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ON THE ESSENTIAL COMMUTANT OF 7(QC)

JINGBO XIA

ABSTRACT. Let 7(QC) (resp. 7) be the C*-algebra generated by the Toeplitz
operators {T,, : ¢ € QC} (resp. {T, : ¢ € L>°}) on the Hardy space H? of
the unit circle. A well-known theorem of Davidson asserts that 7 (QC) is the
essential commutant of 7. We show that the essential commutant of 7 (QC)
is strictly larger than 7. Thus the image of 7 in the Calkin algebra does not
satisfy the double commutant relation. We also give a criterion for membership
in the essential commutant of 7 (QC).

1. INTRODUCTION

Let H be a separable, infinite-dimensional Hilbert space. Recall that the Calkin
algebra Q is defined to be the quotient algebra B(H)/K(H), where B(H) (resp.
IC(H)) is the collection of bounded (resp. compact) operators on H. The essential
commutant of a subset G of B(H) is defined to be

EssCom(G) ={X € B(H) : [T, X] € K(H) for every T € G}.

Let m : B(H) — Q be the quotient map. Then w(EssCom(G)) is the commutant
of 7(G) in Q. That is, {7(G)} = 7(EssCom(G)). For the discussion below, all
algebras and subalgebras are assumed to be unital.

A well-known result of Voiculescu asserts that every separable C*-subalgebra A
of Q satisfies the double commutant relation A = A” [13]. An equally well-known
result due to Johnson and Parrott [7] and Popa [11] tells us that if B is a von
Neumann algebra on H, then EssCom(B) = B’ + K(H). Thus if A is the image of
a von Neumann algebra in Q, then it also satisfies the double commutant relation
A=A".

On the other hand, there exist non-separable C*-subalgebras of Q for which
the double commutant relation fails. Indeed Example 2.4 in the Johnson-Parrott
paper [7] provides just such an example. In [1], Berger and Coburn gave an ex-
ample of a simple C*-subalgera of Q which does not satisfy the double commutant
relation. Subsequently, the author showed that A # A" is quite common among
C*-subalgebras of Q in the following sense: If B is a von Neumann algebra and if
the dimension of B as a linear space is infinite, then B contains a C*-subalgebra A
such that m(A) # 7(B) and {m(A)}" = n(B) [15].

Given these positive and negative results about the double commutant relation,
for any C*-subalgebra of Q which is of any interest but not covered by these general
results, it seems to be natual to ask whether or not it satisfies the double commutant
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relation. Such a problem usually boils down to the determination of the essential
commutant of a specific C*-algebra [1, 4, 7, 11, 15]. The focus of this paper is on
a specific essential commutant on the Hardy space H? of the unit circle T = {7 €
C : |7| = 1}. This turns out to be one place where harmonic analysis finds a nice
application in the theory of operator algebras.

Recall that the Hardy space H? is the closure of the linear span of {e : n =0,
1,2, ..} in L. Let P: L? — H? be the orthgonal projection. Given a ¢ € L,
the Toeplitz operator T, is defined by the formula T,g = Pypg, g € H%. Let

7T = the C"-algebra generated by {T,, : ¢ € L*°},

which is commonly referred to as the full Toeplitz algebra.
Let QC = (H*® 4+ C) N (H* + C), the collection of quasi-continuous functions
on the unit circle. It is well known that QC = VMONL®> [5, page 377]. Define

7 (QC) = the C*-algebra generated by {T,, : ¢ € QC}.
A key motivating factor for this investigation is the following famous result:
Theorem 1.1 (Davidson [4]). The essential commutant of T equals T(QC).

An immediate consequence of Theorem 1.1 is that 7(7 (QC)) satisfies the dou-
ble commutant relation in Q. On the other hand, although more than a quarter
of a century has passed since Davidson’s theorem was published, little is known
about EssCom(7 (QC)). Given Theorem 1.1, it seems natural to ask, what is
EssCom(7 (QC))? In particular, does EssCom(7 (QC)) coincide with 77 See [14,
Problem 13]. We now have an answer:

Theorem 1.2. The essential commutant of T (QC) is strictly larger than T .
Given Theorem 1.1, Theorem 1.2 is obviously equivalent to

Theorem 1.3. The image of T in the Calkin algebra does not satisfy the double
commutant relation.

