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SEMICLASSICAL ASYMPTOTICS
AND GAPS IN THE SPECTRA
OF PERIODIC SCHRODINGER OPERATORS
WITH MAGNETIC WELLS

BERNARD HELFFER AND YURI A. KORDYUKOV

ABSTRACT. We show that, under some very weak assumption of effective vari-
ation for the magnetic field, a periodic Schrodinger operator with magnetic
wells on a noncompact Riemannian manifold M such that H'(M,R) = 0,
equipped with a properly disconnected, cocompact action of a finitely gener-
ated, discrete group of isometries, has an arbitrarily large number of spectral
gaps in the semi-classical limit.

1. INTRODUCTION

Let M be a noncompact oriented manifold of dimension n > 2 equipped with
a properly disconnected action of a finitely generated, discrete group I' such that
M/T is compact. Suppose that H!(M,R) = 0, i.e. any closed 1-form on M is
exact. Let g be a I'-invariant Riemannian metric and B a real-valued I'-invariant
closed 2-form on M. Assume that B is exact and choose a real-valued 1-form A on
M such that dA = B.

Consider a Schrodinger operator with magnetic potential A,

H" = (ihd+ A)*(ihd + A),
as a self-adjoint operator in the Hilbert space L?(M). Here h > 0 is a semiclassical
parameter, which is assumed to be small.

For any « € M denote by B(z) the anti-symmetric linear operator on the tangent
space T, M associated with the 2-form B:

9z (B(x)u,v) = By (u,v), wu,ve€ T, M.
Recall that the intensity of the magnetic field is defined as

T BE) = Y A= (B @) B
iz (/;]j(emgig(x))
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Let

bo = min{Tr*(B(z)) : v € M}.
We will always assume that there exist a (connected) fundamental domain F and
€9 > 0 such that

(1.1) Tt (B(z)) > by + €9, =€ IF.
For any €1 < €, let
U, ={zcF : Tr"(Bx)) <by+e}

Thus U, is an open subset of F such that U, N dF = @ and, for €; < €, U_61 is
compact and included in the interior of F. Any connected component of U, with
€1 < € can be understood as a magnetic well (attached to the effective potential
h-Te* (B(x))).

Consider the set U, which consists of all z € Ue, such that the rank of B(z)
is locally constant at x, that is, constant in an open neighborhood of . Let us
assume that

(1.2) Tr™ B is not locally constant on U

The assumption (1.2) holds for any B, satisfying the assumption (1.1), if the di-
mension n equals 2 or 3.

If T is a self-adjoint operator, o(T") denotes its spectrum. By a gap in the
spectrum of T" we will mean a maximal interval (a,b) such that

(a,b)No(T)=10.

Theorem 1.1. Under the assumptions (1.1) and (1.2), there exists, for any nat-
ural N, hg > 0 such that, for any h € (0,ho], the spectrum of H" contained in
[0, A(bo + €0)] has at least N gaps.

The proof of Theorem 1.1 is based on the study of the tunneling effect for the
operator H". First, we prove that the spectrum of H" is localized inside an ex-
ponentially small neighborhood of the spectrum of its Dirichlet realization H? in
D = U, for e; < gy (a multi-well problem). For this, we follow the approach to
the study of the tunneling effect in multi-well problems developed by Helffer and
Sjostrand for Schrodinger operators with electric potentials (see for instance [8, 9])
and extended to magnetic Schrédinger operators in [10, 7]. Since H” is not with
compact resolvent, we work not with individual eigenfunctions as in [8], but with
resolvents, using the strategy developed in [9, 11, 5, 3] for the case of an electric
potential and in [6] for the case of a magnetic field. The idea is to construct an ap-
proximate resolvent R"(z) of the operator H" for any z, which is not exponentially
close to the spectrum of H 1}5, starting from the resolvent of H ff, and the resolvent of
the Dirichlet realization of H" in the complement to the wells. The proof of the fact
that the error of the approximation is exponentially small is based on Agmon-type
weighted estimates (cf. [1] and their semi-classical versions in [8] for the case of
Schrodinger operators and [7] for the case of magnetic Schrodinger operators). A
very related result was proved by Nakamura in [18].

