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SYMMETRIC MARKOV CHAINS ON 74
WITH UNBOUNDED RANGE

RICHARD F. BASS AND TAKASHI KUMAGAI

ABSTRACT. We consider symmetric Markov chains on Z¢ where we do not
assume that the conductance between two points must be zero if the points
are far apart. Under a uniform second moment condition on the conductances,
we obtain upper bounds on the transition probabilities, estimates for exit time
probabilities, and certain lower bounds on the transition probabilities. We
show that a uniform Harnack inequality holds if an additional assumption is
made, but that without this assumption such an inequality need not hold. We
establish a central limit theorem giving conditions for a sequence of normalized
symmetric Markov chains to converge to a diffusion on R? corresponding to
an elliptic operator in divergence form.

1. INTRODUCTION

Let X,, be a symmetric Markov chain on Z?. We say that X,, has bounded range
if there exists K > 0 such that P(X,,4+1 =y | X,, = ) = 0 whenever |y — x| > K.
The range is unbounded if for every K there exists « and y (depending on K) with
|z —y| > K such that P(X,4+1 = y | X,, = ) > 0. There is a great deal known
about Markov chains on graphs when the chains have bounded range. The purpose
of this paper is to obtain results for Markov chains on Z¢ that have unbounded
range.

Suppose C, is the conductance between x and y. We impose a condition on
Cyy (see (A3) below) which essentially says that the Cy, satisfy a uniform second
moment condition. Let Y; be the continuous time Markov chain on Z¢ determined
by the C,, while X,, is the discrete time Markov chain determined by these con-
ductances. The transition probabilities for the Markov chain X are defined by

_ _Cuy
B Ez sz ’
while the process Y; is the Markov chain that has the same jumps as X but where
the times between jumps are independent exponential random variables. When

(A3) holds, together with two very mild regularity conditions, we obtain upper
bounds on the transition probabilities of the form

P(Y;=y|Yo=a)<ct™?

P*(X1 =y)
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and some corresponding lower bounds when x and y are not too far apart. Unlike
the case of bounded range, reasonable universal bounds of Gaussian type need not
hold when the range is unbounded. We also obtain bounds on the exit probabilities
P(sup,<; |Ys — x| > M1/?).

We say a uniform Harnack inequality holds for X if whenever h is nonnegative
and harmonic for the Markov chain X in the ball B(zo, R) of radius R > 1 about
a point g, then

h(z) < Ch(y), [z —ol, |y — zo| < R/2,

where C' is independent of R. Even when X, is a random walk, i.e., the increments
X, —X,,—1 form an independent identically distributed sequence, a uniform Harnack
inequality need not hold. However, if we impose an additional strong assumption
(see (A4)) on the conductances, then we can prove such a Harnack inequality.

We prove that if we have Markov chains X (™ on Z? satisfying assumption (A3)
uniformly in n, the sequence of processes Xt(") = Xp24/n is tight in the space
DJ0, 00) of right continuous, left limit functions, and all subsequential limit points
are continuous processes. Under an additional condition on the conductances (A5)
(different than the one needed for the Harnack inequality), we then show that the

x™ converge weakly as processes to the law of the diffusion corresponding to an
elliptic operator

d
0 af
Lf(x) = _( L2 )
10 = 3 g (10075, 0)@)

in divergence form. The exact statement is given by Theorem 6.1.

In the case of bounded range Markov chains on Z% some of our estimates have
been obtained by [SZ], and we obviously owe a debt to that paper. Not all of their
methods extend to the unbounded case, however. In particular,

(1) New techniques were needed to obtain the exit probability estimates.

(2) A new method was needed to obtain lower bounds for the process killed on
exiting a ball. This method should apply in many other instances, and is
of interest in itself.

(3) Harnack inequalities in the case of unbounded range are quite a bit more
subtle, and this section is all new.

(4) In the proof of the central limit theorem, new methods were needed to
handle the case of unbounded range. Moreover, even in the bounded range
case our result covers more general situations.

There are many versions of central limit theorems that investigate the asymptotic
behavior of 1", f(X;) when X,, is a symmetric Markov chain on a graph. These
are quite different from the central limit theorem of this paper. Our formulation
has much more in common with the work of Stroock and Varadhan [SV], Chapter
11. There they consider certain nonsymmetric chains and show convergence to the
law of a diffusion corresponding to an operator in nondivergence form:

d 9 d
£1@) = 3 a0 g (@) + D b)),

Our result is the analogue for symmetric chains and operators in divergence form.
The next section sets up the notation and framework and states the assumptions
we need. Section 3 has the exit time and hitting time estimates, Section 4 has the
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lower bounds, and Section 5 discusses the Harnack inequality. Our central limit
theorem is proved in Section 6.

The letter ¢ with or without subscripts and primes will denote finite positive
constants whose exact value is unimportant and which may change from line to
line.

2. FRAMEWORK

We let | - | be the Euclidean norm and B(x,r) := {y € Z?: |[v —y| < r}. We
sometimes write |A| for the cardinality of a set A C Z9.

For each z,y € Z* with x # y, let Cyy € [0,00) be such that Cyyy = Cy,. We
call Cyy the conductance between x and y. Throughout the paper, we assume the
following:

(A1) There exist ¢1,c2 > 0 such that

c <y = Z Cpy <cpforall xe ze.
yeZa

(A2) There exist My > 1,5 > 0 such that the following holds: for any z,y € Z?
with |z — y| = 1, there exist N > 2 and z1,...,zy € B(x, Mp) such that z; = z,
ry=yand Cpp,, >6fori=1,... N —1.

(A3) There exists a decreasing function ¢ : N — Ry with Y7, 9T lo(i) < co
such that

Cry < o(lz —yl|) for all z,y € Z9.

Note that (Al) and (A2) are very mild regularity conditions. (Al) prevents
degeneracies, while (A2) says, roughly speaking, that the chain is locally irreducible
in a uniform way. (A3) is the substantive assumption and says that the C, satisfy
a uniform finite second moment condition. In fact, (A3) implies the following: there
exists Cy > 0 such that

(2.1) sup Z |z — y|>C.y < Co.
z€ZA yezd
To see this,
(2:2) Y e —ylPCay < > o —ylPe(lz —y))
yeZ yeZa

=3 > lz—yPelz—yl)

=0 i<|z—y|<i+1

<ec3 Z(i +1)2p(i) (i + 1) < o0

for all z € Z¢, where (A3) is used in the last inequality.
Define a symmetric Markov chain by

P*(X, =) = Cov for al RTEWAS
Vg
Define py(z,y) = P*(X, = y) and pp(2,y) = pn(z,y)/vy. Note that p,(z,y) =
Dn(y,x). By (Al), the ratio of p,(z,y) to p,(z,y) is bounded above and below by
positive constants.
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Let p1, = 1 for all # € Z¢ and for each A C Z%, define u(A) = D yea by = |4
and v(A) = 37, vy. Note that L*(Z% u) = L*(Z%v) by (Al). Now, for each
f € L3(Z% ), define

EL) = 3D (f@) = F(1))*Cay,

z,y€Zq
F o= {fe L@ &S, f) < ool

It is easy to check (&, F) is a regular Dirichlet form on L?(Z%, 1) and the gener-
ator is

> (Fy) = f(2))Cly-

yeLd

Let Y; be the corresponding continuous time p-symmetric Markov chain on Z9.
Let {Uf : i € Nyx € 7%} be an independent sequence of exponential random
variables, where the parameter for U} is v, and that is independent of X,,, and
define Tp = 0,7, = Y1, Ulf'“fl. Set Y, = X, if T,, <t < Tpi1; it is well known
that the laws of Y and Y are the same, and hence Y is a realization of the continuous
time Markov chain corresponding to (a time change of) X,,. Note that by (Al),
the mean exponential holding time at each point for Y can be controlled uniformly
from above and below by a positive constant. Let p(t, z,y) be the transition density
for Y; with respect to pu.

We now introduce several processes related to Y;, needed in what follows. For
each D > 1, let S = D~'Z? and define the rescaled process as V; = D~ 'Ype2,. Let
uP be a measure on S defined by u?(A4) = D=4u(DA) = D4 A| for AC S. We
can easily show that the Dirichlet form corresponding to V; is

EP(f.1) =5 Y (f(x) = F(4))*D* *Cpa.py.
z,y€S
and the infinitesimal generator of V; is
C’Dat,DyD27d

u?

AP f(2) =" (f(y) = f(2)CpapyD?* = (f(y) — f(2))

yEeS yeS

Y

for each f € L?(S,uP), where we denote u? := pP({z}) = D~ for each z € S.
The heat kernel p? (¢, z,y) for V; with respect to u” can be expressed as

(2.3) pP(t,z,y) = DYp(D?t, Dz, Dy) for all z,y € S,t > 0.

For A > 1, let W) be a process on S with the large jumps of V; removed. More
precisely, W} is a process whose Dirichlet form and infinitesimal generator are

gD’)\(fv f) = % Z (f(ﬂf) - f(y))2D27dCDz,Dya

st
Cpz.pyD?
Af@) = 3 () - S@) =g
y651/2 z
|z—y|<X

for each f € L?(S, uP). We denote the heat kernel for W by pP* (¢, z,v), z,y € S.
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3. HEAT KERNEL ESTIMATES

3.1. Nash inequality. For f € L%(Z%, ), let
Evvif N =% Y. (f@—-f)

z,y€Li|z—y|=1

which is the Dirichlet form for the simple symmetric random walk in Z¢. We will
prove the following Nash inequality.

Proposition 3.1. There exists ¢; > 0 such that for any f € L*(Z%, u),

(3.1) IFIH < eré (£, DI

In particular,

(3.2) p(t,z,y) < at™ 2 forall x,yeZt>0,
(3.3) pP(t,x,y) < at™ % forall zyedS,t>0.

Remark 3.2. Since p(t,z,y) = P*(Y; = y)/py, we have p(t,z,y) < 1/p,, so (3.2)
is a crude estimate for small t. However, we will continue to use it since we are
mainly interested in the large time asymptotics.

Proof. Note that the equivalence of (3.1) and (3.2) is a well-known fact (see [CKS]).