This seems to be all the more interesting if we consider the following fact: Let
T(H* + C) be the (non-self-adjoint) operator algebra generated by {T, : ¢ €
H> + C}. Davidson showed in [4] that «(7(H* + C)) is a maximal abelian
algebra in the Calkin algebra Q. It is well known that 7 (H* + C) generates 7 as
a C'*-algebra.

As we will see in the proof of Theorem 1.2, EssCom(7 (QC)) contains operators
which seem to defy general description. Nevertheless, EssCom(7 (QC)) admits a
characterization in terms of a BMO-related continuity.

Theorem 1.4. Let A be a bounded operator on H? such that [T}, A] is compact
for every continuous function h on the unit circle. Then A belongs to the essential
commutant of T (QC) if and only if A has the following property: For every e > 0,
there exists a 0 = d(€) > 0 such that the inequality ||[T,, A]|| < € holds for every ¢
in L™ satisfying the conditions ||¢|lmo < 6 and ||¢]leo < 1.

The rest of the paper consists of the proofs of these results. More specifically,
we will prove Theorem 1.2 in Section 2 and Theorem 1.4 in Section 3. The proof
of Theorem 1.4 uses techniques and ideas similar to those in [4, 7].

Although Theorem 1.2 was motivated by C*-algebraic considerations, the proof
we present here is based on harmonic analysis. In particular, the proof requires
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the full strength of the theory of Calderén-Zygmund operators [2, 3, 12]. The most
difficult step in the proof is a norm estimate ||[My,T]|| < C| f|lemo. This involves
hard analysis, but fortunately we can use existing results [2, 3, 8] to establish the
required estimate. Thus the task we actually carry out in the proof of Theorem 1.2
is relatively easy.

2. PROOF OF THEOREM 1.2

The first step in the proof is to transform the problem from the unit circle T
to the real line R. In this section dm stands for the Lebesgue measure on R. Let
H?%(R) be the Hardy space for the upper-half plane. We denote the orthogonal
projection from L?(R) to H?(R) by Py. The purpose of the subscript W, which
stands for Wiener-Hopf, is to distinguish Py from the Hardy projection P on the
unit circle. For any f € L>(R), the operator Wy = Py M;|H?*(R) will be called a
Wiener-Hopf operator, again to distinguish it from the unit circle case. Let W be
the C*-algebra generated by {W; : f € L(R)}.

Consider the conformal mapping

i—z

a(z):i—l—z

from the upper-half plane to the unit disc. The formula

W) = o (). ge ¥

defines a unitary operator from L?(T) to L?(R). The coefficient 1//7 in the
above is due to the normalization of the norms on these spaces: As usual, we
define ||g||* = (1/27) [T _|g(e")[?df for g € L*(T) and ||G|* = [|G(z)]*dx for
G € L*(R). We have

UH? = H?*(R) and UPU* = Py.
Thus UT,U* = Woq for every ¢ € L*. Therefore
(2.1) UrTu* =Ww.

Thus our goal is to construct a bounded operator on H?(R) which commutes with
{Weoa : ¢ € QC} modulo compact operators and which does not belong to W.
To construct such an operator, we pick a u € C2°[0,00) such that v = 1 on
[7/10,4/5], w = 0 on [0,3/5] U [9/10,00), and 0 < u < 1 on the rest of [0,00).
Define
u(x) if x>0,

—u(lz]) if x<0O.
The choice of u ensures that £ € C2°(R). Let f denote the Fourier transform of &,

ie.,
‘) = x)e g
é0) = o= [ e

Then £ is a smooth, rapidly decreasing function on R. Since &(—z) = —&(x), we
also have £(—\) = —&(A). Thus we can pick an w > 0 such that

(2.2) éw) #0.
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Furthermore, the property £(—z) = —£(z) implies that
(2.3) £(0) = \/LQ_W / £(2)dz =0,
For each m € N, define the function
Em(z) =2T¢(2Mx), x€R.
Let ém be the Fourier transform of &,,. Then ém satisfies the relation
(2.4) Em(N) =E(27™)), XeR.

