities of regular orbits is needed for han-
dling the imprimitive case. We also remark that in the proof of the following result,
some small primitive groups have been checked by constructing them in the algebra
computer system [GAP].

Theorem 3.4. Let G be a solvable primitive subgroup of GL(d,p), p a prime, d
a positive integer, and let V be the natural module for G. Then G has at least p
reqular orbits on V@V or G is one of the following groups:

(1) GL(2,2);

(2) SL(2,3) or GL(2,3);

(3) 32.5L(2,3) or 3172.GL(2,3) < GL(6,2);

(4) (Qs ¥ Qs)H < GL(4,3) where H is isomorphic to a subgroup of index 1, 2

or 4 of 01 (4,2).

Proof. We prove that if G is not one of the groups in (1)—(4), then G satisfies the
following property:

(P) there is an element v € V such that Cg(v) has at least p regular orbits on V.

Observe that we can assume that G is a maximal primitive solvable subgroup of
GL(d, p). We adopt the notation of Lemma 2.1.

Assume first that e = e(G) = 1.

Then G = I'(p?) and for any 0 # v € V, |Cg(v)| = d. We can hence assume that
Cg(v) is the Galois group of V = GF(p?). So the elements of V that do not belong
to a regular orbit of Cg(v) are in the union of the subfields GF (p?™), m varying
among the prime divisors of d. Since the (distinct) prime divisors of d are at most
log,(d), it is enough to prove that f(p,d) = p? — log,(d)p?? — dp is nonnegative.
It is easily checked that f(3,d) > 0 for all integers d > 1 so, as f(p, d) is increasing
in p, f(p,d) > 0 for all p > 3, d > 1. Further, f(2,d) > 0 for all d > 4. Thus
we are left with the cases p? = 2/, i = 1, 2, 3. T'(2) and I'(23) verify (P), while
['(2%) = GL(2,2) is the exceptional case in (1).

Therefore, in the following we can assume e > 2.
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To find a vector v as in (P), we are going to look for a regular orbit of the
subgroup K = Fy(C). If X is a subgroup of prime order of K, then |Cy(X)| =1
if X < A and [Cy(X)| < |V|*/3 in any case by 2.4(4). Further, if p® — 1 is a
power of 2, then by Lemma 2.1(3) and (4), |[K/F| is odd and by Lemma 2.4(4),
|Cy(X)| < |V|Y/2. Let X be the set of all subgroups of prime order of K which
do not lie in A. Applying Lemma 2.7 to the symplectic K/F-module F/A, by
Lemma 3.1(b) it follows that

X< DD —Eong(K/A) < 2K/A| = 2{K/F|[F/A < [F/AP*! = 0%
gen(K)

where v = log, (6). Hence K certainly has a regular orbit on V if |[V|—|X||V ¥ > 0,
where k = 1/2 if p® — 1 is a power of 2 and k = 2/3 otherwise. Taking logarithms,
we consider the function

fr(pse,a) = (1 = k)ea — clog,(e)

where k = 1/2, 2/3 and ¢ = 2(y + 1) < 4.585, in the domain p > 2, e > 2 and
a > 1. Note also that if p = 2, then a # 1.

One checks, for both values of k, that f; is increasing in p and a, and it is
increasing in e when ea > 13. Therefore, evaluating f; at suitable points, it follows
that:

a = 1) fy3(p,e,1) > 0 for e >
J1/2(3,e,1) > 0 for e > 28;

a = 2): fy3(p,e,2) > 0 for e > 10, p
J1/2(3,€,2) > 0 for e > 10;

a = 3): fa3(p,e,3) > 0 fore >4, p > 5, fy5(3,e,3) > 0 for e > 10,
f2/3(2,€,3) > 0 for e > 20;

a=4): fo3(p,e,4) >0fore>2,p>5, f/3(3,e,4) > 0fore > 6, f/3(2,¢,4) >
0 for e > 13;

and that fy/3(p,e,a) > 0 for all p > 3, e > 2, a > 5, while f5/3(2,¢,5) > 0 for
e>9, fa/3(2,e,6) > 0 for e > 6, fa/3(2,¢,7) >0 for e > 4 and fy/3(2,¢,a) > 0 for
all e > 3 when a > 8. Observe that if e = 20, then p > 11 and fy/3(11,20,1) > 0.
If e = 21, then p > 43 and f5/3(43,21,1) > 0.