Thus the proof is reduced to the study of the discrete spectrum of the operator
H?% in the interval [0, h(by + €0)]. Actually, it remains to show that there is, as
h — 0, an arbitrarily large number of gaps in the spectrum of H % of size > hM
with some constant M > 0. For this, we use a weak polynomial upper bound on
the number of eigenvalues of H? contained in [0, h(by +€0)] and the construction of
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quasimodes of the operator H" given in the proof of [7, Theorem 2.2]. We need the
fact that the number of quasimodes, which we can construct, is sufficiently large,
and that follows from a slight modification of [7, Theorem 2.2] (see Proposition 2.3
below) and makes an essential use of the assumption (1.2).

It seems that the periodicity assumption in Theorem 1.1 is not important, and
the theorem could probably be extended to the case when we only assume the
existence of an infinite number of identical magnetic wells of the form U, separated
by regions where the estimate (1.1) holds. To show such a result, one should use
the strategy developed in [3] in the case of the strong electric field and in [4] for
the tight binding model, but this will not be detailed in this article.

Let us mention some previous results on gaps in the spectrum of the operator
H".

An asymptotic description of the spectrum of the two-dimensional magnetic
Schrédinger operator with a periodic potential in a strong magnetic field can be
given, using averaging methods or effective Hamiltonians together with semiclassical
analysis (see, for instance, [2, 11, 12] and the references therein). This allows us to
give, at least heuristically, a more precise asymptotic picture of spectral bands and
gaps for these operators. However, it should be noted that, in these papers, the
magnetic field is, usually, supposed to be uniform and spectral gaps are created by
the electric potential, whereas in our case the electric field vanishes and spectral
gaps are created by a periodic array of magnetic barriers.

In [13], Hempel and Herbst studied the strong magnetic field limit (A — oo) for
the periodic Schrédinger operator in R™:

Hyao=(D—XA)? D;= 1i7

i 0x;
where B = dA is a Z"-periodic 2-form. Let S = {z € R" : B(z) = 0} and
Sa = {z € R" : A(z) = 0}. Assume that the set S\ Sa has measure zero, the
interior of S is non-empty and S can be represented as S = | J jen S; (up to a set of
measure zero) where the S; are pairwise disjoint compact sets with S; = So+j. It is
shown that, as A — oo, Hya o converges in the norm resolvent sense to the Dirichlet
Laplacian —Ag on the closed set S. Therefore, as A — oo, the spectrum of Hyxa o
concentrates around the eigenvalues of —Ag and gaps open up in the spectrum of
Hya 0. For the operator H" = h2Hh—1A,o this means that for any natural IV there
exist C > 0 and hg > 0 such that the part of the spectrum of H" contained in
the interval [0, Ch?] has at least N spectral gaps for any h € (0,hg). The rate of
approach of the resolvent (Hxa o + 1)~! to a limit was studied by Nakamura in
[18].

The case when the set S\ Sa has nonzero measure was studied by Herbst and
Nakamura in [14]. They showed that in many situations of interest where this
condition holds the equivalence class of Hya ¢ approaches a periodic or almost-
periodic orbit in the space of such classes as A — oo, and, therefore, the spectrum
of Hxa o approaches a periodic or almost-periodic orbit in the space of subsets of
[0, 00).

In [16], the author investigated the case when the bottom S of magnetic wells has
measure zero and the magnetic field has regular behavior near S. More precisely,
assume that there exists at least one zero of B, and, for some integer k& > 0, if
B(zg) = 0, then there exists a positive constant C' such that, for all 2 in some
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neighborhood of z,
(1.3) C o — zo|" < Tr™(B(x)) < Clz — x0/*.

It is shown in [16] that, under these assumptions, there exists an increasing sequence
{Am, m € N}, satisfying A\, — 0o as m — oo, such that, for any a and b, satisfying
Am < a < b < Apy1 with some m,

[ah %57 bh 357 | N o (H") = 0,

for any h > 0 small enough. In particular, this implies that, for any natural number
N, there exist C > 0 and ho > 0 such that the part of the spectrum of H" contained
in the interval [0, C’h%] has at least N gaps for any h € (0, hg).