Next we inductively select a strictly increasing sequence {\; };’;0 of non-negative
real numbers and a strictly increasing sequence {mj};?‘;l of positive integers as
follows: We begin with A\g = 0. Pick any m; € N such that 2™w — 1 > ).
Suppose that j > 1 and that we have selected A\ < ... < Aj_1 and my < ... < m;
such that 2™iw —3j > A\;_1. Since lim|y—o IE(A)| = 0, there exists a Aj > 2Miw+j
such that

(2.5) [y V)| + oo [y, (V)] < 27971 for all [A| > ;.
Set
(2.6) i = Aj +25.

Since é is continuous, by (2.3), we can pick an integer mj;1 > m; such that
2Mit1w — (j + 1) > A;j and such that

(2.7) Emyn V] = [E@7™ N < 27971 if A < .

Thus we have inductively defined {\;}32, and {m;}32;.
For each n € N consider the function

n
K, = § gmj
Jj=1

and the convolution operator

(Tog)(z) = / Kn(z —y)g(y)dy, g€ L*(R).

Let K, be the Fourier transform of K,. By (2.5) and (2.7), if \j_1 < |A| < )\,
J = 1, then [Kyp(A)| < [|€m, [l + Zij 2%, Since [1€m;lloo = [I€lloc (see (2.4)), we
have

(2.8) [ Knlloo < l€llo + 1,
n € N. Define the function

K(\) = lim K,(\) = iémj(A), AER,

n—00

where the existence of the limit is guaranteed by (2.7). By (2.8), | K [loe < [|€]loe +1.

The Fourier transform provides the unitary equivalence between T, and M K.

the operator of multiplication by v/ 27K ,,. Therefore the strong limit
T=s lim T,

n—oo
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exists. Furthermore, (2.8) implies ||T]| < v27(||€]lo0 + 1). Let

K=Y &,
j=1

Since &,,(z) = 2mE(2Mx), we have & (z) = 22m¢’(2™x) for each m € N. The
supports of &, and £, are strictly contained in (—27™, —2=m~1)y (2=m~1 27m),
Since the sequence {m;}52, is strictly increasing, this gives us

(2.9) ‘— <€ ||looz™  and

(2.10) K(z)| < |27
for all x #2 0. Thus T is a Calderon—Zygmund operator in the sense that

r) = / K(z — y)g(y)dy

for g € L?(R) and x not in the support of g. The key to the proof of Theorem 1.2
is the following weighted norm inequality of Coifman and Fefferman [2].

Proposition 2.1. Let w be a weight function on R which satisfies the (As)-
condition

|I| /wdm— wldm < L < oo

for every interval I C R with 0 < |I| < co. Then there exists a constant N which
depends only on the bounds in (2.9) and (2.10), ||T||, and the (As)-bound L above
such that

/ |Tg|?wdm < N/ lg|*wdm, g€ L*(R).

This proposition is an immediate consequence of Theorem I, Theorem III and
Lemma 3 in [2]. Using the John-Nirenberg Theorem, from the above weighted norm
inequality one can derive an estimate for commutators in terms of the BMO norm.

Lemma 2.2. There exists a constant Cy o such that the inequality

[[My, TN < Ca2| fll BMo
holds for all f € L>®(R).

Proof. This type of estimate is actually well known. See, for example, [3, pages
620-621] or [10, Theorem 4.2]. Nevertheless, we reproduce the details of the proof
here for the benefit of those readers who are not familiar with weighted norm
inequalities.

For an interval I C R, we write ¢; = [; wdm/|I| as usual. By the John-Nirenberg
Theorem, there are universal constants C' and ¢ such that

1 / Hlp— c
2.11 — [l vilgm<14+C if t<—"T —
(211) ] J; 2[19[lBmo

for all ¥ € BMO(R) and all intervals I C R [5, Theorem VI.2.1]. To prove the
lemma, it suffices to consider real-valued f € L°°(R). For such an f it follows from
(2.11) that

1 1
(2.12) T /Ietfdmm/le_tfdm <(1+0)?
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for real t satisfying the condition [t| < ¢(2|f|lemo)™". If we consider e'f as a
weight function, then (2.12) is an (As)-condition. Thus, by Proposition 2.1, there
is a constant C; which depends only on ||T'|| and the bounds in (2.9), (2.10) and
(2.12) such that