The Markov chain corresponding to Eyn is a (continuous time) simple random
walk; let 7, be its transition probabilities. Since, as is well known, we have ry(z, ) <
ct=42 then by [CKS] we have

LAY < exnn (£ NI for all f € L2(Z7, p).
See also [SZ]. By (A2), there exists ¢z > 0 such that
Enn(fif) S €(f, f) for all f € L*(Z7, p).
Using these facts and (2.3), we have the desired result. O

3.2. Exit time probability estimates. In this subsection, we will obtain some
exit time estimates. The argument presented here was first established in [BL1]
and then extended and simplified in [CK], [HK].

Lemma 3.3. There exists ¢c; > 0 such that
(3.4) PPtz y) S e t7F exp (—A‘% |z — y\)
for allt € (0,1], z,y € S and A\ > MZ, where My is given in (A2).

Proof. Since A > Mg, by (A2), we have Exn(f,f) < cEPA(f, f) for all f €
L2(Z%, 11). So we have (3.1) where £(f, f) is replaced by ELA(f, f), and by a scaling
argument we have

pD’)‘(t,x,y) <ecit™? forall z,y€eS,t>0.
Thus by Theorem (3.25) of [CKS], we have
(3.5) PPt 2,y) S e t7E exp (—E(2t,x,y))
for all t <1 and z,y € S, where

B(t,z,y) = sup{|y(y) —¥(@)| -t A(W)* : A(¢) < oo},
A@)* = [le*Tale’]lloo V €2 Tale™]lloo,
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and Ty is defined by

(3.6) ne©= Y <v<n>—v<s>>2%g—§:D, ces.

|sfv7\91/2
Now let (&) = A™/2(|€ — x| Az —yl). Then, [¢)(n) —(&)] < A™'/2|n —£], so that
(e¥M=¥E&) _1)2 < |yp(n) — (&) 2P M=l < X7ty — ¢)?

for ,& € S with |n — &| < AY/2. Hence

2
e 2O [e¥](¢) = Z (e M=) _ 1)?%
nes HDeg
le—n|<Al/2
—1 ’ 12 Cn/,f/ /
< A o Ww-¢prtt<c
n’EZd /’1/5'

|&/ —n/|<DAL/2

for all £ € § where (2.1) is used in the last inequality. We have the same bound
when 1 is replaced by —, so A(1)2 < C'*. Noting that [¢(y) —¢(z)| < A72 |z—y],
we see that (3.4) follows from (3.5). O

We now prove the following exit time estimate for the process. For A C Z? and
a process Z; on Z%, let

T=74(Z) =inf{t >0: Z; ¢ A}, Ty =Ta(Z) :=inf{t >0: Z; € A}.

Proposition 3.4. For A > 0 and 0 < B < 1, there exist v; = v;(A, B) € (0,1),
i = 1,2, such that for every D > 0 and x € 72,

P’ (15, apy)(Y) <7 D?) < B,
P* (TB(%AD)(X)<’)/2D2) < B.

Proof. Tt follows from Lemma 3.3 that for ¢t € [1/4, 1] and r > 0,

(3.9) P* (|Wt>‘ — x| > r) = Z pD’A(t,x,y)luf < ey Iy,
yES: [y—z|>r

where I\ := e~2* ?. Define o, := inf{t > 0: |[W} — Wg| > r}. Then by (3.9)
and the strong Markov property of W* at time o,

P? (0, < 1/2) * <1/2 and |W} — 2| < 7/2) + P* (|07 — 2| > 1/2)
<1/2and W) = W2 | >1/2) +c1 1 oz

A
= Pp* (1{0r§1/2}PW”T (|W1/\—a'r — WO)\‘ > 7”/2)) +c1 I7-/2,)\

or
T

P (
P* (

IA A

g

IN

sup  sup PY (|W1)‘_s —yl>r/2) +c1 Lo
yEB(z,r)¢ s<1/2
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Here in the second and the last inequalities, we used (3.9). By the strong Markov
property of W*, for every r > 0,

Pf(supwg—wgbr) < Po, <1/2)+P*(1/2 <0, <1)

s<1

< el o ntP (0,0 <1/2)4P(0,)2 > 1/2,0, < 1)
< o LyaatP (0,2 < 1/2)+E* [PV (0, < 1/2)
(3.10) < e3lpjgn-

The constants ¢y, ¢, c3 > 0 above are independent of D > 1, z € S and X\ > M¢g.
Now, define B* to be the infinitesimal generator of V; with small jumps removed:

2
(3.11) Bug= Y () - fle) el
nes :qu
In—gl>a1/2

Recall that A* is the generator of W*. We see that A* + B is the generator for V;.
A

Hence, if Q) and Q}V" are the semigroups associated with V; and W} respectively,

we have that

(3.12) QE/U:Q?/AU—FZS?@)’U, ve L®(S, uP),
k=1
where
t
(3.13) SOv= [ SBQ wds,  kz1,
0

with S} (t) == QXVA (see, for example, Theorem 2.2 in [Le|). Note that the series in
(3.12) defines a bounded linear operator on L*°(S, uP) for each ¢ > 0; this can be
seen as follows. First, by (2.2) and a simple calculation, we have

(3.14)

CDnyD§D2 < 2 Cs 2 2 c8
y o TR <y D CoyD® < 7o 2=yl p(le—y) D" < +.
nes 1/2 #be yezd y€eZ!
In—¢&|>X ly—z|>DA1/2

Using this, we see that there exists ¢; > 0 independent of A such that

Cr
1B2v]|00 < 3\ olloo-

Noting that QY v||s < ||v]|se, by induction we have from (3.13) that

(Cg/\_l t)

k
(3.15) 152 (#)vllo < 1], >0, k=1,

- k!

and so the series above is bounded from L>(S, u”) to L>=(S, uP) for each t > 0.
We will apply the above with A = MZ. By (3.15), for any bounded function f
on S, we have

N e ALk
1V F @ flle <30 A e < et e

k=1
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Applying this with f equal to the indicator of (B(&,r))¢, it follows that there is a
constant c¢1g > 0 that is independent of D > 1 such that for every £ € S and every
t<1,

(3.16) PE(|V, — €| > ) < PE (\WtMOQ — ¢ >7“) + et

Applying the same argument we used in deriving (3.10), we conclude there are
positive constants c11, c12 such that for € € S,

(3.17) P¢ (sup Vs —&| > 7‘> <crie "4t for every r > 0 and ¢t < 1.
s<t

This implies that for every x € Z¢, D’ > 1 and r > 0,

(3.18)

P*| sup |[Yi—z|>rD" | <cpie” 4t for every r > 0 and ¢t < 1.
s<D'2t

For A > 0 and B € (0, 1), we choose ¢ and ¢y so that ¢11e~ 12" 4 ¢1; tg < B and

take D = roD’/A. Then, by (3.18),

P* ( sup |Ys — x| 2AD> <B for every D > rg/A,
s<v1 D2

where 71 = (A4/r)%*ty. For D < rq/A, we have

i

(3.19) P(U; > VIF) <P(U; >y D?) <P” < sup Y —z| < AD) ,

s<v1 D2
where U; is an exponential random variable with parameter 1. By (A1), the left
hand side of (3.19) is greater than 1 — B if ~; is taken to be small. Thus, (3.7) is
proved.

Now (3.8) can be proved in the same way as Theorem 2.8 in [BL1]. O

4. LOWER BOUNDS AND REGULARITY FOR THE HEAT KERNEL

We now introduce the space-time process Z; := (Us, Vi), where U, = Uy + s.
The filtration generated by Z satisfying the usual conditions will be denoted by
{.7?5; s > 0}. The law of the space-time process s — Z, starting from (¢,z) will be
denoted as P(:*), We say that a nonnegative Borel measurable function q(t,x) on
[0,00) xS is parabolic in a relatively open subset B of [0, 00) xS if for every relatively
compact open subset By of B, q(t,z) =E (t2) [q(ZTB1 )] for every (t,x) € By, where
T, = inf{s > 0: Z; ¢ B}.

We denote by v := v(1/2,1/2) < 1 the constant in (3.7) corresponding to A =
B =1/2. For t > 0 and r > 0, we define

QP(t,7) = [t,t + %] x (B, 1) N S),
where B(z,r) ={y € R?: |z —y| < r}.
It is easy to see the following (see, for example, Lemma 4.5 in [CK] for the proof).
Lemma 4.1. For eachty > 0 and xg € Z¢, qP(t,z) := pP(to —t,x,20) is parabolic
on [0,t9) x S.

The next proposition provides a lower bound for the heat kernel and is the key
step for the proof of the Holder continuity of p” (¢, z, ).
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Proposition 4.2. There exist c; > 0 and 0 € (0,1) such that if |x — xo|, |y — zo| <
2, x,y, 0 € Z* and v > tY/2/0, then

]P)x(Yt =Y, TB(xo,r) > t) > C1t7d/2-

To prove this we first need some preliminary propositions. A version of the
following weighted Poincaré inequality can be found in Lemma 1.19 of [SZ]; we give
an alternate proof.

Lemma 4.3. For D> 1 and! € Zd, let

d
D=c [[e /P,
i=1

where ¢y is determined by the equation ), ;4 gp(l) = D?. Then there exists ca > 0
such that

Mg

ex{(F={No)?) 1<D** 3 an()

lezd i

Hi+e))-f(DTH)?, fELX(S),

1

where

b =D (D Dgn(l)

lezd

and e* is the element of Z¢ whose j-th component is 1 if j =i and O otherwise.

Proof. A scaling argument shows that it suffices to consider only the D = 1 case.
Because of the product structure, it is enough to consider the case when d = 1.
The weighted Poincaré inequality restricted to integers in [—10, 10], i.e., where
the sums are restricted to being over {—10,...,10}, follows easily from the usual
Poincaré inequality. We will prove our weighted Poincaré inequality for positive
k and the same argument works for negative k. These facts together with the
weighted Poincaré inequality on [—10,10] and standard techniques as in [Je] give
us the weighted Poincaré inequality for all of Z. So we restrict our attention to
nonnegative k. Therefore all our sums below are over nonnegative integers.

