TRANSACTIONS OF THE

AMERICAN MATHEMATICAL SOCIETY

Volume 360, Number 2, February 2008, Pages 643—669
S 0002-9947(07)04139-6

Article electronically published on June 25, 2007

EXISTENCE OF RENORMALIZED SOLUTIONS TO
NONLINEAR ELLIPTIC EQUATIONS WITH TWO LOWER
ORDER TERMS AND MEASURE DATA

OLIVIER GUIBE AND ANNA MERCALDO

ABSTRACT. In this paper we prove the existence of a renormalized solution to
a class of nonlinear elliptic problems whose prototype is
P) {0y N+ =

u=20 on 012,
where Q is a bounded open subset of RN, N > 2, Ap is the so-called p—Laplace
operator, 1 < p < N, u is a Radon measure with bounded variation on €2,
0<y<p—1,0< A< p-1, and |c| and b belong to the Lorentz spaces

N _ .
Lr»-1"(Q), % < r < +oo, and LNV1(Q), respectively. In particular we

prove the existence under the assumptions that v = A = p — 1, |¢| belongs

_N
to the Lorentz space L7—1""(Q), % <r < +4oo,and ||| ~ . issmall
Lr-1"(Q)

P
enough.

1. INTRODUCTION

In this paper we consider nonlinear elliptic problems whose prototype is

(1.1) = 2w = div (e(@)ul") + b@)|Vul* = in 0
' u=20 on 012,

where Q is a bounded open subset of RV, N > 2, A, is the so-called p—Laplace
operator, p is a real number such that 1 < p < N, p is a Radon measure with
bounded variation on , 0 <y <p—1,0< A <p—1, and |¢| and b belong to the
Lorentz spaces L1 (Q), z% < r < 400, and LV1(Q), respectively.

We are interested in existence results for renormalized solutions to (LIJ).

We have proved such an existence result in [GM], when y is a Radon measure
with bounded variation on Q, v = X\ = p—1, and ||c||L , 7 < 400, is large and

szl (0
bl L~ .1 () is small enough; the existence of a renormalized (So)lution is also obtained,
without assumption on the smallness of the norms of the coefficients, when v or A
are less than p — 1.

In the present paper we investigate the counterpart of the existence result given
in [GM], that is, we prove the existence of a renormalized solution when pu is a
Radon measure with bounded variation on Q, v =p —1, A =p — 1, [[b] Lv1(q) is
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large and Hc||L N ., 7 <400, is small. Thecase vy <p—1(and A <p—1) is

7=17(Q)

also studied.

The main features of (II]) are both the fact that the operator has two lower
order terms, which produce a lack of coercivity, and the right-hand side which is a
measure.

Let us assume that the operator has no lower order terms, i.e. b = ¢ = 0; in this
case the difficulties in studying problem (1)) are due only to the right-hand side
1.

Simple examples (the Laplace operator in a ball, i.e. p=2,b=0,c=0, and p
the Dirac mass in the center) show that, in general, the solution of (IT)) does not
belong to the space I/Vllocl (©2). Thus it is necessary to change the classical framework
of Sobolev spaces in order to prove existence results.

In the linear case, i.e. p = 2, Stampacchia introduced a notion of solution of
problem (1) defined by “duality” ([St]) for which he proved the existence and the
uniqueness. He also proved that such a solution satisfies the equation in the distri-
butional sense and it belongs to W,4(Q) for every ¢ < N/(N — 1). Unfortunately,
Stampacchia’s arguments cannot be extended to the nonlinear case except in the
case where p = 2 as shown in [M2].

The first attempt in studying the nonlinear case was done by Boccardo and Gal-
louét ([BGI], [BG2]), who proved, under the assumption p > 2— 4, the existence of
a solution which satisfies the equation in the distributional sense and which belongs

to VVO1 1(Q) for every g < N]E]p:ll). Let us explicitly remark that the assumption on
p implies that % > 1.

The next step consists of finding an “extra condition” on the distributional so-
lutions of (L)) in order to prove both existence and uniqueness results. This is
done by introducing two equivalent notions of solution: the notion of entropy so-
lution in [BBGGPV], [BGO] and the notion of the renormalized solution in [LM],
[M1]. These settings were, however, limited to the case of measure in L!(Q2) or in
LY(Q)+W 1P (Q). The case of a general measure with bounded total variation was
studied in [DMOP], where the notion of renormalized solution has been extended
to this case and an existence result is proved.

The effect of the two terms b(z)|Vu|* and —div(c(z)[u|?) is a lack of coercivity
of the operator.

In the linear case, i.e. p =2, v = A = 1, Stampacchia proved the existence and
the uniqueness of a “duality” solution, if 0 is not in the spectrum of the operator.

Such condition is verified if, for example, ||CHLL1(Q) or ||b]| (o) is small enough.
=

The case of a nonlinear operator was studied in [D], where a term b(z)|Vu|® is
considered, and in [DPol], where both terms —div (c¢(z)|u|?) and b(z)|Vu|* are
considered; in these papers the existence of a solution which satisfies the equation
in the distributional sense is proved.

The effects of both the right-hand side a measure and the lower order term
b(x)|Vu|* were studied in [BMMP3], where the existence of a renormalized solution
is proved.

Existence results for entropy solutions are proved by Boccardo in [B] when the
operator has a lower order term of the type —div(c(x)u). Moreover, in the nonlinear
case when the operator has a lower order term of the type —div(c(x)|u|?) and the
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right-hand side u belongs to L!(Q), the existence of a renormalized solution is
proved in [BGul], [BGu2].

Finally let us explain the restriction p < N. If p is greater than the dimension NV
of the ambient space, then, by the Sobolev embedding theorem and duality argu-
ments, the space of measures with bounded variation on €2 is a subset of w-Le (Q),
so that the existence of solutions in W, () was proved by Stampacchia in the lin-
ear case, i.e. p =2, v = A =1 (see also [Dr]) and by [DPo2] (see also [G2] for a
different proof).

Uniqueness results for renormalized solutions can be found in [BMMP2], when
the datum p belongs to L*(Q)+W~1#'(Q2) and the operator has a lower order term
of the type b(x)|Vu|* (see [BMMP4] for the case where p belongs to W17 (1))
and in [BGul], [BGu2] when p belongs to L*(£2) and a lower order term of the type
—div(e(x)|u|") is considered (see also [GI] for further uniqueness results).

In the present paper we consider operators where both the two lower order terms
—div (c(x)|u|") and b(x)|Vu|* appear without any coerciveness assumption on the
operator.

