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ON A STOCHASTIC WAVE EQUATION
WITH UNILATERAL BOUNDARY CONDITIONS

JONG UHN KIM

ABSTRACT. We prove the existence and uniqueness of solutions to the initial
boundary value problem for a one-dimensional wave equation with unilateral
boundary conditions and random noise. We also establish the existence of an
invariant measure.

§0. INTRODUCTION

In this paper, we discuss a one-dimensional wave equation with unilateral bound-
ary conditions and random noise. The problem is formulated as follows:

0.1) %—f, for (x,t) € (0,L) x (0,T),

0.2) ug(0,8) <0, w(0,8) >0, wug(0,8)u(0,t) =0, forte (0,T),
0.3) u(L,t) =0, for t € (0,7),

4) u(z,0) = up(x), ug(z,0) = up (z), for x € (0, L).

This problem is associated with the longitudinal motion of a linear elastic bar
against a rigid stationary obstacle. Here u denotes the axial displacement, and the
boundary condition (0.2) expresses the condition that the left end of the bar does
not stick to the obstacle and the rigid obstacle can exert stress only if the bar is
in contact with the obstacle. ® is a continuous martingale which will be described
in detail later, and « is a nonnegative constant. For the case when 0;® is replaced
by a deterministic function and the damping term aw; is replaced by a memory
term, this initial-boundary value problem has been investigated in [9]. Related
deterministic problems were studied in [3], [4], [7], [12], [13] and [15]. However,
with a random noise, this is a completely new problem, which is not readily covered
by the existing results. For general results on the stochastic evolution equations,
the readers are referred to [1]. The nonlinear boundary condition (0.2) combined
with a random noise poses a new challenge in stochastic analysis. Our goal is to
prove the existence and uniqueness of solutions to (0.1) - (0.4), and to establish the
existence of an invariant measure.

For a parabolic equation with unilateral constraint, the existence and uniqueness
of solutions can be obtained through the form of a stochastic parabolic variational
inequality; see [5], where the penalty method was used. We will also use the penalty

Ut — Ugy + QUL =

(
(
(
(0.

Received by the editors June 9, 2004 and, in revised form, July 17, 2005.

2000 Mathematics Subject Classification. Primary 35L65, 35R60, 60H15.

Key words and phrases. Unilateral boundary conditions, Brownian motion, existence of a
solution, pathwise uniqueness, invariant measure, probability distribution.

©2007 American Mathematical Society
575



576 JONG UHN KIM

method which is meaningful from the physical viewpoint. Namely, we approximate
the rigid obstacle by elastic obstacles with increasing rigidity and obtain a solution
as a limit of the approximate solutions. So our general strategy is fairly standard.
However, as the rigidity parameter increases to infinity, we do not have strong con-
vergence of approximate solutions. We only have weak convergence over the sample
space. This is in sharp contrast to the parabolic case in [5]. Weak convergence over
the sample space is not sufficient to obtain pathwise solutions of our problem. This
is the main reason why we will work directly with the above form (0.1) - (0.4) even
though the problem can be formulated as a stochastic hyperbolic variational in-
equality. For a deterministic nonlinear problem, we can derive strong convergence
in a larger function class from weak convergence by means of compact imbedding
of function spaces to handle nonlinearity. In the case of stochastic problems, weak
convergence over the sample space cannot be translated into strong convergence.
The nonlinearity is due to the boundary condition (0.2). In particular, weak con-
vergence is not sufficient for a limit function to satisfy the last condition in (0.2).
Fortunately, we have some partial strong convergence of the trace of approximate
solutions as rigidity tends to infinity. This requires some unusual estimates, which
are also essential for the proof of pathwise uniqueness. One of our goals is to address
these technical issues. If the noise term is additive, i.e., ® is independent of the
unknown function u, then the technical procedure can be simpler. In this case, we
have pathwise convergence of approximate solutions by splitting each approximate
solution into two parts. Namely, one part takes care of the random noise, and the
other part is a solution of essentially a deterministic problem. This will be shown
in Section 5 below.

For asymptotic behavior of solutions to stochastic evolution equations, an in-
variant measure is an important object. If the probability law of the initial data
is the same as an invariant measure, then the probability law of evolving solu-
tions is invariant in time. This corresponds to stationary solutions of deterministic
equations. There are well-known results on the existence of invariant measures for
general semi-linear evolution equations: see [1] and [2]. But the existence of an in-
variant measure for (0.1) - (0.3) is a completely new problem which is not covered
by these well-known results. Recently, the author [10] obtained a new existence
result on the invariant measures of a certain class of evolution equations. It turns
out that the above problem (0.1) - (0.3) fits into this class. Our task is to show
that all the required assumptions for the result in [10] are satisfied. For this, we
need pathwise convergence of approximate solutions to justify necessary conditions
for the result in [10]. Hence, we can handle only the case of an additive noise for
the existence of an invariant measure.

Finally, we note that a stochastic version of the problem discussed in [12] and [13]
is still an open question. When an obstacle is placed in the interior, the uniqueness
of the solution is known only under an extra condition of energy conservation. It
is not known how such a condition can be modified for the stochastic problem.

§1. NOTATION AND STATEMENT OF THE MAIN RESULTS
We will use the following notation:

ou ou

atU:Ut:E, amU:Uz:%,
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and
h* = max(h,0), h~ = max(—h,0).

For a real number s, H*(0, L) denotes the usual Sobolev space of order s over the
interval (0, L). If h € H'(0,T), then h(-)~ € H'(0,7) and

(1) & (h()7) = —x{h(t) < 0} Th()

where x{:--} is the characteristic function of the set {---}.

(Q,}' , }"t,P) is a given stochastic basis, where P is a probability measure, F
is a o-algebra and {F;}+>0 is a right-continuous filtration on (Q, F ) such that Fy
contains all P-negligible subsets. {B;(t)}32, is a sequence of mutually independent
standard Brownian motions over (2, F, F, P). E() stands for expectation with
respect to the probability measure P. In this paper, a stochastic integral is defined
in the sense of Ito. When O is a topological space, B(Q) denotes the Borel o-
algebra over O. When & is a Banach space, an X-valued function f is said to
be F-measurable if f~1(G) € F for every G € B(X). This coincides with strong
measurability for Bochner integrals when the range of f is separable. When X is
a Banach space, LP(Q2; X), 1 < p < oo, denotes the set of all X-valued strongly
measurable functions such that

/ 1£]1% dP < .
Q

An X-valued stochastic process Y (t) is said to be progressively measurable if Y
restricted to the interval [0,¢] is B([0,t]) ® F;-measurable for each ¢ > 0. If X
is a separable Hilbert space, then L°(0,T; X) is the dual of L'(0,T;X). In this
case, let L? (Q; L>(0,T; X)) be the set of all f such that (f, ¢) is F-measurable for
every ¢ € L'(0,T;X), where (-,-) is the duality pairing between L*>(0,7T; X) and
LY(0,T;X), and

/Q £ 2 0.7y AP < 0.

Then, L2 (Q; L>(0,T; /'\,’)) is the dual of L2 (Q; LY(0,T; X)); see [14].
Throughout this paper, we suppose that

= d(u)(t) = Z/O (oju+ f;)dB;
j=1

where the f;’s are progressively measurable with respect to {F;}, and

oo

(1.2) Z Hfj||2L2(Q;L2(0,T;L2(0,L)) <0
j=1
for each 7' > 0. The o;’s are deterministic functions such that

o0

(1.3) Z 105117 00 ((0.)x (0.7)) < O°

Jj=1

for each T' > 0.
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Lemma 1.1. Suppose that {vy}32, is a sequence of progressively measurable func-
tions in L?(Q; L*(0,T; L*(0, L))) such that as k — oo,

v — v weakly in L*(Q; L*(0,T; L*(0, L)),
Orv, — Opv weakly in L? (Q; L%(0,T; L*(0, L)))

Then, as k — o0,

> r0) > r0)
Z/ CTjdeBj HZ/ CTj’UdBj
j=1"9 j=1"9

weakly in L*(Q; L?(0,T; L*(0, L))).

Proof. For any € > 0, there is a positive integer N such that

o

T
Z E(/O |O’j’Uk||2L2(07L)dt> <e

J=N

for all £ > 1. Hence, it is enough to show that as k — oo,

) )
(1.4) / ojvp dB; — / ojvdB;
0 0

weakly in L2 (Q;L2(0,T; L2(0,L)))7 for each j. Since v, € L2 (Q;L2(0,T;
L?(0,L))), we have
dvg, = (at’ljk)dt,
which, combined with the Ito calculus (see [8]), yields
(1.5)

vuwﬁlﬂgﬂmg=[f%@@uwwxg+AY¢fw@M&mQ@me5

for all t € [0,T], for almost all w € . Since we have

()
Aqmwmmﬁmammﬁmm»

it holds that for any b € L?(0,7; L>(0,L)) and G € F,

// /%Ww ﬁ”*// /«@wmww

as k — oo. Here (-, -) denotes the duality pairing between L' (0, L) and L>°(0, L).
By changing the order of integration, we see that

/G /0T<b(t)’ /ot (/os Uj(n)dBj(W)) Dsvi(s) ds)dt dP
:/G/OT%TZ)(S)d& 8tUk(t)/OtO'j(S)dBj(S)>dth

/c /OTW)’ /ot (/0 % (n)dBj(n)> Osvi(s) ds)dt dP
a /G /oT<b(t)’ /ot </o Uj(”)dBj(ﬂ)) dsv(s) ds)dt dP

and hence,
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as k — oo. Therefore, it follows from (1.5) that

wo [ oo [ tw(s)oj(s)dBj(s»dth
_>// / B,(s))dtdP as k — oo

for every b € L?(0,T;L>(0,L)) and G € F. We note that
)
/ ojv,dB; is bounded in L*(€; C([0,77; L*(0,L))) uniformly in k,
0

and that each function in L2 (€%; L*(0,T; L?(0,L))) can be approximated by func-
tions of the form Ziv:l bix{G;}, where 1 < N < oo, b; € L*(0,T;L>(0,L)) and
G; € F. Consequently, (1.4) follows from (1.6). O

v =3 / £3(s) dB;(s)

and recall the following known fact.