(2.13) /|Tg|2etfdm < Cl/|g|2et<fdm

for all g € L*(R) and [t| < ¢(2||f|lsmo)~!. Note that the norm of M,,1/2T M, 1,2
on the unweighted space L?(R) equals the norm of T on the weighted space
L?(R,wdm). Therefore from (2.13) we obtain the estimate

(2.14) let!Te 7 g|| < CY?|lg||  for g€ LAR) and [t| < ——.
4| fllBmo

It is easy to see that for any n, h € L?(R), the function
2 (e*/Te %Iy, h)

is analytic on C. For z € C with |z| < ¢(4| f|lBmo) ™}, (2.14) holds for ¢ = Re(z).
Since f is real valued, we have ||e*/ Te=*/p|| = ||eR) Te=2fy|| and ||e="™() p|| =
ln]]. Hence it follows from (2.14) that

(2.15) le*f Te=*Fn)| < O/
for z € C with |z| < c(4]|f|lsmo) ~*. Now set 7(f) = c(4||f|lBmo) L. Then
1

1
= — (eI Te %/ n, h)dz=.

d
<[Mf7 T]nv h> = 5 <erTeizf777 h> a_-
dz sm0 20 =) 2

Combining this with (2.15), we have

1 2f o~z 4[| fllBmo
(M Thn. ) < e (e e~y )] < ALIBNO g7z

—r(f) 2%
This gives us the estimate ||[My, T]| < 40%/2071”]””131\/[0- O

Finally, we define the operator B by the formula

Bg=PwM,, TMy,,9, g€ H(R).

Recalling (2.1), the proof of Theorem 1.2 will be complete once we show

(a) [Wyou, B] is compact for every ¢ € QC;

(b) B¢ W.

If ¢ € QC, then [Myoq, Pw] = U[M,, P]JU* is compact. Thus, if ¢ € QC, then
PywMyoa(l — Py ) and (1 — Pw)MyoaPw are compact. It is straightforward to
verify that if ¢ € QC, then ¢ o« € VMO(R)NL*(R). Hence (a) follows from

Lemma 2.3. If f € VMO(R)NL>(R), then the operator My, ,[My, T|M,,
compact.

0,1] 8

Proof. First let us consider f which satisfies a Lipschitz condition

|f(x) = f(y)| < Lz -y

for z, y € [0,1]. Recalling (2.10), the kernel of the operator M,
satisfies the estimate

X011 (2) (f(x) = F) K (z —y)xpyW)| < L, z,yel0,1].

0,1] [Mf7 T]MX[OJ]
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Since the kernel is supported on [0, 1] x [0, 1], we have || My, ,[My, T|My, ,ll2 < L,
where ||.[[2 denotes the Hilbert-Schmidt norm. In particular, My, , [My, T| My, ,, is
compact if f satisfies a Lipschitz condition. By the usual approximation,
My, [My, TIMy, ,, is also compact if f € Cp(R), where Cp(R) denotes the col-
lection of bounded continuous functions on R. Finally, let f € VMO(R)NL>*(R).
Then by a theorem of Sarason (see [5, Theorem VI.5.1]) there is a sequence {f} C
Cy(R) such that limg o || f — fellaMo = 0. It follows from Lemma 2.2 and the

compactness of My, [My, , T|M,,, , that M, [My, T|M,, , is compact. O

[0,1][ X[0,1 0,1][ 0,1]

We now turn to the proof of (b), which is easy given what has been built into the
selection of &, {)\;}52, and {m;}32,. For each A € R, define the unitary operator
(Vag)(z) = e™g(x), g€ L*(R).

Under the Fourier transform, VyPw V) is unitarily equivalent to the orthogonal
projection from L?(R) onto the subspace {g € L*(R) : ¢ = 0 on (—o0,—\)}.
Hence

(216) S- )\lim V;PWvA = 1.

