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INTRANSITIVE CARTESIAN DECOMPOSITIONS PRESERVED
BY INNATELY TRANSITIVE PERMUTATION GROUPS

ROBERT W. BADDELEY, CHERYL E. PRAEGER, AND CSABA SCHNEIDER

ABSTRACT. A permutation group is innately transitive if it has a transitive
minimal normal subgroup, which is referred to as a plinth. We study the class
of finite, innately transitive permutation groups that can be embedded into
wreath products in product action. This investigation is carried out by observ-
ing that such a wreath product preserves a natural Cartesian decomposition
of the underlying set. Previously we classified the possible embeddings in the
case where the innately transitive group projects onto a transitive subgroup
of the top group. In this article we prove that the transitivity assumption we
made in the previous paper was not too restrictive. Indeed, the image of the
projection into the top group can only be intransitive when the finite simple
group that is involved in the plinth comes from a small list. Even then, the
innately transitive group can have at most three orbits on an invariant Carte-
sian decomposition. A consequence of this result is that if G is an innately
transitive subgroup of a wreath product in product action, then the natural
projection of G into the top group has at most two orbits.

1. INTRODUCTION

The results presented in this paper play a key réle in our research program to
describe the Cartesian decompositions preserved by an innately transitive permu-
tation group. Recall that a permutation group G is said to be innately transi-
tive, if G has a transitive minimal normal subgroup M, which is called a plinth
of G. Innately transitive groups are investigated in [BamP04]. The aim of our
research is to describe certain subgroups of wreath products in product action.
We showed in [BPS04] that these subgroups are best understood via studying the
natural Cartesian decomposition of the underlying set that is preserved by such a
wreath product. In the same paper we demonstrated the scope of this theory by
describing transitive simple subgroups and their normalisers in primitive wreath
products. Later in [BPS06, PS07] we described those innately transitive subgroups
of wreath products in product action that project onto a transitive subgroup of the
top group.

Here we consider the remaining case: we describe the innately transitive sub-
groups of wreath products in product action that project onto an intransitive sub-
group of the top group. This amounts to saying that such a group acts intransitively
on the corresponding Cartesian decomposition of the underlying set. We show that
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this case cannot arise unless the simple direct factors of the plinth of the innately
transitive group come from a very small list which consists of finitely many groups
and, in addition, two infinite families, each depending on a single (field) parameter
(see Theorem 3.1(iv)). Even then, the transitivity assumption can only fail a little:
there can only be two orbits. Thus we obtain the following theorem.

Theorem 1.1. Suppose that A is a finite set, |A| > 2, £ > 2, and W is the wreath
product Sym Awr Sy acting on A in product action. Let G be an innately transitive
subgroup of W. Then the image of G under the natural projection W — S, has at
most two orbits on {1,... (}.

The proof of Theorem 1.1 is carried out by assuming that G acts intransitively
on the underlying natural Cartesian decomposition of A¢. Thus we study Cartesian
decompositions of sets that are acted upon intransitively by an innately transitive
permutation group. Though the above-mentioned Cartesian decomposition of A*
is homogeneous, that is, its elements have the same size, we do not restrict our
attention to this special case. Instead, we describe innately transitive permutation
groups acting intransitively on an arbitrary Cartesian decomposition. The results
of this study are collected in Theorem 3.1. In particular this theorem proves that
an innately transitive group can have at most three orbits on any Cartesian de-
composition it preserves. However, in the case of three orbits, it is proved that the
invariant Cartesian decomposition is not homogeneous. Part (iv) of Theorem 3.1
implies Theorem 1.1, and also describes in more detail the embedding in Theo-
rem 1.1.

The organisation of the paper is as follows. First in Section 2 we summarise those
results of our previous work on Cartesian decompositions that will be used in this
paper. In the next section we build the machinery that is necessary to investigate
the scenario of Theorem 1.1. Then we state Theorem 3.1 which, as mentioned
above, implies Theorem 1.1. In order to prove our main theorem, we need results
about characteristically simple groups, and in Section 4 we study the factorisations
of such groups. In Section 5 we prove several results about normalisers of subgroups
of characteristically simple groups. Then in Sections 6, 7, and 8 we treat Cartesian
systems that are acted upon trivially by a point stabiliser. Finally in Section 9 we
prove Theorem 3.1.

Most of our results depend on the correctness of the finite simple group classifi-
cation. For instance, a lot of information on the factorisations of simple and char-
acteristically simple groups that depend on this classification are used throughout
the paper.

The system of notation used in this paper is standard in permutation group
theory. Permutations act on the right: if 7 is a permutation and w is a point, then
the image of w under 7 is denoted wr. If G is a group acting on a set Q, then G
denotes the subgroup of Sym Q2 induced by G. Further, if I" is a subset of €2, then
Gr and G(r) denote the setwise and the pointwise stabilisers, respectively, in G of

2. CARTESIAN DECOMPOSITIONS AND CARTESIAN SYSTEMS

A Cartesian decomposition of a set Q is a set {T'y,...,T'¢} of proper partitions
of € such that

[yiN--Nv =1 forall + €Ty,...,7 €Ty.
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This property implies that the following map is a well-defined bijection between 2
and 'y x --- x I'p:

wr (71,...,7) where for i = 1,...,¢, v, € I'; is chosen so that w € ;.

Thus the set 2 can naturally be identified with the Cartesian product I'y x - -+ x T'y.
The number / is called the index of the Cartesian decomposition {T'1,...,Tp}. The
defining property for a Cartesian decomposition implies that, for each i, the parts
of I'; all have the same size, though this size may be different for different partitions
T'; (see, for example, [BPS07, Section 3]). If the parts of I'; have the same size for
all 4, then the Cartesian decomposition is said to be homogeneous, and otherwise
it is called inhomogeneous.

If G is a permutation group acting on (2, then a Cartesian decomposition £ of
Q is said to be G-invariant, if the partitions in £ are permuted by G, and CD(G)
denotes the set of G-invariant Cartesian decompositions of 2. If £ € CD(G) and
G acts on & transitively, then £ is said to be a transitive G-invariant Cartesian
decomposition; otherwise it is called intransitive. The set of transitive G-invariant
Cartesian decompositions of 2 is denoted by CDy,(G).

The concept of a Cartesian decomposition was introduced by L. G. Kovécs in
[Kov89b] where it was called a system of product imprimitivity. Kovécs suggested
that studying CD¢,(G) (using our terminology) was the appropriate way to iden-
tify wreath decompositions for finite primitive permutation groups G. His papers
[Kov89Db] and [Kov89a] inspired our work.

Suppose that G is an innately transitive subgroup of Sym Q with plinth M, and
that £ is a G-invariant Cartesian decomposition of Q. In [BPS04, Proposition 2.1]
we proved that each of the I'; is an M-invariant partition of 2. Choose an element
wof Q and let v € T'y,...,7 € I’y be such that {w} =~y N--- Ny set K; = M,,.
Then [BPS04, Lemmas 2.2 and 2.3] imply that the set K, () = {Ki,..., K/} is
invariant under conjugation by G,,, and, in addition,

L
(1) (K = M.,
=1

(2) K [ K;

J#i

M forall ie{l,...,¢}.

For an arbitrary transitive permutation group M on €2 and a point w € €, a set
K = {Kj,..., K} of proper subgroups of M is said to be a Cartesian system of
subgroups with respect to w for M, if (1) and (2) hold.

Theorem 2.1 (Theorem 1.4 and Lemma 2.3 of [BPS04]). Let G < SymQ be
an innately transitive permutation group with plinth M. For a fixed w € Q0 the
correspondence £ — K, (€) is a bijection between the set of G—invariant Cartesian
decompositions of ) and the set of G, —invariant Cartesian systems of subgroups for
M with respect to w. Moreover the G, —actions on £ and on K, (E) are equivalent.

With G < SymQ, M, and w € Q as above, let K be a G-invariant Cartesian
system of subgroups for M with respect to w. Then Theorem 2.1 implies that
K = Ku(€) for some G-invariant Cartesian decomposition £ of . In fact, &
consists of the M-invariant partitions {(w®)™ | m € M} where K runs through
the elements of K. This Cartesian decomposition is usually denoted E£(K).
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Using this theory we were able to describe in [BPS04] those innately transitive
subgroups of wreath products that have a simple plinth. This led to a classification
of transitive simple subgroups of wreath products in product action (see [BPS04,
Theorem 1.1]). Then in [BPS06, PS07] we extended this classification and described
innately transitive subgroups of such wreath products that project onto a transitive
subgroup of the top group.