Our main result is Theorem 3.1 in Section 3. It is an existence result for a
class of nonlinear elliptic problems whose model is the problem (I]). In the model
case, such a theorem states that at least a renormalized solution exists if one of the
following conditions holds true:

1) y=p—1,ce L%’T(Q), r < 400, and Hc||L N is small enough;

p—l’r(
2) y<p—1landce L%"X’(Q).

The proof of such a result is obtained in various steps. The first difficulty is to
obtain some a priori estimate for |Vu|P~!. By adapting a technique used in [G2]
(cf. [B]), this is done by decomposing |[Vu[P~! in two terms

IVulP ™" = Xgu<mi VulP ™ + Xusmoy [ VulP ™!
= VT, (WP~ + [VSpm, (w) [P,

where Sy, (u) = u—Tp,, (u) is the “remainder” of the truncation T, (v) and m; is a
value suitably chosen. We first prove an a priori estimate for |[V.S,,, (v)[P~1; in this
step we use a generalization, proved in [BMMP3], of a result of [BBGGPV], which
says that if v is a function such that Ty (v) € Wy*(Q2) and if |‘VTk(v)|‘1()LP(Q))N <
kM +L, for every k > 0, then [[[Vo[P~!|| x/.o (o) < ¢, where ¢ depends on M, L and
Q. Then we prove that m; is uniformly bounded by a constant which depends only
on the data ¢, b, u and Q and this gives the desired a priori estimate of |[Vu[P~!.
Finally we use a stability result, proved in [GM], for equations whose prototype is
([CI) with b = 0, which is an extension of the stability result proved in [DMOP]
(see also [MP]). We also recall that in [GM] we prove the counterpart of Theorem
3.1, that is, we prove the existence of a renormalized solution when p is a Radon

measure with bounded variation on Q, v = A = p — 1, Hc||L My’ r < 400,
N

is large and ||b][v.1() is small enough. It is worth noting that the method used
in the present paper to obtain the a priori estimates seems to not allow dealing

with the case HCHLPJLW(Q) large (r < +oc) and ||b][~.1(q) small enough while it

seems that the one performed in [GM] is not suitable to the case [|b| ;.1 () large

and ||cHL SR small (r < 00). We explicitly remark that the results proved in
=
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the present paper and those proved in [GM] imply the existence of a renormalized
solution to the model problem () under the assumption that the norm of the
coefficient ¢ or the norm of the coefficient b is small enough.

2. NOTATION AND DEFINITION OF RENORMALIZED SOLUTION

2.1. Notation and definitions. In this section we recall some well-known results
about the decomposition of measures (cf. [DMOP]) and a few properties of Lorentz
spaces.

Let Q be a bounded open subset of RN, N > 2. Let p and p’ be real numbers such
that 1 < p < N and p’ is the Holder conjugate exponent of p, i.e. 1/p+1/p’ = 1.

We denote by M,(2) the space of Radon measures on  with bounded total
variation and by C’g(Q) the space of bounded, continuous functions on 2. Moreover
T and g~ denote the positive and the negative parts of the measure i, respectively.
We say that a sequence { . } of measures in M (€2) converges in the narrow topology
to a measure p in M,(Q) if

i [ de = [
e—0 Jo Q
for every ¢ € CP(Q).

We denote by cap, (B, 2) the standard capacity defined from WP (€) of a Borel
set B and we define My(Q2) as the set of the measures p in My(€Q) which are
absolutely continuous with respect to the p-capacity, i.e. which satisfy u(B) = 0
for every Borel set B C Q such that cap,(B,) = 0. We define M,(f2) as the set
of all the measures p in M(Q2) which are singular with respect to the p-capacity,
i.e. which are concentrated in a set £/ C 2 such that cap,(£,€) = 0.

The following result allows us to split every measure in M;(§2) with respect to
the p-capacity ([FST], Lemma 2.1, and [BGO], Theorem 2.1).

Proposition 2.1. For every measure p in My(Q) there exists a unique pair of mea-
sures (fo, fs), with o € Mo(Q) and ps € Ms(Y), such that ;= po + ps. Moreover
for any po that belongs to My(Q), there exist f in L*(Q) and g in (L* (Q))N such
that

po = f —div(g),

in the sense of distributions.

The measures po and pg will be called the absolutely continuous part and the
singular part of p with respect to the p-capacity.

We also recall that every function v € WO1 P(Q) is measurable with respect to g
and belongs to L>(Q, up). If v further belongs to L*°(£2), one has

/vduoz/fv—i-/ng, Yo € WP () N L>®(Q)
Q Q Q

(see, e.g., [DMOP], Proposition 2.7).
Combining the previous result and the Hahn decomposition theorem, we get the
following result.

Proposition 2.2. Every measure p in My(2) can be decomposed as follows:

= po + ps = f—div(g) + pf —py,
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where g is a measure in Mo(S2), hence can be written as f—div(g), with f € L'(Q)
and g € (LP (Q)N, and where pt and pg (the positive and the negative parts of
ls) are two nonnegative measures in Ms(Q2), which are concentrated on two disjoint
subsets ET and E~ of zero p-capacity.

We recall now the definition and a few properties of Lorentz spaces, which we
will use in the following. For references about Lorentz spaces see, for example,
[Lol [].

Let us denote by f* the decreasing rearrangement of f, i.e. the decreasing
function defined by

@) =inf{s >0 : meas{z €Q : |f(z)] >s} <t}, t€][0,|Q.

For references about rearrangements see, for example, [CR] K].
Moreover for 1 < ¢ < oo and 1 < s < 0o, denote

12| 1/s
(/ [f*(t)t%]sdt> , if s < 00,
0 t

sup t [meas {z € 2 : |f(x)|>t}]1/7', if s = c0.
>0

(2.1) Il fllas) =

The Lorentz space L?*(Q) is the space of Lebesgue measurable functions such
that

(2.2) [ £l a-s () < 4o00.

They are “intermediate spaces” between the Lebesgue spaces, in the sense that,
for every 1 < s < r < o0, we have

(2.3) L"Y(Q) c L™ (Q) = L"(Q) ¢ L™*°(Q) c L*(Q).

The space L™>(Q) is the dual space of L™ 1(£2), where 1+ L =1, and one has
the generalized Holder inequality

Vf e Lne(Q), Vg e L™ (),

2.4
24 [ 1191 < fllrmo Nl

More generally, if 1 <p < oo and 1 < g < oo, we get
Vf e LPr11(Q), Vg € LP2:72(Q),

(2.5) Il fallr.ay < 1 fllzersar ) llgllLrziaz ),

1_ 1 4, 1 1_ 1, 1
_P1+p2’ %

Improvements of the classical Sobolev inequalities involving Lorentz spaces are
proved, for example, in [ALT]. In the present paper we will only use the following
generalized Sobolev inequality: there exists a positive constant Sy, depending only
on p and N such that

(2.6) [oll e p ) < SN»P”UHWS"’(Q)’

for every v € Wy (Q).
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2.2. Definition of renormalized solution. In the present paper we consider a
nonlinear elliptic problem which can formally be written as
(2.7)
—div(a(z,u, Vu) + K(z,u)) + H(z,u,Vu) + G(z,u) = p — div(F) in Q,
u=20 on Of).