For each \ € R, define Vy = Py Vy|H?(R), which is the compression of V to the
subspace H2(R). By (2.16) and the identity VyM;Vy = My, f € L>®(R), the
strong limit

s(A) =s- )\lirn VYAV,
exists for every A € W. Thus (b) follows from

Lemma 2.4. Let g be a non-zero vector in the Hilbert space H?(R). Then

(2.17) limsup [(Vy BVag, )| > 0
A—00

and

(2.18) lim inf [ (VY BVag, 9)| = 0.

Proof. Let ¢ = x|o,1)9 and let 1[) be the Fourier transform of ¢). Suppose that A > 0.
Then H?(R) is invariant under Vy. Thus

(VX BVag, 9) = (M, TMy, , Vag, Vag) = (VX TVayo, ) = V2 (K (M + A, )
(2.19) = \/QW/K(t+ N d(Eg), 1)),
where E; is the spectral measure for the multiplication operator (M f)(z) = zf(z).
Conditions (2.5)—(2.7) ensure |[K(t + A; +j)| < 2045, 27% for t € [-4,4], j € N,
hence (2.18).

To prove (2.17), note that the sequences {);}32, and {m;}32, were defined so
that [2"™w — j,2™w 4 j] C (Aj—1,A;). By (2.5)(2.7), if A\j_1 < |A| < A, then
Dk Emi (W] < X5, 27F = 277F1 Therefore

B (t+2m000) — £27™5 1+ )| = [R(t+ 2™w) — € (£ 4+ 2™0)| < 27971
if |¢| < j. Thus for any given 0 < R < oo, if j > R, then

(2.20) sup |K(t+2™w) — £(w)] <2797 + sup |27t + w) — £(w)].
[tI<R [tI<R
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It now follows from (2.19), (2.20) and the continuity of £ that
hm <‘72y§"ij‘72mngvg> =V 271—5(“))”2/”‘2

j—oo
Since g € H%(R) and ||g|| > 0, g cannot vanish on a set of positive measure in R.
Therefore ||¢|| > 0 . Since {(w) # 0 (see (2.2)), this proves (2.17). O

This completes the proof of Theorem 1.2.

3. PROOF OF THEOREM 1.4

In this section we are back to the setting of the unit circle T = {r € C : |7| = 1}.
Let dm be the Lebesgue measure on T normalized so that m(T) = 1. For an arc
I in T, we write |I| for m(I). We will prove the following slightly more general
result:

Proposition 3.1. Let X € B(L?) be an operator in the essential commutant of
{Mjy : f € QC}. Then for anye > 0, there is a 6 = d(e) > 0 such that the inequality
[[My, X]|| < € holds for every ¢ € L™ satisfying the conditions ||¢| pmo < 6 and
lelloo < 1.

Proof of Theorem 1.4. The “if” part of the theorem is trivial; it simply follows
from the fact that for every f € QC, there is a sequence {f,} C C(T) such that
1 fnlloo < Iflloo and lim, oo ||f — frnllBMO = 0 [5, Theorem VI.5.1].

To prove the “only if” part of the theorem, consider an A € EssCom(7 (QC)).
Let X = A @ 0, where the direct sum corresponds to the space decomposition
L*=H?*@ (H*)*. Let f € QC. Then PM;(1 — P) and (1 — P)M;P are compact.
Since X = PX P, we have

My, X] = (1 — P)M;PXP — PXPM;(1— P) + [T}, A] 0,
which is compact because A € EssCom(7 (QC)). Thus
X € EssCom({M; : f € QC}).
Now for any ¢ € L™ we have [T,,, A] & 0 = P[M,, X|P and, therefore,
T, Al < My, X)L
The desired bound for ||[T,, A]|| follows from an application of Proposition 3.1. O

The proof of Proposition 3.1 requires some preparations. Our first lemma pro-
vides continuous cutoff functions with small BMO-norm.

Lemma 3.2. For any 0 < e < 1/4, there is a 0 < 0(€) < € such that the following
holds true: Let J = {Te*™ : |t| < ¢/2} and I = {7e*™ : |t| < &(€)/2}, where T is
any given point in T. Then there is a v € C(T) which has the following properties:

(i)0<v<1lonT;

(ii) v =0 on T\J;

(iii) v=1o0nI;

(iv) lvll Bmo < 4e.