Lemma 1.2. For any ¢ € C§°((0,T)), it holds that

T 0 T
(1.7 | v == [ oo

for almost all w € Q.
Proof. Choose any 1 € C5°((0,T)), and set

0=3 / £(5)dB;(s)

Let us partition the interval [0, 7] as
O=to<ti <--- <ty =T, tk_tkflz(sN:T/N, k=1,---,N,

Next we set

and define
Y (t) = P(t)), fort; 1 <t<t;, 1<j<N.
Since ¥,,, € C([0,T]; L*(0, L)), for almost all w, and

Y(t+on) —P(t)

— 10(¢t) uniformly in ¢ € [0,T] as N — oo,

N
we have
= U(trgr) — ¥(tn)
/ & i D T i)
7 k=0 N
-1
- Z vl nlti1))
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for almost all w. In the meantime, as N — oo,

Z/ G (0) £ (5B Z/w )£5()dB; (1)

in L?(€; L2(0,L)). Hence,

/wt Z/w ) £5(H)dB; (1)

for almost all w € €.
By passing m — oo, we arrive at (1.7). O

Definition 1.3. A progressively measurable function u € L2 (Q; L2(0,T; H'(0, L)))
is said to be a solution of (0.1) - (0.4) if for almost all w € Q, it satisfies (0.1) in
the sense of distributions over (0, L) x (0,7), (0.2) - (0.3) for almost all ¢ € [0, T],
and (0.4) for almost all = € [0, L].

Our main results are as follows.

Theorem 1.4. Let o > 0, and suppose that ug and uy are Fo-measurable such that
uy € L*(Q; L*(0,L)) and uo € L*( H(0, L)) with ug(0) > 0 and ug(L) =0, for
almost all w € Q. For any T > 0, there is a pathwise unique solution u of (0.1) -
(0.4) such that w is progressively measurable, and

ue L*(C([0,T; H(0,L))),  w € L*(Q;C([0,7]: L*(0,L))).

Theorem 1.5. Let o > 0, and assume that o; = 0, § > 1, and that the f;’s
are independent of time. Then, there is an invariant measure of (0.1) - (0.3) over

H'(0,L) x L*(0, L).
§2. DETERMINISTIC EQUATION

In this section, we will present basic facts on the deterministic equation which
will be used for the proof of Theorem 1.4.

Lemma 2.1. Suppose that

(2.1) ve L*(0,T;H'(0,L)), vy € L*(0,T;L*(0, L))
and that v satisfies

(2.2) Vg — Vg + vy = 0 for (z,t) € (0,L) x (0,T)
and

(2.3) v(z,0) =0, ve(x,0) =0 forxz € (0,L).
Then, it holds that for each 0 < e < T,

(2.4) ve C([0,T —e; H(0, L)), v, € C([0,T — €]; L*(0, L))
and

(2.5) v.(0, ), vu(L,-) € L*(0,T — ¢),

(2.6) v(0, ), v(L, ) € L*(0,T — ¢).

This is a special case of Lemma 1.6 of [9]. Here (2.2) and (2.3) are satisfied in
the sense of distributions over (0, L) x (0,T) and (0, L), respectively.
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Lemma 2.2. For given g € L*(0,T) and f € L? (O,T; L?(0, L)), there is a unique
solution v € C([0,T]; H'(0,L)) N C*([0,T]; L*(0, L)) of

(2.7) Vit — Ugy + 00y = f for (x,t) € (0,L) x (0,7T),
(28) Uz(ovt) = Q(t)a U(Lvt) =0 Jort e (Oa T)a
(2.9) v(z,0) =0, ve(2,0) =0 forxz € (0,L).

Furthermore, it holds that
1 2 1 2
(2.10) §\|Ut(t)\|L2(o,L) + §Hvx(t)||L2(o,L)

t t t oL
= —/ vs(0, 5)q(s) ds—a/ ||vs(s)||2L2(0’L)ds—|—/ / fusdxds
0 0 0 Jo

for allt € [0,T7,

t t
211) o201 + 0200, < M / lg(s)Pds + M / £ ()00,

for allt €10,T], and
t t
(2.12) /0 |05(0, 5)[*ds +/0 la(s)Pds < M(|lve()]1Z20,1) + 0B 0.1))

t t
M / ([0s(9) 12201 + 108)2pao.0 ) s + M / 1F3)2 0.1,

for allt € [0,T). Here M denotes positive constants independent of ¢ and f.

For the proof, see Proposition 1.5 of [9], where a different boundary condition was
used at x = L, but the details of the proof are essentially the same. We note that
if ¢ = qm € C3([0,T]) and f = f, € C’l([O,T];LQ(O,L))7 then the corresponding
solution vy, satisfies additional regularity such that
(2.13) U € L(0,T5;H?(0,L)), Opvm € L=(0,T;H'(0,L)),

duvom € L>(0,T;L*(0,L)).

If ¢, — ¢ in L*(0,T) and f,, — f in LQ(O,T;LZ(O,L))7 then (2.11) and (2.12)
imply that

(2.14) v — v in C([0,T]; H'(0,L)) nC*([0,T7; L*(0, L))
and
(2.15) 04y (0, ) — Oww(0, -)  in L*(0,T).

Lemma 2.3. For given h € H'(0,T), there is a unique solution v € C([O,T];
H'(0,L)) nC*([0,T]; L*(0, L)) of

(2.16) Vgt — VUgp + v = 0 for (z,t) € (0,L) x (0,T),

(2.17) 0y(0,) = =K (v(0,t) + h(t)) , v(L,t)=0  forte(0,T),
(2.18) v(x,0) =0, v(x,0)0=0  forxze (0,L)



582 JONG UHN KIM

where K is a positive constant. Furthermore, if h(0) > 0, it holds that

(2.19) loe )30, + 10 3110, + K] (0(0,8) + h(t) |

t
+/ |vx(0,s)\2ds+/ |vs(0,s)|2ds§M/ Iha(s)[2ds
0 0 0

for allt € [0,T], for some constant M independent of K and h. If vy and ve are
solutions corresponding to h = hy and h = hs, respectively, it holds that

(2.20) 19v1 () = w2 ()12 0,1y + l01(E) = v2 ()31 0.1

t t
—|—/ ’851/1(0,8) —8sv2(075)‘2d8+/ ‘3xv1(0,8) —8$U2(O,s)’2ds
0

<MK/ |h1 )|2d8

for allt € [0,T], for some constant My independent of hy and hs.

Proof. Existence of a solution follows from Lemma 2.2 and an iteration scheme.
For (2.19), we find from (2.10) that

(2.21)

lve ()12 0,1 + 02 (O Z20,2) = 2/0 K (v(0,5) + h(s)) (vs(0,5) + hs(s))ds

~9 /Ot K(v(0,8) + h(s)) hs(s)ds — 2c /Ot H/US(S)”%Z(O’L)dS
for all t € [0,T]. In the meantime, it follows from (2.12) that
(2.22) /Ot (K(U(O, s) + h(s)))st + /Ot |05 (0, 5)|2ds
< M ([losZ2(0,2) + @)1 F1.0,1)
+ M/Ot(||vs(5)|2L2(o,L) + o) 77 0,1)) ds-
Since v(0,0) + h(0) > 0, it follows from (1.1) that
(2.23) Q/OtK(U(O,s)—I—h(S))(US(O,S)—i—hS(s))d = —K|(v(0,t) + h(t)) 12.