The results of this paper can be considered as a complement of the results of
[16] and, in some sense, correspond to the case when the condition (1.3) holds with
k = 0 (whereas the results of [13] are related with the case when the condition (1.3)
holds with arbitrarily large k). From the other side, it should be noted that here
we state only the existence of an arbitrarily large number of spectral gaps in the
semi-classical limit and don’t know of any results on the spectral concentration in
this case.

The authors are grateful to the referee for useful remarks.

2. PROOF OF THE MAIN THEOREM

For any domain W in M, denote by H{}V the operator H" in W with the Dirichlet
boundary conditions. The operator Hl, is generated by the quadratic form

qn[u] ::/ |(ihd + A)u|* dx
w
with the domain
Dom(gly) = {u € L(W) : (ihd+ A)u € L2Q" (W), ulow = O},

where L2Q! (W) denotes the Hilbert L2-space of differential 1-forms on W, and dx
is the Riemannian volume form on M.

Let us assume that (1.1) and (1.2) are satisfied. By (1.2), there exists a connected
open set Q C U, such that the rank of B(x) is constant on Q and Tr™ B(Q) =
[a, 8], < B. Without loss of generality, we can assume that Q C U, for some
€1 < €y and, therefore, [a, 8] C [0, by + €1].

For a fixed €5 such that €; < €3 < €g, consider the operator H g associated with
D = U,,. The operator H% has a discrete spectrum. Denote by AP < \b < ... <
)\}](,(h) the eigenvalues of HP contained in the interval [ha, h3]. Tt follows from
rough estimates for the eigenvalue counting function of Hp (cf. for instance [7,
Lemma 4.2]) that there exist C' and hg such that

(2.1) N(h) < Ch™™, Vhe (0,ho] .

Theorem 2.1. Under the assumption (1.1), for any e; < €2 < €q, there exist
C,c,hg > 0 such that for any h € (0, hy],

o (H") N[0, h(by + €1)] € {\ € [0, h(by + €1)] : dist(\, o (HE)) < Ce=/VM,
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The proof of Theorem 2.1 will be given in Section 3. A slightly weaker version of
this theorem (which involves the largest absolute value of the eigenvalues of B(x)
instead of Tr*(B(x))) was proved in [18].

By Theorem 2.1, o(H") N [ha, 3] is contained in exponentially small neighbor-
hoods of )\?,j =1,2,---,N(h): there exist C, ¢, hg > 0 such that for any h € (0, hg],

N(h)
(22) o(H") N [he,hB) € | N = Cee/VR \E 4 Ceme/ VR,
j=1
It follows from (2.2) that for any j such that )\?H - )\? > hM with some M > 0

the interval ()\;‘ + Cefc/\/ﬁ, )‘?H — C’e*c/‘/ﬁ) is a gap in the spectrum of H” if h is
small enough. Therefore, the proof of Theorem 1.1 is completed by the following
fact.

Proposition 2.2. There exists a constant M > 0 such that the number of j €
{1,2,--- ,N(h) — 1} with )\?4_1 — )\? > hM tends to infinity as h — 0.

Proof. First, observe that there exists a constant C; > 0 such that, for any j =
1,2,--- ,N(h) — 1, we have

(2.3) A= A< O3,
and also
(2.4) A —ha <CRY?, BB — Ny < Cih™3.

To see this, we will use the following proposition, which is a slight modification of
[7, Theorem 2.2].

Proposition 2.3. Assume that the rank of B is constant in a connected open
subset Q. For any compact subset K of ), there exists C > 0 such that, for any u
in Tr™ B(K) and for any h € (0,1],

(=h*3C + hy, hu + RY3C) N a(HY) # 0.

Proof. We will follow the proof of [7, Theorem 2.2]. Denote by 2d the rank of B(y),
y € Q. By assumption, d is independent of y. For any y € 2, there exists an
orthonormal base e (y), e2(y), - -, en(y) in T, M such that

B(y)ezj—1(y) = pj(y)e2(y), j=1,2,---,d,
B(y)es;(y) = —pi(y)ezj—1(y), j=1,2,---,d,
B(y)eaasr(y) =0, k=1,2,---,n—2d.