Here a : @ x R x RY — RM and K : Q x R — RY are Carathéodory functions
satisfying

(2.8) a(z,s,8)E > alglP, a>0,
(2.9) la(z,5,6)| < c[lE[P~! +[sP +ao(z)],  ao(z) € LP(Q), >0,
(210) (a(‘r’87€)_a($787n)a§_n) > 07 57&7]7

|K (z,5)| < co(x)]s]” + 1 (),
(2.11)

0<y<p-1, eLri"(Q), X <r<+oo, el ()

for almost every = € Q and for every s € R, £ € RN, n € RV,
Moreover H : @ x R x RY — R and G : Q x R — R are Carathéodory functions
satisfying
[H(w,5,6)] < bo(x)[€] + b (2),
(2.12)
0<A<p—1, byecLML(Q), b L),
(2.13) G(z,s)s >0,
|G(x, 5) < da()]s]" + da(),
(2.14)
dy € LF°X(Q), dy € LY(Q),

for almost every x € Q and for every s € R and ¢ € RY, where
N(p-1) Nip-1)1 1

1
2.15 O<t< P _APTI2 d 4= =1
( ) - N—p ? N-—p tan z+z’
Finally p is a measure in M (§2) which is decomposed as
(2.16) p=f—div(g) +ui —p5,

according to Proposition 2.2, and
, N
(2.17) Fe (L” (Q)) .

Remark 2.3. Observe that by ([23), if the functions ¢y and by belong to the Lebesgue

spaces L'(€) for some ¢ > A7 and L9() for some g > N, then the conditions

co € L%’T(Q), % < r < 400, and by € LN1(Q) (as requested in hypotheses

EI1) and 2I2)) are satisfied.

For k > 0, denote by T, : R — R the usual truncation at level k, that is,

_ S, |S| S ka
Tils) = { k sign(s), |s| > k.

Consider a measurable function u :  — R which is finite almost everywhere and
satisfies Ty (u) € Wy P(Q) for every k > 0. Then there exists (see e.g. [BBGGPV],
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Lemma 2.1) a unique measurable0 function v : Q — R¥, finite almost everywhere,
such that

(2.18) VT (u) = vX{ju|<k} almost everywhere in €, Vk > 0.

We define the gradient Vu of u as this function v, and denote Vu = v. Note that
the previous definition does not coincide with the definition of the distributional
gradient. However if v € (L}, .(Q))Y, then u € Wﬁ)cl (Q) and v is the distributional

gradient of u. In contrast there are examples of functions u ¢ L}, .(2) (and thus
such that the gradient of w in the distributional sense is not defined) for which the
gradient Vu is defined in the previous sense (see Remarks 2.10 and 2.11, Lemma

2.12 and Example 2.16 in [DMOP]).

Definition 2.4. We say that a function u : © — R, measurable on €2, almost
everywhere finite, is a renormalized solution of 27 if it satisfies the following
conditions:

(2.19) Ti(u) € WyP(), Vk>0;
(2.20) [P~ € L¥5°(Q);
(2.21) [Vu[P~' belongs to  LN>°(Q),
where Vu is the gradient introduced in (ZI8]);
1
(2.22) lim —/ a(x,u, Vu) - Vup = / odu?,
n—=+oo N Jpcu<an Q
1
(2.23) lim 7/ a(x,u, Vu) - Vup = / wdpy
n=+oo N _opcu<—n Q
for every ¢ € CP(Q);
1
(2.24) lim 1 / K (2, w)||Vu| = 0;
n=+e N clul<2n
and finally
/a(x, u, V) - Vu b/ (u)v +/ a(x,u, Vu) - Vo h(u)
Q Q
+ / K(z,u) - Vuh'(u)v + / K(z,u) - Vovh(u)
(2.25) « @

+/QH(:E,U,Vu)h(u)v+/§2G($vu)h(“)”
:/th(u)er/Q(ngF)-Vuh'(u)v+/ﬂ(g+F)~Vvh(u),

for every v € W1P(Q) N L>=(Q) and every h € W1 (R) with a compact support
in R, which are such that h(u)v € W, ().

Remark 2.5. Observe that every term in (Z25) is well defined since T, (u) € W, ()
for any £ > 0 and h has a compact support. In particular, since there exists M > 0
(depending on h) such that supp(h) C [-M, M],

(2.26) /QK(x,u) -Vuh'(u)v = /QK(:L‘,TM(U)) VT (u) B (u)v.
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Therefore such an integral is well defined thanks to the assumptions (2I1]) and the
facts that Ths(u) € W, P(Q) and A’ are bounded.

Remark 2.6. Observe that every renormalized solution u of (Z7) is such that

ja(z,u, Vu)| € LN(Q),  |K(x,u)| € LV""(Q), %grgoo,

G(z,u) € LY(Q) and H(z,u,Vu) € L'(Q),

thanks to the conditions (2:20) and (Z21]), and the growth conditions (29)), 211),
@I2) and 2I4) on a, K, H and G respectively.

Observe also that, since p < N, then Lp/(Q) - Lr'iz—vl’T(Q)7 N < r < 4o0.

, N
Therefore the term K(x,u) does not in general belong to (L” (Q)) and the term

—div(K (x,u)) is not in general an element of the dual space W=7 (Q).
Moreover u is a solution of ([Z7) in the distributional sense, that is, u satisfies

/Qa(x,u,Vu)-V¢+/QK(;U7u)-V(;S—i—/QH(x,u,Vu)qﬁ-i-/QG(x?uM

= [ &d F.
/Q<z> u+/@ Vo,
for all ¢ € C§°(Q).

This result follows from a standard technique, by taking ¢ € C§°(2) and h,
defined by

(2.27)

0, |s| > 2n,
(2.28) hu(s) = { 2Bl s/ <2m,
17 |S| § n7

in ([2228), and letting n tend to infinity.

3. STATEMENT OF EXISTENCE RESULT
The main result of the present paper is the following existence result.

Theorem 3.1. Under assumptions Z8)-(2Z1T), there exists at least one renormal-
ized solution u of (Z7) if one of the following conditions holds true:

1) vy=p—1,¢ € L%’T(Q), r < +oo, and ||co||

is small enough;
L7=17(Q)

2) y<p—1landc € LP%’OO(Q).