Let cg = (>, e )7L, fi=c3 2 1enu{o} f(De~!, and define

3 Y (f(k) = f(0)%eFe ™,
k.l

£—1 (-1

= oY S [fm4 1) — fm)] [f(n+1) — f))e ™,

>k m=kn=k

— @,Z fn+1)— f(n)e "

Note

72632 F)2ek,
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so we need to show I < c¢4K. We have, since f(k) — f(¢) =0 when k = ¢,

Ijeg = 2 > (f(k) = f(0)%e e

= 233 ( S (om+1) - som)]) ( S+ 1) - F)])e e

= 2 Z Jkefk/c;;.
k
We see that

Teles = DY Y e [fm+1) = fm)][f(n+1) = f(n)]

m>kn>k{>mVn

< DD e ™M fm A1) — f(m)][f(n+1) = f(n)]
m>kn>k
< 23 S e [flm+1) — f(m)][f(n+ 1) F()
m>kn>m
= 2226 "[fm+1) = fm)][f(n+1) = f(n)]
n>k m=k
+23 e [f(n+1) - f(n)]
n>k
< 2> e "[f(n+1) = f(m)] (f(n) — f(k)) +2K.
n>k
Hence
I < c5(zg ~ f() (f(n)—f(k))e"“rzk:Qe—kK)
< Cﬁ(zk:z; “1e k[ f(n+ 1) - f(n)] )1/2(;§en[f(n)f(k)]%k)m
+ce K B
< e KY?IY? 4 K.
This implies
I S CgK
as required. O

The proof of the following lemma is similar to that of (1.16) in [SZ], but since
we need some modifications, we will give the proof.

Lemma 4.4. There is an € > 0 such that
(4.1) pP(t, D7k, D™ 'm) > et~ /2,
for all D > 1, (t,k,m) € (D~',00) x S x § with |[D~'k — D~ m/| < 2t'/2.

Proof. First, note that it is enough to prove the following: there is an € > 0 such
that

(4.2) —d Z log ( LD %, D71+ m)))gp(l) > 1loge,

lez?
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for all D > 1 and k,m € Z? with |[D~'(k — m)| < 2. Indeed, by the Chapman-
Kolmogorov equation, symmetry, and the fact gp(j) < 1 for all j € Z%,

pP (1, D7k, D~ m)
> DY pP(5. D7k, D7 (j + k)pP (3, D 'm, D + K))gn (5).

Thus, by Jensen’s inequality, (4.2) gives
pP?(1, D'k, D7) > ¢, D>1,D7'k—-D7'| <2

By a simple scaling argument, this gives (4.1).
So we will prove (4.2). Set u;(l) = p”(t, D'k, D71(I +m)) and let

=D log(us(1))gp(l)-
lez4d

By Jensen’s inequality, we see that G(¢t) < 0. Further,

6'() = D 0 S22 =P (D). 220,
lezd

Next, note that the following elementary inequality holds (see (1.23) of [SZ] for the
proof):

d ¢ d (d—c)?
N p_a) < — _ 2 )
(b a)(b ) (logb —loga) +2(c/\d)’ a,b,c,d >0
Hence
D2 ¢ gD l+ _gn()
/ - _
a) = >3 ( e ) (wt + €)= w(®) Crave
1€Z4 e€Z?
D2 d (I+e)A l 2
> Z Z gp( 2) QD( ) <logut(l +e)— logut(l)> Clite
leZd ecZd
D2 ¢ |9D ((+e)—gn()?
S Z p(l+e) /\g (1))0“+e
leZd eZd b
. _ 2
s DS i+ o) gDa))(logut(z + )~ logui(1))
lezd j=1
(Il+e)—gp(l)]?
-D> "y Z |gD Clive,
lezd eeZd l + e /\ gp (l))

where the last inequality is due to (A2) and the definition of gp (here recall that e’
is in the element of Z?¢ whose j-th component is 1 if j =i and 0 otherwise). Note
lgp(I+¢€) —gp()] < ceD7el(gp(l + ) A gp(l)). Thus

(I+e)— K
D2 dz Z \QD gp(1)] Crite

lezd ezd p(l+e) /\gD(l))

<D™ Z Z Criselel*(gn(l+€) A gp(1))

l e

< c:;(sgpz Cz,z+e|€\2) D™ " gp(l) = 03<81l1pz Cz,z+e|€\2) <,
e l e
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where we used (A3) in the last inequality. Note also minj<;<q gp(l+€*) > esgp(1).
Combining these, we have

d
cgD?~4 Z Z (10g u (1 + ej) - logut(l))2gD(l) m

lezd j=1

7D~ Z(log ug (1) — G(t)?gp (1) — ca,
1

G'(t)

v

v

where we used Lemma 4.3 in the last inequality.
Next, for o > 0, set Ay(0) = {l € Z? : u(I) > e~ °}. Then, writing f* and f~
for the positive and negative parts of f, we have for each o > 0,

D=y (logui(l) = G(1)*gp(l) = D™ dz (loguy)~ (1) = G(t))?9p (1)
l

G(t)?
Z 2Dd Z gD(Z)_027
l€Ai(o)

where we used the elementary inequality (A+ B)? > (4%2/2) — B2, A, B € R, in the
last inequality. Thus, we have

(4.3) G'(t) > cgl; o G(t)? — (cq + ),

where we let I; , = D~¢ 21c4,(0) 90(1). On the other hand, by (3.7) and scaling,
we can find rg > 2 such that

D~ N pP(t, D'k, DI+ m)) > 1/2
| D=11|<rq
for D > 1,t <1, and |D~!(k —m)| < 2. In particular, if 3 is the smallest value of
gp(+) on [—rg, 7o), then for each ¢ € [1/4,1],

Y207 3 uill) < e+ (sup fud (k)

|[D=t|<ro

It o

5

Thus by taking o = log(4rd) and using (3.3), we obtain I; , > ¢3. Combining this

with (4.3), there exists 0 < § < 1 such that

(4.4)  G'(t) > 0G(t)> =671, D >1,t€[1/4,1], and |[D™(k —m)| < 2.
Now, by (4.4) and the mean value theorem,

(4.5) G(1/2) —G(t) > —(486)~t,  te[1/4,1].

We may assume G(1/2) < —5/(26), since otherwise (4.2) is clear. Then, by (4.5)
we have G(t) < —2571. So §G(t)?/2 — 61 > 671 > 0. So, by (4.4) again,

G'(t) > 0G(t)?)2,  te[1/4,1].
But this means that

1y—1 1y—1 1y—1 V2 a(s 4
G =a) -6 = [ G g

and therefore G(1/2) > —85~!. Thus (4.2) holds with e1/2 = Lexp(—85~1). O
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Lemma 4.5. Given § > 0 there exists k such that if x,y € Z% and C C Z with
dist (z,C) and dist (y, C) both larger than kt'/?, then
P(Y; =y, To < t) < 5t~ 42.
Proof. By the strong Markov property we have
PP(Y, =y, Tc <t/2) = P*(Liro<yn P (Yiere =)
< a(t/2)" VPP (Te < t/2).

In Proposition 3.4 let us choose A = 1 and B = §/(4¢12%?). If we take k >
(271)~/2, then Proposition 3.4 tells us that

]P)x(TC S t/2) S ]P)x(TB(m’Htl/z) S t/2) S B,
and then
0
(4.6) Pr(Y, =y, T < t/2) < ot~

We now consider P*(Y; = y,t/2 < Te < t). If the first hitting time of C' occurs
between time ¢/2 and time ¢, then the last hitting time of C before time ¢ happens
after time t/2. So if S¢ = sup{s <t:Y; € C}, then

P2(Y; = y,t/2 < Te <) < PU(Y; = ,t/2 < S < 1),
We claim that by time reversal,
(4.7) P*(Y; =y, t/2 < Sec <t) =P¥(Y; = 2,Tc < t/2).

To see this, observe by the symmetry of the heat kernel p, we have that if ¢; =
(t/2) 4+ it/(2n), then

]Pﬂ(y;ﬁk = Zkv"'ay;ﬁn_l = Zn—lay;ﬁn :y)

= p(tkv xZ, Zk)p(t/(Qn)7 2k Zk-i-l) t p(t/(Qn)’ “n—1s y)
= PY(Yi/(an) = 2015+ Yeot, = 2, Yy = ).

If we sum over z, € C and zg41,...,2,—1 ¢ C, we have

P*(Yi, € O\ Y4y, 0,000 Y, €0 Y =y)
=P'(Yiyon) €C,....Yi—t,, $C, Y1y, €CY; = 2x).
If we sum over k, this yields
PP(t/2 <8, <t,Y;=y)=PY(0<T) <t/2,Y; =ux),

where S!, = sup{t; : ¥z, € C} and T, = inf{t;, : Y}, € C}. Letting n — oo proves
(4.7).
Arguing as in the first part of the proof,

b
PY(Y, = 2,Tc < t/2) < gt*d/?

Therefore
0
P*(Y, =y t/2<Te <t) < ot

and combining with (4.6) proves the proposition. |
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Proof of Proposition 4.2. We have from Lemma 4.4 that there exists £ such that
p(t,z,y) > et~/

if |z — y| < 2t1/2. If we take § = £/2 in Lemma 4.5, then provided r > (k + 1)t'/2,
we have

€
P*(Ys =¥, TB(agr) <) < 572
Subtracting,
3
Pm(y;& = vaB(;zo,'r) > t) Z étid/z
if |# — y| < /2, which is equivalent to what we want. O

As a corollary of Proposition 4.2 we have

Corollary 4.6. For each 0 < ¢ < 1, there exists = 0(e) € (0,1) with the following
property: if D > 1, x,y € S with |z —y| < t'/%, r > cMy/D, t € [0,(6r)?), and
I C B(y,t"/?) NS satisfies uP (T)t~¥2 > ¢, then

(4.8) P*(Vi €T and 1p(g,ry > t) > cie.