We now use (2.23) and
2

(2.24) - Q/OtK(v(O,s) 1 h(s)) ha(s) ds < e/ot <K(v(0,5) 4 h(s))> ds

1 t
+ —/ |hs(s)|?ds, for each € > 0
€Jo

to derive (2.19) from (2.21) and (2.22) with help of the Gronwall inequality.
Next we use (2.11) and (2.12) with ¢ = =K (v1(0,t) + h1(t))  + K (v2(0,¢) +
ha(t)) , v=wv; —vp and f =0. By (2.11) and

t t
(2.25) /0 ”Ul (0,5) — v2(0, s)|2ds < M/o [lvi(s) — UQ(S)Hill(O’L)dS,
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we can again use the Gronwall inequality to derive

(2.26) 10v1.(8) = w2 (D 720,y + l01() = v2(O)7110,1)

< MK/O |hi(s) — ha(s)|?ds

for all ¢ € [0,T], for some constant My independent of h; and hs.
This, combined with (2.12), yields (2.20). O

§3. STOCHASTIC EQUATION

Let us consider the initial-boundary value problem
0 = [*
(3.1) Wit — Weg + 0wy = f + e Z/ g;dB; for (z,t) € (0,L) x (0,T),
j=1"0

(3.2) w.(0,¢) =0, w(L,t)=0 for0<t<T,
(3.3) w(z,0) =ug(z), wi(x,0)=ui(x) for0<z < L.
Here f and the g;’s are given functions such that they are progressively measurable,
fer? (Q; L?(0,T; L?(0, L))), for each T' > 0, and
(3.4) Z E(||9j||2L2(0,T;L2(0,L))) <0

j=1
for each T > 0.
Lemma 3.1. Suppose that ug and ui are Fo-measurable such that uy € L? (Q;
L*(0,L)) and ug € L*(Q; H'(0,L)) with ug(L) = 0, for almost all w € Q. Then,
there is a unique solution w of (3.1) - (3.3) such that w is progressively measurable
and

(3.5) w e L? (Q; C([0,T}; H'(0,L)) nC* ([0, T7; L*(0, L)))

for each T > 0. Furthermore, it holds that

t
(3.6)  E(sup [[w(s)lF(0,1)) + E( sup Ist(s)II%z(o,L))JrE(/ |ws(0, 5)|*ds)
s€[0,t] s€0,t] 0

< ME(”UOH%Il(o,L)) + ME(||U1H2L2(0,L))

t oo t
+ME( / ||f|2L2(o,L)dS> +ME(Z [ 5101 ds)
j=1

for allt € [0,T), for some positive constant M depending only on T > 0.

In order to justify manipulations to obtain (3.6), we need more regularity than
is indicated by (3.5). Therefore, we first consider the case of more regular data.
Let {ex}$2, be a complete orthonormal basis for L?(0, L) such that
(3.7) —Ogg€l = A\peg, forz € (0, L),
83¢€k(0) = 0, 6k(L) =0.

‘We write

() =3 [ gy(s)aB; (o)
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and define for each v > 1,

v v

uow =Y (uo,ex)er,  ur, =Y (u1,ex)ex,
k=1 k=1
v v
fo =Y {F eden,  giw =Y {9, exdex
k=1 k=1

and
(0= [ (8,

Here, (-, -) denotes the inner product in L?(0, L).

Lemma 3.2. Fiz anyT >0 and v > 1. For ug, and uy, defined as above, there
is a unique solution w, of

(3.8) Oopw, — Oppw, + adyw, = f, + 0,V,, for (z,t) € (0,L) x (0,7,
(3.9) 0w, (0,t) =0, wy (L, t) =0, fort e (0,7),
(3.10) wy(x,0) = ug (), Oyw, (x,0) = uy ,(x), forz € (0,L)

such that w, is progressively measurable and
(3.11) w, € L*? (Q;Cl([O,T];Hm(O,L))>, for allm > 1.
Furthermore, it holds that

(3.12) E( sup |wy<s>|%p(o,m) +E( sup |aswy<s>|iz<o,m)
s€[0,t] s€[0,t]

t
+ E(A |8Sw,,(0,s)|2 ds) S ME(”UO’V |%{1(O,L)) + ME(”“LVH%Q(O,L))

t
+ME( / ||fu<s>||%z<o,L>ds>
0t
+ME(Z [ 19360 ds)
j=1

for allt € [0,T), for some positive constant M depending only on T > 0.

Proof. Tt is easy to see that a solution w, can be represented by

v

(3.13) wy (2,t) = Y cx(t)er(z)

k=1
where the c¢;’s satisfy the system of stochastic differential equations

(3.14) Orck = =M ek — ade +(fu + 0V, er), 1<k<uw,
and the initial conditions

(3.15) ek (0) = (ug, ex), O (0) = (ug, ex), 1<k<uw.
We can write (3.8) as

(3.16) d(Owy) = (Opewy — adyw, )dt + f,dt + dV,,.
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By Ito’s rule and integration by parts using (3.9), we have

(3.17) Hatwv(t)”%z(o,L) + Ha:z:wv(t)”%z(o,L) = [lu1y |%2(0,L) + HamUO,u”%%o,L)

t t
f2a/ ||3swu||%2(07L)ds+2/ (fy, Osw,)ds
0 0

[e%s} t 0 t
2% / (Ostn, g1 dB;(5) + 3 / g5 1220.0d5
j=1 j=1

for all t € [0, 7], for almost all w € Q. By the Burkholder-Davis-Gundy inequality,

i/os@nwy,gjdej(n)D

1

E( sup
s€[0,t]

oo t ) ) 1/2
318 <CB(Y [ 10wl il
j=1
2 Cc? = [* 2
<oE <S§[101?t]Haswv(s)HL?(o,L)) + TE(;/O HgJ'aVHLZ(o,L)dS)

for all § > 0, for some positive constant C' independent of v.
Hence, it follows from (3.17) that

(3.19) E( sup 8y, (5)[220.) + sup |wy<s>|%p<o,m)
s€[0,t] s€[0,t]

< ME(HUO,VH%P(O,L)) + ME(”ULvH%?(o,L))

t 2 0 t
+ ME</0 |fu||L2(0,L)d5> + MZE</O ||9j,u||i2(o,L)d5>
j=1

for all ¢ € [0,T], for some positive constant M independent of v. Next let ¢ €
C1([0, L]) such that ¥(0) = 1 and ¥(L) = 9,(L) = 0, and write

(3.20) d( Byw,) = (1 Dy, )dt.
By applying Ito’s rule to the functional (d;w,, ¥d,w,), we find
t
(321) (D (), Dawn () — (ury, VDstio) — —% / 103, (0, 5)2ds
0
t L 1 1
7/ / <2¢m(amwy)2 + ap(wy) Doy + 21/Jm(85w,,)2>dx ds
0 0
t oo t
b [ wonw, fds + 3 [ W, g5.)dBy()
0 = o

for all t € [0, 7], for almost all w € Q. By taking the expectation of (3.21) and com-
bining it with (3.19), we obtain (3.12). The argument for the pathwise uniqueness
of solutions is the same as that for the deterministic equation. O

Proof of Lemma 3.1. Let ug € H'(0,L) with uo(L) = 0, and u; € L*(0,L) be
given. We define ug, and u;, as above. Then, as v — 00, up, — up in HI(O, L),
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and u;, — up in L%(0,L). Let w, be the solution of (3.8) - (3.10). We also note
that as v — oo,

0o LT
(3:22) B(3 [ loaw - silinnit) — .
j=1

We can estimate w,,, —w,, in the same way as for (3.12) and find that as v — oo,

(3.23) w, — w in L*(Q; C([0,T); H'(0,L)))
and
(3.24) dyw, — Oyw in L?(Q; C([0,T); L*(0, L)))

where w is a solution of
Opw — Oppw + adyw = f+ ¥ for (z,t) € (0,L) x (0,T),

w(z,0) = up(z), Oyw(z,0) = ui(x), for x € (0, L).
Obviously w is progressively measurable. Next we show that the trace of w; and

w, at x = 0 is well defined and belongs to L?(Q; L*(0,T)). For almost all w € Q,
it holds that

(326) 89:me = attwu + aatwl/ - fl/ - 815\:[}1/
and
(327) 8mw = &gtw + awy — f - at\:[/

in the sense of distributions over (0, L) x (0, 7). Since ¥, — ¥ in L?(; L?((0, L) x
(0,7))) as v — oo, it follows from (3.23) - (3.27) that

(3.28) OraWy — OggW in L? (2 L*(0,L; H(0,7))) as v — cc.
Consequently, as v — o0,
dpwy, — Opw  in L*(Q;C([0, L]; H~'(0,T)))

and
dw, — dw  in L*(C([0,L]; H2(0,7))).
Thus, it follows that

(3.29) dwy(0,) = Bw(0,)  in L*( H*(0,7))

and

(3.30) 9w, (0,-) = d,w(0,-)  in L*(Q; H'(0,T)).
By means of (3.12), it must hold that

(3.31) dywy(0,) = yw(0,)  weakly in L*(Q; L*(0,T)).

For each v > 1, 0w, (0,-) is progressively measurable and hence, dyw(0, -) is also
progressively measurable. Since d,w,(0,-) = 0, for all v, we also have
(3.32) 9, w(0,-) = 0.

Hence, w is a solution of (3.1) - (3.3), and (3.6) follows from (3.12), (3.23), (3.24)
and (3.31). The pathwise uniqueness of solution of (3.1) - (3.3) follows from the
well-known uniqueness result on the deterministic equation. O
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Lemma 3.3. Let f be progressively measurable such that f € L' (Q;Ll(O,T)).
Suppose that v € L? (Q;C([O,T];Hl(O,L)) N Cl([O,T];LQ(O,L))> is progressively

measurable and is a solution of

(3.33) Vgt — Vg + Q0 = gajv% for (z,t) € (0,L) x (0,T),
(3.34) v:(0,£)v(0,8) > —|f(t)] forte (0,T),

(3.35) v(L,t) =0 fort e (0,T),

(3.36) v(x,0) =0, ve(2,0) =0 forxz € (0,L).