Therefore, recalling that each prime divisor of e divides p® — 1, there exist an
element v € V such that Cg(v) N K = 1, or we are in one of the following cases:

\%
)
»
=
\%

- 77 f1/2(558a 1) >0 for e Z 167

v

5, f273(2,€,2) > 0 for e > 36,

TABLE 1

e<19forp>7 e=2
e<9forp>3,e=3"

(1) a=1 < 4) for p = 3,5;
(2) a=2: " (

(3) a=3: e<3forp>5e=2"(

(4) a=4:

(5) a=6

(1<
1§z§ 3) for p =2;

1<i< )forp 3,e=7for p=2;
c e<bforp=3,e=3,509forp=

, e=3,p=2.

Therefore, except for the cases in Table 1, |Ca(v)| < |G/K| < a|C/K| <
alF/A|P /X = ae?P /X where B and X are as in Lemma 2.5. As |Cy(S)| < |V[3/* for
every prime order subgroup S of D = Cg(v), to prove (P) it is enough to show that

V| = [D||V|?/* > p|D| or equivalently that pe® > %¢2? (p%ea +p). We observe
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that p%e‘”é > p%e“ + p for ea > 6, so taking logarithms it is enough to study the
positivity of the function

1 1
h(p,e, @) = gea — 20 log, (¢) —log, () +log,(\) - =

forp>2,e>2,a>1.

One checks that h(p,e,a) is increasing in p, e and a when ea > 10 and that
h(p, e, a) > 0 with the exceptions mentioned in Table 1 and also (p,e,a) = (3,28,1)
and (p,e,a) = (3,10,2). But if (p,a) = (3,1) or (3,2), then e is a power of 2.

Therefore, we are just left with the cases in Table 1 to check.

e prime:

Assume first e > 5. By Lemma 2.1(4), C/F is an irreducible subgroup of
Sp(2,e) = SL(2,¢). Hence |C/F| divides e? — 1, and there exists a nilpotent nor-
mal subgroup K/F of C/F such that |C : K| divides 6 and K/F has at most
one subgroup of order ¢ for each prime ¢ (see for instance [15, pp. 165-166] or
[10, Theorem 2.11]). We therefore have v.(K) = e(e + 1) and by Lemma 3.1b),
va(K) < 2¢* and vy(K) < e?q < e?<EL for each prime divisor ¢ # 2 of |K/F|.
Since the odd prime divisors of |K/F| are at most <! + <21 = e, K has at
most €3 (%1) + e(e + 1) subgroups S of odd prime order. Observe also that, by
Lemma 2.4(4), |Cy(S)| < |V|*/2. Further, by Lemma 2.4(3), |Cy (z)| < |V]*/5 for
each involution x € K. Observe that e > 5 divides p® — 1, so p® = 8 or p* > 11.
We show that K has a regular orbit on V', by considering the function

e+1
2

f(z,e) =a° — 2e%25¢ — (3 ( > +e(e+ 1)).73%6.
One checks that f(z,e) is increasing in x for © = p* > 11 and that f(11,e) > 0 for
e>"T.

For e = 5 or e = 7, observe that the only odd prime divisor of e? — 1 is 3. Thus
vo(K) = v3(K) + ve(K) < 3-e? +e(e+ 1) and again K has a regular orbit on V.

Thus for e > 5 there is a v € V such that |Cg(v)] < |G : K| < 6a. Since
pw—6-a<p%e“+p) > 0 for p® > 11, e > 5 and p* = 8, e = 7 we are done for e
prime, e # 2, 3.

Assume e = 2. Note that hence p > 3 and then by Lemma 2.1(2) and Lemma 2.4
each nontrivial element in G centralizes at most p® elements of V.