Remark 3.2. Observe that we assume that ¢y belongs to L%’T(Q), r < +o00, under

the hypothesis 1), while ¢y belongs to Lp_l—vl’oo(Q) under the hypothesis 2). This
is due to the fact that we use the stability theorem (Theorem 5.1 of [GM]) in
order to prove the existence result. Actually such a theorem holds true under the

assumption that y =p—1 and ¢ € L%’T(Q), r < 400, or under the assumption
that y <p—1and ¢y € L%"X’(Q).

Remark 3.3. The “limit case” where v = p — 1 and ¢y belongs to the Lorentz space
L%’“(Q) is not considered in Theorem Bl Actually we could prove an existence
result under the assumptions that vy =p—1, ¢ € L%I’C’O(Q) with its norm in such
a space small enough and the right-hand side p a measure belonging to My(Q2) (and
not a more general measure). This restriction on the right-hand side in the case
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where ¢y belongs to L%’OO(Q) seems due to our method, which uses the stability
result proved in [GM]. Indeed such a result can be proved for a class of problems of
type 7)) (with G = H = 0) under the assumptions (2.8)-(21I1)), 2I6]) and 2I7)
with ¢o € L%’W(Q), w e My(Q),ie. u=f—div(g) (see Remarks 4.2 and 4.6 in
[GM]).

We will prove Theorem [3.I] by an approximation process. First the bounded
Radon measure pu can be decomposed as

p=f—div(g) + pd —py,

, N
where f € LY(), g € (Lp (Q)) and pf and p; (the positive and the negative
parts of ug) are two nonnegative measures in M (€2) which are concentrated on two
disjoint subsets ET and E~ of zero p-capacity, according to Proposition

As in [DMOP] (cf. [BMMP3]), we approximate the measure p by a sequence .
defined as

/Ls:fs*div(g)Jr)‘Sa*)‘eea

where
(3.1) f- s a sequence of L¥' (Q) functions
' that converges to f weakly in L'(Q),
(3.2) A8 is a sequence of nonnegative functions in L* ()
’ that converges to uf in the narrow topology of measures,
and
(3.3) A9 is a sequence of nonnegative functions in L? ()
’ that converges to u; in the narrow topology of measures.

Observe that . belongs to W =17 (Q).
Let us denote

(3.4) K. (z,8) = K(,Ty/:(5)),

(3.5) H.(x,s,8) =T ).(H(x,5,§)),

(3.6) G.(z,5) =T.(G(,5)).
Therefore, by assumptions (ZI1))-(214]), we have

(3.7) |Ke(z,5)] < [K(2,5)] < co(z)s]” + 1 (),

(3.8) |K.(z,5)| < co(ar)% + c1(x),

(3.9) |He(x,5,)| < |H(z,5,6)| < bo(2)|]* + b (),

(310) [H,5,6)] < -,

(3.11) Ge(z,s)s >0,

(3.12) Gel,8)] < |G, 5)| < di (@) + da(a),

(3.13) G (2, 5)| < %
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Let u. € Wy’ () be a weak solution of the following problem:

(3.14)
—div(a(x, ue, Vue )+ Ko (2, ue))+ He (2, te, Vue) +Ge (2, us ) =p — div(F) in Q,
ue =0 on 0f),

i.e.
u. € WyP(Q),
a(z,ue, Vue) - Vv+/ K. (z,u:) - Vv

(3.15) /H a:uE,Vugv—l—/G X, Ug )V
/fgv—i—/ g+F)- Vu+//\%—/>\9

Yo € WP ().
The existence of a solution u. of BIH) is a well-known result (see e.g. [L, [DPo2]).

4. PROOF OoF THEOREM [3.1]

The main difficulty in proving Theorem B.1]is to obtain an a priori estimate of
|Vu P~ in LV>°(Q). Let us explain our method in the case where 7y = A = p—1.
By adapting a proof used in [G2], we decompose |Vu.|P~! in two terms

|VUE|p_1 = X{‘u£|>ml}|vu5|p_l + X{‘u5|§m1}|vu8|p_l
= |V S, ()P + [V T, (uc) [P

where Sp, (ue) = ue — Ty, (ue) is the “remainder” of the truncation T, (uc)
and m; is a value suitably chosen. Then we first prove an a priori estimate for
|V S, (ue)|P~1, with a bound depending on m; and on the data; in this step we
use a slighter generalization, proved in [BMMP3], of a result of [BBGGPV], which
we state below.

Lemma 4.1. Assume that Q is an open subset of RN with finite measure and that
1 <p< N. Let u be a measurable function satisfying T (u) € Wol’p(Q), for every
positive k, and such that

(4.1) / VT (w)|P < Mk+ L, Yk >0,
Q

where M and L are given constants. Then |u[P~! belongs to L'z (), |Vu[P~!
belongs to LN >°(Q) and

49 Pl < C(N, { Lﬂ,
(4.2) e, 5 ) < COVD)
(4.3) IVulP~H pxr oo ) < C(N, p) [M-F \QI%—ﬁLH ;
. ‘ X L
where C(N, p) is a constant depending only on N and p and where — = — — x
p p

Second, we give an a priori estimate of |VTy,, (us)|[P~! depending on m; and on
the data. The third step is devoted to prove that m; is uniformly bounded by a
constant which is independent on ¢; this allows us to obtain the a priori estimate of
|Vu.|[P~1. In the last section we prove that the approximated terms H.(z,u., Vu,)
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and G.(x,u.) converge strongly in L!(); this allows us to reproduce the proof of
the stability result proved in [GM] (Theorem 5.1), which is a slight generalization
of the stability result of [DMOP].

4.1. A priori estimates. The main step of the proof of Theorem Bl consists of
proving an a priori estimate of |Vu.|[P~! in LN"OO(Q). Let us explicitly remark that
such an a priori estimate holds true under more general assumptions on summability
of ¢o of Theorem B1] (see Remark [.3)).

Theorem 4.2. Under the assumptions of Theorem Bl every solution u. of [B.15)
satisfies

(4.4) Vel v @) < 6

—1

(4.5) el g S ©

where c is a positive constant which depends only on p, |, N, a, |[bolL~1 (),
stz Neoll o o) eallior@ys Nl o @pyw 1o s sup lfellzr @,
sup (A2 (Q) + A2(Q)) and on the decreasing rearrangement (by)* of bo.

Proof. We begin to prove Theorem under assumption 1) of Theorem B] i.e.
when y=A=p—1and ||cOHL N is small enough.