Proof. Let C be the BMO-norm of the function log(1/|t|), which is finite [5, page
223]. For any 0 < e < 1/4, define 6(e) to be the real number that satisfies the

equation
1 €

log(2/3()) — log(2/e) _ 4C"
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Thus 6(e) = ee~1¢/¢ < e. Define

f(t) = min {log %, max {log %, log %}} — log %
Obviously, f is continuous, 0 < f <log(2/d(¢)) —log(2/¢), f(¢t) = 0 when [¢| > €/2,
and f(t) =log(2/d(e)) — log(2/€) when |t| < §(e)/2.

For any real-valued h € BMO(R) and A €R, it follows from the formula
max{)\, h} = 2_1(|/\ - h| + A+ ]’L) that H max{)\, h}HBMO < 2||hHBMO Similarly, we
have

| min{A, A} |smo < 2[[h|[Bmo-

Hence || f|lsmo < 4C. Tt is now easy to see that the function

. t)
v(Te?™) = N .t <12,
T = oot sz =Y
is continuous on T and satisfies (i)-(iv). O

Let P.(7) be the Poisson kernel for the unit disc, i.e.,
_ 1P
TR

|z| <1, |7|=1. For o € L* and 0 < r < 1, let

w@mﬁz/ﬂﬁw@m%WMﬂ

t € R. Our next lemma is most likely a well-known fact, but we include a proof
here just in case it is not as well known as we think.

P.(1)

Lemma 3.3. For p € L* and 0 < r <1 we have ||¢,||smo < ||¢ll Brmo-

Proof. For each 7 € T, define the rotation p,(e*™®) = €2™¥r of the unit circle.
Then ¢, = [ P,(7)¢ o prdm(7). Thus for any arc I in T we have

wmz/ﬂmemwm>
and

L 1
m /I lor — (@r)rldm = m /[ | /PT(T)((pO pr — (p o pr)r)dm(r)|dm

< [ { G [1oor ~ opnnlam} amr).

Obviously, ||eop:||lBMo = ||¢llBmo for every 7 € T. Hence ||or|lsmo < |l¢llBmo. O
Our final lemma is a previously established result.

Lemma 3.4 ([9, Lemma 2.1]). Let {B,} be a sequence of compact operators on a
Hilbert space H satisfying the following two conditions:
(i) Both sequences {By} and {B%} converge to 0 in the strong operator topology.
(ii) The limit lim,, o || By|| exists.
Then there exists a subsequence {u(k)}2, of {n}sL, such that the strong limit

oo N
> Buw = s lim > B
k=1 k=1
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exists and has the property

I3 Bucwle = Jim 5.

where ||.]|o denotes the essential norm, i.e., ||Allg = inf{||A+ K| : K € K(H)}.

Proof of Proposition 3.1. Let Y be a bounded operator on L?. Suppose that there
exist an a > 0 and a sequence {¢;} C L such that

(3.1) [[Mg,,, Y] >a and [lgpllec <1
for every k and such that
(3.2) A (jorfsvo = 0.

We will complete the proof by finding an f € QC such that [My,Y] is not compact.
We may assume that [M,, Y] is compact for every g € C(T), for otherwise there is
no need to proceed any further.

For each k, we have ||(¢k)r|loo < ¢kl < 1 and, by Lemma 3.3, |[(pr)-||BMo <
loxllBMo for every 0 <r < 1. Also, s-lim11[M(y,),,Y] = [M,,,Y]. Thus, replac-
ing each ¢y, by an appropriate (), if necessary, we may assume that the sequence
{pr} above is actually contained in C(T).

We claim that for each n € N, there exist an arc I,, with |I,| < 2/n and a
Y € C(T) with ||[¢n]lee <1 and ||¢n]lBMo < 27" such that

(3'3) ||MXI7L [Mlbn ) Y]MXI.,L || > CL/4.