Suppose now that M = 17 x --- x T} where the T; are groups, and k > 1. For
1ci{n,...,Ty},or: M — HTiGI T; denotes the natural projection map. We also
write o; for o¢7,}. A subgroup X of M is said to be a strip if, for each i = 1,... K,
either 0;(X) = 1 or 0;(X) & X. The set of all T; such that o;(X) # 1 is called
the support of X and is denoted Supp X, and | Supp X| is called the length of X. If
T,, € Supp X, then we also say that X covers T,,. Two strips X; and X5 are said
to be disjoint if Supp X7 N Supp Xz = 0. A strip X is said to be full if 0;(X) = T;
for all T; € Supp X, and it is called non-trivial if | Supp X| > 2. A subgroup K of
M is said to be subdirect with respect to the direct decomposition 17 x --- x Ty, if
0;(K) = T; for all i. If M is a finite, non-abelian, characteristically simple group,
then a subgroup K is said to be subdirect if it is subdirect with respect to the finest
direct decomposition of M (that is, the product decomposition with simple groups
as factors).

The importance of strips is highlighted by the following result, which is usually
referred to as Scott’s Lemma (see the appendix of [Sco80]).

Lemma 2.2. Let M be a direct product of finitely many non-abelian, finite simple
groups and H a subdirect subgroup of M. Then H is a direct product of pairwise
disjoint full strips of M.

Let M =Ty x --- x Ty be a finite, non-abelian, characteristically simple group,
where T7,...,Ty are the simple normal subgroups of M, each isomorphic to the
same simple group 7. If K is a subgroup of M and X is a strip in M such that
K =X xo¢p,,.. 1. \Supp x (K), then we say that X is involved in K. A strip X is
said to be involved in a Cartesian system C for M if X is involved in some element
of K. Note that in this case (2) implies that X is involved in a unique element of
K.

A non-abelian plinth of an innately transitive group G has the form M = T; x
-+ X T}, where the T; are finite, non-abelian, simple groups. Let £ € CD(G) and
let K, (E) be a corresponding Cartesian system {Kj,..., K} for M with respect
to w. Then equation (2) implies that, for all ¢ < k and j < ¢,

(3) oi(K;) | [) oi(K;) | =T

J'#J
In particular this means that if o;(K;) is a proper subgroup of T;, then o;(K;/) #
oi(Kj;) for all j € {1,...,£}\{j}. It is thus important to understand the following
sets of subgroups:

(4) ..'FZ((C;,M,LU):{O'Z(KJ) ‘jzl,,& UZ(KJ)#T’Z}

From our remarks above, |F;(€, M,w)| is the number of indices j such that o, (K;) #
T;. The set F;(€, M,w) is independent of ¢ up to isomorphism, in the sense that
if 41, i2 € {1,...,k} and g € G,, are such that Ti = T,,, then F;, (£, M,w)9 =

29
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{LY | L e F(§,M,w)} = F;,(§,M,w). This argument also shows that the sub-
groups in F;, (€, M,w) are actually G,-conjugate to the subgroups in F;, (£, M, w).

The set CDy,(G) is further subdivided according to the structure of the subgroups
in the corresponding Cartesian systems as follows. The sets F; = F;(E, M,w) are
defined in (4).

CDs(G) = {€ € CD,(G) | the elements of Ky, (€) are subdirect subgroups in M };
CD1(G) = {€ € CDw(G) | |Fil =1 and K, (&) involves no non-trivial, full strip};
CD15(G) = {€ € CD(G) | |Fi] =1 and K, (&) involves non-trivial, full strips};
CDs . (G) = {€ € CD(G) | |Fi| = 2 and the
F; contain two G,-conjugate subgroups};
CD2y(G) = {€ € CDw(G) | |Fi| =2 and the
subgroups in JF; are not G,-conjugate};
CD3(G) = {€ € CDw(G) | |73 = 3}

At first glance, it seems that the definitions of the classes CDg(G), CD4(G),
CD15(G), CD2~(G), CD24(G), and CD3(G) may depend on the choice of the Carte-
sian system, and hence on the choice of the point w. However, the following result,
proved in [BPS06, Theorems 6.2 and 6.3], shows that this is not the case, and also
implies that these classes form a partition of CD¢,(G). A finite permutation group
is said to be quasiprimitive if all its non-trivial normal subgroups are transitive. We
also say that a quasiprimitive group has compound diagonal type, if it has a unique
minimal normal subgroup, which is non-abelian, and in which a point stabiliser is
a non-simple subdirect subgroup.

Theorem 2.3 (6-class Theorem). If G is a finite, innately transitive permutation
group with a non-abelian plinth M, then the classes CD1(G), CDs(G), CD1s(G),
CD2(G), CD2,.(G), and CD3(G) are independent of the choice of the point w used
in their definition. They form a partition of CDy,(G), and moreover, if M is simple,
then CDi (G) = CDa.(G). Suppose, in addition, that T is the common isomorphism
type of the simple direct factors of M. Then the following all hold:

(a) The group G is quasiprimitive of compound diagonal type if and only if
CDs(G) # 0.

(b) If CD15(G)UCD2~(G) # 0, then T has a factorisation with two isomorphic,
proper subgroups and is isomorphic to one of the groups Ag, M2, PQg(q),
or Spy(2%) with a > 2. If € € CD1s(G) U CD2(G), then the subgroups in
Fi(€, M,w) are isomorphic to the groups A and B in the corresponding line
of Table 2.

(c) If CD2x(G) # 0, then T admits a factorisation T = AB with A, B proper
subgroups.

(d) If CD3(G) # 0, then T is isomorphic to one of the groups Spy,(2) with a >
2, PO (3), or Spg(2). If € € CD3(G), then the subgroups in F;(E, M,w) are
isomorphic to the groups A, B, and C in the corresponding line of Table 3.

3. INTRANSITIVE CARTESIAN DECOMPOSITIONS

In this section we state Theorem 3.1, which can be viewed as a qualitative char-
acterisation of innately transitive groups acting intransitively on a Cartesian de-
composition. In particular Theorem 1.1 follows from the first assertion and part (iv)
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of this result. Before we can state this theorem, we introduce some notation which
will also be used in later parts of this paper.

Suppose that G is an innately transitive permutation group acting on 2 with
plinth M and let & = {T'y,..., Iy} be a G-invariant Cartesian decomposition of
Q on which G acts intransitively. It follows from [Pra90, Proposition 5.1] that M
is non-abelian. Suppose that Z1,...,Z; are the G-orbits on &, and that K, (&) =
{L1,..., L} is the Cartesian system of subgroups for M with respect to some fixed
w € .

Fort=1,...,5 set

K= () Lj

F]‘ €x;

For partitions Ay, ..., Ay of a set Q, the infimum inf{A4;,..., A;} of these partitions
is defined as the partition

inf{Al,...,Ad}:{’ylﬁ~~~ﬂfyd|71€A1,...,’yd€Ad}.

The proof that inf{A;,..., A4} is a partition of {2 is easy and is left to the reader.
We note that inf{A;,..., Aq} is the coarsest partition that refines each of the
A;, and hence is the infimum of Aq,..., Ay with respect to the natural partial
order on the set of partitions of €2. Let ; denote inf=; for ¢ = 1,...,s and let
E=1{0,...,0}. If vy € I'; for some I'; € Z;, then « is a union of blocks from ;
and we set

Fy={d|06€Q;, 6 CH}, f‘jz{’?|7€Fj} and Ei:{fﬂI‘jeEi}.

It turns out, as shown in the following theorem, that £ is a Cartesian decom-
position of € acted upon trivially by G. Further, each G-invariant partition €2; in
£ admits a G-invariant, transitive Cartesian decomposition, namely =;. Thus the
study of the original intransitive decomposition £ can be carried out via the study
of a G-trivial decomposition and the study of several transitive Cartesian decom-
positions. This idea is made more explicit in Theorem 3.1. The concepts of full
factorisation, full strip factorisation, and strong multiple factorisation occurring in
the statement are defined in Section 4.