Let L be the normalizer in C of a Sylow 3-subgroup of C. Then |C : L| = 4 and in
L there are at most 9 subgroups of prime order not contained in A (namely at most
6 involutions and at most 3 subgroups of order 3). Therefore, L has a regular orbit
on V for all p* > 9; that is, there exists a v € V such that |Cq(v)| < |G : L| = 4a.
Since p?* — 1 — (4a — 1)(p® — 1) — 4ap > 0 for p* > 9, we are left with the cases
p* =3,5,7 to check.

If p* = 3, then G is a subgroup of GL(2, 3) that contains the normal quaternion
subgroup of GL(2,3). Thus G is either contained in a Sylow 2-subgroup of GL(2, 3)
and hence it satisfies (P), or G contains SL(2, 3) and we have the exceptional cases
in (2).

Assume now a = 1, p = 5,7 and let H = G N SL(2,p). Observe that H acts
fixed point freely on V, since an element x € SL(2,p) has 1 as an eigenvalue only
if p divides |z|. Therefore, Cg(v) N H = 1 for any 1 # v € V and hence Cg(v)
is isomorphic to a subgroup of the cyclic group G/H. Observe that |G : H| = 4
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ifp=5. If p=7, then |G : H| = 3 since G is the normalizer in GL(2,7) of a
subgroup E ~ Qs and F is normal in a Sylow 2-subgroup of SL(2, 7). Thus C¢(v)
has just one subgroup of prime order and hence it has at least (p?> —p)/(p—1) =p
regular orbits on V.

Assume finally e = 3. First let a = 1, so that G = C < GL(3,p) and p > 7.
Define H = (K N SL(3,p))B, where K = F3(C) and B is the 2-complement of
A. Note that H is metanilpotent. Further, G/H is a cyclic {2,3}-group, since
G/K is cyclic of order 3 and K = (K N SL(3,p))A (since F < (K NSL(3,p))A,
so 3 does not divide |K : (K NSL(3,p))A| and |(K NSL(3,p))A : K NSL(3,p)| =
|[A : ANSL(3,p)| = %), and hence K/H is a cyclic 2-group. The Sylow 2-
subgroups of H are quaternion groups, so v2(H) =9, and if x € H is an involution,
dim(Cy(z)) < 1 as 1 cannot be a double eigenvalue of z. Also, v3(H) = 12. As
p>—1—(9+12)(p—1) > 0, there is a v € V such that D = Cg(v) is a cyclic
{2,3}-group and |D| < 3(p — 1). D has at most two subgroups of prime order and
p® —2p?> —3(p—1)p >0 for all p > 7, so D has at least p regular orbits on V.

Assume now a > 2. As C/F < Sp(2,3), K = F3(C) has at most 9 involutions
if p = 2 and at most 18 involutions otherwise. Also, v3(K) = 12. One checks
that y3 — 18y% — 12y > 0 for all y = p® with p odd (recall that p # 3) and that
y3 —9y? — 12y > 0 if y = 2% with a > 4. So for a > 2, p odd or a > 4, there exists a
v € V such that |Cq(v)| < |G/K| < 3a. Hence (P) holds for a > 2, p odd or a > 4,
since in this case p3* — 3a(p?® + p) > 0. By Lemma 2.1(3), we are hence left with
the case p = a = 2, which gives the exceptional group Gy ~ 3'*2.GL(2,3). It is
not difficult to check that the only proper primitive subgroup of Gy that does not
satisfy (P) is 3172.5L(2, 3).

e =4

The central products Dg Yy Dg, Dg Yy Qg and Dg Yy Dg v C4 have respectively 18, 10
and 30 noncentral involutions. By Lemma 3.3(a), there is a normal subgroup K of
C such that K/F is a nilpotent 3- or 5-group, and by Lemma 3.1b), vo/(K) < 40 if
3 and 5 do not divide p® — 1, v5/(K) < 80 if 31 p* — 1 and vy, (K) < 120 otherwise.
We have that ¢ — 1 — v(K)(2%2 — 1) > 0 for z = p® > 9 if 3,5 p* — 1, for x > 11
if 34p* —1 and for z > 12 otherwise. Hence, if p® # 3, 5, 7 there is a v € V such
that |Cq(v)] < |G/K| < 8a. Using Lemma 2.4 and recalling that here p is odd, (P)
follows by checking that p*® — 7(p3* — 1) — 8(a — 1)(p?* — 1) — 8ap is positive for
p* > 9.