Lemma 4.7. For each 0 < § < 1, there exists v = s € (0,1) such that for t > 0,
r>cMo/D and x € S, if A C QY (t,x,r) = [t,t +~57%] X (B(x,7) N S) satisfies
m @ pP (A)/m e pP(QF (t,x,1)) > 6, then

PO TA(Z) < 7p (120 (Z)) 2 16,

Proof. For each § > 0, take v = 6(5/4)%. Note that there exists s = s, € [t +
dyr?/4,t + ~yr?) such that

(4.9) ©P(Ag) > ort/4 >

d/s—t\4/2 § 4
— > _ _ /2
1(57) 7 = e
where A, = {(s,2) € [0,00) x S : (s,2) € A}. Indeed, if not, then

m @ pP(A) < 692t /4 4 (y — 6v/4) - (6/4) - ¥ < 5yr?td )2,

which contradicts m @ p”(A) > dm @ uP(QL (t,z,r)) = dvyr?*d. Now, using this
fact and Corollary 4.6 (with € = §/4), we have

PONTa(Z) < mp(tan(Z) = PO (Viyo0b; € Ay and Ty ) 0 0; > s —t)
Z 615/4,
which completes the proof. O

We will also use the following Lévy system formula for Y (cf. Lemma 4.7 in
[CK)).

Lemma 4.8. Let f be a nonnegative measurable function on Ry xS X S, vanishing
on the diagonal. Then for everyt >0, x € S and a stopping time T of {F; }1>0,

T 2
B | (Vo V)| =B | 737 (o, Vi) P 220 s

s<T yeS
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Now we prove that the heat kernel p? (¢, z,y) is Holder continuous in (t,z,y),
uniformly over D. For (¢,z) € [0,00) x S and 7 > 0 let QP (¢, z,7) := [t, t + yr?] x
(B(x,r)NS), where v := v(1/2,1/2) A1/ < 1. Here 7(1/2,1/2) is the constant
in (3.7) corresponding to A = B = 1/2 and 7,3 is the constant in Lemma 4.7
corresponding to § = 1/3.

The following theorem can be proved similarly to Theorem 4.1 in [BL2] and
Theorem 4.14 in [CK]. We will write down the proof for completeness.

Theorem 4.9. There are constants ¢ > 0 and 8 > 0 (independent of R, D) such
that for every 0 < R, every D > 1, and every bounded parabolic function q in
QD(07x074R)f

B
(410)  la(s.2) = at,9)| < cllalloo.n B (It =52 + o~ y])

holds fO’I‘ (va)a (t7y) € QD(OJSOa R)7 where ||QH<><>,R = SUP(¢,4)e[0, v(4R)2] xS ‘Q(tay”'
In particular, for the transition density function pP(t,x,y) of V,
(4.11)

_ B
|pD(87x17y1) _pD(tax27y2)| S Cto (d+5)/2 (|t - S|1/2 + |$1 - x2| + ‘yl - y2|> 9
for any 0 <ty <1, t, s € [ty, 00) and (z;,y;) €S X S with i =1,2.

Proof. Recall that Z, = (Us, V;) is the space-time process of V', where Us = Uy + s.

In the following, we suppress the superscript D from QP”(-,-,-). Without loss of

generality, assume that 0 < ¢(2) < ||¢|lco,r = 1 for z € [0, v (4R)?] x S. By Lemma

4.7, there is a constant ¢; > 0 such that if x € S, 0 < r < 1 and A C Q(¢t,z,7r/2)
: mep” (A)

with EMAGIGEXTE) > 1/3, then

(4.12) PN Ta(Z) < 10(2)) = e,

where 7, = Tg(t,5,,). By Lemma 4.8 with f(s,y,2) = 1@, (¥) Ls\B(a,s)(2) and
T = 7., there is a constant co > 0 such that if s > 2r,
(4.13)

Tr DQ 2
PO (V. ¢ B(a, s)) = E &) Z Cbv, Dy dv| < C_zE(t,z)[Tr]S c272“ .
0 — _  Hyp,, s s
yES\B(z,s) !

The first inequality of (4.13) is due to the following computation:
sup D? Z Cpz,Dy

z€B(z,r)NS

yeS\B(z,s)
< sup D? Z C.ry < D? Z p(i)it!
2'€B(Dx,Dr) |2/ —y'|>Ds/2 i>Ds/2
4 N - c
< 2 Z@(Z)Z(Hl < 52’

where (A3) is used in the last inequality. The last inequality of (4.13) is due to the
fact B %) (7] < 72; this is clearly true since the time interval for Q(¢,z,r) is vr2,
which is less than r2. (E*TB(zg,r) < c17? is also true; see Lemma 5.2 (a).) Let

1/2
B ¢ 1 (n)w cin
=1—-— and p=in(2) A[=— :
" g M Pr=ahG 8¢y
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Note that for every (t,z) € Q(0,zo, R), ¢ is parabolic in Q(t,z, R) C Q(0, zo, 2R).
We will show that

(4.14) sup g¢— inf g<npP for all k.
Q(t,z,p* R) Q(t,z,p*R)

For notational convenience, we write Q; for Q(t,x,p'R) and 7; for TQ(t,2,p° R)-
Define

a; = igfq and b; =supg.

i

Clearly b; —a; <1< ni for all 4 < 0. Now suppose that b; — a; < ni for all : < k
and we are going to show that by 1 — apy1 < n*t1. Observe that Qi1 C Q and
so ap, < q < b on Q1. Define

A" :={2 € Qrs1: q(2) < (ar + br)/2}.

We may suppose % > 1/2, for ifDnot7 we use 1 — ¢ instead of ¢q. Let A
A . .
be a compact subset of A’ such that #@(k:l) > 1/3. For any given € > 0, pick

21,22 € Q41 so that ¢(z1) > b1 —e and ¢(22) < ag+1+&. Then by (4.12)-(4.14),

bry1 — arp1 — 26 < q(z1) — q(22)
= E* [¢(Zrinres,) — a(22)]
= E*[¢(Zr,) — q(22); Ta < Ti41]
+E= [q(ZTk+1) —q(22); Ta > Ty,
Zrir € Q]

+ ZEZI [q(Z"'k+1) - q(22)§ Ty > Thk41,
=1

Zrprr € Qri \ Qrt1—i]

< (a’“ ; b _ ak> P (T < Tht1)
+(br — ag)P* (T4 > Tpt1)
+ Z(bk—i —ap—i)P*(Zr,, & Qry1-4)
=1
. =
< (by —ag) (1 — w> + ;(32 n*(p*/n)’
< (1- %1)77’“ + 2comF 1 p?

C1 k Cl1 g
< 11— —= =
s Q="+
k+1.

= 7N

Since ¢ is arbitrary, we have by1 — ary1 < 71, and this proves (4.14).
For z = (s,x2) and w = (t,y) in Q(0,x0, R) with s < ¢, let k be the largest
integer such that |z —w| := (v~ !t — 5])*/? + |z — y| < p*R. Then log(]z —w|/R) >
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(k+1)logp, w € Q(s,z,p"R) and

|z = wl

R

logn/log p
la(z) — q(w)| < 7" = 18T < ¢ ( ) '

This proves (4.10) with 8 = logn/ log p.
By (3.2) and Lemma 4.1, for every 0 < tg < 1, Ty > 2 and y € S, q(t,z) =
pP (Ty —t,z,vy) is a parabolic function on [0, Ty — %0] x S bounded above by ¢4 tad/z.
For each fixed to € (0, 1) and Ty > 2, take R such that yR? = ¢,/2. Let
8,t € [to, To] with s >t and x1, 22 € S. Assume first that

(4.15) |s — |12 + |21 — 2o| < yY2 R = (to/2)"/?

and so (Tp — t,22) € Q(Ty — 5,21, R) C [0,Tp — &) x S. Applying (4.10) to the
parabolic function ¢(t, z) with (To — s, 1), (To —t,22) and Q(Tp — s, z1, R) in place
of (s,x), (t,y) and Q(0,xg, R) there respectively, we have

(4.16) PP (5,21, y) — PP (t,22,)| < ctg Ot — s|V2 4 |z — 2o])P.

By (3.3), the inequality (4.16) is true when (4.15) does not hold. So (4.16) holds
for every t,s € [to, Tp] and z1,29 € S for all Ty > 2. Inequality (4.11) now follows
from (4.16) by the symmetry of p(¢,z,y) in = and y. d

5. HARNACK INEQUALITY

A function h defined on Z% is harmonic on a subset A of Z¢ with respect to the
Markov chain X if

> h(z)PU(Xy =z) =h(z), x€A

Because the Markov chain may not have bounded range, h must be defined on all
of Z¢. In order to avoid h possibly being infinite in A, we will assume that A is
bounded on Z¢, but in what follows, the constants do not depend at all on the L>
bound on h. We say h is harmonic with respect to Y if h(Y;a,,) is a P*-martingale
for each x € Z?, where 74 = inf{t : Y; ¢ A}. It is not hard to see that a function
is harmonic for X if and only if it is harmonic for Y, since the hitting probabilities
of X and Y are the same. Also, because the state space is discrete, it is routine
to see that a function is harmonic in a domain A if and only if £(h, f) = 0 for all
bounded f supported in A; we will not use this latter fact.

In this section we first give an example of a symmetric random walk, i.e., where
{Xn41 — X} are symmetric i.i.d. random variables, for which a uniform Harnack
inequality fails. Note that the Harnack inequality does hold for each ball of radius
n, but not with a constant independent of n. Our example is similar to one in [LP].
Let €7 be the unit vector in the x; direction, j =1,...,d.

Let b, =n"" (or any other quickly growing sequence), and let a,, be a sequence
of positive numbers tending to 0, subject only to Y a, <1/32 and ), a,b? < cc.
Let e =2 a,. Let & be an i.i.d. sequence of random vectors on Z¢ with

PO(&1 = +e?) = (1 -¢)/(2d).

Let PO(& = £bpe!) = ay,. Let X,, = > 1, &
Now let 6 € (0,1), r, = (1 — )by, zn = (by,0), B, = B(0,ry,), 7, = min{k :
Xk ¢ Bp}, and Ty = min{k : X}, = 0}. Define

ho(z) = P*(X,, = 2).
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Each h, is a harmonic function in B,. If a uniform Harnack inequality were to
hold, there would exist C' not depending on n such that

b (0)/hn(y) < C, y € B(0,7,/2).
Since 6b,, > b,y for n large, the only way X, can equal z, is if the random
walk jumps from 0 to z,. So for y,, € By, y, # 0,
b (yn) = PV (T < 7n)hn(0).

But we claim that if y,, ~ 7, /4, then P¥» (T < 7,) will tend to 0 when n — oo,
and then h,,(0)/h,(yn) — 00. So no uniform Harnack inequality exists.