P17(Q)

Observe that, since r < +o0, L%’T(Q) - L%’M(Q). Therefore ¢y belongs to
L%’OO(Q) and, moreover, since we assume that ||co||L N is small enough, we

T (9)

is small too. From now on we will use that

()

also have that ”COHL%’
N :
(4.6) co € L71"°(Q) and ”COHL%W(Q) is small enough.

As in [BMMP3], we define the following set Z.. As |Q| is finite, the set of the
constants ¢ such that [{z € Q, |uc(z)| = ¢}| > 0 is at most countable. Let Z¢ be
the (countable) union of all those sets. Its complementary Z. = Q — Z¢ is therefore
the union of the sets such that |[{z € Q, |u.(x)| = ¢}| = 0. Since for every ¢

Vu. =0 a.e. on {z € Q, |uc(z)| = c},
and since Z¢ is at most a countable union, we obtain that
(4.7 Vu. =0 a.e. on Z:.

First step. Using the techniques developed in [BMMP3], we give in this step
an estimate on Sp,, (us) where m; is a positive real number depending on € and on
the data.

Define, for m > 0, the function S,, : R — R by

Sm(s) = s —Tn(s),

i.e.

(4.8) S (s) = { (()

V IA
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We use in BI5) the test function Ty (S, (ues)) and we obtain
[ a0 V) ITUS () + [ Ke) - V(S ()
/ He(, e, V) Ty(Sm(u2)) + /Q G, 1) T (S (1)
/ fTH(S / (g4 F) - V(S (1))
+ [ NTTUS () = [ AST(Snc).

Now we estimate the various terms in (£.9]).
By the definition (Z8) of S,,,(s) and the ellipticity condition (Z.8)), we obtain

/ a(x, ue, V) - VT (Sm(ue)) = / a(z, ue, Vue) - Vue
(410) Q {m<|ue|<m+k}

>a/|VTk u))|P.

Let us now estimate

Let

R vn(sm(us))‘.

B, = max{1,2°P~1}.

By the definition ([.8]) of Sy, (s), the growth condition (8.1) on K, the generalized
Sobolev inequality (2.6]), the generalized Holder inequality ([Z4) and the Young
inequality, we get

(4.11)

/QKE(:L',UE) VT (S (1)) ’
< /Q oltte [P [T (S (ue))| + / 1|V T4 (S ()|
<5, /Q coljtte] — )P T Tk(S(ue))| + Fpm?? /Q 0| VT (S )]
T /Q 1|V T4 (S (1))
< Bplloll < g TS (D 7, oy IV TS oy

+ Bpm ) HCOHL%,W(Q) VT3 (S (we)) | ey~

+ lleall Lo (o) IV Tk (S (ue)) | (L (@)) ~
S@aSN,pHCOHL%,m(Q)||VTk(S m (U)o ()

[C A 1

£ )2 P

T Vel e gl g VTS0
2p

o
Yar D || 1||Lp () 2_p||VTk(Sm(UE))H€Lp(Q))N
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1
— (Bt 1) ol e g IVTE S
(6%
+ 27) VT (Sm(ue)) ||z()L:D(Q))N

B

pl
/
+ ),
Lr=1"

’

P

—_— p/
,(Q)||co||L%,m(Q)m p,ap,/p||01||Lp/(Q).

Let us now estimate ‘/ H(z,ue, Vue)Ti(Sm(ue))|-

Q
By the definition (&) of S,,, the growth assumption (3.9) on H. and the gen-
eralized Holder inequality (24]), we have

(4.12)
[ Hles DTS 0|
Q

< k/ |H:(z, ue, Vue)|
{|ue|>m}

k V b0|vua|p*1+/ bll
{luc|>m} Q

k / b0|VSm(u5)|p_l+/ by
Ze{|ue|>m} Q

< & |0ll 5 7. e NIV S (1) P v ey + I 220

Moreover, by the “sign condition” (BII) on G, we get

IN

(4.13) / G (1) T (S (1)) = 0.
Q
Finally
(4.14) JRAACAR A
(4.15)
a . op'/p o
/Q(g+ F) - VTi(Sm(ue)) £ 5o IV TS gy + 9+ Iy
(4.16) [ 2Tt < mE @)
Q
(17) [T < e @)
Q
Denote
4.18 o, =2 S !
(4.18) 1*?*(@7 N,p+5)”COHL%m(Q)~

Observe that, since ||C0||LL1 is small enough, from now on we can assume
A

=0

pe

4.19 Ol S PGS, + 1)
(4.19) | 0||L,,’le ©@ P (BppSnyp +1)

so that C; is a positive constant.
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Combining (£9)-([@IT), we get

(4.20) IV T (S (u))||P (Lr(@)n < Mk + L, Yk > 0,

where M and L are defined by

M= & (||b0||LNW1(ZEm{|uE|>m})H|V5m(ua)|p_1\|m'aoo(9) + MO) ;

(4.21)
Mo = [|b1]| L1 (e + sup | fell 1) + sup [AZ(Q) + AZ(Q)],
€ 5
L= lep + LQ7
1 51, o
(4.22) Ly Al || EE ||Co\|L%‘oo(Q)7
I 1 20'/p ,
0= G garre (el + 19+ P )v)

By Lemma [T} we get
11V S () P~ | v oo )
< C(N,p) [M + |Q|¥ 7 L]

4.23 1 _
(4.23) < C'(N,p) [5|bo||m1<z€m{us>m}>|||vsm<u5>|p e

M, i 1
gt L ey

Denote by (bO\z . }) and (bg)* the decreasing rearrangements of the re-
striction bolz oy and of by, respectively.

By the definition ([2I) of norm of Lorentz spaces and the definition of the de-
creasing rearrangement, it is easy to verify that the following inequality holds true:

|ZN{|uc|>m}] * idt
160l L1 (Z. A uc|>m}) :/0 (bo‘zsmuuwm}) (t)tN?

(4.24) 1Zen{lue|>m}| dt
< / (bo) ()N —.
0

t

In the case where

C(N,p) _CWV,p) 7| 1/th 1
(4.25) F lazy = = [ oy NG < 5
we choose m = my = 0 and the proof is complete. Let us assume that ([@.25]) does
not hold. Since the function m — |Z. N {|uc| > m}| is continuous (indeed the
constants ¢, such that the sets {|u.(x)| = ¢} have a strictly positive measure, have
been eliminated by considering Z.), decreasing and tends to 0 when m tends to oo,
we can choose m = m7 > 0 such that

C(N,p) /Zsﬂ{lus|>7n1} N dt 1
= r bo)* (/N = = 2.
i Jo (bo) O =3
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Moreover, we define ¢ by

C(N,p) /5 ynat 1
4.26 =B (b)) ()N = = 2
(4.20) o | oy @G = 3
Then we have
(4.27) |Z: N {|uec| > mq}| = 0.