The cases p* = 5 and p® = 7 are done using [GAP]: one checks that the normal-
izer in GL(4,p) of an extraspecial subgroup of order p® (there are two conjugacy
classes of such groups when p = 7 and just one if p = 5) verifies (P).

Assume finally p = 3 and @ = 1. In GL(4,3) there are two conjugacy classes
of maximal primitive solvable subgroups with e = 4: Gy ~ (Dg v Qs).H with H
a Frobenius group of order 20 and G; ~ (Qs ¥ Qg).0"(4,2) (see for instance [14,
§8.1]). Using [GAP] one checks that (P) holds for Gy but not for G;. By [14,
Thm. 8.3.1] there is an epimorphism ¢ : W — G where W = GL(2,3) ! S and
Ker(yp) = Z(W) has order 2. The primitive subgroups G < G; with e = e(G) =4
are the p(M) where M contains the subgroup SL(2,3) x SL(2, 3) of the base group.
It is not difficult to check (with [GAP]) that the groups G = (M) do not satisty
(P) (precisely, no centralizer has regular orbits) when M % GL(2,3) x SL(2, 3) or
M £ SL(2,3) x GL(2,3) (in these cases (P) holds: each centralizer has three regular
orbits).
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e=06:

In this case p > 7 and by [15, Thm. 20.13], C is a subgroup of the central product
Ny v Na, where Ni/A ~ S; and N3/A is (isomorphic to) the semidirect product
of SL(2,3) and its natural module. Since C/A ~ N;/A x Ny/A, by Lemma 3.1 it
follows that there is a K <C with K/ F nilpotent and |C : K| < 6 such that v, (K) <
78 and v3(K) < 120. As 2® — 78z* — 12023 > 0 for > 11, by Lemma 2.4(4), K
has a regular orbit on V for all p® # 7. If p®* = 7, by Lemma 2.1(6), G is (linearly)
isomorphic to a central product G v G2 where G is the (unique up to conjugation)
maximal primitive subgroup of GL(2,7) with e(G1) = 2 and G5 is the maximal
primitive subgroup of GL(3,7) with e(G2) = 3. One checks that G; ¥ G2 has just
18 noncentral involutions. Since 7¢ —18-74 —120-73 > 0 the subgroup K = F3(G)
has a regular orbit on V.

Since pb¢ — 6ap6“% —6ap >0 forall p>7,a>1, (P) holds when e = 6.

e=38:

By Proposition 3.3(b), there is a normal subgroup K of C such that K/F is
nilpotent , |C/K| < 48, C'//K has at most 23 prime order subgroups and vy (K) <
452 if 31 |A| = p® —1 and vy (K) < 1092 otherwise. The central product Dgy Dg v
Dg v Cy has 126 noncentral involutions; hence v(K) < 1218 if p = 1 (mod 3) and
v(K) < 578 otherwise. Since p%® — 1218p*® > 0 for p® > 7 and 5% — 578 - 51 > 0,
then by Lemma 2.4(4), when p* # 3 there is a v € V such that Cg(v) N K = 1.
Hence Cg(v) has at least p regular orbits on V, as p8® — 23p5¢ — 48a(p*® + p) > 0
for all p® # 3.

We check the case p = 3, @ = 1 by [GAP]. The Fitting subgroup F of G is
isomorphic either to Ey = Dg Yy Dg Y Dg or Es = Dg Yy Dg ¥ (Qs. We consider
Ey, E5 as subgroups of GL(8,3) (using for instance the method in [14, p. 19]).
By Lemma 2.1(5) we can assume that, up to conjugation in GL(8,3), F = E; or
F = FEs.