The claim is true in all dimensions greater than or equal to 2, but is easier to
prove when d > 3, so we concentrate on this case. We have

PV (Ty < ) < PV (Tp < 00) = P¥n(Tpy < ri/*) + PV (T > rl/*)

< Py”(maX [ Xi — Xol = [ynl) + Z P (X; = 0).
i<r
i=[ra/"]

The first term on the last line goes to 0 by Doob’s inequality (applied to each
(X;,€7), j=1,...,d). By Spitzer [Sp], p. 75, the sum above is bounded by

1/4\1—(d/2
c Z d—/QSC (rl/4y1=(/2)

i= [r1/4]

which goes to 0 as n — oo.

Note that by taking a, tending to 0 fast enough, & can be made to be sub-
Gaussian, or have even better tails.

As this example shows, a uniform Harnack inequality need not hold when the
range is unbounded, so an additional assumption is needed to handle this case. The
assumption is modeled after [BK] and the proof is similar to the one in [BL2]. We
assume

(A4) There exists a constant ¢; such that Cyy, < ¢1Cyy whenever |y — 3| <
|z —yl/3.

Lawler [Law| proved that the Harnack inequality holds for a class of symmet-
ric random walks with bounded range and also for a class of Markov chains with
bounded range which are in general not reversible. See also [LP] for some results
concerning random walks with unbounded range. Theorem 5.1 says that the Har-
nack inequality continues to be true for symmetric Markov chains with bounded
range and for symmetric Markov chains satisfying (A4).

Theorem 5.1. Suppose (A1)-(A3) hold. Suppose either (A4) holds or else the
Markov chain has bounded range. Suppose xo € Z¢ and R > My, where My is
defined in (A2). There exists a constant ¢ such that if h is nonnegative and bounded
on Z% and harmonic on B(zo,2R), then

(5.1) h(z) < c1h(y), x,y € B(zg, R).

Before proving Theorem 5.1 we prove a lemma. Note that (A4) is not needed
for this lemma.

Lemma 5.2. (a) E®7p(y, ) < c1r?.
(b) There exist 6 € (0,1/2) and ca,c3 > 0 such that if r > My/0, then
P (TB(20.r) = %) > ¢y and E“TB(zo,r) > car? if x € B(zo, 0r).
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Proof. If p(t,z,y) denotes the transition densities for Y;, we know
plt,z,y) < eat™ 2,
So if we take t = csr? for large enough cs, then
P*(Y; € B(xo,r)) = Z p(t,x,z) < CGt_d/2|B(x0,r)| < %
2€B(zo,r)
This implies
P (TB(z0,r) > 1) < 3
By the Markov property, for m a positive integer
PI(TB(JL’O,T) > (m+1)t) < ]Ez[PYm't (TB(OBOJ") > t); TB(zo,r) > mit]
< %PI(TB(xD,r) > mt).
By induction,
Pw(TB(mo,r) > mt) <2™™,
and (a) follows.
We also know by Proposition 4.2 that there exists x > 1 such that
Px(Y;f =Y, TB(zo,r) > t) > C7t_d/2
if |z — x|, |y — x| < t'/2 and r > wt'/2. Therefore taking t = r2/k?,

Pz(TB(wo,r) > t) 2 ]P)z(Y;f € B(xovtl/z)vTB(wo,r) > t) 2 C7t7d/2|B(1‘07t1/2)| 2> cg
if © € B(zg,r/k). Let 0 = 1/k. So E*Tp (4 = tP*(Tp(ae,r) > t) > csr?, which
proves (b). O
Proof of Theorem 5.1. Let x and 6 be as in Lemma 5.2. Since we have (A1) and
(A2), it is easy to check that a Harnack inequality holds for each finite R, provided
R < 32My/0. So it suffices to assume R > 32My/0. If the Markov chain has
bounded range, choose L so that C,, = 0 whenever |z — y| > L and assume

R > (32M;y/0) v (2L).
First of all, if z; € Z¢ and w ¢ B(z1,2r), by the Lévy system formula,

TB(zl,r)/\t
N Z Ly, eB(z1,m),Yo=w) = E7 /0 O ds

SSTB(zl,T)/\t

Letting t — oo, we have

TB(z1,r)
IPxz(YV"'B(zL") = 'LU) = ]Ez / Cysﬂl) dS
0
If (A4) holds, ¢2C%, w < Cy, . < ¢3C, 0 when Yy € B(z,7). So the right
hand side is bounded above by the quantity c3C.,,E “7g(., ) and below by the
quantity c2C,E*Tp(., »y. By Lemma 5.2, if 2,y € B(z1,0r), then E*7p(,, .y <
caEYTp(z, 7). We conclude
P*(Y,

TB(z1,r)

=w) < csPY(Y,

TB(z1,r) = w)'
Taking linear combinations, if H is a bounded function supported in B(z1,2r)¢,

then
(5.2) E*H(Y,

TB(ZI,’V‘)

Choose rg = 16M; /6.

< cEYH(Y,
)

TB(zl,r))’

x,y € B(z,0r).
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If, on the other hand, the Markov chain has bounded range and r» > L, then
(5.2) again holds because both sides are zero. In the bounded range case set ro =
(16My/6) Vv L.

If r > rg, then setting ¢t = 7‘2/52

P*(Y: =y, TB(z,r) > t) > et Y2, x,y € B(z,0r).
Summing over A C B(zy,0r), we see that

Px(TA < TB(zl,r)) > Pm(}/t € Aa TB(z1,r) > t)

5.3

(5:3) > cg|AJt™Y? = cg|AJr4, x € B(z,0r).
In particular, note that if C C B(z1,0r) and |C|/|B(z1,0r)| > 1/3, then
(54) Pm(TC < TB(zl,r)) > cr, x € B(Zl, 07”)

Next suppose z,y € B(z1,0r9). In view of (A2)
PY(T(yy < TB(21.r0)) 2 Cs-
By optional stopping,
h(z) Z E*[h(Yr,,); Ty < TB(z1,m0)]
=h(y)P* (Tiyy < TB(21,10))
> cgh(y).

By looking at a constant multiple of h, we may assume infp(, or/2)h = 1.
Choose zg € B(x,0R/2) such that h(zp) = 1. We want to show that h is bounded
above in B(zg,0R/2) by a constant not depending on h. This will show
(5.5) h(y) < eoh(x), x,y € B(xp,0R/2).

Once we have (5.5) a standard chain of balls argument yields our theorem.
Let
Cr 1 _
(5.6) =3 ¢= g/\(cs ) A cs.
Now suppose there exists © € B(zg,0R/2) with h(z) = K for some K large. Let
r be chosen so that

(5.7) 2R /(c6CK) < |B(zo,0r)| < 4R/ (c6CK).

Note this implies

(5.8) r< e oK VIR,

Without loss of generality we may assume K is large enough that r < 6R/4. Let
(5.9) A={w e B(z,0r) : h(w) > (K}.

By (5.3) and optional stopping,
1> nh(z0) =2 E*°[M(Yrunrp(0g0m ) Ta < TB(2o,2R)]
> (KP*(Ta < TB(20,2R))
> cg(K|AIR™,
hence
Al R
|B(z,0r)| — cCK|B(x,0r)]

1
1 < -
(5.10) <3
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Let C be a set contained in B(z,0r) \ A such that

Cl

(5.11) 7|B(a:,0r)\

> 1
-3
Let H = hlp(z,2r). We claim
EXh(Yesio ) Yopon, & Bla,2r)] < nkK.
If not
]EIH(YTB(ZYT)
and by (5.2), for all y € B(z,0r),
h(y) 2 EVh(Yy, ) 2 BY(A(Yop, )i Yooy & Ble,20)
> ;' E7H(Yyy,,,,) = 5 'nK
> (K,

) >nkK,

contradicting (5.11) and the definition of A.
Let N = supp(, 2, h(2). We then have
K =h(z) =E*[h(Y1.); Tc < TB(2,m)]
+E (Yoo )i B < TosYop. ., € B(x,2r)]
+E*h(Yop, )i B < To) Yrp,.,, & B(w,2r)]
< (KP*(Te < T(z)) + NP (T2, < Tc) + 1K
= (KP*(Te < 7p(a) + N(1 =P (T < 7p(a,)) + kK,

or

N L—n—CP"(Te < TB,r))
K — 1-— Px(TC < TB(;C,T)) ’

Using (5.4) there exists 8 > 0 such that N > K(1 + ). Therefore there exists
x' € B(x,2r) with h(z") > K(1+ ).

Now suppose there exists x1 € B(zg,0R/2) with h(z1) = K. Define r; and A,
in terms of K; analogously to (5.7) and (5.9). Using the above argument (with
x1 replacing z and x5 replacing '), there exists xo € B(x1,2r;) with h(xg) =
Ky > (14 8)K;. We continue and obtain ro and A and then xz3, K3, 73, A3,
etc. Note ;11 € B(z;,2r;) and K; > (14 )" "'K;. In view of (5.8), >, |zit1 —
x| < canl/dR. If K; is big enough, we have a sequence x1, s, ... contained in
B(xg,30R/4). Since K; > (1 + 3)"'K; and r; < cngi_l/dR, there will be a first
integer ¢ for which r; < 2ry. But for all y € B(z;,0r;) we have h(y) > csh(z;), so
then A; = B(z;,0r;), a contradiction to (5.10). a

Corollary 5.3. Let & be an i.i.d. sequence of symmetric random vectors taking
values in Z% with finite second moments. Let X, = Z?zl & and suppose X, is
aperiodic. Suppose there exists ¢; such that

P& =y) < aP& =v)

whenever |y —y'| < |y|/3. Then there exists co and Ry such that for all R larger
than Ry and any w ¢ B(xo, R),

P Xorpym = W) < PY(Xry, ny = w), x,y € B(xg, R/2).
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Proof. We let Cyy = P(§; = y — x). Since the &; are symmetric, then the X,, form
a symmetric Markov chain, and it is easy to see that (A1)—(A4) are satisfied. We
then apply Theorem 5.1 to h(z) = P*(Y, =w). O

TB(zq,R)

6. CENTRAL LIMIT THEOREM

Suppose we have a sequence C7, of conductances satisfying (A1), (A2), and (A3)
with constants and ¢ independent of n. Let Yt(
time Markov chains on Z¢ and set

z" =y n.