Moreover, for any j, i;(y) depends continuously on y € Q, and one can choose
the orthonormal base eq(y),ea(y), - ,en(y), depending continuously on y. Let
¢y : Vy, — R" be a local coordinate chart given by the normal coordinates of the
metric ¢g associated with the orthonormal base ei(y),e2(y), - ,en(y). Without
loss of generality, we can assume that ¢, is defined in a neighborhood V, C 2 of
y and ¢,(V,) is a fixed ball B in R™ centered at the origin. Moreover, the family
{¢;1 :y € Q} yields a continuous family of smooth maps from B to M. In the
coordinates ¢, g, becomes the standard Euclidean metric on R"™ and

d
B(y) = Zﬂj(y) dxoj_1 A dxo;.
j=1
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Now one can proceed as in the proof of [7, Theorem 2.2] and construct a contin-
uous family u)} € C2°(V,) C L*(D),y € €, such that
I(H" = KTt (B(y))uyll 2oy < ChY P |luy L2 (py, v € K,
where C is independent of y € K by continuity in y, that immediately concludes
the proof. 0

By Proposition 2.3, the operator H % cannot have spectral gaps of size greater
than C;h*? with some C; > 0, in the interval [ha, h3], that immediately implies
the estimates (2.3) and (2.4).

Now assume from the contrary that for any real M the cardinality of the set

\7]\}}[:{]6{1)275]\7()_1} )\jJrl )‘?ZhM}
is bounded as h — O:
(2.5) 870 < K, he(0,1],

where K is independent of h. Then, using (2.1), (2.3), (2.4) and (2.5), we get, for
all sufficiently small h > 0,

N—1
h(B—a)=(hB—=N)+ Y (N = A + (A = ha)
Jj=1
= (hB - \%) + Z Ay — Z (A = M) + (A = ha)
JETH LTy
< O3 + KC1hY? + Ch™"h™M + O3 .
Taking M > n+ 1, we come to a contradiction. O

3. EXPONENTIAL LOCALIZATION OF THE SPECTRUM

This section is devoted to the proof of Theorem 2.1. Throughout this section,
we will assume that (1.1) is satisfied.

3.1. Weighted L?-spaces. Let W be an open domain (with regular boundary) in
M. Let

bo(W) = min{Tr"(B(x)) : € W}.
Denote by C%!(W,R) the class of uniformly Lipschitz continuous, real-valued func-
tions on W. Introduce the following class of weights:

WW) = {® c CO(W,R) : ess-ian(Tr+B(x) —bo(W) — |[V®(2)|*) > 0}.

Examples of functions in the class W(W) are given by the functions f(z) =
(1 — €)dw(x,X), with an arbitrary 0 < ¢ < 1 and X C W, where dw(x,y) is
the distance associated with the (degenerate) Agmon metric

[Tr"(B()) = bo(W)]4 - g,
and, for any = € R, ;4 = max(z, 0).
For any ® € W(W) and h > 0 define the Hilbert space
L2, (W) ={u e L3, (W) : e/ Vru e L (W)}

with the norm
o/Vh

lllg e = e VPull. we L2, o(0),
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where || - || denotes the norm in L?(W):

full = [ 1uta? dx)l/Q, we L3(W).

By || - ||q>/\/ﬁ we will also denote the norm of a bounded operator in pr/\/ﬁ(W)'
Recall the following important identity (cf. for instance [7]).

Lemma 3.1. Let W C M be an open domain (with C? boundary) and ® €
COY(W,R). For any h >0, z € C and u € Dom(H},) one has

(3.1) Re /W em/‘/ﬁ(H{}V — z)utdr = q%(eé/ﬂu)
- h/ 62‘1’/\/E|V<I>|2\u|2 dx — Rez/ 62‘1)/‘/E|u|2 dz.
w w

3.2. Estimates away from the wells. Let W C M be a I'-invariant open domain
(with a regular boundary). We will start with a slight extension of [7, Theorem
3.1].

Theorem 3.2. There exist constants Cy > 0 and hg > 0 such that for any h €
(0, ho] and for any u € Dom(gh,),

h/ [Tr" B(z) — h*4Co] Ju(z)|? de < (14 h4Co) ¢l (u).
w
As a consequence of this theorem, we get
o(Hly) C [hbo(W) — ChY4, +00),  h € (0, ho),
with some C > 0 and hg > 0.