Observe that ¢ does not depend on ¢.
Choosing m = mq, we obtain from (@23])
(4.28)

3 My a1 L 1 %
195, )~ < 200 ) [

oo QY T LY T T LY
where My, Lo and L; are defined by ([{.21]) and (£22).

Second step. We now give an estimate on Ty, (u.).

Using the test function T, (u.) in (315]), we obtain
/a(:c,us, Vue) - VI, (ue) +/ K (z,us) - VT, (ue)

Q Q
b [ Heoue, T Ty (1) + [ Gl T (1)
Q Q
— [ £Tm @)+ [ (g4 F)- VT ()
Q Q

+/ A?Tm1(u€)_/ )‘?Tml(us)~
Q

Q

(4.29)

Now we evaluate the various terms in ([@29).
By the ellipticity condition (Z.8]), we obtain

/ a(z,ue, Vue) - VI, (us) = / a(x,ue, Vue) - Vue
(430) Q ‘H“s‘ﬁ'ml}

> a / VT, (u2) P

Let us now estimate /K (x,ue) - VTml(ug)‘

By the growth condition (37) on K., the generalized Sobolev inequality (2.,
the generalized Holder inequality (24]) and the Young inequality, we get

/ K. (z,uc) - VI, (uc)]
Q

< / Colute PNV Ty ()] + / 1|V T, ()]
Q

< lleoll  zty oo g 1 (u N oIV T () gy

(4.31)
+ el o (@) IV Ty (ue) L Lo )y
< Swalloll, 1 o 9, )
4p'/p

«
+ @ ||VTm1 (UE) b

p
plar'/r ”ClHLp/(ﬂ) eo .
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Let us now estimate

/Hs(xausavus)Tm1(us)"
Q
By the growth assumption [3) on H. and the generalized Holder inequality

©4), we have

(4.32)
/ He (2, ue, Viie) Ty, ()]
Q

Sml/ ‘HE(QC,’LLE,VUEN
Q

<my [/ bo\Vu5|p71 +/ bo|VuE\p71 Jr/ b1‘|
{lue|<m1} {luc|>m1} Q

2
|| OH P(Q) + /HVT’mfl(uE)Hl()LP(Q))N

p/p

tm [llbo||ngn{ug>ml}>|||vsml (ue) P v oy 1 |

Moreover, by the “sign condition” (BII) on G, we get

(4.33) /Q G2, u) T, (1) > 0.

Finally we have

(4.34) [ T w0 < mall oo,

Q
(4.35)

et p

/Q(g+F) VT, (ue) < 7 ||VTm1(uE)|| (e T o p/p||g+ II(LP )™

(4.36) / A?Tml (us) < ml)‘?(Q)a

Q
(4.37) / AS T, (ue)| < A2 ().

Q
Denote

«

(4.38) Co=5 = Snplleoll o2y g -

Since Hco||LL1 @) is small enough, from now on we can suppose
Ao

[e%

4.39 < )
(4.39) leoll 27 e 258,

so that Cj is a positive constant (recall that the norm of ¢q also satisfies ({19)).
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Combining (£29)-(L31), we get
HVTml (ue) ”?Lp(g))N

<1 op/
_62 p/p ” OHLp(Q

(4.40) .
o [”bollm,uzsm{wml}) 119 S ms () P~ v oy + Mo

’

4r'/p o
bz (a0 ) 19+ Il ) 1

where My is defined by (£.21).
Third step. In this step we prove that m; is uniformly bounded with respect
to e. It is performed through a technical “log—type” estimate on we (cf. [B], [G2]).
To this end, let us define for h > 0 the function ¢ : R — R by

1 1 .
on(s) = { (ht Dy — T S - (ht Dmi] ! } sign(s),

1 B 1
((h+Dma = [s)P" (b + ma]””

1] sign(s), |s| < ma,

(4.41) én(s) =

sign(s), [s| > my.

1 1
l(hml)pl ((h -+ Dmy)”™"
Observe that the following property of ¢, (s) holds true:
1

4.42 s)<——  VseR
(4.42) ()] S G
Since ¢p(s) is a Lipschitz continuous function with ¢5,(0) = 0 and since u. €
WP (€2), the function ¢y,(u.) belongs to W, *(2). This allows us to use ¢p(u.) as
a test function in (BI5). Then we get

(4.43)
/ o e, V) - Vuodl (u) + / Ko(e,2) - Vued), (u)
Q Q

—|—/QHE(:U7UE,VuE)¢h(uE)+/QG5($7U5)¢h(Ue)
= [ fontu + [ 9+ F)- Vudiu) + [ A2ontu) = [ AZon(uc).

Now we estimate the various integrals in (£43).
By the definition (@41 of ¢y (s) and the ellipticity condition (2.8]), we obtain

/ a(z,ue, Vue) - Vuedp, (ue) > / a(z,ue, Vue) - Vud, (ue)
Q {

[ue|<ma}

‘val (Ue)‘p
> (p- 1)04/9 [(h+ D)ymy — | T, (ue)[]P

(4.44)
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Let us now estimate / K. (x,u.) - ¢}, (ue)Vue|.

Q
Since, my — |Tpn, (s)] > 0 for any s € R, the growth condition (1) on K. and
the Young inequality yield
/ K. (z,u.) - Vuc oy, (ue)
Q
< [ colueP [ Ducligh(uo) + | 1Vl 6 uc)
Q Q

— CO|UJ€|p_1‘VUa| 01|Vu€|

—rey /uggml Gt Dy — e Y /mggml [+ Dma — Juel”

3P/P(p—1) chmb (p—1) |Vu|P
= par'/r A;Kh+lﬁnr%7hxuaHp+ 3p K;Kh+lﬁnr—ThAUJHp

37/P(p—1) cf (-1 [Vue|?
par'/p /QKﬁ+lﬁnrﬂThAuaHp+ 3p l;Kh+1ﬁnr4ThxuaHp

TRy VP
T3 M@+Um*ﬂMWJW
37/P(p—1) 1 P
+ W ”CO”LP () W”CIHLP/(Q) .

Moreover, since p < N, we have Lfljl’oo(Q) C L¥(Q) and by inequality (23) it
follows that

H%hpm<HW[474f Hﬂgf

i.e.