Theorem 3.1. The number s of G-orbits on € is at most 3. The partitions §;

are G-invariant and the set € = {Q,...,Q} is a Cartesian decomposition of
on which G acts trivially. For i =1,... s, the subgroup K; is the stabiliser in M
of the block in €); containing w. Moreover, fori =1,...,s, the M-action on €); is

faithful and Z; € CD4, (G).

(i) If E; € CDg(G*), for some i € {1,...,s}, then s = 2. Further, if, say,
2, € CDg(G™), then (M, Ky, Ks) is a full strip factorisation, and =5 €
CD,(G*).

(ii) If i € CDay(G) for some i € {1,...,s}, then s = 2, and, for all j €
{1,...,k}, the group T} and the subgroups of F;(E, M,w) are as in Table 3.
If él c CDQ,%,(GQl), then ég € CDl(Gﬂl)

(iii) We have, for all i € {1,...,s}, that Z; ¢ CD15(G%) U CDa(G%) U
CDg(GQ’)

(iv) If € is homogeneous, then s = 2, Z; € CD1(G%) for i = 1, 2, and
(M, {K1, Ks}) is a full factorisation.
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(v) If s =3, then =; € CD1(G%) fori =1, 2, 3, and (M,{Ky, Ko, K3}) is a
strong multiple factorisation.

The general part of Theorem 3.1, apart from the bound on s, follows from the
following result. The fact that s is at most three will be proved in Theorem 7.1 in
Section 7, and the remaining assertions of Theorem 3.1 will be verified at the end
of Section 9.

Proposition 3.2. Let G, M, Q, w, &, Z1,...,Z,, Q,...,Q, and K1,..., K, be
as above. Then €& = {Q,...,0} is a G-invariant Cartesian decomposition of
such that the Cartesian system K, (€) coincides with {K,...,Ks}. Moreover, for
each i, Q; is a G-invariant partition of Q, K; is normalised by G, Z; € CDtr(GQf'),
and M acts faithfully on §;.

Proof. In the first two paragraphs we prove that {2y is a G-invariant partition of
Q, that K is the stabiliser in M of the part of Q; containing w (and hence G,
normalises K1), and that M is faithful on ©;. The proofs for the other ; are
identical. Suppose that Z; = {I'1,...,T;,} and let v € T'y,...,vm € Ty, be the
blocks containing w. Then, by the definition of Q1, 3 N -+ Ny € Q1. It follows
from the definition of the infimum that €2y is a partition of 2. Let g € G. Then
g permutes I'y,..., T, among themselves, and so {7{,...,7%} NT; is a singleton
for each i € {1,...,m}. Thus (11N Nyw)9 =47 N---N~Z, € Q, and so Q is
G-invariant.

Next we prove that K is the stabiliser in M of the element y; N -+ - Ny, in Q.
Now K; = Ly N---N Ly, where L; is the stabiliser in M of ;. Hence K; stabilises
Y1 N -+ N ¥, the block in ; that contains w. Now suppose that some element
g € M stabilises 73 N --- N 7,,. The definition of a Cartesian system implies that
Y1 N -« Ny is non-empty. As ~v1,...,7m are blocks of imprimitivity for the M-
actions on I'y, ..., I',,, respectively, it follows that g fixes each of 1, ..., v, setwise.
Thus g € LyN---N L,,. Therefore K is the stabiliser in M of v; N+ N7,,. As
is a G-invariant partition of , K; is normalised by G,. Moreover, since Ky # M
it follows that e K7 is a normal subgroup of G properly contained in M. As
M is a minimal normal subgroup of G, this implies that | K} =1, and so M
acts faithfully on ;.

We now claim that & = {,...,€,} is a Cartesian decomposition of 2. Let §; €
Qq,...,0s € Q. Because of the definition of the €;, there are v; € I'y,..., v € Iy
such that ;N ---Nds =1 N---N~p. As the I'; form a Cartesian decomposition of
), we obtain that |y; N---Nv,| =1, and so [§; N---NJs| = 1. Thus £ is a Cartesian
decomposition of €. Since each of the §2; is a G-invariant partition of €2, the group
G acts trivially on £. Since K is the stabiliser in M of the part of £2; containing
w, it follows that {K7,..., K,,} is the Cartesian system K, ().

Finally we prove that Z; € CD,(G%) for each i = 1,...,s, and, as usual, we
show this for i = 1. Recall that Z; = {I'y,...,I',,}. Suppose that Ty,...,T,
are as above, and let 4, € T'y,..., %, € I, corresponding to the elements v, €
I'y,...,vm € @', respectively. Since 1 N --- N v, is a block in £y, we have
|91 O -+ N | = 1. This shows that =; is a Cartesian decomposition of ;. The
G-actions on Z; and Z; are naturally equivalent, and, as G is transitive on Z;, we
obtain that Z; € CDy,(G™). O

geG
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4. FACTORISATIONS OF SIMPLE AND CHARACTERISTICALLY SIMPLE GROUPS

The factorisations of simple and characteristically simple groups play an impor-
tant role in this paper, especially in the proof of Theorem 3.1. Such factorisations
were studied earlier in [BP98, PS02]. In this section we summarise and extend the
results proved in these papers.

A group factorisation is a pair (G,{A, B}) where G is a group and A, B are
subgroups of G such that AB = G. In this situation we also say that {4, B}
is a factorisation of G, and we often write that G = AB is a factorisation. A
factorisation is called mon-trivial if both A and B are proper subgroups. In this
paper we only consider non-trivial factorisations.

Let M =T x --- x T be a finite, non-abelian, characteristically simple group
where 17, ...,T, are pairwise isomorphic, simple normal subgroups. Then a fac-
torisation M = K7 K> is said to be a full factorisation if, for each i € {1,...,k},

(a) the subgroups o;(K7), 0;(K2) are proper subgroups of T;;
(b) the orders |0 (K1), |os(K2)|, and |T;| are divisible by the same set of primes.

Full factorisations of simple and characteristically simple groups were classified
in [BP98] and [PS02], respectively. The following result is a short summary of what
we need to know about such factorisations to prove the results in this paper.

Theorem 4.1. Suppose that k > 1 and Ty, ..., Ty are pairwise isomorphic, finite,
non-abelian simple groups, and set M =Ty X - x Ty. If M = K1 K5 is a full
factorisation, then

O'l(Kj)/X-"XO'k(Kj)/ng fOT’ jE{l, 2}
Further, for eachi€{1,...,k}, the pair (T;,{c;(K1),0:,(K2)}) occurs as (T,{A, B})
in one of the lines of Table 1.

TABLE 1. Full factorisations {A, B} of finite simple groups T

T A B
1 A(; A5 A5
2 M12 M11 '\/'117 PSLQ(II)
3] POS(q), ¢=3 Q7(q) Q7(q)
4 PQT(2) Sps(2) | A7, As, Sz, Ss, Spg(2), ZS x A7, ZS x Ag
Ag Ag, Sg, Sp6(2)7 Zg X A7, Ag, Zg X Ag
51 5p4(q), ¢ =4 even SPQ((]Z)-Q sz(q2).2, sz(qz)

An important subfamily of full factorisations consists of the factorisations of
non-abelian, finite simple groups with two isomorphic subgroups. We will use the
extra details about these factorisations given below.