™ he the corresponding continuous

As noted previously, the Dirichlet form corresponding to the process Z(™ is

(6.1) E(f. ) =01 > (fy) = f(@)’Clpny

x,yen—174

We will also need to discuss the form

(6.2) EXL N =0 Y (fly) = F@)Cih,,
z,yen—172
where C’,?’ZR, k,l € Z% is equal to Ciy if |k — 1] < nR and 0 otherwise.

Since the state space of Z( is n=1Z% while the limit process will have R% as
its state space, we need to exercise some care with the domains of the functions we
deal with. First, if g is defined on R, we define R,,(g) to be the restriction of g to
n~17%:

R.(9)(z) = g(z), xzen 174,
If ¢ is defined on n~'Z?, we next define an extension of g to R?. The one we use is
defined as follows. For k € Z<, let

d
Qn(k) = _H[n—lkj,n—l(kj +1)).

When d = 1, we define the extension, E,(g), to be linear in each @, (k) and to
agree with g on the endpoints of each interval @, (k). For d > 1 we define E,(g)
inductively. We use the definition in the (d — 1)-dimensional case to define E,(g)
on each face of each @, (k). We define E,,(g) in the interior of a Q. (k) so that if L
is any line segment contained in the @, (k) that is parallel to one of the coordinate
axes, then E,(g) is linear on L. For example, when d = 2, n = 1, and k& = (0,0),
then

En(g)(s,t) = 9(0,0)(1 = s)(1 = t) + g(0,1)(1 — s)t + g(1,0)s(1 — )
+ g(1,1)st, 0<s,t<1.
Recall that e/ is the unit vector in the z; direction and let (z,y) denote the inner
product in Re. If k = (ki,...,kq) € Z¢, let P(k) be the union of the line segment

from 0 to (k1,0,...,0), the line segment from (k1,0,...,0) to (k1,k2,0,...,0), ...,
and the line segment from (ki,...,kq_1,0) to k. For z € n™1Z% and 1 <i < d, let

L ={(y, k) € (n1ZH? : y + n~1P(nk)

contains the line segment from z to z +n~'e'}.
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We note that (z,k) € L¢ for 2 € n~1Z% if and only if (x+k); = 2 for [ = 1,...,i—1,
=z forl=i+1,..,dand z; € [x; A(x +k);,x; V (x + k);). So, for each k, the
number of = that satisfies (x,k) € L% is at most n|k;|.

Recall that sgnr is equal to 1 if » > 0, equal to 0 if » = 0, and equal to —1 if
r < 0. We define a map a™ from R? into M, the collection of d x d matrices as
follows: Fix R. If z € n™'Z9, let the (i, j)-th element of a™ be given by

n n,R
(6.3) (a (x))ij = Z Gy Ve sg k.
(y.k)ELL
For general z = (x;)%_, € R?, we define a"(z) := a"([],), where we set [z, =

(n~nwz;))%,. a™(z) is not symmetric in general, but under (A5), we see that
(a™(x));; is bounded for all 4, (which can be proved similarly to (6.21) below),
and when n is large, we can use Cauchy-Schwarz, etc., as in the symmetric case.
Note that if C}, = 0 for [z — y| > 1 (i.e., the nearest neighbor case), then the
expression in (6.3) is equal to 2C7 . ; if i = j and equal to 0 if i # j. (In
particular, a™(z) is symmetric in this case.)

We make the following assumption.

(A5) There exist R > 0 and a Borel measurable a : R — M such that a is
symmetric and uniformly elliptic, the map @ — a(x) is continuous, and a™ converges
to a uniformly on compacts sets.

We will see from the proofs below that if (A5) holds for one R, then it holds for
every R > 1 and the limit a is independent of R.

Since a is uniformly elliptic, if we define

et = [ (V5(a).a@)V5(a)ds,

then (&,, H'(R%)) is a regular Dirichlet form on L?(R%, dz) where H'(RY) is the
Sobolev space of square integrable functions with one square integrable derivative.
Further, it is well-known that the corresponding heat kernel p®(t, z,y) satisfies the
following estimate:

_yl2 12
(6.4) et~ exp ( — CQM) < p(t,z,y) < est™ Y% exp ( - C4M)’
for all ¢t > 0 and all z,y € R?. As a consequence, the corresponding diffusion (which
we denote by {Z;}) can be defined without ambiguity from any starting point.

In this section we prove the following central limit theorem. Let C([0,¢]; R?) be
the collection of continuous paths from [0, o] to RY.

Theorem 6.1. Suppose (A1)-(A3) and (A5) hold.

(a) Then for each x and each ty the Pln_law of {Zt(");O <t < to} converges
weakly with respect to the topology of the space D([0,to],R%). The limit probability
gives full measure to C([0,t0], RY).

(b) If Z; is the canonical process on C([0,00),R%) and P* is the weak limit of
the Plln_laws of Z(), then the process {Z,P*} has continuous paths and is the
symmetric process corresponding to the Dirichlet form &,.

Before giving the proof, we discuss three examples. First, suppose each X (™ is
the sum of i.i.d. random vectors. Then the Cj, will depend only on y — x, and so
the a"(x) will be constant in the variable z. Therefore, if convergence holds, the
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limit a(x) will be constant in z. This means that the limit is a linear transformation
of d-dimensional Brownian motion, as one would expect.

For another example, suppose the X (™ are nearest neighbor Markov chains, i.e.,
Cp, = 0if [z —y[ # 1. Then in this case the result of [SZ] is included in our
Corollary 6.5 and 6.7.

Third, suppose C}, = Cy, does not depend on n. Unless Cyy is a function only
of y — x, then (2.6) of [SZ] (which is (6.29) below) will not be satisfied, and this
situation is covered by Theorem 6.1 but not by the results of [SZ]. To be fair,
the goal of [SZ] was not to obtain a general central limit theorem, but instead
to come up with a way of approximating diffusions by Markov chains. Condition
(A5) is restrictive. For this C}, = Cy, case, if we further assume that C,, = 0
for |z —y| > 1, then a(x) is always a constant matrix. Indeed, in this case the
expression in (6.3) is equal to 2C,,; 4 +i0i5, which converges to (a(z));; uniformly
on compacts as n — oo by (A5). So, for any m € N, the limit of a”(x/m) is equal
to a(x), i.e., a(z/m) = a(z). Since a is continuous, we conclude a(z) = a(0) for all
xr € R

Before we prove Theorem 6.1, we prove a proposition showing tightness of the
laws of Z(").

Proposition 6.2. Suppose {n;} is a subsequence. Then there exists a further
subsequence {n;, } such that

(a) For each f that is C* on RY with compact support, En,, (P R, (f))
converges uniformly on compact subsets; if we denote the limit by P.f, then the
operator Py is linear and extends to all continuous functions on R? with compact
support and is the semigroup of a symmetric strong Markov process on R® with
continuous paths.

(b) For each x and each to the Pl Jaw of {Zt(nj“');O <t < to} converges
weakly to a probability P* giving full measure to C([0,to]; RY).

Proof. Let tg > 0 and n > 0. Let 7, be stopping times bounded by ty and let
6, — 0. Then by Proposition 3.4 and the strong Markov property,

limsupIP’(\Z(n) - Zﬁz)\ >n) =0.

Tn+0n
n—oo

This, Proposition 3.4, and [A] imply that the laws of the { Z(™} are tight in DI0, t,]
for each tg.

Fix to and n > 0. Z™ will have a jump of size larger than n before time t,
only if |Yt(n) — Yt(,n)| > nn for some t < n’ty. By the Lévy system formula, the
probability of this is bounded by

n2t0
E Z I(IYS("LYS(TIZWL) =k /0 Z CYS(")x ds

s<nZt, le—Y{™ [>nn

< erl(n’to) Y pli)it!

i>nn

< citon? Z p(i)itt,
P>nn
which tends to 0 by dominated convergence as n — oo. Since this is true for each
to and n > 0 we conclude that any subsequential limit point of the sequence Z(™)
will have continuous paths.
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From this point on the argument is fairly standard. We give a sketch, leav-
ing the details to the reader. Take a countable dense subset {t;} of [0,00) and a
countable dense subset {f,,} of the C> functions on R¢ with compact support.
Let P/* be the semigroup for Z(™. In view of Theorem 4.9, E,, (P} (Ry,(fm)))
will be equicontinuous. By a diagonalization argument, we can find a subsequence
{n;, } of {n;} such that for each i and m, as nj, — oo, these functions converge
uniformly on compact sets. Call the limit P, f,,,. Using the equicontinuity, we can
define P, f,, by continuity for all ¢, and because the norm of each P; is bounded
by 1, we can also define P, f by continuity for f continuous with compact support.
Using the equicontinuity yet again, it is easy to see that the P; satisfy the semi-
group property and that P; maps continuous functions with compact support into
continuous functions. One can thus construct a strong Markov process that has P,

as its semigroup. The symmetry of Pt(n) leads to the symmetry of P;.

For each z, the Pl laws of {Zt(nj);O <t < tp} are tight. Fix =z, let {n'}
be any subsequence of {n;, } along which the Pl converge weakly, and let P be
the weak limit of the subsequence PI#l=/. Suppose F is a continuous functional on
C([0,t0]; RY) of the form F(w) = Hngl gi(w(se)), where the g; are continuous with
compact support and 0 < s; < --- < s, < tg. When L =1, then

Eg1(Zs,) = imEF Ry (91)(2(")
= I"s, 91 (1‘)

Thus the one-dimensional distributions of a subsequential limit point of the Pl
do not depend on the subsequence {n'}. Using the Markov property of Z (") and the
equicontinuity, a similar argument shows that the same is true of the L-dimensional
distributions. Therefore there must be weak convergence along the subsequence
{n;, }. As proved above, the weak limit is concentrated on the set of continuous
paths. (I

Proof of Theorem 6.1. We denote the Dirichlet form for the process Z(™ by &,.
Suppose f, g are C*> on R¢ with compact support. Let U} be the A-resolvent for
Z(™): this means that

o0

Ulh(z) = ]E“J/ e Mu(Z™M)Y dt
0

for € n'1Z% and h having domain n='Z?. We write P} for the semigroup for

zm,

Using Proposition 6.2, we need to show that if we have a subsequential limit point
of the P;* in the sense of that proposition, then the limiting process corresponds to
the Dirichlet form &,. Let {n’} be a subsequence of {n} for which the subsequence
converges in the sense of Proposition 6.2, and let Uy be the A-resolvent of the
limiting process.