If ' = Ei, then G < L = Ngrisgs)(E1) and H = G/F is a maximal ([14,
2.5.34]) solvable completely reducible subgroup of L/F ~ OT(6,2) ([14, 2.4.12]).
As |07(6,2)| =27-3%-5-7 and Oz(H) = 1, then Oy4(H) # 1 for some q € {3,5,7}.
Choose for ¢ € {3,5,7} a Sylow g-subgroup T, of L and let G, = Np(FT,). If
O3 (H) # 1, then up to conjugation G < G5 or G < G7. If O3 (H) = 1, then
|Os(H)| > 3 by the maximality of H and hence up to conjugation G < G3. One
now checks by [GAP] that there is a v € V such that Cg,(v) has at least three
regular orbits on V, for ¢ = 3,5, 7.

Assume now F' = E>. Then G < M = Ngrs,s)(F2) and H = G/F is a
maximal solvable completely reducible subgroup of M/F ~ O~ (6,2). Recall that
|0~(6,2)| =27 -3%.5. If O5(H) # 1, then (up to conjugacy) G < G5 = Ny (FTs)
where T5 is a Sylow 5-subgroup of M. One checks by [GAP] that G5 satisfies
(P). So we can assume F(H) = O3(H). Observe that |O3(H)| > 3% Let T3 be a
Sylow 3-subgroup of M. One checks by [GAP] that Ny (FS) verifies (P), for each
representative S of the conjugacy classes of subgroups of T3 with |S| > 32.

e=9

In this case C/F < Sp(U) ~ Sp(4,3), where U = F/A. Let x be an involution
of Sp(4,3). If all eigenvalues of & are —1, then = must be the central involution
z of Sp(4,3). So if © # z, then Cy(z) # 0 and by Lemma 2.2, it follows that
|Cu(z)| = 32. Further, by Lemma 3.2, there is an N < C with F < N, N/F a
2-group with at most 3 involutions and |C : N| < 48. Assume first p # 2. Observe
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that v3/(N) = vo(N) < 2(3* +2-3%) = 198 and that v3(N) = 120. Since p® > 7
and x° — 19825 — 12022 > 0 for x > 7, it follows that N has a regular orbit on V.

For p = 2 we need a slightly sharper counting. In this case p® > 4 and |A] is odd.
Let T be a Sylow 2-subgroup of N. Then T ~ N/F and by the previous observation
there is at most a z € T such that |[z, F]| = 3°. Observe that by Lemma 2.4(3) any
of the 81 involutions that are conjugate to z in N centralizes at most p®® elements
of V. Further, in N there are at most 3 - 32 involutions not conjugate to z and
each one of them by Lemma 2.4(4) centralizes at most p®% elements of V. Since
2% —81x® — 2725 — 12023 > 0 for all z > 4, we have again that, for all p > 2, there
exists a v € V such that Cg(v) NN = 1.

It follows that |Cc(v)| < |C : N| < 48. By Lemma 2.4(5), |Cy(x)| < p*® if
z € Cand |Cy(x)| < p*/?if x ¢ C . Since p® — 48p®® — (a — 1)48p®*/? — 48ap > 0
forall p>7if a =1 and for all p > 2 if a = 2, we are done.

e =10:

By Table 1, we are left with the case a = 1. By Lemma 2.1(6), G = Gy G2 where
G1 (resp. G3) is isomorphic to primitive maximal soluble subgroups of GL(2,p)
(resp. GL(5,p)) with ey = e(G1) = 2 (resp. ex = e(G2) = 5). Let K = Fy(Q).
Then K/A is the direct product of a group isomorphic to the alternating group Ay
and an extension of a completely reducible nilpotent subgroup of SL(2,5) by the
natural module. Thus 7(K/A) = {2, 3,5} and, as the Sylow 2-subgroups of SL(2, 5)
are quaternion groups and the Sylow 3-subgroups are cyclic, by Lemma 3.1a),
no(K/A) < 4(5%2 +1) — 1 =103, nz(K/A) < 8-50 + 50 + 8 = 458, n5(K/A) = 24.
By Lemma 3.1(b), it follows that vo(K) < 206, v3(K) < 687 and v5(K) < 30.