Lemma 4.2. Let T be a finite simple group and let A, B be proper subgroups of
T such that |A| = |B| and T = AB. Then the following hold:
(i) The isomorphism types of T, A, and B are as in Table 2, and A, B are
isomorphic, maximal subgroups of T
(ii) There is an automorphism ¥ € AutT that interchanges A and B.
(iii) We have

Nr(ANB)=Npr(ANB)=ANB and Cr(ANB)=Cr(ANB)=1.
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TABLE 2. Factorisations of finite simple groups in Lemma 4.2

T A, B
1 Ag As
2 M2 My
3 PO (9) Q7(q)
41 Spy(q), ¢ =4 even | Spy(q?)-2

Proof. Parts (i) and (ii) were proved in [BPS04, Lemma 5.2], and the same re-
sult implies that A N B is self-normalising in 7. It is not hard to see that the
proof of [BPS04, Lemma 5.2] can be used, after minor alteration, to verify that
Nr (A'NB’) = AN B. In particular Cr(AN B) = Z(AN B) and Cp(AN B) =
Canp(A’' N B’). We obtain from the [Atlas85] in rows 1-2, from [Kle87, 3.1.1(vi)]
in row 3, and from [LPS90, 3.2.1(d)] in row 4 of the table that AN B is a centerless
group and, in row 4, that Cang(A’' N B’) = 1. O

Let M =Ty x --- x T, be a finite, non-abelian, characteristically simple group
as above. For subgroups Ki,..., K, of M, the pair (M,{Kj,...,K,}) is said to
be a strong multiple factorisation if, for all ¢ € {1,...,k} and all pairwise distinct
Ji, Jos gz €{1,..., 4},

(a) 0i(K1),...,0:(K,) are proper subgroups of T;; and
(b> K71 (sz N st) = sz (Kil N Kje,) = Kje, (Kjl N K?z) =M.

The following theorem, combining [BP98, Table V] and [PS02, Theorem 1.7,
Corollary 1.8], gives a characterisation of strong multiple factorisations of charac-
teristically simple groups.

Theorem 4.3. A strong multiple factorisation of a finite characteristically simple
group contains exactly three subgroups. If M is a non-abelian, characteristically
sitmple group with simple normal subgroups Ty, ..., Ty, and (M,{K;,Ks, K3}) is a
strong multiple factorisation, then oy (K;) XX op(K;) < K; fori =1, 2, 3, and,
fori=1,...,k, the pair (T;,{c:;(K1),0:(K2),0;(K3)}) occurs as (T,{A, B,C}) in
one of the lines of Table 3. Further, if one of the lines 1-2 of Table 3 is valid, then
Ul(Ki) X oo X O'k(Ki) = Kz fOT’i = 1, 2, 3.

TABLE 3. Strong multiple factorisations { A, B, C'} of finite simple

groups 1T’
T A B c

1] Spsq(2), a>2] Spy,(4)-2 04,(2) 04,(2)

PO (3) Q7(3) | Z§ x PSL4(3) | PQZ (2)

3 Sps(2) G2(2) Og (2) 0g (2)
G2(2)' Og (2) Oq (2)

G2(2) Og (2) Oq (2)

G2(2) O (2) Og (2)'

The concept of a full strip factorisation is defined for the purposes of this paper.
For the characteristically simple group M = T} X --- x T} and proper subgroups
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D, K, the triple (M, D, K) is said to be a full strip factorisation if
(i) M = DK
(ii) D is a direct product of pairwise disjoint, non-trivial full strips;
(iii) for all 4, j € {1,...,k}, 0;(K) is a proper subgroup of T; and o;(K)
gy (K)
The following lemma shows that in a full strip factorisation each full strip has
length 2.

I

Lemma 4.4. If (M, D, K) is a full strip factorisation of a finite, characteristically
simple group M, then each non-trivial, full strip involved in D has length 2.

Proof. Suppose without loss of generality that X is a non-trivial full strip involved
in D, covering T4, ..., Ts for some s > 2. Welet I = {T1,...,Ts}. Theno;(D) = X
and the factorisation Xoj(K) = Ty X --- x T holds. Then [BPS06, Lemma 4.3]
implies that s < 3, and if s = 3, then the simple direct factor T" of M admits a
strong multiple factorisation involving three subgroups isomorphic to the subgroups
o;(K), for i =1, 2, 3. On the other hand, Table 3 shows that finite simple groups
do not admit strong multiple factorisations with isomorphic subgroups. This is a
contradiction, and hence s = 2. O

The next result provides the link between the concepts of a full factorisation and
a full strip factorisation.

Theorem 4.5 (Theorem 1.5 of [PS02]). Let M =Ty x - -+ x To, be a characteristi-
cally simple group, where the T; are non-abelian, simple groups, ¢; : T; — T;1r an
isomorphism fori=1,... k, and set

D= {(tl, .. .,tk,(pl(tl), - ,(pk(tk)) | t1 € Tl, otk € Tk}
If (M, D, K) is a full strip factorisation, then (T, {ci(K), ; *(cirr(K))}) is a fac-
torisation of T; with isomorphic subgroups for alli € {1,...,k}, and H?il 0i(K) <
K.

The following useful result from [BP03] shows that in a non-trivial factorisation
of a non-abelian characteristically simple group, it is not possible for both factors
to be direct products of pairwise disjoint strips.

Lemma 4.6 ([BP03, Lemma 2.2]). Suppose that M = Ty X --- x T}, is a di-
rect product of isomorphic non-abelian, simple groups Ti,...,Ty. Suppose that
Aq,..., A, are non-trivial pairwise disjoint strips in M, and so are Bq,...,B,.
Then M # (A1 X -+ X Ap)(B1 X -+ X By).

5. NORMALISERS IN DIRECT PRODUCTS

In this section we collect together some facts about normalisers of subgroups in
direct products that will be used in our analysis. It is easy to see that the normaliser
in a direct product G; X -+ x Gy of a subgroup H is contained in

Ng, (01(H)) x -+ x Ng, (o(H)) .-
Moreover, if H is the direct product o1(H) X - -+ X o, (H), then
Neix-xay (H) = Ng, (UI(H)) x--- X Ng, (Jk(H))

The following simple lemma extends this observation to a more general situation.
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Lemma 5.1. Let Gy, ...,Gy be groups, set G =Gy X --- X Gy, and fori=1,... k
let H; be a subgroup of G;. Let H be a subgroup of G such that Hy X ---xX Hy,<\H, the
factor Ng (Hy X « -+ x Hy) /(Hy x -+ x Hy) is abelian, and Ng, (0;(H)) = Ng, (H;).
Then

Ng( ) Ng(Hl X - XHk) NG1 (Hl) X---XNGk (Hk)

Proof. As Ng, (0;(H)) = Ng, (H;), it follows from the remarks above that
k
HNGl Ng(Hlx XHk).
i=1

On the other hand, as Hy X -+ x Hp, <H and Ng (Hy X -+ x Hy) /(Hy X -+ x Hy)
is abelian, Ng (Hy X -+ X Hy) < Ng (H). Therefore equality holds. O

The following lemma, proved in [PS07, Lemma 3.5], determines the normaliser
of a strip.

Lemma 5.2. Let G1,..., Gy be isomorphic groups, let v; : G1 — G; be an isomor-
phism fori=2,... k, letHl beasubgroup of G1, and let H={(h,2(h),...,pr(h))]
t € Hy} be a non- tmmal strip in G1 X -+ X Gg. Then

Na, xxay, (H) = {(t, capa(t), .., cxpr(t)) [ £ € No, (Hi), ¢ € Co,(wi(Hi))}-

We use the results above to derive some facts concerning the normalisers of the
subgroups that occur in Table 4.

Proposition 5.3. Suppose that M = Ty x --- x T}, = T* is a characteristically
simple group and (M, {K1, K3}) is a full factorisation such that, for all i, the pair
(T;,{0:(K1),0:(K32)}) is as (T,{A, B}) in one of the rows of Table 4.
(a) If T is as in one of rows 1-3 of Table 4, then K1, Ko, and K1 N Ks are
self-normalising in M.
(b) If row 4 of Table 4 is valid, then, for j = 1, 2, we have Ny (K;) =
H O’Z( ) and Ny (K1ﬂK2) Ny (Kl)ﬂNM (Kg)

Proof. (a) In this case the o;(K;) are perfect and, by Theorem 4.1, K; =[], 0:(K})

for j = 1, 2, and Table 4 shows that o;(K) is self-normalising in T; for all i €
{1,...,k} and j € {1, 2}. Therefore K; and K> are self-normalising. Further,

k k
KiNKy = [[ oK1 N Ky) = [[ o:(E1) N oi(Ka).
i=1 i=1
Using Lemma 4.2 and the Atlas [Atlas85], we obtain that Ny, (0;(K1) Noy(K2)) =
(K1) No;(Ky) for all i. Thus

k k
Nas (K1 N Ky) = Ny (H oi(K1) N ai(K2)> =[Nz, (0i(K1) N oi(K2))

i=1 i=1
k k
=[[o:(E) noi(K2) = [[ os (K1 N K2) = Ky N K.
=1 =1

(b) Now assume that T" 2 Sp,(q) for some ¢ > 4 even and let j € {1,2}. By
Theorem 4.1, K} = [[; 0:(K})’, and we can read from Table 4 that Nz, (0:(K;)’) =
N, (0:(K;)) = 02( j) forallie {1,...,k}. AsNy (K}) /K] is elementary abelian
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and Ny (KJ’) > K; > K]‘7 Lemma 5.1 gives Ny, (KJ’) = Njs (K;). On the other
hand,