Let Fy = U} (R (f)). Then

(6.5) Ent (B, Rur(9)) = (R (f), R (9)) — M Fur, Ry (9)),

where we let (h1,hs) = 3,174 h1(x)ha(z)uL for functions defined on n~'Z%
(Recall that our base measure is u”.) Let H, = E,(F,) and H = Uyf. The
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equicontinuity result of Theorem 4.9 and Proposition 6.2 shows that the H,,s con-
verges uniformly on compacts to H. If we can show

(66) ga(H’g) = (fag)_)‘(va)v

this will show that the A-resolvent for the limiting process is the same as the \-
resolvent for the process corresponding to &,, and the proof will be complete; we
also use (h1, he) to denote [ hy(x)he(x) dz when hi, ho are functions defined on R?.

Next, since f € L2(R?) and f is C°, then R, (f) € L?(du,). Standard Dirichlet
form theory shows that

I3 Ba( Dl < 5 IRa (D)

that is, the L? norm of F,, is bounded in n. We see that
(6.7) /|VHn(x)|2dx < 1En(Fn, Fo) = c1(Ru(f): Fn) — N(Foy F))

is bounded in n. Using the imbedding of W2 into L?, we conclude that {H,} is a
compact sequence in L?(R%); here W12 is the space of L? functions whose gradient
is square integrable. Since H, converges on compacts to H, it follows that H,,
converges in L? to H. We also note that by (6.5)

is uniformly bounded in n.
We need to know that

(6.9) |ET}L%(F7L) R, (9)) — Ean(Hn, g)| — 0

as n — 00. The proof of this is a bit lengthy and we defer it to Lemma 6.3 below.
We also need to show that

as n — oo. This follows because by Cauchy-Schwarz, we have

’ Y (Fuly) = Fu(@)n®Cpy 1y (Rul9)(y) — Rulg)(@))

T, yen—174
= Y ()~ Fa@)n? O (Ra(9) () — Fal9)(@))]
z,yen—174
< BB F)] Y 0Oy - Ol BA)0) ~ Rala)()?]

z,yen—174
The term within the brackets on the last line is bounded by
c(IVall% + llgll) sup Yoo fe—yPop, <d > i),
w€n=124 y€Z4 |z—y|>nR i>nR

which will be less than £? if n is large.
Using (6.5), (6.6), (6.9), and (6.10), we see that it suffices to show

(6.11) Egn (Hyr,g9) — Ea(H, g).

Now

(612) o (Hors9) = EaHors )] =| [ Vi (@~ Vg

a’”./
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Since Vg is bounded with compact support and |V H,,| is bounded in L?, then (A5)
and the Cauchy-Schwarz inequality tell us that the right hand side of (6.12) tends
to 0 as n — oo. Therefore we need to show

(613) ga(Hn’,g) —)(S‘Q(va).
But if VA is bounded with compact support, then

(6.14) /(VHn/)h - —/Hn,w - —/HVh = /(VH)h

If we take the supremum over such h that also have L? norm bounded by 1, then
Fatou’s lemma and the Cauchy-Schwarz inequality show that VH is in L2. If h is
bounded with compact support, let ¢ > 0 and approximate h by a C! function h
with compact support such that || — Al < e. Since [VH,,| is bounded in L2, then
| [VH,(h—h)| <ecieand | [ VH(h —h)| < cie. So by (6.14)

limsup‘/VHn/h—/VHh‘ < 2.

Because ¢ is arbitrary, we have

(6.15) /VHn/ h — /VH h.
If we apply (6.15) with h = aVg, we obtain (6.13). O
To complete the proof we have
Lemma 6.3. With the notation of the above proof,
€ (s Ru(9)) — Ean(Hn, g) — 0
as n — 0o.

Proof. Step 1. Let e,m1,m2,d > 0 and let {S,,,} be a collection of cubes with disjoint
interiors whose union contains the support of g and such that the oscillation of a
on each &, is less than 7, and the oscillation of Vg on each S, is less than 7.
One way to construct such a collection is to take a cube large enough to contain the
support of ¢, divide it into 2¢ equal subcubes, and then divide each of the subcubes
and so on until the oscillation restrictions are satisfied.

Step 2. Let S, be the cube with the same center as Sy, but side length (1 — 24)
times as long. Let A =J,,,(Sm — S;,). We claim it suffices to show that

’ VH,(z) a"(x)Vg(x)dz
Ac

- > Y (Fuly) = Fu(a)n* Ol (R, (g)(y)—Rn(g)(x))‘
r¢Axen—124 yen—174
(6.16) =0

as n — o0o. To see this, note first that by Cauchy-Schwarz and (6.7)
1/2
[ V8 (@) 0" @)Va@) da| < Ean(iT 1) ( [ Vota) -0 (@) (o) do)

< cean<Hn,Hn>1/2||VgHoolAl”2
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will be less than ¢ if § is taken sufficiently small. Next note that for any x € n=17Z<,

> e (Ru(9)(y) — Ru(9)(@)* <n Vgl Y. Cmh, Iny —nal®

yen=1z4 yen—124

< en~ ¢,

So by Cauchy-Schwarz and (6.8)

> > (Faly) = Fa(x)n*Ct (Ru(9)(y) — Ru(g)(x))

z€A,xen—174 yen—174

<&FLF)P(Y Y wTOnR, (Ra9)(y) - Bul9)@)?)

r€A,xeENn—1Ze yen—174

1/2

(6.17)
1/2
< cEn(F,, F,)'/? (n_d card (AN n_lZd)) ,

which will be less than ¢ if § is taken small enough and n is large.

Step 3. Let x,, be the center of S,,,. Define g by requiring g to be linear on each
S, and satisfying g(zm) = 9(¥m), V(xm) = Vg(xm,). We claim it suffices to show
that

VH,(z)-a"(x)Vg(z) dz

- Y Y (R - Ra@)nt R (Ra@) () — Ra@))

r¢ A, xen—124 yen—174
(6.18) — 0.

To see this, note that

/.

’ VH,(z) a"(x)Vg(x)dx — VH,(z) a"(x)Vg(x) dx’
Ac Ac

< et 1)( [ VG- 9)@) ") V(G- 9)e) do)

S Cga" (Hna Hn)l/ana

1/2

c

which will be less than ¢ if 72 is chosen small enough. A similar argument shows
that the difference between the second term in (6.18) and the corresponding term
with g replaced by ¢ is small; cf. Step 2.

Step 4. Let E:y = ;}f/ * and define

a"(z) by (En(li))” = Z 6Zy7n(y+k.)nkjsgn k;.
(y,k)eLi

We claim it suffices to show that

‘ | V() " ()Va(a) do
-y > (Fuly) = Fu(2))n* 9C,, 0 (Ra(3) () — Rn(9)(2))

¢ A, xen—1Z4 yen—174
(6.19) — 0.
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To prove this, we first note that the following can be proved in the same way as
(6.10):

Y Y B - Rt Ty (Ba(@)() — Ra(@)(@)

r¢ A, xen—12 yen—172

- Y Y (Ra) - RO (Ra(@)y) — Ra(@)(x))] = O,

¢ A,xen—174 yen—174
as n — 0o. Next,

] | V(@) @ () V() de - /A VH, (@) - a"(2)Vy(x) dx‘

1/2

6200 <o [ (ve)2an) ([ @) - @)(va)?)
We can estimate

(y,k)eLs
(6.21) < ¢; sup Z |z — y|2C;‘y <co Z i1 1i20(i),
TELT | cpd |x_y|>ns/2 i>nd/2

where in the second inequality, we used the fact that for each k, the number of y
that satisfies (y,k) € L% is at most n|k;| (as mentioned when we defined L%). So
the right hand side of (6.20) will be less than ¢ if n is large.

Step 5. We have chosen the S, so that the oscillation of a on each S,, is at most
71. Since we have that the a™ converge to the a uniformly on compacts and there
are only finitely many S,,’s, then for n large the oscillation of a™ on any S, will
be at most 27 .

Step 6. We will now prove (6.19). By Step 3, g is linear on each S,,, so it is
enough to discuss the case where g(z) = z;, on S;, for some jy, and then use a
linearity argument. Noting that H,, = F}, on n~'Z%, define

& (Hn, )
= Z Z (Hn(y) — Hn(fc))n27d62x,ny(Rn(g)(y) — R (9)(2)).

z€S!, Nn—12¢ yen—174
Since there is no term involving different S),’s, we will consider each S;, separately.
We will fix an 9 € S/, and look at the terms involving H,,(zg + n~te;) — H,(zo).
First, by an elementary computation using the definition of the linear extension
map FE,,, we have

OH, 1
(6.22) / Ly = ————— (H,(z+ n_lei) — H,(2))
Qn (o) O 24-Ipd-t ze;,(xo)

where V;(zg) is the collection of vertices of the face of Q,,(xg) perpendicular to e;
and with the smaller e; component. (E.g., for a square, V;(zg) is the two leftmost
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corners, and Va(zo) is the two lower corners.) So

/ (VH,,a"Vg)dz
Qn (EO)

d 0 B
— 2 —H,a? E ~—Hn
/Qn (o) D " B gdx o 70 / P

ij=1 Qn(zo0)

d
-y, (xo)ﬁ S (Ha(z 40 les) — Ha(2)).
i=1

z€V;(xo)
Summing over all cubes that contain H,(zo + n~te’) — H, (o), the coefficient in
front of H,(xo +n~te!) — H,(x¢) will be

nlfd

5a T > @i (2);

2€Vi(aotn-tei—e,)

(6.23)

where e, = (1/n, .. 1/n)

We next look at £ ™ (Hpy,g). Since g(x + k) — g(z) = kj, where k = (kq, ..., kq),
we have

s _ _ _
& (ang) = TL2 d Z (Hn(x + k) - H’ﬂ(x))CZz,n(erk)kjo
zeS), nn—1z4d,
ken—1lzd