Observe now that p > 11. Therefore, as 11° — (206 + 687 + 30)11%/3 > 0 there
is a v € V such that Cx(v) = 1 and hence |Ce(v)| < |G : K| = |Gy : Fo(G1)||Gs :
Fo(G3)| < 2-6 by Lemma 2.1(7). Since p'® — 12p'03/4 —12p > 0 for all p > 11, we
have (P).

e=12:

We can again consider just the case ¢ = 1. By Lemma 2.1(6) and (7), G is
the central product of groups Gy ~ (Cp_1 v E1).SL(2,3) where E; is extraspecial
of order 3% and Gy ~ (Cp=1 Y E3).D, with Ey extraspecial, |Es| = 25 and D
isomorphic to either S5 Sy or a Frobenius group of order 20 (see [14, §8.1]). Let
K = F5(G). Note that |G : K| < 3-8 and that 7(K) C {2,3,5}. Using Lemma 3.1
in K/A = F3(G1)/A x Fo(G3)/A, one gets na(K/A) < 159, n3(K/A) < 1160 and
ns(K/A) < 64. Hence vo(K) < 318, v3(K) < 1740 and v5(K) < 80. Since p > 7,
because 2 and 3 divide p— 1, p'2 — (v2(K) + v3(K) + v5(K))p® is certainly positive.
Thus K has a regular orbit on V. As p'2 — 24p° — 24p is also positive, (P) follows.

e=14:

Again ¢ = 1 and G is the central product of G; ~ (Cp_1 ¥ Qs).SL(2,2) and
G2 ~ (Cp_1 Y E).D, with E extraspecial of order 73 and D a maximal irreducible
soluble subgroup of SL(2,7). Let K = Fo(G). Then n(K) = {2,3,7} and, arguing
as in the case e = 10, vo(K) < 398 (observe that a Sylow 2-subgroup of SL(2,7)
has just one involution; see for instance [7, I11.8.10]), v3(K) < 1335 and v7(K) = 56.
Since by Lemma 2.1(3), p > 29, certainly p'* — (v (K) 4 v3(K) 4 v7(K))p'*2/3 > 0
and, as by Lemma 2.1(7), |G : K| < 12, (P) follows.

e=15:

Here a = 1 and G is the central product of groups G1 ~ (Cp_1 Y E1).SL(2,3) and
G2 =~ (Cp—1Y Ey).D, where Eq and E, are extraspecial groups of order respectively
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3% and 73, and D is a maximal irreducible soluble subgroup of SL(2,5). Take K =
Fa2(G), so that w(K) = {2,3,5} and, arguing as above, vo(K) < 518, v3(K) < 687
and v5(K) = 30. Hence K has a regular orbit on V' (observe that 3 and 5 divide
p) and, observing that |G : K| < 36, (P) follows since p'> — 18p'>3/4 — 18p is
positive.

e = 16:

We have only to check the case p = 3, a = 1. By [14, 2.5.34] no isotropic subspace
of F//A is fixed by G/F. Hence by Lemma 3.3(c), there is a K < G such that K <
FQ(G), Z/Q/(K) = VQ/(K/A) < 3280, ‘G/K| < 273 and TLQ(G/K) < TLQ(SQZS4) = 75.
Clearly, v2(K) = 1»(F) < 2|F/A| = 2° By Lemma 2.4(2),(4) the subgroups of
prime order of K centralize at most 3% elements. Since 316 —(3280+2%)3% > 0 there
is a v € V such that Ck(v) = 1, and hence Cg(v) is isomorphic to a subgroup of
G/K. By Lemma 2.4(3) the 2’-elements of Cg(v) centralize at most 3% elements in
V. So Cg(v) has at least three regular orbits on V, as 316 —75.312-273.38 -2732 > (.

e=18:

Here a = 1, so by Lemma 2.1(6) and (7), G is the central product of groups
G1 ~ (Cp-1YQs).SL(2,2) and G5 ~ (Cp_1 ¥ E).D, with E extraspecial of order 3°
and D a maximal irreducible soluble subgroup of Sp(4,3). Working in the direct
product G/A and using Lemma 3.2, it follows that there exist a {2, 3}-subgroup K
of G such that vo(K) < 2(4-244 — 1) = 1950, v3(K) < 3(3%3' — 1) = 1092 and
|G : K| < 96. Since p'® —vp(K)p'? —v3(K)p® > 0 and p'® — |G : K|(p'*3/*+p) >0
for all p > 7, (P) follows.

e=2T:

We have only to consider the case p = 2, a = 2. Then F is an extraspecial group
of order 37. By Lemma 3.3(d), there is a K <IC with K/F a 2-group, |G : K| < 2592
and vo(K) < 3%7. Also, v3(K) = v3(F) = 1092. Hence 427 —vy(K)4'® —v3(K)227 >
0 and K has a regular orbit on V. As 427 — 2592(4%73/4 4 2) > 0, (P) holds.

The proof is finished. O

Remark 3.5. We have 11 conjugacy classes, in the respective GL(d, p), of primitive
linear groups that have less than p regular orbits on V @ V', where V =V (d, p) is
the natural module. Six of them are in GL(4, 3).

As an immediate consequence of Theorem 3.4, we have the following.

Corollary 3.6. Let G be a solvable group and V' be a finite, faithful and primitive
G-module. If p = char(V') does not divide |G|, then G has at least p regular orbits
onVeV.

4. PROOFS OF THE THEOREMS

In order to handle imprimitive linear groups, we need some information on per-
mutation actions on subsets.

If G is a permutation group on a set 2 and I' C , we denote by Gr the (setwise)
stabilizer of ' in G.

Lemma 4.1. Let G be a solvable permutation group on a finite set 2. Let p be a
prime that does not divide |G| and ¢ = min{p,5}. Then there exist I'1,Ts,..., T
disjoint subsets of Q0 such that Q@ =Ty U2 U...UT; and

q
() Gr, =1.
1=1
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Proof. Observe that we do not require that the sets I'; are all nonempty. Thus, we
can assume that p is the smallest prime that does not divide |G/.

If |G| is odd, then by [5, Corollary 1] (see also [11] for an alternative proof) G
has a regular orbit on €2; i.e. there exists I' C 2 such that Gpr = 1.

If 3 does not divide |G|, the claim follows by [2, Lemma 1a) and Theorem 2].

We can hence assume p > 5. By [13, Theorem 1.2] or [2, Corollary 6], there is a
partition Q =Ty Uy U...UT;5 of Q such that ﬂle Gr, =1 O

In the proof of Theorem 1.1, we are going to use the following result by Hartley
and Turull ([6], Lemma 2.6.2).

Lemma 4.2. Let G be a solvable group that acts on a group K and assume that
(IG),|K|) = 1. Then there ezists a solvable group Ky such that G acts on Ki and
K and K; are isomorphic as G-sets.

We remark that Hartley and Turull prove that K; can even be chosen to be
a product of elementary abelian groups. We do not, however, need this stronger
statement in the following.

Proof of Theorem 1.1. By the Hartley-Turull Lemma, we can assume that K is
solvable.

Since F(K) = F(K xG), G acts faithfully on V = F(K)/®(F(K)). By induction
on |K| we can assume that K =V, a completely reducible G-module (possibly of
mixed characteristic).

If V is reducible, say V = V; @ Va, for proper G-modules V;, then by induction
on |V| there exist z;,y; € V; such that Cq(x;) N Ces(y;) = Ca(V;), for i = 1,2, and
we are done by considering x = z1 + x2 and y = y1 + yo.

Therefore, we can assume that V is irreducible. We prove that G has a regular
orbit on V @V that is clearly equivalent to the existence of z,y € V with Cg(z) N
Ca(y) =1.

Let V=W, & Wy & ... 5 W, be an imprimitivity decomposition of V with a
maximal number n of blocks and let H = Ng(W7). Then W = W is a primitive
H-module. (Observe that we also allow n = 1: in that case V is primitive.)