HNT Uz HNT 0'7, Ho'z

Now Theorem 4.1 shows that K| N K} = ]_[Z o; (K1 N K5). We also obtain from
Theorem 4.1 and Lemma 4.2 that

N, (0i(K1 N K3)) = Nr, (0;(K] N K3)) = Ny, (0:(K1)) NNr, (04(K2)) .
Thus

k k
Ny (Ki N K3) =[] Nr, (03(Kj 0 K%)= [[ Nz, (04(K1)) NNy, (03(K2)))

i=1 i=1

i

H',’:]w

k
1, (0:(K1)) N [ Nr, (03(K2)) = Nay (K1) NNy (Ka) .
i=1

As Ny (K1 N KY) /(K{ ﬁKé) is abelian, and K{ N K} < K1 N Ky < Ny (K N KY),
Lemma 5.1 implies that Nas (K7 N Ks) = Ny (K N Kj) = Ny (Kq)NNyy (K2). O

Proposition 5.4. Let M =T} x --- X Ty, = T2k D and K be as in Theorem 4.5,
and suppose that DK = M.

(a) If T is as in one of the rows 1-3 of Table 2, then K and K N D are self-
normalising in M.

(b) IfT is as in row 4 of Table 2, then Ny (K) =[], 04(K) and Ny (K N D) =
D NNy (K).

Proof. (a) Theorem 4.5 implies that K is the direct product of its projections onto
the T;, and by Table 2 these projections are self-normalising in 7. Hence K is
self-normalising. Suppose that X = {(¢,p1(t)) | t € T1} is a full strip involved in D
where ¢y : Tt — Tj1 is an isomorphism. Then oy, 7,3 (KND) = {(t,¢1(t)) | t €
o1(K) N ¢y (ors1(K))}. By Theorem 4.5, o1(K)p; (op11(K)) = Ty is a fac-
torisation with isomorphic subgroups. Hence Lemma 4.2 implies that o (K) N
©1  (opy1(K)) is self-normalising in Ty and that Cr, (01 (K) N7 (oxy1(K))) = 1.
Thus Lemma 5.2 yields that o7, 7,,,1(K N D) is self-normalising in 77 x Tjy1. A
similar argument shows that o(T,,T; +k}(K N D) is self-normalising in T; X T; 4y for
alli e {1,...,k}. AsKND =oyp, 1.,y (KND) X x0o¢p, 1,1 (KND) we obtain
that K N D is also self-normalising in M.

(b) The argument which was used in part (b) of Proposition 5.3 to compute
the normalisers of K; and K> can be used to verify the claim about Ny (K).
Using the argument in part (a), it is easy to check that Ny, (DNK') = DN
Nus (K). Since Ny (DN K') /(DNK') is abelian, N)y (DN K') > DNK > DNK’,
and Np, x 7, ( o, +k}(DﬂK)) N7y 1140 (U{ M}(DHK')),We obtain from
Lemma 5.1 that NM (DNK')=Ny (DNK). O

6. CARTESIAN SYSTEMS INVOLVING NON-TRIVIAL STRIPS

We use the notation introduced in Section 2. Let us start with a motivating
example.
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Example 6.1. Let T be a finite simple group with two proper, isomorphic sub-
groups A and B, such that T = AB. The possibilities for T, A, and B are in
Table 2. Suppose that k is even and set M = T*. Let 7 be an element of AutT'
interchanging A and B; such a 7 exists by Lemma 4.2. Consider the following two
subgroups of M:

Kl = {(tl,tl,...7tk/2,tk/2) | tl,. ..,tk/g S T} and KQ = (A X B)k/Q.

We obtain from Theorem 4.5 that M = K1 K5. Identify M with Inn M in Aut M =
AutTwrSy, and set

G =M (Nawem (K1) NNage s (K2)) -

We claim that M is a minimal normal subgroup of G, or equivalently, G is transi-
tive by conjugation on the simple direct factors of M. Note that o1(K3) = A and
02(K3) = B, and the automorphism (7,7, 1,...,1)(1,2) of M interchanges the first
two simple direct factors of M, while normalising K; and K,. Also the automor-
phism (1,3,...,k —1)(2,4,...,k) of M cyclically permutes the blocks determined
by the strips in K, and normalises both K; and K,. Therefore the subgroup of
Aut M generated by these two outer automorphisms is transitive on the simple di-
rect factors of M, and, in addition, normalises K; and K. Hence M is a minimal
normal subgroup of G and, since Caut Mm(M) = 1, it is the unique such minimal
normal subgroup.

Set Go = Nauear (K1) NNawear (K2) so that MGy = G. As K; and K are self-
normalising in M, we obtain M NGy = K; N K,. Therefore, by [PS07, Lemma 4.1],
the M-action on the coset space [M : K; N K] can be extended to G with point
stabiliser Go. Moreover, K; and K, form a Cartesian system for M acted upon
trivially by G. Consequently this action of G preserves an intransitive G-invariant
Cartesian decomposition, such that one of the subgroups, namely K, in the corre-
sponding Cartesian system {K;, Ko} is the direct product of disjoint strips.

Our aim in this section is to describe the intransitive, pointwise G-invariant
Cartesian decompositions whose Cartesian systems involve a non-trivial full strip.
If K; involves such a strip for some ¢, then o;(K;) = T for some j € {1,...,k}.
Without loss of generality we may suppose that 1 = ¢ = j. In this case we obtain
the following theorem.

Theorem 6.2. Let G, M, and K be as in Section 3, and assume that o1(K7) =
Ty. Then s = 2 and (M, K1, K>s) is a full strip factorisation. In particular, the
isomorphism types of T and o;(K3) are as in Table 2. Further, Kj = o1(K3)" X
< Xop(Ky), and if T is not as in row 4 of Table 2, then Ko = o1 (Ko) X+ - X0 (K3).

Proof. Since G, normalises K; and acts transitively on the T;, we have that
0i;(Ky) =T; for all 4. If T; < K; for some 4, then, for the same reason, T; < K; for
all ¢ and so K; = M, which is impossible. Hence, by Scott’s Lemma 2.2, K; is a
direct product of non-trivial full strips. If o;(K;) = T; for some ¢ and some j # 1,
then the same argument shows that K is also a direct product of non-trivial, full
strips. However, Lemma 4.6 implies that K1K; # M, which violates the defining
properties of Cartesian systems. Thus o;(K;) is a proper subgroup of T; for all ¢
and all j > 2.

Since G,, normalises Ko, 0;(K2) = 0;(K2) for all ¢ and j. Thus (M, K1, K»)
is a full strip factorisation. Lemma 4.4 implies that all strips involved in K have
length 2.
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We now show that s = 2. Suppose on the contrary that s > 3. Let X be
a strip in K; whose support is, without loss of generality, {T7,72}. Then X =
{(t,a(t)) | t € T1} for some isomorphism « : T} — T5. For i > 2, 01(K;) and 02 (Kj;)
are proper subgroups of 77 and T5, respectively, and it follows from Theorem 4.5
that (Ty, {o1(K;),a " (02(K;))}) is a factorisation with isomorphic subgroups. As
K5 and K3 are normalised by G, so is their intersection Ko N K3. Hence

0'1(K2 N Kg) = CTQ(KQ N Kg)

Since K1(K2NK3) = M and o¢r, 7,3 (K1) is the full strip X, we obtain from [PS02,
Lemma 2.1] that (T1,{01(K2N K3),a 1 (02(K2 N K3))}) is also a full factorisation
with isomorphic subgroups. In such factorisations the subgroups involved are max-
imal subgroups of T (see Table 2), and so o1 (K2 N K3) and o~ (09K N K3)) are
maximal subgroups of Ty. However, 01(K2 N K3) < 01(K32) N o1(K3), which, as
01(K3) and o1 (K3) are proper subgroups of 77, implies that o (Ko N K3), 01(K32),
and o1 (K3) coincide. Hence 01(K2K3) = 01(K2)o1(K3) < Ty, which is a con-
tradiction, as KoK3 = M. Thus s = 2. The rest of the theorem follows from
Theorem 4.5 and from the fact that the subgroups A and B in rows 1-3 of Table 2
are perfect. O

If K is a subdirect subgroup of M, then we prove that Cg (M) is small, in fact,
in most cases Cg(M) = 1 and G is quasiprimitive. If G is a permutation group
with a unique minimal normal subgroup M, such that M is transitive, then G is
quasiprimitive. Moreover if M is not simple, a point stabiliser in M is non-trivial
and is not a subdirect subgroup of M, then G is said to have quasiprimitive type
Pa; see [BP03].