N
<

| Q"

H%Mwm )

Therefore, we obtain

(4.45)
/ KE(.’IJ, ’U/E) . quqS;L(uE)
Q

< 2(p— 1)04/ |Vu. [P
-3 Q[Ul+1ﬁn14WTmAuJHp

3P'/P(p — 1) 1( N ) w-py /
+ — Q col” +
N p 1€ Hdup

1 o
pap' /P hp ) (hmy)Pp lexll7 ()

Let us now estimate

/QHE(xa Ue, vu5)¢h(ug) .
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By the definition (Z4I)) of ¢y, the growth assumption (39) on H., the property
([#42)) and the generalized Holder inequality (2.4]), we have

(4.46)
/ H_(x,uc, Vue)pn(ue)]
Q

< /Q bo| Vute [P~ o (112)]| + /Q b én(us)]

</ bo| Ve [P~
= Jzenfluc <may [(h+ Dmy — Juc]]P
1 / B 1
I bo V[P~ + ———— 1oy || 1
(hm1)P~Y J 7 afjuc>ma ) of Vil (hmy )Pt 0111z
NS Y oup
= [p(p — D)aJe/r 7ONL@) 20 Jjuei<my [(h+1D)my — T, (ue)]]”

1 _
+ Gyt ollzs e mp 19 Sy ) rmy + [lason]

Since p < N, we have L™1(Q) C L?() and therefore the coefficient by belongs to
LP(9).
Moreover, by the “sign condition” BII]) of G., we get

(4.47) /Q G, u) b (1) > 0

Finally, since for any s € R we have (h + 1)mq — [Ty, ()| > hmq, we get

(4.48)
! () — (1 (g+F)-Vue
Jormrvwae=o-0 [ G
37 /p(p — 1) (p—1)a |Vu. [P
< a1+ FWans + =5, /Q[(h+1)m1|Tm1(us)|]p

and, the property ([@42) of ¢;, gives that

(4.49) / feon(ue) < %Hfsﬂum)’
(4.50) //\ bn(ue) W)\?(Q)a
(4.51) /Q Ao n(u.)| < WA?(Q).

Gathering ([@43)- (@51 leads to

/ |V Ty (ue) P
al(h+1)m1 — [T, (ue)[]?

1 _
< C(p, N, |9, @) {nbon’;p(m + W||bo||LN,1<Zm{us>ml}>mvsml(uaw o gy

oo

1 1 ’
+ My + al® ,+ +F + 5 lle v’ ;
(hmy)p—1 ’ (hm1)p(” 1HL lg ”(L” (Q))N) ” 0” ’ (Q)}
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where My is defined by [@2I)) and where

2p’ op/p
Clp,N,|Q,a) = ———max{ —— 7,1,
(v N[ ) {[p(p—l)a]”/”

(p—1Da
3 /p(p—1) 3P/P(p—1) N \" o 25
p/aP//P ’ p’aP'/P N-—p | ‘ ’

On the one hand, using the estimate [28) of |VS,,, (u:)|P~1 in the first step,
together with the Young inequality and the definition [#22)) of L, yields that

(4.52)
/ |V T, (ue)|?
al(h+ 1my — [T, (ue)[]”
1

< /.M. 19%e) { Il + G ol oo

. 4
X {MO + L7 mb 4 Lg’}

1 ]_ ’ 1 ,
M, P F - P
+(hm1)p—1 0+(hm1)p(‘|01”L "‘Hg+ ” (L7 (Q)) ) hP|CO||Lp1X1'°°(Q)}
1 a
< /3.1 { Il + sl oo 2
71 i
N [||50|LNJ(Q>(M0+L0 )+Mo}

]. / 1 ’
[ p — p
Gy el @) g + F”(Lp @) ”C‘)“Lﬁvm(m}

1
SC”(?;N,|Q|704){”boHLP(Q ||bOHLN1(Q +WL1
1 .
T T {|lbo|LN,1(Q)(MO+L§ )+Mo}

1 / 1
p '
+ iy erlr oy 19+ Fllr ) + 50l (m}
< ', N, 120, 0) { o2, o

1 1
AL [nbonwm (Mo + 1) + 11

1 /
p
+(hm1)p(||cl||Lp’(Q + Hg—’—F” Lp (Q )

1
P
(e . ] 3

where Ly and Ly are defined by (£22]) and where

p
C'(p, N, 19|, ) =C(p,N,Iﬂlaa)maX{lﬂC(N,p)( i ,2||1|| 2 +1>}
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On the other hand, due to [@27), we have
meas(Z. N {us > mq}) =0 < meas({us > mq}),

and by the Poincaré inequality, we get

/ VT, (ue)[?
[(h+ D)my — [T, (ue)]

-,
> a(0.0) |
mmm/;mn

c(19, p) |log [1 - (hfﬁ]

= (|9, p) {log (1 + %)ra.

Combining (£52)) and (@53, we obtain

1\1" _C"(p,N,|Q|, )
o (143 )| < Lo, o4 2 ol e

1 a
+ (hmyyp1 [lbolLN,l(Q)(MOJrLS )"'Mo}

5= [ 19108 (0 Do + 1) = [T, ()

p

iog 1 - [l

(h + 1)m1

p

o [ - [T

(4.53)

p

(4.54) |

p/
+ Gy el oy M0+ FI 0 g0)

1
p
s (1ol s, o+l )

We are now in a position to prove that m; is uniformly bounded with respect to
e by a suitable choice of h in (L54) and if ||COHLL1’°°(Q) is small enough. We first
=

fix h = hy such that

C,I(p7 N7 |Q‘,OZ) 1 P _ 1 1 p
f ||b0||LP(Q ;HbOHLN,l(Q) = 5 ].Og 1 + h—l .

Observe that hy is independent on e. Therefore we get from (£54)

(1+2)]

2C"(p, N, |9, @)

: o
{(hml)p—l |:||b0||LN’1(Q)(MO + LY )JrMO]

(4.55) ) 0
p/
+ G 1eal sy + 1+ I 0)0)
1 ’
_ p
b (1ol s+ ol )
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Denote

1\]"  2C"(p,N,[Q @),
o= fon (14 1)) RN

2C"(p, N, |9, @) .
ag = —5hp_1 ||b0||LN,1(Q)(MO + Lg )—|— My,
1
20"(]9, N, |Q‘,a) p’ p’
as = 6h11) (”Clan’(Q) + ||g + F”(Lp’(Q))N)'

Since Hco||L N is small enough, we can assume
N

=

20" (p, N, |9, @) » 1\1”
—_— + < |1 14+ — ,
ShY HCOHL%W(Q) HCOHL%*‘”(Q) o8 hy

so that a; is a positive constant (recall that the norm of ¢ also satisfies ([19) and

B39)).