Proposition 3.3. Let ® ¢ W(W). Assume that K(h) is a bounded subset in C
such that K(h) C {z € C:Rez < h(bg(W) —«)} for some o > 0. If h > 0 is small
enough, then K(h)No(HE,) =0, and for any =z € K(h) the operator (Hp, — 2)~!
defines a bounded operator in Li/\/g(W) with

C
HE — )71 <=
I(Hw = 2) " lloyvm < 5
uniformly on z € K(h).

Proof. By Theorem 3.2 and Lemma 3.1, for any z € C, we have
Re/ ezq’/‘/ﬁ(H{}V — 2)uadz
w
> h/ (14 hY4Co) et B(z) — h'/4Cy) 22/ VR |u(x)|? da
w

—h/ 62‘1’/‘/E|VCI>(x)\2\u(x)|2dx—Rez/ eg‘b/‘/ﬁm(x)\gday,
w W
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that implies

Re/ em/‘/ﬁ(H{}sz)uﬂdx
w

28 /V/h [+ o Rez 2 5/41, 112
> h /We EITE Be) — [9() = = Ju@) da -+ e/l
> (a+chhllull}, 7,
and immediately completes the proof. O

Corollary 3.4. Under the assumptions of Proposition 3.3, we have
aw [V (HYy — 2)7 o + b (Hy = 2) Mol

< DIl e v e LY, (W),
Proof. By (3.1), for any h small enough one has
qh[ecb/‘/ﬁ(H{}V —2)"'] = Re (em/‘/ﬁv, (HE — 2)7 1)
+hl[[V[(HY, —2)7 ol
+Rez|(H}, — z)71v||§>/\/ﬁ.
Now we know that Rez < h(bg(W) — ), |[V®| is uniformly bounded and

_ 1/1 _
Ro (VMo a1y = 2)740) < 5 (G101, + Bl = )70l

®/Vh’
that completes the proof. O

< 2l

3.3. Estimates near the wells. In this section, we will assume that W is a
relatively compact domain (with smooth boundary) in F such that

U,={zeF : Tr"(B(z)) <by+e1}
is contained in W for some €; < €.

Proposition 3.5. Assume that K(h) is a bounded subset in C such that K(h) C
{z€C:Rez < h(byp+e€1)} and, if h > 0 is small enough, then, for any e > 0,

dist (K (h), o(HpY)) > Cie*/ﬁ.

€

Let ® € W(W) such that ® = 0 on U.,. Then for any z € K(h) the operator
(HR, — 2)~1 defines a bounded operator in L?p/\/ﬁ(w) and for any € > 0,

I(HDy = 2) 7 gy < Cree/ V™.

Proof. For every sufficiently small n > 0, take any 1, € C°(W) such that x1, =1
in a neighborhood of {z € W : ®(z) < 2n}, ® < 3n on suppx1,- Let x}, €
C>(W), X1, = 0 satisfy (x1,7)? + (x1.,)> = 1. We can assume that there exists a
constant C' such that, for all sufficiently small > 0,

+Vxi,l) <C.

77(|VX1,77
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Then we have
aw (e®Vu) = g(x1.26™ V) + (] eV )
= B3|V xale® VP ull2 = h2[[Vx), eVl
By (3.1), it follows that
(3.2)
aw (X1 neq’/‘/ﬁu) —h /W ew/\/ﬁ|V<I>|2\X’1mu\2 dr —Rez /W ez‘b/ﬁm’lmu\Q dx

)

— R3[| Vxale®VEx ul® = B2V X, e YRx ull?

= Re / em/‘/ﬁ(H{}V — z)utu dr — qW(lee@/\/ﬁu)
w
+ h/ ew/\/ﬁw@\ﬂxlmuﬁ dx + Rez/ 624)/\/E|X17,7u|2 dx
w w

+ W11V ale® Yol + BV e X gl
Put 7 = a/h with sufficiently large a > 0. Taking into account the fact that
VX109 + VX1, < C/n= C/av/h,
we get the following estimate for the right-hand side of (3.2):

h/ 62¢/ﬁ|V¢IQ|X1,T,u|2dx+Rez/ 2V ul? da
- w

+ B2V xgle® Py ul® + B2V e YExa ul?
< Chl[e® VPxy yull?.