Proposition 6.3. Let G, M, and K be as in Section 3. Assume that o1(K1) = T}.
If the group T is as in rows 1-3 of Table 2, then Csyma(M) =1, and in particular
G is quasiprimitive of type PA. If T is as in row 4, then Ny (M) = K1NNy; (K3),
and
Csyma(M) = (K1 NNy (K2))/ (K1 N K3) = Ny (K3) /Ks.

In particular Csyma(M) is an elementary abelian 2-group of rank at most k/2,
and all minimal normal subgroups of G different from M are elementary abelian
2-groups.

Proof. By Theorem 6.2, s = 2, and so, M,, = K; N K. Note that by [DM96,
Theorem 4.2A]

Coyma (M) = Ny (M) /M, = Nyg (K1 N Ks) /(K1 N K).

If T is as in one of the rows 1-3 of Table 2, then Proposition 5.4 implies that
K, N K> is self-normalising in M, and hence Csymq(M) = 1. This implies that
M is the unique minimal normal subgroup in G, and so G is quasiprimitive. As
K involves a non-trivial full strip, & > 2. Moreover, it follows from Table 2 that
M, # 1 and M, is not a subdirect subgroup of M. Thus G has quasiprimitive type
Pa. If T is as in row 5, then, again by Proposition 5.4, we only have to prove that
(K1 NNy (K3))/(K1 N Ky) and Ny (K3) /Ko are isomorphic.

Recall that K1 Ko = M, and so Ny (K3) = (K7 NNy (K3))Ks. By the second
isomorphism theorem, Njs (K3) /Ko = (K1NNps (K2))/(K1NK>2) under the isomor-
phism ¢ (xK3) = o' (K1 N K3) where = 2’2" € Ny, (K3) with 2’ € K3 NNy (Ka),
2" € Ks. A proof that v is well-defined and is an isomorphism can be found in
most group theory textbooks; see for instance [Hup67, 3.12 Satz]. O
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7. BOUNDING THE NUMBER OF ORBITS
IN AN INTRANSITIVE CARTESIAN SYSTEM

We apply the results of the last section to prove that s < 3.

Theorem 7.1. The indez s of the Cartesian system KC in Theorem 3.1 is at most 3.
Further, if s = 3, then (M, {K1, Ka, K3}) is a strong multiple factorisation. Hence,
in this case, for all i, the factorisation (T;,{o;(K1),0:(K2),0;(K3)}) is in Table 3.
Moreover if T is as in the first two rows, then

Kiia'l(Ki)X"'XO'k(Ki) fO’/‘ Z:]., 2, 3,
while if T is as in the third row, then
Ul(Ki)/><"'XUk(Ki)IgKi<O’1(KZ‘)X"'XJ]C(KZ') fO’f' Z:]., 2, 3.

Proof. It 0,(K;) = T, for some ¢ and j, then, by Theorem 6.2, we have s = 2.
Therefore we may assume without loss of generality that all projections o;(K;) are
proper in T;. Then Ki,..., K form a strong multiple factorisation of M. Thus,
by Theorem 4.3, s < 3.

If s = 3, then, by Theorem 6.2, 0;(K;) < T; for all ¢ and j. Thus, by (2),
{K1, K2, K3} is a strong multiple factorisation of M, and T;, 0;(K1), 0;(K2), 0;(K3)
are as in Table 3. The assertions about the K; follow from Theorem 4.3. O

A generic example with s = 3 can easily be constructed as follows.

Example 7.2. Let A, B, C' be maximal subgroups of a finite simple group 7" form-
ing a strong multiple factorisation of 7', and let K; = A*, Ky = B*, K5 = C* be the
corresponding subgroups of M = T*. Then (T,{A, B,C}) and (M, {K;, Ko, K3})
are strong multiple factorisations. Identify M with Inn M in Aut M, and let

G =M (Nauwar (K1) N Nageas (K2) N Nagear (K3))
Since the cyclic subgroup of Aut M generated by the automorphism
T: (21317. . ,Z'k) — (xkvxlv s 7$k_1)

is transitive on the simple direct factors of M and normalises K1, Ko, and K3, we
have that M is a minimal normal subgroup of G. Moreover, since Cayt m(M) =1,
M is the unique minimal normal subgroup of G.

If Gy = Nauwems (I_(l) N Naut M (Rg) N Naut m1 ([_(3), then MGy = G and, since
K., Ko, and K3 are self-normalising in M, M NGy = K, N Ky N K5. Therefore,
by [PS07, Lemma 4.1], the M-action on the coset space [M : K; N K3 N K3] can
be extended to G with point stabiliser Gy. Moreover, {Kl, K, f{g} is a Cartesian
system for M acted upon trivially by Gy. Consequently this action of G preserves
an intransitive G-invariant Cartesian decomposition given by the Cartesian system
{K1, K», K3}.

The defining properties of K give us some useful constraints on 7T'. For instance
if the K; involve no non-trivial, full strips, then T; = o;(K;)o;(K,) for all ¢, j, m
such that j # m. In particular T has a proper factorisation, and so, for example,
T % PSUgq41(q) unless (d, q) € {(1,3), (1,5), (4,2)}. Many sporadic simple groups
can also be excluded. See the tables in [LPS90].

In general it is difficult to give a complete description of Cartesian decompositions
that involve no strips. However we can give such a description when the initial
intransitive Cartesian decomposition £ is homogeneous, This leads to the proof of
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Theorem 1.1. Describing the remaining case would be more difficult than finding
all factorisations of finite simple groups, as demonstrated by the following generic
example.

Example 7.3. Let T be a finite simple group, k£ > 1, and set M = T*. Let
{A, B} be a non-trivial factorisation of the group T and set K; = A* K, = B*.
Then clearly KKy = T*, and the base group T* is the unique minimal normal
subgroup of G = T wrSy. Consider the coset action of G on Q = [G : Gg] where
Go = (ANB)wrSy,. Then K1NKy = (ANB)* = MNGy, and K1, K, are normalised
by Gy, so they give rise to a G-invariant intransitive Cartesian decomposition of 2
with index 2.

The example above shows that a detailed description of all Cartesian decompo-
sitions preserved by an innately transitive group would first require determining
all factorisations of finite simple groups. But even assuming that such a classifica-
tion is available, determining the relevant factorisations of characteristically simple
groups is still a difficult task. In the cases that we investigate in the remainder
of this paper the required factorisations of the T; were readily available. The sub-
groups of these factorisations were almost simple or perfect, which made possible
an explicit description of the occurring factorisations of M.

8. INTRANSITIVE HOMOGENEOUS CARTESIAN DECOMPOSITIONS

The aim of this section is to describe homogeneous, intransitive Cartesian de-
compositions preserved by an innately transitive group. Such Cartesian decompo-
sitions need to be studied if we want to investigate embeddings of innately tran-
sitive groups in wreath products in product action. First we note, using the no-
tation introduced for Theorem 3.1, that |I';| = |T;| for all ¢, j. Then, for each
i €{1,...,4}, m = |Iy| (independent of ), and there is an integer ¢; such that
Q| = |M : K;| = |T1]|% =m" for all i € {1,...,s}.

Theorem 8.1. Let G, M, £, and K be as in Section 3. Assuming that & is
homogeneous, we have o;(K;) <T; for alli and j. Further, in this case, s = 2 and
(M, {K1, Ks}) is a full factorisation.