As p = char(W) does not divide |H|, by Corollary 3.6 there exist wq, wa,. .., w,
€ W @ W belonging to distinct regular orbits of H/Cy(W) on W & W.

Let T be a (right) transversal of H in G. Then, writing actions (multiplicatively)
on the right, V&V = @, (W @ W)a and there is a homomorphism ¢ : G —
Sym(T), defined by ap(g) = 8, where o, € T, g € G and ag = h,f for some
ho € H (hs depending also on g).

By Lemma 4.1, there are I',...,T', C T (with possibly some of the I';’s empty)
such that 7' is the disjoint union of the I';’s and ()}_, Gr, = Ker(y).

Definev e VoV by

v = Z Ug O

acT

where u, = w; whenever a € T';.
Observe that, if g € G fixes v, then g stabilizes all the sets I'; and hence g €
Ker(p). Therefore, aga™! = h, € Cy(W) for all a € T.
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It follows that
g e ﬂ Cg(W)a = ﬂ Cg(Wa) = Cg(V) =1,

aeT acT
and hence Cg(v) = 1. O

Proof of Theorem 1.3. We want to show that there are Hy, Ho, H3 € Hall;(G) such
that Hy N He N Hy = O,(G). By factoring out O, (G), we can assume O, (G) = 1.
Let L = O« (G). If L < G, by induction there exist Hf, Hy, H; € Hall (L) such
that ﬂ?zl H! = 1. Further, as L # 1 and O,(G/L) = 1, there exist Hy, Ho, H3 €
Hall(G) such that ﬂ?:l H,L = L. Since H; N L € Hall,(L) and hence it is L-
conjugate to H/, we can assume H;, N L = H/, for i = 1,2,3.
As ﬂle H; < L, we hence have

3 3 3
ﬂHi:ﬂHiﬂL:ﬂH{:I.
=1 =1 =1

Therefore, we can assume G = L = K H with K a normal m-complement of G and
H € Hall;(G). As O(G) =1, H acts faithfully on K and hence by Theorem 1.1
there exist x,y € K such that

1=Cy(z)NCu(y)=HNH*)N(HNHY)=HNH*NHY.

In proving Theorem 1.4, we use the following elementary result:

Lemma 4.3. Let V be a finite G-module and k a positive integer. If G has k
reqular orbits on V@V, then G has at least k(|V|+2) regular orbits on VeV OV.

Proof. Let {(z;,y;) | i = 1,2,...,k} be a set of representatives for the regular
G-orbits of V@ V. Then

{(xiayiau) | ’LZI, s 7k7u € ‘/,U 7& O}U{(xzayla0)7 (xi707yi)7 (Oam’ivyi) ‘ 1= 17' . ak}

is a (not necessarily complete) set of representatives of distinct regular orbits of G
onVaoVaolVl. O

Proof of Theorem 1.4. By the reduction method used in the proof of Theorem 1.1
and by Lemma 4.1, it is enough to prove that if G is a solvable group and V is
a primitive, finite and faithful G-module, then G has at least 5 regular orbits on
VeveoV.

By Lemma 4.3, we are hence left to check the exceptional groups (1)-(4) in
Theorem 3.4. It is also enough to consider the maximal groups in that list.

If G = GL(2,2) or G = GL(2,3) and V is the corresponding natural module,
then G has exactly one regular orbit on V &V and hence, by Lemma 4.3, G has at
least five regular orbitson V&V ¢ V.

If G = 3'2.GL(2,3) < GL(6,2) or G = (Qs ¥ Qg).0"(4,2) < GL(4,3), one
checks by [GAP] that G has at least five regular orbits on V@&V @&V, where V is
the natural G-module. (]

Added in proof. In the paper “Regular orbits of induced modules of finite
groups”, Finite groups 2003 (Thompson Conference), de Gruyter, Berlin, 2004,
T. Wolf gives a systematic and accurate way to count regular orbits of induced
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modules. This result, which was not available to the author at the time of his
writing, could be used to replace some arguments in the proof of Theorem 1.1.
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