From the other side, proceeding as in the proof of Proposition 3.3 and using Theo-
rem 3.2, we get the estimate for the left-hand side of (3.2):

qW(X'lmeq)/\/Eu) = h/ €2<D/\/E|V‘I>|2‘X/1mu‘2d$ = Rez/ 62¢/ﬂ|x’1mu\2 dx
w w

= B[V x1 ™ X ull? = B2V, eV ull?

Rez 1
> h/w 2®/Vh [TﬁB(x) — Vo) - == - aQ} X ()| da

+ b eVl > Chlle VRl

Thus we get the estimate

chHeq)/‘/EuH2 < Re / ezq’/‘/ﬁ(H{}V — z)ut dx + C’h||eq>/‘/ﬁ)<1mu||2 .
w

It remains to show that, for any € > 0,
e/ ull < Cee VM| VR (HY, = 2)ull,
or equivalently,

(33)  Ixaa(Hy =2 ullgyyr < Cee M llullg i we L2, (W),
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For this, we choose a function x2, € C2°(W) such that x2, =1 in a neighborhood
of {x € W: ®(x) < n}, ® < 21 on supp x2,,- In particular, x1,, = 1 on supp x2,,-
We can assume that there exists a constant C' such that for all sufficiently small
n>0,

(3.4) NV x20] + 0 [Axz,] < C.
Let My = {x € W : ®(z) > 2n}. Then we have
(Hiy —2)"'u = (1= x2u) (Hiy, = 2) 71 (1 = xug)u+ (Hyy — 2) " Xaqu
+ (Hyy = 2)™ g [Hw, Xaal (Hig, = 2)7H(1 = xug)u.

We consider three terms in the right hand side of the last identity separately. For
the first one we use Proposition 3.3 and obtain

_ C
(3.5) X1 (L = X20) (Hgy, = 2) 711 = x10)ullg gz < LYV
For the second term, since ® < 31 on supp x1,,, we have
10 (Hiy = 2) " xamullg)vr < € I(Hy — 2) " xagull
By the assumptions and the fact that ® > 0, it follows that
(D — 2) " Xaull < e/ Ixigull < CreY ullg ) o7 -

So we get for the second term

(3.6) Ixun(Hly — 2) ™ xuntlle) vz < Coe Y™ ullg v -

For the third term we put w = (H};, —2)"'(1—x1,y)u. By (3.6), it follows that

Ixa(Hly = )™ Sxwn il xaalwll i < Cre! VP Hly xamltwllg v
Now we have
[H{:, Xo]w = 2ih dXa., - (ihd + A)w + h?Axg ,w .
Therefore, taking into account (3.4), we get
Iy xanhwl2, 5 < Ol iR+ Al s + B2l /)
< Clhaw e w] + W?|wll}, ) -
By Corollary 3.4, we have
IHy Xl 5 <Clhaw [V (HYy, = 2)71 (1= x1,0))
+h2[(Hy, = 2)7 A = xam)ullly, )
<Ot = xam)ul? 5 < Clull, -
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So we get for the third term
(3.7 lxun(Hiy = 2)~ xan Hiy xeml (Hyg, — 2) 7 (1= xu)ullg)vn

< 03,666/\/EH“||<1>/\/}7-
Now (3.3) follows by adding the estimates (3.5), (3.6) and (3.7). O

Corollary 3.6. Under the assumptions of Proposition 3.5, we have, for any e > 0,
aw [V (HYy — 2) o] + B (Y = 2) 70l

< CoceVMo|l2) o vE LD 2(W).

3.4. Proof of Theorem 2.1. Let us assume that (1.1) and (1.2) are satisfied. We
have

N
{reF : T (B(x) <b+e}t=U, =) U,
j=1

where U, C F,j = 1,2,---, N, are relatively compact, connected and pairwise
disjoint domains such that U, N OF = 0. Let M; = Uj,,, j = 1,2,---,N.
Theorem 2.1 follows immediately from the following.