Then, there is some 0 < 6 < T and a positive constant Ms independent of v, the
o;’s and f such that

)
(3.37) B( sup v(O,t)|2)§M5E</O |f(s)ds>.

t€0,6]

Proof. Let & = ve®/2. Then, ¥ satisfies the equation

a2

—  dB;
(3.38) Vit = Vpg = 0 Zajvd—tj, for (z,t) € (0,L) x (0,T)
j=1

and (3.34) - (3.36) with f(¢) replaced by f(t)e**. Hence, we may consider (3.38)
instead of (3.33). Now suppose that v is a solution of (3.34) - (3.36) and (3.38).

With this v as a given function, let ¢ € L? (Q; C([0,T; HY(0, L)) n C*([0,T;
L(0, L))> be the unique solution of

Ot — Qg = O‘TQU—l— 2;11 Ujv% for (z,t) € (0,L) x (0,7,

(3.39) ¢2(0,t) =0, ¢(L,t)=0 forte (0,T),

d(x,0) =0, ¢ (x,0)=0 foraxze (0,L),
and let ¢ = v — ¢. Then, ¢ € C([0,T]; H(0, L)) N C*([0, T]; L?(0, L)), for almost
all w € Q, and 1 satisfies
g — Pee =0 for (z,t) € (0,L) x (0,T),
P(z,0) =0, Pi(x,0) =0 for z € (0,L).

There is some Q@ C Q such that P(Q\ Q) = 0 and for each w € Q, (3.34)
- (3.36) and (3.38) - (3.40) hold. Let us fix any w € Q. For all (x,t) such that

0<t<min(T,L/2), 0 <z < L/2, t >z, it holds that
t—x t—x t+z t+z
For this identity, see John [6]. In the meantime, by the domain of dependence,

t— t— t+ t+
(= ) =¥ (5 =)

=0.
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Hence,

(3.41) W(xz,t) =(0,t — x).

By the same argument, for all (z,t) such that L/2 <« < L, 0 <t < min(T, L/2),
z+t>1L,

(3.42) W(a,t) = (L, z+t— L).

Meanwhile, ¢(L,t) = 0, for all 0 < ¢ < T, and hence, it follows that, for all (x,t)
such that L/2 <z < L, 0 <t <min(7,L/2), x+t> L,

(3.43) W(z,t) = 0.

Again by the domain of dependence, (3.43) is also valid for all (z,t) such that
0<z<L, 0<t<min(7T,L/2), t<zandt<L—x. Weseefrom (3.41) that

(344) '¢t (07 t) = _djz (07 t)
for almost all ¢ € (0, min(7, L/2)). Since 1,(0,t) = v,(0,1), it follows that
(3.45) v(0,8)(0(0,8) = ¢(0,8)) = v(0, )b, (0, ) < [f(?)]

for almost all ¢ € (0, min(7, L/2)), and thus,

(3.46) [v(0,1)|* < /|vOs|d8+/|¢508|ds+2/ |f(s)|ds

for all t € [0, min(7T, L/2)]. This is true for each w € . In the meantime, it follows
from Lemma 3.1 that

(347)  E(sup [16(s)ll7(0,)) + E( o 165 ()[172(0,1y) + E( / |65(0, 5)|*ds)

s€[0,t]

<ME<// |v|2dxds)
and

(3.48) E(/Ot /OL |v|2dxds> §2E</Ot /OL(|w|2+qb|2)dxds)
< 2E</Ot /OL |1p|2dxds) +2t2E</Ot /OL ¢52dxds)
< 2E(/Ot /OL |1p|2dxds> +Mt2E(/Ot /OL v2dxds>

for all ¢ € [0,T], for some positive constant M independent of v. Thus, there is
some 0 < 6 < min(7, L/2) independent of v and a positive constant My depending
on J such that

(3.49) E(/t /L |U|2dxds> < MgE(/t /L |w|2dxds>,

for all 0 <t < 4. Hence, it follows from (3.47) that

(3.50) (/ |$5(0, 5)] ds> < M(;E(/ / 4] dxds)
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for all 0 <t < 4. In the meantime, we derive from (3.41) and (3.43) that

ssu B t / ", ofasas) = [ t | w05~ ayacas)
<o [ 1. as)
<o | o sfas) + 2 [ 600, s
<o [ o0.9)as) +205( [ 1620705 ).

By taking § smaller if necessary, we find that for all 0 <t < §,

(3.5) B( [ 10097 ) < s [ 1ut0.9)7as).

which, together with (3.46), yields

(3.53) E(sup |v(0,s)%) < M5/0 E(|v(0,5)*)ds + 2E (/o |f(s)ds>

s€0,t]

for all 0 <t < 4. By the Gronwall inequality, we have (3.37). O

Remark 8.4. If f =0 in (3.34), then v(0,t) = 0 for all ¢t € [0, 6], for almost all w,
and thus, v = 0 on [0,0] for almost all w. By repetition, we conclude that v = 0
on [0,7], for almost all w.

84. PROOF OF THEOREM 1.4

Let us choose any 7" > 0. According to Lemma 3.1, let w € L? <Q;C’([O,T];
H'(0,L)) nC* ([0, T7; L*(0, L))) be a unique solution of

Wit — Wag + QW = Z(;il gj% for (x,t) € (0,L) x (0,T),

(4.1) wy(0,t) =0, w(L,t)=0 forte (0,T),

w(z,0) =up(z), wi(x,0)=ui(x) forx e (0,L).

Let v be the unique solution in Lemma 2.3 with
h(t) = w(0,1t).

By virtue of (2.20), the mapping

h—wv
is continuous from L?(0,T) into C([0,T]); H*(0, L)) N C*([0,T); L?(0, L)). Also, we
find that if h € L?(Q;L?(0,T)), then v € L2(Q;C([0,T); H*(0,L)) n C*([0,T7;
L?(0, L))) At the same time, if h is progressively measurable, so is v. Next we
write

uU=w-+ .



590 JONG UHN KIM

Then, u € L? (Q; C([0,7); H*(0, L)) nC* ([0, T]; L*(0, L))) is a unique solution of

Ut — Uz + QUL = Z;)il g]% for (J},t) € (OvL) X (OvT)a

(4.2) uz(0,t) = —Ku(0,t)~, wu(L,t)=0 forte (0,7),

u(z,0) = up(x), wu(x,0)=wui(zx) forzxz e (0,L).
Let u and @ be the solutions corresponding to {g;}32, and {g;}52,, respectively.
Then, we can write
U =w+ v, U =w-+7v
where w and @ are solutions of (4.1) corresponding to {g;}32, and {g;}32,, respec-
tively, while v and ¢ are solutions in Lemma 2.3 corresponding to h(t) = w(0,t)

and h(t) = w(0,t), respectively. By applying (2.20) to v — ¥ and (3.6) to w — W,
we have

(4.3)  E(sup lu(s) —all7 o) + E(sup |lus(s) = as(s)l72(0,1))
s€[0,t] s€[0,t]

+ E</Ot]ux(0,s) — i1, (0, )| ds> + E(/Ot|us(0,s) —i15(0,5)[” ds>

ot
SMKE(Z/O l9; = 35llZ20.1) ds), for all ¢t € [0,T].
j=1

Let u(® = ug, and for given «(™, m >0, let u(™1 be the solution of

(4.4)
- dB;
uﬁj;”“) —u{m+h 4 auEm—H) = Z(f] + Uju(m))d—t] for (x,t) € (0,L) x (0,T),
j=1
(4.5) ul™(0,8) = —Ku™(0,6)7, u™D(L,t)=0 forte (0,T),
(4.6) w™ ) (2,0) = up (), ugmﬂ)(x, 0) =uq(zx) forz € (0,L).

As in (4.3), we have

(4.7)

E( sup (™) (5) — u(m>(5)”§p(0,m) + E( sup [l (s) — ugm>(s)||iz(0,L))
s€[0,t] s€[0,t]

t t
+E</ ’u;m“)((),s) ugﬁm)((),s)|2ds> +E</ |u§m+1)(0,s) ugm)(O,s)}2ds>
0 0

t
e E< [ 1) D6 ds)
0
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for all t € [0,T], and all m > 1. By induction, we obtain

(4.8)

E( zl[lopt] Hu(m-‘rl)(s) _ u("n) (S)Hifl(O,L)) + E( Zl[lopt] ||ugm+1) (5) - ugm) (S)”%Q(O,L))

¢ t
+ E(/ ]ugm“)(o, s) — u§m>(0, s)‘2 ds) + E(/ \ugm“)(o, s) — ugm)(O7 s)‘2 ds)
0 0

< Mgt™/m) for all t € [0,7T], and all m > 1,

where My stands for a positive constant independent of m. Hence, {u(™}_, is
a Cauchy sequence in

L? (Q; C([0,T];H'(0,L)) nC* ([0, T7; L*(0, L)))

and each u(™) is progressively measurable. By the same argument as in the proof
of Lemma 3.1, the limit u is a solution of

oo

(4.9) Ut — Ugy + QUL = Z(fj + aju)% for (z,t) € (0,L) x (0,T),
j=1

(4.10) uz(0,t) = —Ku(0,t)~, wu(L,t)=0 forte (0,T),

(4.11) u(z,0) = up(z), wur(z,0)=wui(x) forze (0,L)

such that
ue L*(C([0,T); H(0,L))), u € L*(Q;C([0,T); L*(0,L))), and u(0,-) €
L?(; L*(0,7)).
Taking this u as a given function, let w € L2 (C([O,T];Hl(O,L)) N ([0, 7T);
L?(0, L))) be a unique solution of

Wyt — Wag + W = Z;il(fj + Uju)% for (z,t) € (0,L) x (0,T),

(4.12) w,(0,¢) =0, w(L,t)=0 forte (0,T),

w(z,0) = ug(z), wi(x,0)=wuy(z) forz € (0,L).