Proof. Let us first prove that o;(K;) < T; for all ¢ and j. Suppose without loss
of generality that o1(K;y) = T7. Then Theorem 6.2 implies that s = 2, K is the
direct product of strips of length 2, and K} = 01(K3)' x - -+ x 0 (K2)" < K». Recall
that there exist non-negative integers m, ¢1, ¢ such that [M : K] = m% and
[M : K3] = m'. Since |K;| = |T|*/? we have [M : K;] = |T|*/?, and so all primes
that divide |T'| will also divide m. Since K} < K» and K} is the direct product of
its projections o;(K3)’, it follows that |M : K| = |T} : 01(K2)'|*, and so all prime
divisors p of |T| divide |T} : 01(K32)’|. This is not the case if T2 Ag or T = My,
(take p = 5 in both cases). If T2 PQ{ (q) and o1 (K2) = Q7(q), then

1 1
Tl = 2a(" = (@' = D*(¢* = 1) and |7 :01(Ks)'| = Sa%(¢" — 1)

where d = (2,¢q — 1). By Zsigmondy’s Theorem (see [LPS90, §2.4]), there exists
a prime 7 dividing ¢° — 1 and not dividing ¢* — 1, whence r divides |T'| but not
Ty : 01(K>2)'|. When T 22 Sp,(q) with q even, ¢ > 4, then o1 (K2)' = Sp,y(q?), so

|T| = q4(q4 — 1)(q2 —1) and |Th:01(Ky)|= q2(q2 —1).
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Using Zsigmondy’s theorem we find that ¢* — 1 has a prime divisor 7 that does not
divide ¢® — 1. Thus r divides |T| but not |} : o1(K>2)'|. Therefore o;(K;) < T; for
all ¢ and j.

For all distinct 4, j € {1,...,s} we have M = K,K;, and hence m* = |M :
K;| = |K; : K; N Kj| divides |Kj|. It follows that every prime divisor of m divides
|K;|. Let p be a prime divisor or |T|. Then p divides |M|. Since |M : K;| = m*,
either p divides |Kj| or p divides m, and in the latter case we also obtain that p
divides |K;|. By Proposition 3.2, G, normalises K;, and since G = MG, G,
acts transitively by conjugation on {T7,...,Ty}. It follows that, for 1 <i < k, the
projections o;(K;) are pairwise isomorphic, proper subgroups of T;. Thus, since p
divides | K|, we deduce that p divides o;(K), for each i. Hence each prime divisor
of |T'| divides |o;(Kj;)| for all ¢ and j. Set Q; = 01(K;) for j=1,...,s.

If s > 3, then, since K is a Cartesian system, (71,{Q1,...,Qs}) is a strong
multiple factorisation (see the paragraph before Theorem 4.3). Moreover, since |T7,
|Qil, |Q,| are divisible by the same primes, (T4, {Q;, Q;}) is a full factorisation for all
1 # j. Comparing Tables 1 and 3, we find that no strong multiple factorisation of a
finite simple group exists in which any two of the subgroups form a full factorisation.
Hence we obtain that s = 2 and (M, {K;, K2}) is a full factorisation. O

TABLE 4. The table for Theorem 8.2

T A B
1 Ag As As
2 M1s M1 M1, PSL2(11)
3 PO; (q) Q7 (q) Q7(q)
4| Spy(q), ¢ =>4 and q even | Sp,(q?).2 Spy(q?).2

Theorem 8.2. Let G, M, Ty,...,Ty, £, and K be as in Section 3. If £ is
homogeneous, then, for all i € {1,...,k}, (T;3,{0i(K1),0:(K2)}) is a factorisa-
tion (T,{A, B}) as in one of the lines of Table 4. If T is as in rows 1-3, then
K; = 01(K;) x -+ x o (K;) fori =1, 2. Moreover in this case Csyma(M) =1,
and in particular G is quasiprimitive. If T is as in row 4, then

(5)

o1(K;) x - x op(K;) < Ky < 01(K;) x -+ x 0 (K;) = Ny (K;) - for i=1, 2,

and
Csyma(M) = (Nas (K1) NNy (K2)) /(K1 N K2).

In particular Csym (M) is an elementary abelian 2-group of rank at most k, and all
minimal normal subgroups of G different from M are elementary abelian 2-groups.

Proof. Set A = 01(K;) and B = 01(K3), so that, by Theorem 8.1, Ty = AB is a
full factorisation. We have to eliminate all full factorisations of 7" which are not
contained in Table 4. These involve the group 7' = Sp,(g) or PQI(2), and we
consider these families separately.

Suppose first that T = Sp,(g) with ¢ even, ¢ > 4. If A and B are isomorphic
to Spy(g?).2, then line 4 of Table 4 is valid. Suppose that A, say, is isomorphic
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to Spy(¢?). Then K; is isomorphic to A% = (Sp,(¢?))*. As the factorisation
K1K; = M holds, we must have, for all i, that o;(K2) = Spy(¢?) - 2, and hence
|K1] < |K2|. For a positive integer n and a prime p let n, denote the exponent
of the largest p-power dividing n. Recall that there is an integer m such that
|M : K;| =m% for i = 1, 2. For any odd prime p we have |M : Ki|, = |M : Ka|,
which implies that ¢; = ¢5 and so | K| = | K|, a contradiction.

Suppose now that 7' 2 PQJ (2). By Theorem 4.1 a1 (K;)" x - -+ x op(K;) = K/.
We read from Table 1 that in every case |K; : K| is a 2-power, and |T; : 0;(K;)|5 =
1. Therefore |M : K;|s = k for i = 1, 2, and so ¢; = ¢5. This forces |A| = |B|,
and inspection of Table 1 yields that A & B 2 Spy(2) 2 Q7(2). Therefore, line 3 of
Table 4 holds with g = 2.

Suppose that one of rows 1-3 of Table 4 is valid. The groups A and B in these
rows are perfect, and so we only have to show that Csymq(M) = 1. By [DM96,
Theorem 4.2A],

(6) Csme(M)gNM (Mw)/Mw:NM (KlﬂKQ)/(Kl ﬂKg).

It follows, however, from Proposition 5.3 that in this case K1N K35 is self-normalising
in M, and so M is the unique minimal normal subgroup of G. Thus G is quasiprimi-
tive. Suppose now that row 4 of Table 4 is valid. Then (5) follows from Theorem 4.1
and Proposition 5.3. By Proposition 5.3

Nys (KlﬁKg) = Ny (Kl)ﬂNM (KQ)

As (Njs (K1) NNy (K2))/ (K} N Kb) is an elementary abelian group of order 2,
by (6), so is Csymq (M), and so all minimal normal subgroups of G different from
M are also elementary abelian groups of order at most 2% . (I

Finally in this section we show how to construct examples.

Example 8.3. Let T' be a finite simple group with a non-trivial factorisation
T = AB, where T, A, and B are as in Table 4. Set K; = A* and K, = BF.
Identify M with Inn M in Aut M, and let

G =M (Nauwn (K1) NNagear (K2))
Since the cyclic subgroup of Aut M generated by the automorphism

T:(xh"':xk)’_) (xkvxlv"ka—l)

is transitive on the set of simple direct factors of M and normalises K, Ko, we
have that M is a minimal normal subgroup of G. Moreover, since Cayt a7 (M) = 1,
we have that M is the unique minimal normal subgroup of G.

If Go = Nawwms (I_(l) N Naut M (I_(Q), then MGy = G. As K, and K, are self-
normalising in M, M NGy = K; N Ky. Therefore, by [PS07, Lemma 4.1] the
M-action on the coset space [M : K; N K] can be extended to G with point
stabiliser Go. Moreover, K; and K, form a Cartesian system for M acted upon
trivially by Go. Consequently this action of G preserves an intransitive G-invariant
Cartesian decomposition given by the Cartesian system {K;, Ko}.
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9. THE PROOF OF THEOREM 3.1

In this section we prove Theorem 3.1 working with the notation introduced in
Section 3.

Lemma 9.1. Let T',..., Ty, K1,...,K,, Z1,...,Z,, and Qy,...,Q, be as in Sec-
tion 3. If, for some i € {1,...,k} and j € {1,...,s}, 0;(K}) is a proper mazimal
subgroup of T, then =; € CD1(G%%).