Proposition 3.7. Assume that K(h) is a bounded subset in C such that K(h) C
{z€C:Rez < h(byp+e€1)} and, if h > 0 is small enough, then, for any e >0,

1
dist (K (h),o(Hyy,)) > Fe—s/\/ﬁ’ j=1,2,---,N.

€

Then, for any h > 0 small enough, K(h)No(H") =10.

Proof. Take any n > 0 such that €; + 31 < €2. Let

N
My =M\ |J JUjer19) = {z € M : ¥ (B(x)) > by + e1 + 1} .
vel j=1

Take any function ¢; € C°(M) such that supp ¢; C Uj e, 425, ¢j = 1 on Uj e, -

Let
N
do=1-> > 7¢;.

~el j=1
Then supp ¢g C My. Let ¢p; € C*(M), j = 1,2,---, N, such that suppv,; C
Uj e +3y, and 9; = 1 in a neighborhood of Uj ., 42,. Take any I'-periodic func-
tion ¢y € C°(M) such that suppty C My, and ¢y = 1 in a neighborhood of
MA\U, er U;V:1 Y(Uj,e1+29)- In particular, we have ¢;1; = ¢;, for j =0,1,2,--- , N.
Recall that the magnetic translations 7',y € I, are unitary operators in L?(M),
which commute with the periodic magnetic Schrédinger operator H:

T,H" = H"T,, €T,

and each T, takes L?(F) to L?(vF) (see for instance [17, 15] and the references
therein for more details). They satisfy

T, = id7 T’nT'yQ = 0(71772)1—‘71727 V1,72 € r.
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Here o is a 2-cocycle on I', i.e. 0 : I' x I' — U(1) such that
o(y,e) =o(e,7) =1, yelj
o(11,72)0(1172,73) = 0(11,7273)0(V2,73), V1,723 €T

For any h > 0 small enough and any z € K (h), define a bounded operator R"(z)
in L2(M) as

N
R'(z) = Ty (Hiy, —2) " 65T + o(Hpyy — 2) " oo -

j=1~el
Then
(H" = 2)R"(2) = T — K"(2),
where
N
K"z) =Y T [H ;) (Hyy, — 2) 7 6T + [H” ol (Hyy, — 2) " o -
j=1~€l

Lemma 3.8. There exist C,c > 0 such that, for any h > 0 small enough and
z € K(h), the operator K"(z) defines a bounded operator in L*(M) with the norm
estimate

IK"(2)]| < Cem/VE.

Proof. For any j = 1,2,--- N, consider a weight function ®; € W(M;) given
by ®;(z) = du, ., s, Uje,+2¢). By construction, ®;(z) > ¢; > 0 on suppdy;,
®,(z) = 0 on supp ¢;. For any w € Dom H", we have

[H", jlw = 2ihdy; - (ihd + A)w + K2 A w.
This implies the estimate
NE" ol | e < Clhd + Al | e+ W wl? | o)
< C(haa, [/ w] + W2 |lwl} | /)
Therefore, for any u € L?(M), we obtain
ILH" ) (Hyy, = 2) " dgulliecnn = IH" 4] (Hyy, — 2) 7 djull 22 ar,)
< e YMHY ) HYy, - 2) T opll},
< Cem /Y (g, [e™ VI (HY — 2) 65
+ 12| (Hyy, — 2) 7 ol om) -
It follows from Corollary 3.6 that, for any € > 0,
IR, 51(E, — 2 dgullzzon < Cee™ &= A llgsully oz
= Cee™ VM gyl 12 g
= Cee™ @M ul| 2y
Similarly, using Corollary 3.4, one can get

1" %ol (H Ry, — 2) ™ doull z2ary < Coe™ /Y™ |lull L2 ary -
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Taking into account that the sets y(supp ¢;) with j = 1,2,--- N and v € T" are
disjoint, we get

N
K" (2pul| < Cem/VRS™ S gy Tyull + lloull)

Jj=1~er
< CreV||y.

This completes the proof. (Il

It follows from Lemma 3.8 that, for all sufficiently small h > 0 and z € K (h), the
operator I + K"(z) is invertible in L?(M). Then the operator H" — z is invertible
in L2(M) with

(H" =2t = R"(x)(I - K"(2)) ",

and K(h) No(H") = as desired. O
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