By virtue of Lemma 2.3, we find that v = v — w is a unique solution of (2.16) -
(2.18) for h(t) = w(0,t) such that

ve L? (Q; C([0,7); H' (0, L)) N cl([o,T];L2(0,L))>.
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We now suppose ug(0) > 0. It follows from (2.19) and (3.6) with f =0, g; =
fj +ojufor j > 1, that

(4.13)
t
E( sup |u<s>||%p<o7m) n E( sup |asu<s>||iz<o,m) +E( / |awu<ovs>2ds)

5€[0,t] s€(0,]

t
+E( / |asu<o,s>|2ds> < ME(JuolZo.0)) + ME(lmn|20.1))

t o0 t
+ME( [ 1 ds) +MZE( / |fj(5)|2L2(o,L)d8>
j=1

for all ¢ € [0,T], and thus, by the Gronwall inequality,
(4.14)

E( sup ||u<t>||§p<o,m) +E( sup |atu<t>||ia(o,m)

te[0,T] te[0,T]

T T
+E</ |8zu(0,t)|2dt> +E</ 8tu(0,t)|2dt>
0 0
oo T
< ME(Juol%10.0)) + ME (|22 0.)) + MZE( / IIfj(t)II%Z(o,L)dt>
j=1

where M denotes positive constants independent of K, ug and u;. Next we denote
by ur the solution of (4.9) - (4.11) for each K > 0. Since L2(Q; L>(0,T; H"(0,L)))
is the dual of L2(€; L' (0,75 H™(0,L))), n = 0,1, it follows from (4.14) that there
is a sequence {ug,, }>°_; such that K,, T oo as m — oo, and

(4.15) ug, —u  weak star in L7(Q; L>(0,T; H'(0,L))),
(4.16) Oruk,, — Ol weak star in L2 (€; L>(0,T; L*(0, L)))

as m — oo, for some u. Each ug,, satisfies

T
[ (<atuKm, O} — (Do, D) — (aDyurc, w>>dt aP
AJO

T s t
:/A/O (0n), ;/0 (fj + ojuk,,)dB;)dt dP

for every A € F, and every ¢ € H&((O, L) x (O,T)). Here (-, -) denotes the inner
product in L?(0, L). Since (4.15) and (4.16) imply that

(4.17) UK, — U weakly in L?(€; L*(0,T; H' (0, L))) as m — oo

and

(4.18) duk,, — O weakly in L?(€; L*(0,T; L*(0,L))) as m — oo,

it follows from Lemma 1.1 that

/A/OT <<3tu7 D) — (Dpu, Dptp) — (adyu, zb))dt aP
- /A/OT@W’ jil/ot(fj + oju)dB;)dt dP
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for every A € F, and every ¢ € Hj((0,L) x (0,T)). Hence, there is Q C Q such
that P(Q\ Q) = 0 and for each w € Q,

(4.19) /0 ' (<atu, O — (Da, Dyh) — (aByu, z/;>)dt

T o t
:\/0 <8tw, jz_:l\/o (f] +O’j’LL)dBj>dt

for all ¥ in a countable dense subset of H{((0,L) x (0,7)). Consequently, (4.19)
holds for every ¢ € H}((0,L) x (0,T)), for almost all w, because v € LZ(Q;
L>(0,T;H*(0,L))) and u; € L(€%; L>(0,T; L?(0,L))). Therefore, u satisfies (0.1)
for almost all w.

Next we will show that u also satisfies the boundary conditions. (4.15) implies
that

(4.20) uk,,(0,-) = u(0,-)  weak star in L2(€; L>(0,7))
and
(4.21) uk, (L,-) —u(L,-)  weak star in L2(€; L>(0,7)).

Thus, u(L,-) = 0, for almost all w. By the same argument as for (3.28), we find
that

Oupur,, — Ozgu  weakly in L?(Q; L*(0, Ly H~1(0,T)))

and hence,

(4.22) Oruk,, (0,-) — 0,u(0,-) weakly in L?(Q; H~1(0,T)).
By virtue of (4.14) and (4.22),

(4.23) dpur,, (0,+) = O,u(0,-)  weakly in L*(€; L*(0,7)).
Since

(4.24) Ovuk,, (0,+) = —Kpuk,, (0,)7,

we derive from (4.14) that

(4.25) ug,, (0,-)7 =0 strongly in L?(Q; L*(0,T)).

Choose any nonnegative ¢ € L?(Q; L?(0,T)). Then, it follows from (4.20) that

(4.26) /Q/()T(uKm(O,t)Jr—uKm(O,t)) dth—>// (0,t)(t) dt dP,

which, combined with (4.25), yields

// (0,t)o(t) dt dP > 0.

Also, by (4.23) and (4.24), we have

/ / 0 u(0,t)o(t) dt dP < 0.
Hence, we find that

(4.27) w(0,t)” =0
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and
(4.28) 0,u(0,t) <0,

for almost all ¢t € [0,T], for almost all w. Next we show that {ug, (0,-)}>_; is

m

strongly convergent in L?(Q; L?(0,0)) for some 0 < ¢ < T. Choose any K,, < K,
and set

U1 = UK,,, V2 = UK,, -
Then, we can write

0,01(0,8) — 0v2(0, 1) = =Ky (v1(0, 1)~ = v2(0,8) ™) + (K, — Ky )v2(0, )~

and hence, by dropping all nonnegative terms,
(4.29) (9,v1(0,t) — Bpv2(0, 1)) (v1(0, ) — v2(0, 1))

= — K (v1(0,8)” —v2(0,8)7) (v1(0,8) " — v2(0,8)™)

+ Ko (01(0,8) = 03(0,8) )2 + (K, — Ko)va(0,£) ™ (v1(0,8)F — v2(0,8)™)

— (K — Km)va2(0,8) ™ (v1(0,8) ™ = v2(0,1)7)

> —(Kyn — Kpn)va(0,1) " v1(0,¢) .
It follows from (4.14) and (4.24) that

T , C
0 m
and
T ) C
4.31 E )~ |°dt ) < —=
where C stands for the right-hand side of (4.14). Hence, we have
T
(4.32) E</ (Ky — Kin) v2(0,8) " v1(0,8)~ dt)
0
K, — K,
< | —/—=|C.
< (%)

Applying Lemma 3.3 to v = v — v9 with help from (4.29) and (4.32), there is
some 0 < § < T such that {ug,, (0,)}e_; is a Cauchy sequence in L?(€2; L*(0,0)).
Since

Ouk,, (0,-) — 0,u(0,-) weakly in L*(Q; L?(0,T)) as m — oo,
we find that
uk,, (0,-)0uk,, (0,-) — u(0,-)d;u(0,-)  weakly in L'(Q; L'(0,4)).
But by (4.14) and (4.24) again, we see that as m — oo,
uk,, (0,-)dpur,, (0, ) = Kn|uk,, (0, )*|2 —0 strongly in L' (Q; L'(0,7)).
Hence, it holds that
(4.33) u(0,t)0,u(0,t) =0

for almost all ¢ € [0, ¢], for almost all w.
Therefore, u is a solution of (0.1) - (0.4) for 0 < ¢ < ¢ such that

we LI(L°(0,6; H'(0,L))), up € L2(QL>(0,6; L*(0, L))).
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Here we note that ¢ is independent of the initial conditions. Again by applying
Lemma 2.1 to u —w where w is the solution of (4.12), we find that for almost all w,

ueC’([O,(S];Hl(O,L))7 utEC([O,é];LZ(O,L))

by taking slightly smaller é. Since C([O, 8] HY(0, L)) and C([O, d]; L*(0, L)) are sep-
arable closed subspaces of L™ (0, §; H(0, L)) and L>(0,6; L*(0, L))7 respectively,

we have
(4.34) u € L*(Q;,C([0,6]; H'(0,L))), uy € L?(Q;,C([0,6]; L*(0,L))).

See [14, pp. 72 - 73]. For the pathwise uniqueness of solution, we argue as follows.
Let v; and ve be two solutions of (0.1) - (0.4) such that

v; € L*(;,C([0,T]; H'(0,L))), dv; € L*(Q;C([0, T); L*(0,L))), i=1,2,

for some T > 0. There is a subset @ C Q such that P(Q\ Q) = 0, and for
each w € Q, (0.3) is satisfied by v; and vy, for almost all t € [0,7]. Fix any
w € Q and t where (0.3) is satisfied by v; and v. Set v = vy —v1. If v(0,t) = 0,
then v(0,¢)v,(0,¢) = 0 holds. If v(0,¢) > 0, then v2(0,%) > v1(0,¢t) > 0. Hence,
0,v2(0,t) = 0, and v,(0,t) = 9,v2(0,t) — J,v1(0,t) > 0. Thus, v(0,t)v,(0,¢) > 0.
By the same argument, if v(0,¢) < 0, then v(0,t)v,(0,t) > 0 again holds. According
to Remark 3.4, we conclude that v = 0 on [0,7]. Finally, since ¢ in (4.34) is
independent of the initial conditions, we can extend the time interval of existence
by using the pathwise uniqueness of solution.