For this purpose we consider the arcs J; = {e*™ : (j —1)/n <t <j/n},j=1,2,
..., n. We further define Jy = J,, and J,,4+1 = J;. Thus
(3.4)
1 n
[Mtpkvy] = Z [MWk’MXJj/YMXJj] = Z [MWk’MXJJ_HYMXJj]_'_[MiPk?L]?
1<j5.5'<n i=—1j=1
where
L= Y My, Y My, .
3" —il=>2
If j € {1, ..., n} and |j' — j| > 2, then d(Jj,J;) > 0. Thus there are gj,
gj € C(T) such that gy = 1 on Jj;, g;j = 1 on J;, and gjg; = 0. Since
g; € C(T), the operator M, ,Y M, = M, [Y,My] is compact by assumption.
Thus My, Y My, = My, Mg, Y Mg M,, is also compact. It follows that L is a

compact operator. Let ¢, = [ ¢rdm, k € N. Then

klijgo/ |ox — cxldm < lim [or[lsmo = 0.

Since ||¢k|lo < 1, this implies s-limg_,00 M, —c, = 0 and s-limy_, M, .. =0.
By the compactness of L, we have
(35) Jim (M, ) = Jim [[My, o, 1] =0,

By (3.1)-(3.2) and (3.4)-(3.5), there is a k(n) € N such that ||¢y,)|lBMO < 27"
and such that

1 n
[ Z Z[MWk(n)’MXJj_H YMXJj]H > 3a/4.

i=—1j=1
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We set ¥, = @p(n). Then ||y [Bmo < 27" and ||ty |lec < 1. The above implies
that there is an i(n) € {—1,0,1} such that

n

H Zl MXJJ_H(n) [MTPTH Y]MX./'j ” = ” ZI[MTPTH MXJj_H(n) YMXJJ-]” 2 a/4'
J= J=

Since Jp, ..., J,, are disjoint, this implies that there is a j(n) € {1, ..., n} such that
HMXJj(n)ﬁ(n) [Mwn,’ Y]MXJJ.(") | > a/4.

Thus (3.3) holds for I, = Jj(n)+i(n) U Jj(n), Proving our claim.

For each k € N, let §(27%) be the number provided by Lemma 3.2 for ¢ = 27*,
Given a k € N, let n(k) € N be such that 2/n(k) < §(27%). (Since 6(27F) < 27k,
this implies n(k) > 28*+1.) By Lemma 3.2, there is an open arc 3 containing Ly
and a continuous function 0 < v, <1 on T such that [Qx| = 27", vy =1 on L),
v, = 0 on T\Qg, and |lvg|Bmo < 272, Define

Gk = ViWUn(k),
k € N. Thus g € C(T), gr = 0 on T\Qx and ||gkllec < 1. Since |vg| < 1 and
[Un@r| < 1, we have |gx — (k) 1(Vn)) 1| < vk — (i) 1] + [¥n@) — (Pn) 1] Hence
(3.6)  llgklsmo < 2(||vkllBMo + ¥ BMo) < 2(27FF2 4 27nk)) < 9=k,

Note that xr k= XTI - Therefore

n(k)v

Min(k) [MgkaY]MXIn(k) = MXI"(k) [MXIH(,C) Mng}MxIn(k)
= szn(k) [MXIn(k) My, ) Y]MXIn(k)
= MXI”(k) [Mﬂ)n(k) ) Y]MXI,M) :

Combining this identity with (3.3), we have
(3.7) [[Mg,,, Y]l = a/4

for every k € N.
Passing to a subsequence of {Q} if necessary, we may assume that there is a
o € T such that

(3.8) lim sup |r—o|=0.

k—o0 TEQK

Define U,, = {oe®™ : |t| < 27"~} n € N. By Lemma 3.2, for each n € N there
exist a 0 < 0, < 27" and a w, € C(T) such that 0 < w, <1 on T, w, =0 on
T\U,, ||lwa|lBmo < 27"*2, and w,, = 1 on V,,, where

V,, = {oe®™ : |t| < 5,,/2}).
Let n, =1 —wy, n € N. Then

(3.9) 17 llBMO = llwnllBMO < 2772,

Also, [|[7n]lec <1, 9 =1 on T\U,, and 1, = 0 on V. Since lim, . |Un| = 0, we
have

(3.10) s- lim M, =1

n—oo



1100 JINGBO XIA

Again, ||grnnllBmo < 2(JlgxllBMo + [|17:]lBMmo)- By (3.6)—(3.7) and (3.9)—(3.10), for
each k € N there is an ny € N such that if we set fr, = gpfn,., then || fx|lBmo <
2-k+6 and

(3.11) I[My,, Y| = a/8.
Obviously, fr. € C(T), [[fille <1, and frx = 0 on (T\Qx) UV, .