Observe also that a1, as and as are constants independent on &.
Therefore by (£55) we get

as as
< P>
aq 11)71 + mzlj
which allows to conclude that
(4.56) my <c

where c is a constant which does not depend on e.!

By the estimate [@28) of V.S, (us)[P~! in the first step, we deduce that
(4.57) 1V Sy () P~ Iy <
and therefore by the estimate ([{40) of VT,,, (u.) in the second step, we also get
(4.58) VT, (UE)H?L:D(Q))N <c

Moreover, writing

Ve P~ = Ve P X uc i <may + 1V P X (a5}
(VT ()P [V S ()P

and using ([@57) and ([@5])) lead to

Ve P oo () < MV Ty (ue) Pl v gy + 11V Sy (ue) P H v e ()
< C||VTm1(us)||(L1’(Q))N + H‘Vsm1(u€)|p_1||LN/f°°(Q) <¢

that is, (@4).

1From now on ¢ will denote a constant which depends only on the data of the problem, but
which does not depend on e and which can vary from line to line.
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We now turn to inequality (£0]). We observe that (Z20) holds true also with

m = my. Therefore by Lemma [£.]] and the estimates (£56) and (£57]), we get
-1
I1Sma (WP, e
< C(N,p) [M +]0/7 L7 |

(4.59) 1 _
= ON.) | g W0l gt mp 1S (0e) P o
b
Gy
where M, L, My, Lo and L; are defined by (£2ZI]) and (£22) respectively.

Moreover, we have

! e
+ Mo+ QP Ly my "+ [QFY P Ly | <,

P~ = Jue P X ue i <may F [UelP T X a5 ma)
= [T, (ue) P~ + | Sy (ue) P
and therefore, by the generalized Sobolev inequality (2.6]), (£58) and (@359,

p—1 — p—1 p—1
el s g = 1T i) P e o NS ()P

(@ N ()

< VT, (ue) Lo~ + ¢ < ¢,
that is, (@I).
Now we prove Theorem when assumption 2) in Theorem BTl is satisfied, i.e.
v < A =p—1and ¢ belongs to L%’OO(Q). We just observe that, under such

assumptions, the proof made in the first case works exactly in the same way without
any restriction on ||C0||LL1’ ) because + is less than p — 1.
S

oo

@

Remark 4.3. In the proof of Theorem 2] when v = p — 1, we use a more gen-
N

eral assumption on the summability of ¢y (@), that is, ¢g € L»-1"°°(Q) with

”COHL%*‘”(Q) small enough, and not that ¢g € L%”"(Q), r <00, with ”COHL%W(Q)

small enough, as in the statement of Theorem [B.] (see assumption 1)). This more
restrictive assumption in Theorem 3.1 (which is an existence result) is due to
our method which uses the stability result of Theorem 5.1 in which needs

co € LTIL’T(Q), r < oo, when v =p — 1.

4.2. Passing to the limit in the approximated problem. To conclude the
proof of Theorem [3.1] we have to pass to the limit in the approximated problem

(BI4). This is done exactly as in Section 5 of [GM] (cf. [BMMP3]). We repeat the

same arguments here for the sake of completeness.
The solution u. of (3I4]) satisfies

—div(a(z, ue, Vue) + Ko (2, u:)) = . — div(g) + div(F) in D'(Q),
(4.60) { e e WP

where

is bounded in L().
On the one hand, using the growth condition (39) on H. and G., Theorem 2] and
the generalized Holder inequality (24), we get

(4.61) ”Hs(xausavus)”Ll(Q) <c

{ (I)s = fa - H5($7U57VU5) - GE(.’I;,UE) +)\§9 a AE@
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and
(4.62) Gy u) e < c.

On the other hand, using T (u:) as a test function in (LG0), since the norm of
||CQHL oo ) is small enough, we easily obtain that for some M and L, we have
A

(4.63) / VT ()| < Mk + L,
Q

for every k > 0 and every € > 0.
Such an estimate and the growth condition (7)) on K. allow us to use standard

techniques (cf. [DMOP]) to extract a subsequence of u. still indexed
by €, such that

Us — U almost everywhere in (),
(4.64) Vu:. — Vu almost everywhere in {2,
VT (ue) — VT(u) in (LP(Q))Y weakly,

for every fixed k € N, where u is a function which is measurable on 2, almost
everywhere finite and such that Ty (u) € Wy (Q) for every k € N, with a gradient
Vu as introduced in (2I8]).

By (4.63) and by the Fatou lemma, we deduce that

/ VT4(u)P < Mk + L,
Q

and Lemma [£1] gives
Pt € L¥5°(Q) and |[VuP ! € LTT(9Q).
From (£64) and the definition ([B3H) of H., we deduce that
(4.65) H.(x,u.,Vu.) — H(z,u, Vu) almost everywhere in €.

Moreover, using the growth condition [3.9]) on H,, Theorem [£.2] and the generalized
Holder inequality ([24]), we can prove that

H.(z,us,Vu:) is equi-integrable.
Therefore the Vitali Theorem implies that
H.(z,uc, Vu.) — H(z,u, Vu) in L*(Q) strongly.
In a similar way we prove that
G-(w,u.) — G(z,u) in L'(Q) strongly.

Therefore the solution u. of (BI4]) satisfies
(4.66)
—div(a(z, ue, Vue )+ K (2, ue)) = fe — V. —div(g) +div(F)+ AP =\  in D'(Q),
u. € Wy'P(Q),
where u,. satisfies ([{.64) and
U, = H.(z,ue, Vue) + Go(x,u.) — H(z,u,Vu) + G(x,u)
in L'(Q) strongly,

where g € (L (Q))N and where f., A® and A2 satisfy (1)), (32) and 33).
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Since u. is a weak solution of ([@66]), it is also a renormalized solution of (Z.60]).
Therefore we can apply the stability result in [GM], which is an extension of The-
orem 3.2 proved in [DMOP] when K (z,s) = 0 (see also [MP]). It follows that u is
a renormalized solution of

—div(a(z,u, Vu)+ K (z,u))+ H(z,u, Vu)+G(z,u) = f—div(g)+us —p; inQ,
{ u=0 on 0f).

The proof of Theorem [B.1]is completed. O

Remark 4.4. Observe that we could prove an existence result in the case where
vy=p—1, ||CO||LL1'°°(Q) is small enough and p = f —div(g) is a measure in My ()
N

(and not a more general measure). Indeed, under such assumptions, the a priori
estimates given by Theorem and the stability result used in Section 5 of [GM]
still hold true (see Remark 3] and also Remarks 4.2 and 4.7 in [GM])
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