85. PROOF OF THEOREM 1.5

Throughout this section, we assume that o; = 0, for all j > 1, and that all
f;’s are deterministic and independent of time. The proof is based on the following
result of [10].

Suppose that X (t,s;2), 0 < s <t < oo is a pathwise unique solution of a certain
stochastic evolution equation such that X(s,s;z) = z. We assume the following
conditions.

[I] X(-,s; %) is a E-valued continuous process adapted to {F;}+>s for each z € =
and s > 0, where = is a separable Banach space.

We define a function

P(s,z;t,I) = P(X(t,s;2) €T), foreachT' € B(E), 0<s<t<oo, 2z€E
where B(Z) is the Borel o-algebra of =.

(I1] P(-,-; -, -) is a time-homogeneous transition probability function. In other
words, it satisfies the following conditions.

(i) P(s,z;t,-) is a probability measure over (Z, B(Z)) forall z € E, and 0 < s <
t < oo.

(i1) P(s,-;t,T') is B(Z)-measurable for all 0 < s <t < oo and I € B(E).

(i) Forall 0 < s <t < { < oo and I' € B(E),

7’(87Z;§,F)Z/_P(&Z;t,dy)P(t,y;E,F)-

(iv) P(s,-;t,") = P(s+h,-;t+h,-) forall 0 < s < ¢ < 00 and h > 0.
[III] If ||z[|= < M, then
E(|X(t,0;2)|z) < Car, forall t >0,

for some positive constant C'y.
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[IV] There is a separable Banach space T such that Z C Y, the imbedding = — T
is continuous, and each closed ball of finite radius in = is a compact subset of Y.
Furthermore, for each bounded continuous function v on Z, there is a sequence of
continuous functions {4}, on Y such that 9y is bounded uniformly in k and

klirglo Yr(y) = ¥(y), for each y € E.
[V] For each fixed 0 < t < oo, and each fixed closed ball S of finite radius in Z,
if {2,}52, is a sequence in S such that
Zn — 2 in 7T,
then
E(o(X(t,0;20))) — E($(X(t,0;2))),

for every bounded continuous function ¢ on Y.

Theorem ([10]). Under the assumptions [I] - [V], there is an invariant measure
for the above process X (-). In other words, there is a probability measure p on =

such that
[ B s = [ v u:
for allt >0, and every bounded continuous function ¥ on =.
For the proof of Theorem 1.5, it is enough to establish the above assumptions
1 - [V].
We will first prove pathwise convergence of approximate solutions, where the

assumption o; =0, j > 1, is essentially used.

Lemma 5.1. Let ug be the solution of (4.9) - (4.11) with o; =0, j > 1. Then,
for each sequence {uk, }5°_1, it holds that for almost all w,

m

(5.1) UK, — U weak star in L>(0,T; H'(0, L)),
(5.2) Oruk,, — O weak star in L>(0,T; L*(0, L))
as K, T oo, for each T > 0, where u is the solution in Theorem 1.4.

Proof. Choose any T > 0, and let w be the solution of (4.12) with o; =0, j > 1.
Then, there is some Q C Q such that P(Q\ Q) = 0, and for each w € €,

w e C([0,T); H(0, L)) nc*(jo,T); L*(0,L)), w(0,-) € H'(0,7),

Z ) € C([0,T]; L*(0, L))

and w satisfies (4.12).
Let vk be the solution of (2.16) - (2.18) with h(t) = w(0,t). Then, according to
the construction of the solution ug of (4.9) - (4.11) with 0; =0, j > 1,

ug = w—+ vk, for each w € €.

It follows from (2.19) that
¢
(5-3) 10cvx ()220, + Il (D132 0,1 +/O |02vK (0, 5)|*ds

t
gM/ lws (0, 5)|ds
0
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for all ¢t € [0, 77, for each w € Q. Here M is a constant independent of K and w.
Now fix any w € Q. By (5.3), there is a sequence {vk,, }5°_; such that

(5.4) VK, — Uy weak star in L (0,7; H'(0, L)),
(5.5) Opvg,, — Opvy, weak star in L (0,7; L*(0, L))
for some function v,,. This v, must satisfy (2.16), (2.18) and
v,(0,2) +w(0,t) > 0,

020, (0,t) <0,

0,0, (0, 1) (Uw((), t) + w(0, t)) =0,

vu(L,t) =0

(5.6)

for almost all ¢t € [0,7]. Here we note that (5.4) and (5.5) imply that for any n > 0,
(5.7) VK, — Vw strongly in C([0,T]; H'~"(0, L))
and hence,
vk, (0,-) — v,(0,-) strongly in C'([0,T7).
For (5.7), see Lemma 1.7 of [9]. Meanwhile, by (5.3),

By, (0,) (v, (0,-) + w(0, ) = Ky (vi,, (0,-) +w(0,-)) | = 0 in L}(0,7),
which yields the third property in (5.6). Next it follows from Lemma 2.1 that
(5.8) v, € C([0,T); H'(0,L)) N C*([0,T); L*(0, L)).

Suppose v, is a limit of another sequence. Then, by the same argument as in
Section 4, v, — 7,, satisfies the boundary condition

(0,(0,1) = 0,(0,)) (02w (0, ) — 9x0,(0,8)) >0

for almost all ¢ € [0,T], for each w € Q. Again by Remark 3.4, we conclude that
v, = U,. Hence, every sequence converges to the same limit. We now fix any se-
quence {vg, }5°_,. For eachw € Q, we define v,, as the limit of this sequence. Since
C’([O, T —¢); HY(0, L)) is a separable closed subspace of L> (O, T — ¢ HY(0, L)), for
each 0 < e < T, it follows from (5.4) and (5.8) that v = v, is C([0,T—¢]; H'(0, L))-
valued strongly measurable over (Q,}'T,E), which implies that v is also progres-
sively measurable. Similarly, 8;v is C([0,T — €]; L?(0, L))-valued strongly measur-
able over (Q, Fr_.). By virtue of (5.4), (5.5) and Fatou’s lemma, it holds that for
each 0 <e<T,

E(H” + szc([o,T—e];Hl(o,L)) + ||loe + wt”%’([o,T—E];LQ(O,L)))

< E( lim <||UKm + w||2Loo(o,T;H1(o,L)) + |0k, + wt|%°°(0,T;H1(O,L))>>

m—00

< lim E<|UK"L +wl T 0.0y 1005, + wt||2L°°(O7T;H1(O,L))>’

m— 00

which, together with (5.3), yields
v+we L*(QC(0,T —€; H'(0,L))), v 4w € L*(Q;C([0,T — €]; L*(0, L))).
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Obviously, v + w is a solution of (0.1) - (0.4) on the interval [0, — €], for each
0 < € < T. By the pathwise uniqueness of the solution, this coincides with the
solution in Theorem 1.4, and the proof of Lemma 5.1 is complete. (]

We next establish the following estimate.

Lemma 5.2. Let u be the solution in Theorem 1.4 under the conditions of Theorem
1.5. It holds that

B ()0 + sy ) < M
for allt >0, for some constant M > 0.

Proof. Fix any T > 0 and K = k. Let w be the solution of (4.12) with ¢; =
0, 7 > 1, and let vy be the solution in Lemma 2.3 with h = w(0,-). We write
ur = v +w. As above, let us define

v v

uow = Y (o, ex)er,  ui, =Y (ur,ex)er,
k=1 k=1

fiv=> (firexder, @, = finB;().
k=1 j=1

Let w, be the solution in Lemma 3.2 with f, + 0;¥, replaced by 9;®,. Then, as
v — 00,

(5.9) w, —w  in L? <Q; C([0,T}; H'(0,L)) nC* ([0, T7; L*(0, L))),
(5.10) w, (0, -) — w(0,-)  in L*(Q;HY(0,T)).
After extending —k(vg(0,t) +w(0,t)) to be zero for ¢ ¢ [0,T], we define

wol) == [ k(000 =9+ ul0.0-5)) pulds

where p, (t) = vp(vt), p € C§°((0,1)) such that ||p||r1(0,1) = 1.
Then, g;,, € C§°(R) is adapted to {F;} and, as v — oo,
(511) dk,v — —k(Uk(O, ’ ) + ’LU(O, ’ ))_ in L2 (Qa L2(OaT))

Let v, be the solution in Lemma 2.2 with ¢ = ¢, and f = 0, satisfying the
additional regularity (2.13). Then, as v — oo,

(5.12) Vg, —vp  in L? (Q; C([0,7}; H'(0,L)) nC* ([0, T7; L*(0, L)))

and
(5.13) 04k (0, ) — Ak (0, ) in L?(; L*(0,L)).
We may write
d(Oywy + Opvg,p) = (OgsWy + Oz Uk, )dt — a(Opw, + Opvg,)dt + dP,

and
d(w,, + vk,,,) = (8twu + 3tvk,y)dt.
By applying Ito’s rule to the functionals

<atwl/ + 81&1116,1/7 atwu + 8tvk,u>
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and
<atwu + atvk:,l/a w, + vk,u>7
we have for each v > 1,
(5.14) 105w, (£) + Devrw ()1 220,12y + 10w (1) + i () |72(0,1,)