Proof. The group G, is transitive by conjugation on the set {T},...,T}}, and, by
Proposition 3.2, each of the K; is normalised by G,. Thus it suffices to prove
that if o1(K7) is a proper maximal subgroup of T3, then = € CDl(Gﬂl). Assume
without loss of generality that Z; = {['1,...,T,,}. By Proposition 3.2, the G-
action on € is equivalent to the G-action on [M : K], and =; € CDy(G).
Thus if £; € CDs(G"), then o1(K1) = T1. If 21 € CDau(G™) U CDau(GH) U
CD3(G*%), then there are distinct ji, ja € {1,...,m} such that o1(Lj,), o1(L;,) <
T, 01(Lj, )o1(Lj,) = Th, and 01(K1) < 01(Lj,) No1(L;,). Hence o1(kK7) is not a
maximal subgroup of T7.

Suppose finally that Z; € CD;5(G*%). Then, by [BPS06, Theorem 6.1], we may
assume without loss of generality that there is a full strip X of length 2 involved
in L; covering T} and T3, and there are indices ji, j2 € {2,...,m} such that
o1(Lj,) < Ti, 02(Lj,) < To. Let o : Ty — T5 be the isomorphism such that X =
{(t,a(t)) | t € T1}. Tt follows from [PS02, Lemma 2.1] that oy (Lj,)a™!(02(L;,)) =
T1. In particular o1(L;,) and a~!(02(L;,)) are distinct subgroups of 7j. On the
other hand, Ul(Kl) < Jl(Ll N le n Lj2) < Ul(le) N ail(og(Lb)). Hence O'l(Kl)
cannot be a maximal subgroup of T;. Therefore the only remaining possibility is
that El € CDl(GQI). O

Recall that {L1, ..., L} is the original Cartesian system corresponding to the in-
transitive Cartesian decomposition £. The following lemma is an easy consequence
of [BPS04, Lemma 3.1].

Lemma 9.2. Let Ly,..., Ly be as in Theorem 3.1, and suppose that I, ..., I, are
pairwise disjoint subsets of {1,...,£}, and, for i = 1,...,m, set Q; = ﬂjeli L.
Then

Qi ﬂQj =M foral i€e{l,...,m}.
J#i

Proof of Theorem 3.1. By Proposition 3.2, the partitions 2; are G-invariant and
E={Q,...,Q,} is a Cartesian decomposition of Q on which G acts trivially. By
the same result, for ¢ = 1,...,s, the subgroup K, is the stabiliser in M of the
block in €; containing w, Z; € CD(G*%), and M is faithful on ;. It follows from
Theorem 7.1 that the number s of G-orbits on &£ is at most 3.

We prove the rest of Theorem 3.1 part by part.

(i) Suppose first, without loss of generality, that Z; € CDg(G***). Then by
Theorem 2.3(a), K; is a subdirect subgroup of M, and it follows from Theorem 6.2
that s = 2 and that (M, K1, K5) is a full strip factorisation. In particular, o;(K>)
is a maximal subgroup of 7T; for all i, and hence Lemma 9.1 implies that =, €
CD;(G**), as required.
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(ii) Next assume without loss of generality that =; € CDyx(G), and that =; =
{T'1,..., T, }. Note that there are j1, jo € {1,...,m} such that o, (Kj,), 01(K;,) <
T,. If 01(K2) = Ti, then, by Theorem 6.27 EQ € CDs(G*2), and so part (i)
implies that =; € CD;(G*), which is a contradiction. Hence oy(Ks) < Ty. If
s > 3, then the same argument shows that o;(K3) < T; and, by Lemma 9.2,
o1(Lj,), 01(Lj,), 01(K2), o1(K3) form a strong multiple factorisation of the finite
simple group T;. As, by Theorem 4.3, such a factorisation has at most 3 subgroups,
this yields that s = 2. Similarly, if there are two indices j3, js € {m+1,...,¢} such
that 01(L;,), 01(L;,) < T1, then the subgroups o1(Lj,), o1(Lj,), o1(Lj,), o1(Lj,)
form a strong multiple factorisation of 77. This again is a contradiction, and so
Zy € CD1(G2) U CDy5(G%2). Thus there is a unique index jz € {m +1,...,¢}
such that o1(Lj,) < T1. The subgroups o1(Lj,), 01(Lj,), o1(Lj,) form a strong
multiple factorisation of 737, and so 77 and these subgroups are as in Table 3. If
Z5 € CDy5(G*%2), then, by Theorem 2.3(b), T} must also be as in Table 2, and so
Ty = PQZ (3). Further, o1(Lj,), and hence o1 (K>), must be a maximal subgroup
of Ty. This, however, cannot be the case if =, € CDls(GQZ), by Lemma 9.1. Thus
all the assertions in part (ii) hold.

(iii) Suppose without loss of generality that =; € CDi5(G***) U CDyo (G1) U
CD3(G*1) and that Z; = {T'y,...,T',,}. Tt follows from part (i) that =; & CD;5(G**)
for all i € {2,...,s}. Thus for ¢ € {1,...,k} and j € {1,...,s} the projection
0;(K;) is proper in T}. If Z; € CD3(G*), then there are pairwise distinct indices
71, J2, J3 € {1, .. .,m} such that Ul(Lj1)7 Ul(LjQ), O'1(Lj3) < Ty. By Lemma 9.2,
the subgroups o1(Lj,), o1(Lj,), 01(Lj,), o1(K2) form a strong multiple factorisa-
tion of T}, which is a contradiction, by Theorem 4.3. Thus Z; ¢ CD3(G*%).

Suppose next that =, € CD2N(G91). Then there are distinct indices ji, jo €
{1,...,m} such that o1(L;,) and o1(L;,) are proper isomorphic subgroups of T7.
On the other hand, as 01 (K>3) < T, the subgroups o1(Lj, ), 01(Lj,), 01(K2) form
a strong multiple factorisation of 7. By Table 3 such a factorisation cannot contain
two isomorphic subgroups, and so this is a contradiction. Thus Z; cannot be an
element of CDy (G*).

Suppose finally that Z; € CD;5(G*). Then, by [BPS06, Theorem 6.1], we may
assume without loss of generality that there is a full strip X of length 2 involved
in L; covering T} and T3, and there are indices ji, j2 € {2,...,m} such that
o1(Lj,) < Th, 02(Lj,) < Tp. Let o : Th — T5 be the isomorphism such that X =
{(t,a(t)) | t € T1}. It follows from [PS02, Lemma 2.1] that o1 (L, )a™ (02(Lj,)) =
T;. Theorem 6.2 and part (i) implies that o1 (K2) < T1. As (L1NLj,NL;,) Ko = M
and

o1(L1N Ly, N Lj,) < o1(Ljy) N o oa(Ly,)),

we obtain that (o1 (Lj;,)Na™ (02( ,)))o1(K2) = Ty. Then [BP98, Lemma 4.3(iii)]
implies that (71, {o1(L;,),a *(02(L;,)), 01(K2)}) is a strong multiple factorisation.
By Table 3 distinct subgroups in such a factorisation cannot be isomorphic. This
is a contradiction, and so =, ¢ CDls(GQI).

(iv) Suppose that £ is homogeneous. Then it follows from Theorem 8.1 that G
has exactly 2 orbits on £, and so s = 2. The same result implies that K7, K5 form
a full factorisation of M, and that o;(K;) is a maximal subgroup of T}, for each ¢
and j. Thus Lemma 9.1 gives Z; € CD{(G*) fori =1, 2.

(v) Finally suppose that s = 3. By part (i) Z; ¢ CDs(G*%) and, by part (iii),
=, & CD15(G) for i = 1, 2, 3. If Z; & CD1(G**) for some i, then there must be
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4 pairwise distinct indices ji, j2, j3, ja € {1,...,£} such that o1(L;,), o1(Lj,),
o1(Lj,), 01(Lj,) are proper subgroups of T7. By (3), these subgroups form a strong
multiple factorisation of T}, which is a contradiction, by Theorem 4.3. Thus Z; €
CD;,(G%) for i = 1, 2, 3. It also follows from Theorem 7.1 that (M, {K;, Ko, K3})
is a strong multiple factorisation. O
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