Because every V,,, is a neighborhood of ¢ and because of (3.8), there is a subse-
quence {k(j)}32, of {k}2, such that fy.)fr) =0 on T for all i # j. Since fi €
C(T), the operator [My,,Y] is compact by assumption. Since limy_. |Qx| = 0,
we have

s klim My, Y] =0=s- klim My, Y]".

Thus by (3.11) and Lemma 3.4, there is a subsequence {v/(j)}52, of {k(j)}52, such
that the strong limit

N 0o
s- lim Mf, (J), Z Mfy(]),
Jj=1

N—o0
j=1

is not compact. Define f = ijl fv). Because f,i)fu) = 0 for all @ # j,
we have [[flloc = sup; | f,(j)llc < 1. Furthermore, because fr, € C(T) and

Yoreq I fellBMo < oo, we have f € VMO. Hence f € L®NVMO = QC. It is
obvious that

[Mf’ Y] = Z[Mfu(j) Y],
j=1
which is not compact. This completes the proof. (Il

4. A REMARK ON THEOREM 1.4

For the “if” part of Theorem 1.4, there are two assumptions on the operator A:

(1) [T, 4] is compact for every continuous function h on the unit circle.

(2) For every ¢ > 0, there exists a 6 = d(¢) > 0 such that the inequality
[T, A]|| < € holds for every ¢ € L satisfying the conditions |¢|smo < 0 and
ol < 1.

A moment of reflection on these conditions would bring up the suspicion that (1)
might be redundant. In other words, one would natually ask, does (2) imply (1)?
If (1) could be dropped as an assumption, it would make the statement of Theorem
1.4 more pleasing. But the fact is that (2) does not imply (1), and therefore (1)
cannot be dropped. In the remainder of the section we give an example to show
that (2) does not imply (1).

To construct such an example, we use the John-Nirenberg Theorem again. By
[5, Corollary VI.2.3], there is a universal constant Cy such that the inequality

(4.1) le = erlla < CallellBpmo

holds for every ¢ € L, where o1 = [ @dm and ||.||4 denotes the L*-norm.

For each integer n > 0, let e,(7) = 7™, 7 € T. Let £ be the norm closure of
span{egr : k € N} in H? and let E : H? — £ be the orthogonal projection. It is
obvious that

[TENE]er = €142k, ke N.
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Thus the operator [T, , F] is not compact. We will complete the example by showing
that F satisfies (2). In fact we will do a little better; we will show that the inequality
(4.2) [Ty, E]l| < 2>*CullellBmo

holds for every ¢ € L*.
To prove (4.2), consider k, £, k', ¢’ € N satisfying the conditions k < £ and k' < ¢'.
For such k, ¢, k', ¢, it is obvious that

(4.3) ok 420 £ 2K 4 o ifeither £ #£ 0 or k#K.
For any polynomial p = Zszl cpeor in £, we have

Z Ci€ak ok + Z 2cpceqr ot

1<k<t<N

By (4.3), we have egr9¢ L egi o0 under the conditions (k,£) # (K', '), k,{, k', 0 €
N, k<?and k¥ < /. Thus

N 2
44)  lplli = @* ) Z P+ > Alere* <2 el | =2lIpll3.

1<k<t<N k=1

Let o € L. If ¢ is a polynomial in H?, then Eq is a polynomial in £. We have

1/2
1T Bz < ( [ite- @T>Eq|2dm) < ll¢ - ozl Bl
Applying (4.1) to ¢ and (4.4) to Eg, we have
1T, on Edll2 < Callellmio - 2/ Balla < 2/4C4 lollmnio ]l

Since polynomials are dense in H?, this implies that

(4.5) ITp—pr Ell < 2'/*CullollBno,
@ € L. Now (4.2) follows from (4.5) and the identities [T,,,F] = Ty_ . FE —
ETppr and [[ETy g || = [[(ETp—pr)"|| = [To-pr Ell
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