= ||8a:U0,u||2L2 7 (0,L)

-2 /Ot Qi (5) (05011 (0, 5) + s, (0, 5) ) ds
=20 [ 10.06) + 000 ) .10
#23 [ 0a06) + Btkls), BB+ D o
=1 =1
and j J

(5.15) €(0ywy (t) + Opvg,u (t), wu (t) + vk (b)) — €{uow, u1,y)

+ S lwn(®) + 0 (20,0 — G lwowlliao ry
— e/ot A C) (Uk,,,(O, s) + w, (0, s))ds
—wlﬁam@+@wA@mmwm
[ 1006) + D 510

+ 6; /0 (W, (8) + Vg, (8), fj,0)dB;(s)

for all ¢t € [0,7], for almost all w. Here € is a positive constant, which will be
determined later. By means of (5.9) - (5.13), we can extract a subsequence {w,,, +
Uk,um};:zl for pathwise convergence and pass v, — oo in (5.14) and (5.15) to
arrive at

(5.16) 10cur (B)lI720.) + 100 (D1 Z20,1) = 10xv0lI 20,1y + lluall72 (0.1

t t
+ 2/ kur(0,s)” 0sug (0, s)ds — 2 ||8Suk(s)||%2(O’L)ds
0 0

0o t oo
423 [ (O £)dB,(5)+ Yt
j=170 j=1
and

ex e
(5.17) €(@rur(t), ur(t)) — eluo,w) + - lur(®)lli20,) —

_HUJOH%Z(O,L)
t
/ kug (0, 5) " ug (0, s) ds—e/ |0 ur( )HLQ(OL

/WW|WW@HZ/W )+ £)B,()
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for all t € [0,T], for almost all w € Q. Since T > 0 could be chosen arbitrarily,
(5.16) and (5.17) are valid for all ¢ > 0, for almost all w.
Next, by means of (1.1) and uo(0) > 0, we find that

t
k
(5.18) / kug (0, 8)” 0sug (0, s)ds = —E‘uk(o,t)_|2.
0

Let us set

€x
Qi (t) = 10eur (D)l|720,) + 102t (1) |2 20,1y + €(Dpun (), ur (1)) + 7||uk(t)”%2(07L)
and choose sufficiently small 0 < € < a such that
1 ([19eun ()20, ) Flur (OllFr 0,1)) < Qr(t) < ea([18rur (|7 20,0y FHllur )7 0,1))
for some positive constants ¢1, co independent of ug(t). We now set

Rk(t) = Qk(t) + k|uk(0,t)_|2.

It follows that for any 0 < t1 < to,

(619)  E(Ri(t2)) — E(Ra(h)) = —(20 — ) / "B (|00 (1) 20,1, )t
— e [ B0 )it = [ (1000,

+ Z(tQ - t1)||fjH2L2(0,L)-

j=1
Hence, there is some positive constant ¢ independent of k such that

9 BR0) < e BRu0) + 3 16 a0

j=1
for all ¢ > 0, which implies that
(5.20) E(Ri(t)) < M, for all k > 1, and all ¢t > 0.

Meanwhile, according to Lemma 5.1, there is Q C Q such that P(Q\ Q) =0 and
for each w € Q,

(5.21) U — U weak star in L™ (0, T; H'(0, L))7 as k — oo,
(5.22) Opup, — Uy weak star in L (0,T;L*(0,L)), as k — oo,
(5.23) ® € C([0,T]; L*(0, L))

and

(5.24)

uw and all ug’s satisfy (0.1) in the sense of distributions over (0, L) x (0,7,
for all T > 0. It follows that for each w € €,
(5.25) O (Bpu, — @) — 01 (uy — @) weak star in L>(0,7; H~*(0, L)),
as k — oo. Thus, for each w € Q, it holds that
(5.26) up —u  in C([0,T]; H'7"(0, L))
and

(5.27) Opug — ut in C([0,T); H~"(0, L))
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for any n>0, for all T > 0. See Lemma 1.7 of [9]. Consequently, for all ¢ > 0, and
all w € Q,

(5.28) ug(t) — u(t)  in H'77(0,L)
and
(5.29) Opug () — ug(t) in H"(0, L),

as k — oo. Now fix any ¢t > 0. Define
Sk(t) = llur()ll3p 0,2y + 10eur(®)Z20,1)-
By Fatou’s lemma, (5.20) yields
(5.30) 5( 1m si)) <01
k—o0

where M is a positive constant independent of ¢. This implies that there is some
Q; C Q such that P(Q2\ Q) = 0 and, for each w €

h7m 'Sk(t) < 00,

k—oo

which, combined with (5.28) and (5.29), implies that for each fixed w € Q N €,
there is a subsequence {ug, }°°_; such that

lim Skm(t) = lim Sk(t) < 00,

m—00 k—o0
ug,, (t) — u(t) weakly in H'(0, L)
and
Opur,, (1) — u(t) weakly in L*(0, L).
Consequently,
a0,y + llue@lZ20,0) < lim Si(t).

k—oo

This is true for each w € Q, N Q. Hence, we have

E(|lu)lF 0,0y + lue®)lZ.0)) <M
for all ¢ > 0. This proves the lemma. O
Next we define
Y={z=(21,22) | 21 €H'0,L), 21(0) >0, z:(L) =0, 2z €L*0,L)}.

Y is a closed subset of H'(0,L) x L?(0,L), and thus, B(Y) c B(H'(0,L) x
L*(0,L)). For each z € Y, we write
(5.31) X(t;s,2) = (u(t), u(t)), fort>s>0

where u is the solution of (0.1) - (0.4) with the initial condition (u(s),u:(s)) = z.
We then write
P(s,zt,T) = P{X(t;s,2) €T}

for each T € B(Hl(O,L) X LQ(O,L)) and t > s > 0.
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Lemma 5.3. Foreacht>s>0, and z €Y, P(s,z;t, -) is a probability measure
over (HI(O,L) x L*(0,L), B(Hl(O,L) X LQ(O,L))) supported on Y. For each

t>s>0 and T € B(H'(0,L) x L*(0, L)), P(s, -;t,T") is B(H'(0,L) x L*(0,L))-
measurable.
Proof. The first assertion is obvious from Theorem 1.4. We will prove the sec-
ond assertion. Choose any arbitrary sequence {z,}>°; in ) such that z, — z in
H'(0,L)xL*(0,L), asn — oo. Let w, be the solution of (4.12) witho; =0, j > 1,
and the initial condition (wy,(s), Oywn(s)) = z, for each n > 1. Let vy, be
the solution in Lemma 2.3 with K = k, h = w,(0,-) and the initial condition
Ve (-, 8) =0, Qg n(-,s) =0. We write

Xk:(' 53 Zn) = (wn + Vk,n,s 8twn + atvkm)-
Then, for each t > s > 0,
(5.32) Xy(t, s320) = Xi(t,s32)  in L*( H'(0,L) x L*(0,L))
as n — oco. We define a function space H*(0, L) by

H*(O,L):{deek Z|/\k| <OO}
k=1 k=1 "k

where the Ay’s and ej’s are the same as in (3.7).

Let ¢ be a bounded continuous function on L?(0,L) x H*(0,L). Then, it is
also a bounded continuous function on H(0, L) x L?(0, L). It follows from (5.32)
that there is a subsequence {Xk(t,s;znm)};.:zl that converges to X(t,s;z) in
H'(0,L) x L?(0, L), for almost all w. This implies that

/w(Xk(t,s;zn))dP—»/z/;(Xk(t,s;z))dP
Q Q

as n — oo, and hence,

/ (X (t,s;2))dP is continuous in z € Y.
Q

Meanwhile, it follows from (5.26) and (5.27) that for almost all w € Q,
Xi(t,s;2) = X(t,s;2) in L?(0, L) x H*(0, L)
as k — oo, because H~"(0, L) is imbedded into H*(0, L) for 0 < n < 1/2. Hence,

(5.33) /Q@[J(X(t, s;2))dP is B(H'(0,L) x L*(0, L))-measurable in 2.

Next let ¢ be a bounded continuous function on H'(0,L) x L?(0,L). We define
¢m by

bm(2) = $((Mn1, T 22))
where z = (21, z2) € L?(0, L) x H*(0, L) and I1,, is the projection onto the subspace

spanned by {ej, - ,en,}. Then, for each m, ¢, is a bounded continuous function
on L?(0,L) x H*(0,L) and for each y € Y,
(5.34) Pm(y) — o(y)  asm — oo.

Thus, by (5.33),

/ dm(X(t,s;2))dP is B(H'(0,L) x L*(0, L))-measurable in z
Q
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and, by (5.34),
/ ¢(X(t,s;2))dP is B(H'(0,L) x L*(0, L))-measurable in z.
Q

Thus, P(s,z;t,T') is B(Hl(O,L) X L2(0,L))—measurable in z, foreacht > s > 0
and each I' € B(H'(0,L) x L*(0, L)).
U

Lemma 5.4. For eacht >0, s >0,z € Y and I' € B(H'(0,L) x L*(0,L)), it
holds that
P(0,zt,T) =P(s,z;t + s,T).
Proof. Fix any s > 0 and z = (ug,u1) € Y. Let us write
Bj(t) = Bj(t +s) — B;(s)
and

O (t) = B(t+ s) — B(s) = ij B;(t).

Choose any T > 0, and let w* be the solution of
wi, — wh, +awf = 0;®* for (z,t) € (0,L) x (0,7T),
(5.35) wi(0,t) =0, w*(L,t)=0 forte (0,7),
w*(x,0) = ug(x), wi(z,0) = uy(x) for xz € (0,L).

Let w be the solution of (4.12). Then, w and w* have the same distribution in the
sense that

P((w,w;) € G) = P((w*,wy) € G)
for every G € B(C’([O, T); H'(0, L) x L*(0, L))> Let vy and v}, be the solutions in
Lemma 2.3 with K =k, and h = w(0,-), h = w*(0,-), respectively. The mapping
(w, wy) = h = (vk, Opvg)

is continuous from C ([0, T]; H'(0, L) x L?(0, L)) into itself. Therefore, it holds that
(5.36)

P((w(t) + vk (1), we (t) + Opor(t)) € F) = P((w*(t) + v (t), wy (t) + Bpvi(t)) € F)

for every I' € B(H'(0,L) x L?(0,L)), and every t € [0,T]. Let ¢ be a continuous
bounded function on H'(0,L) x L?(0,L). As above, let {¢,}°, be a sequence
of uniformly bounded functions on H*(0, L) x L?(0, L) which are continuous with
respect to the norm of L?(0, L) x H*(0, L) such that

(5.37) dn(y) — o(y) for each y € Y.
It follows from Lemma 5.1 that for almost all w € €,
X = (w+ g, Ow+owy) — X = (w+wv, wy +vy)
weak star in L>(0,T; H*(0, L) x L?(0, L)), as k — oo, and
X; = (w" + v, Ow* + 0wy) — X* = (w* + 0%, wy +v5)
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weak star in L (0, T; H'(0,L) x L?(0, L)) In the meantime, we can write
O (wi + Oyv, — @) = Way + vy — a(wy + Oyuy)

and

O (wf + Ogvf, — ®F) = Wi, + Opavi, — a(wf + Opvy).
As above, it follows from (5.26) and (5.27) that for almost all w € Q,

X = (w+ v, Ow+ i) = X = (w+ v, we +v¢)
strongly in C([0, T]; L*(0, L) x H*(0,L)), as k — oo, and

X; = (w" +vg, Ow* + 0pwy) — X* = (w* + 0", wy +v5)

strongly in C([O,T];L2(O,L) X H*(O,L)). Hence, for each n > 1, and each ¢t €

0,7],
/ on (X (1)) AP — / 6 (X (1)) dP
Q Q

/ ou(X7(1))dP — / 6u(X*(1))dP,

as k — oo. But, by (5.36), we see that for each n > 1,

/qsnXk )P = /qsnXk
/ bul(X (1)) dP = / bu(X

By passing n — oo, we use (5.37) to arrive at

[wor [

which completes the proof of Lemma 5.4. O

and

Thus, for all n > 1,

Next let {z,}22; be a sequence in ) such that it is bounded with respect to the
norm of H'(0, L) x L?(0, L), and

Z, — 2z in L*(0,L) x H*(0, L).

This implies that z € ). Let us write X,, = (un, 8tun) where u,, is the solution
of (0.1) - (0.4) if the initial condition is X,,(0) = z,, and write X = (u, ;) if the
initial condition is X (0) = z.

Lemma 5.5. For any T > 0, and any bounded continuous function ¢ on L?(0, L) x

H*(0,L),
/(b(Xn(T))dP_’/QS(X(T))dP as n — 00.
Q Q

Proof. Fix any T > 0. Since the sequence {z,}72, is bounded in Y, it follows from
(4.14) - (4.16) and (4.23) that

(5.38) E(sup ||Xn<t>||%{1<0,LW<O,L>)+E(||a (0, >|L2(0T>)<M
0<t<T
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for all n > 1, for some positive constant M. Choose any ¢ > 0. Then there is
some constant K > 0 independent of n such that

(5.39) P{OiltlgT 10 )l a0,y x22(0,1) = K} + P{I10zun (0, )| z200m) = K} <.
Choose any bounded continuous function ¢ on L?(0,L) x H*(0,L). We assume
¢ >0, and let

(5.40) C= sup o(2),
2€L2(0,L)x H*(0,L)

A ={w]| sup [|X0(t)|lmr0,0)x220,0) < K, [|05un(0, )| r200,m) < K}
0<t<T
and
En = ¢(Xn (T)) X{-An,K}

where x{-} is the characteristic function. We can also define a subset Qf C Q such
that P(Q\ QF) = 0 and for each fixed w € QF,

X (w) and X, (w), n > 1, belong to C([0,T]; H'(0,L) x L*(0, L)),
9,u(0,-) and ,u,(0,-), n > 1, belong to L(0,T),

B(w) € C([0,T}; 12(0, 1)),
u and u,, n > 1, satisfy (0.1) in the sense of distributions,

uw and u,, n > 1, satisfy (0.2) for almost all ¢ € [0, 7.

We will show that for all w € QF,
(5.41) 0< lim E,(w) < ¢(X(T,w)).

n—oo

If lim,, 00 Zn(w) = 0, then it holds because ¢ > 0. Suppose lim,, o Z,(w) > 0,
for some w € QF. Then, there is a subsequence {X,,, (w)}22, such that

(5.42) T Z,() = Jlim Z,, () = lim 6(X,,(T,0))

(5.43) sup || Xy, (¢, )| 51 0,2)xL20,2) < K,
0<t<T

(5.44) 102un,, (0, )l L20,7) < K,

(5.45) Up,, — u* weak star in L>°(0,T; H'(0,L)),

(5.46) O, — O™ weak star in L>°(0,7; L*(0, L)),

and

(5.47) Oxlin,, (0,+) — O,u"(0,+) weakly in L?(0,T)

where u* satisfies (0.1) in the sense of distributions for this fixed w. As above, it
follows from (0.1), (5.45) and (5.46) that

(5.48) Up,, — u* strongly in C([0,T]); H'~"(0, L))
and
(5.49) O, — Opu™ strongly in C([0,T]; H~"(0, L))

for every n > 0. Hence, u* satisfies (0.2) - (0.4). Since o; =0, j > 1, we can
apply the uniqueness of solution of (0.1) - (0.4) for this fixed w to conclude that

(5.50) X(w) = (u*, dpu*).
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By (5.48) and (5.49), we see that
X, (T,w) — X(T,w)  in L*(0,L) x H*(0, L).
Hence,
(X, (T,w)) = (X (T,w)), as k — oo
and thus,
lim Z,(w) = (X (T, w))

n—oo

and the inequality holds. Consequently,

fm [ S )dP</ fim =, (w)dP
Q

n— o0 n—oo

/¢ (T,w))

Hence, by (5.39) and (5.40),

T [ 6(X,(T.0))dP — Ce < / (X (T,w))dP.
Next let

On = ¢(Xn(T)) x{An.i } vV C(1 = x{An x})
where C' is the same constant as in (5.40). We will show that for all w € QF,

(5.51) ¢(X(T,w)) < lim Op(w).

n—oo

If lim, ,  ©n(w) =C, then it is true because of the definition of C. Suppose that

lim, . O,(w) < C, for some w € Qf. Then, as above, there is a subsequence
{On, }32 such that
(5.52) lim ©,(w) = lim 0, () = lim §(X,, (T,v))

and (5.43) - (5.49) hold for this w. By the same argument as above, as k — oo,
X, (T,w) — X(T,w)  in L*(0,L) x H*(0, L)

and hence,
lim ©,(w) = lim (X, (T,)) = 6(X (T,w).

n—oo

Thus, the inequality holds for all w € Q. So it follows from (5.39) and (5.40) that

/(;5 dP</ lim ©,(w)dP
QO n—oo
< lim [ ©,(w)dP < lim [ ¢(X,(T,w))dP + Ce.

n—oo JQ n—oo J Q)

Since € > 0 is arbitrary, we have

lim d)( ))dP = / P(X

n—oo

We can drop the assumption that ¢ > 0, by writing ¢ = ¢ — ¢~. (Il
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We now check the conditions [I] - [V] for the existence of an invariant measure.
Here we take = = H'(0,L) x L*(0,L) and T = L2(0,L) x H*(0,L). X(t,s;2) is
defined by (5.31) for t > s > 0 and z € Y. Even though X (¢, s;z) is defined only
for z € ), this is not a restriction because X(t,s;2) € Y for all t > s > 0, for
almost all w, if z € J. Accordingly, the condition on {¢;}72 , in [IV] is relaxed by

i dp(y) =9(y),  forally e,

and the sequence {z,}>2; in [V] is chosen from S NY. [I] follows from Theorem
1.4 and [I1] is verified by Lemmas 5.3 and 5.4. [II] is verified by Lemma 5.2. [V] is
verified by Lemma 5.5. It remains to verify [IV]. Let ¢ be a bounded continuous
function on Z. We define 5 by

Ve(y) = (Mg, Miya)), for each y = (y1,42) € T,

where IIj is the projection onto the subspace spanned by {ej,es, - ,ex}. Then,
1, satisfies the required property. This completes the proof of Theorem 1.5.
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