Let us fix « and k and replace (H,(z+k)— H,(x)) by Zlk‘ 1(Hp(Zma1) — Hu(2m))
(here |k| := |k1| + ... + |ka| and |zpmy1 — z2m| = 1/n) so that the union of the line
segments belongs to = +n~'P(k). We will get a term of the form H,,(zo+n"te;) —
H,(z0) if 2 = 20 and 2,41 = 20 +n " te; (we get Hy(wo) — Hp(xo + nte;) if
Zmi1 = T and z,, = x¢ +n"le;), so the contribution will be

nz_dazw,n(w+k:) kjo (Sgl’l kl) :

Summing over x € S, Nn~1Z9, k € n~1Z4, we have that the coefficient in front of
Hn(xodl’nilei)*H ( ) fOI'E ( nvg)

(6.24) n2=4 Z 6Zx’n(x+k)kj0 (sgn k;).

zes!, nn—12zd,
(w,k)ELL

On the other hand, by the definition of @", we have

(625) n2_d Z 62w,n(w+k) kjo (Sgl’l kl) = nl_da?jo (.’IJO)
(z,k)ELE

Let 8]/ be the cube with the same center as S;, but side length (1 — 26) times
as long. If zgp € 8/, Nn~'Z% then the expressions in (6.24) and (6.25) are equal,
because C,y, (px) = 0 for x ¢ S, Nn~1Z% (z,k) € Li . Since the oscillation
of a™ on each §), is less than 27, as in Step 5, by (6.21) the oscillation of @" on
each S/ is less that 3n;. Thus, when o € S Nn~'Z% we see that the absolute
value of the difference between (6.23) and (6.24) is bounded by 3nm;n' . (Note that
card V;(zg+n~tel —e,) = 297! is used here.) Now, if x¢ € (S, —S”)Nn~1Z% then
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the difference between (6.23) and (6.24) is bounded by c3n!~9, because similar to
(6.21) we have

Z 62x,n(x+k‘)nkjo (sgn k;) < ¢ sup Z \:c—y|20§y <e Zid*1i2tp(i) =: c3.
(z.k)ELL, e€ZL | c7a i

Set Hyyi = Hy(wo +n~te?) — Hy(z0), A == (U,,(S), —S2))Nn~1Z¢ and B :=
(U,, S/ )nn~=1Z%. Using the Cauchy-Schwarz inequality, we have

S5, (VHn,a"Vg)dz — 3, E5m(H,, g)‘

Hayy il + czn' ¢ DzoeAr izt d [ Haoil

(6.26)

IN

mnt~? ZmOGB,i:I,»--,d
4 V2., 2\ /2
(6.27) < m (dn cardB) (n S voen-izs(Hao i) )
1/2 1/2
+c3 (dn’dcard A’) (n%d Zxoen—lzd’i(Hmo,i)2)

1/2
< C4 (771 + 5) (n27d Zzoenled,i(H107i)2) <¢s (771 + 5)’
if 0 is taken small enough and n is large. We thus complete the proof of (6.19). O

When d = 1, Lemma 6.3 can be proved under much milder conditions.
(A6) There exists R > 0 and a Borel measurable a : R? — M such that for each
r>0

(6.28) lim la™(z) — a(z)|dz = 0.

n—oo ‘zlgr
Corollary 6.4. Let d = 1 and suppose (A1)-(A3) and (A6) hold. Then the con-
clusions of Theorem 6.1 hold.

Proof. The proof is similar to the proof of Theorem 6.1. Let us point out the places
where we need modifications. First, we can prove that there exist c¢q,ce > 0 such
that ¢; < a™(x) < ¢ for all # € R? and n € N. Indeed, by (A2) the lower bound
is guaranteed and the upper bound can be proved similarly to (6.21). So, we know
Ean(f, f) is bounded whenever f, Vf € L?. For the proof that the right hand side
of (6.12) goes to 0 as n — oo, we use (6.28). (To be more precise, the convergence
of a™ to a locally in L? is used there, which is guaranteed by (6.28) and the fact
that the a™ are uniformly bounded.) Noting these facts, the proofs of Theorem 6.1
and Proposition 6.2 go the same way as above. For the proof of Lemma 6.3, in
Step 1, we do not need to control the oscillation of a on each S,,. Step 5 is not
needed. We have that the expression (6.23) is equal to @"(xg), and this is equal to
the expression in (6.25). (This is a key point; because of this we do not have to
worry about the oscillation of a and a™.) Finally, in the computation of (6.26), the
difference on the set B is 0 due to the fact just mentioned, and we can prove that
(6.26) is small directly. O

We now give an extension of the result in [SZ] to the case of unbounded range.
Assume
(A7) There exists R > 0 such that for each r > 1

(6.29) lim sup  sup C’;L)’wik - C’;ﬁk =0.
n—oee kezd ly|<nr |[z—y|<nR !
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Let the (4,7)-th element of b™ be given by
(6.30) O @), = Y Cmltmn’hik;,  wen'Ze
ken—174

For general x = (v;)%, € R?, define b"(x) := b"([z],). Assume the b" version of
(A6);

(A8) There exists R > 0 and a Borel measurable a : R? — M such that for each
r>0

(6.31) lim [b™(z) — a(z)|dx = 0.

e el <
We can recover and generalize the convergence theorem given in [SZ] as follows.

Corollary 6.5. Suppose that (A1)-(A3), (A7), and (A8) hold. Then the conclu-
sions of Theorem 6.1 hold.

Proof. Foreache > 0, let R' = R'(g) >0 be an integer that satisfies > - p/ o(s)sdtt
< €. Note that CQ”f' = C;Ljf//" + 1{‘m_y‘>R/}C£;ﬁ Then, for any » > 1, any
x € n~'Z% such that |z| < r, and any n > R'/R, we have

’ (a’n(x))ij o (b"(x))”

n,R / n,R /
< Z ’ Z C”ymy-i-k/sgn kl - C7La:,nx+k’ki
k’ezd y:(y,k:’)GLZE*

/
|5

2 n,R' /n n,R'/n d+1
<K ( > osup sup O — O ) +2) o(s)s™t
k! €74 ly'|<nr |z’ —y'|[<R/ s>R/

)+25,

2 n,R n,R
<R E sup sup ‘Cx,7$,+k/ —Cy i
k! €74 ‘y,‘gn"' lefy/ISnR

where Lo* = {(y, k') € (n"'Z%) x Z? : y + n~1P(Kk’ contains the line segment from
z to z +n~te'}. In the second inequality, we used the fact that if |k’| < n- R'/n,
(y, k') € Ly* and 2’ = nx,y’ = ny, then |2/ —¢'| = n|lz —y| < n|k'/n| = K <
n-R'/n = R'. Using (6.29) in (A7), the right hand side converges to 0 as n — oc.
In other words,

(6.32) [(a™(x))i; — (b"™(x))i;| — O uniformly on compacts as n — oo.
Similarly, for any r» > 1, we can prove
(6.33) (" ()i — (0" (1))isl = 0 as n— o0, |z —y[ <nT'R, |a| <7

Now the proof of this corollary goes similarly to the proofs above. As before we
point out places where we need modifications. First, as in Corollary 6.4, we can
prove that there exist c;,co > 0 such that ¢;1 < b"(x) < cof for all z € R? and
n € N. So we know &y (f, f) is bounded whenever f,Vf € L% As in Corollary
6.4, we use (6.31) to show that the right hand side of (6.12) goes to 0 as n — oc.
Noting these facts, the proofs of Theorem 6.1 and Proposition 6.2 go in the same
way as before. For the proof of Lemma 6.3, in Step 1, we do not need to control
the oscillation of a on each S,,. Step 4 with respect to b™ works due to (6.32). Step
5 is not needed. Thanks to (6.32) and (6.33), the difference between the expression
in (6.23) (with a replaced by b) and the expression in (6.25) is small. (This is again
the key point; because of this we do not have to worry about the oscillation of a
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and b™.) Finally, in the computation of (6.26), the difference on the set B is small
due to the fact just mentioned. |

Remark 6.6. If (A7) does not hold, b™ need not be the right approximation in
general. Indeed, here is an example where a™ converges to a, but " does not as
n — o0o. Suppose d =1 and let C}' ., equal r; if k is odd, s; if k is even, 1 = 1,2.
Then, we have

. - r1 4 51 + 8ra, if k£ is odd,
v*(k/n) = { r1 4 51 + 8so, if £ is even,

. 2r1 + 4(re + s2), if k is odd,
a"(k/n) { 251 + 4(ry + 52), if £ is even.

Suppose 71 = s1 and 9 # so. Then, the value of 0" (k/n) depends on whether k is
odd or even, so b" does not converge locally in L? as n — oo, whereas a"(k/n) =
271 4 4(ro + s2) is constant. In this case, the assumption of Theorem 6.1 (and
Corollary 6.4) holds and a(z) = 2ry + 4(r2 + s2).

Theorem 6.1 gives a central limit theorem for the processes Y (). Note that
the base measure for Y (") is the uniform measure, which converges with respect to
Lebesgue measure on R%. We finally discuss the convergence of the discrete time
Markov chains X (™). Let Y} be the continuous time v-symmetric Markov chain
on Z% which corresponds to (£, F). It is a time change of Y; and it can be defined
from X, as follows. Let {U; : i € N,z € Z%} be an independent collection of
exponential random variables with parameter 1 that are independent of X,,. Define
To =0,T,, = > p_; Ug. Set YV = X, if T, <t < Tp41; then the laws of Y¥ and
Y are the same. Let v’ be a measure on S defined by v”(A) = D=4 (DA) for
A CS. Since S € R, we will regard v” as a measure on R? from time to time. By
(A1), we see that c;u” (A) < vP(A) < couP(A) for all A € S and all d. So {vP}p
is tight and there is a convergent subsequence. We assume the following.

(A9) There exists a Borel measure 7 on R? such that v converges weakly to v
as D — oo.

Let ZY be the diffusion process corresponding to the Dirichlet form &, considered
on L?(R4, ). It is a time changed process of Z; in Theorem 6.1. Note that by (A1),
7 is mutually absolutely continuous with respect to Lebesgue measure on R?, so
it charges no set of zero capacity. Further, the heat kernel for ZY still enjoys the
estimates (6.4).

Now we have a corresponding theorem for the discrete time Markov chains X (™).
Define

Wi = X1, /n.

Corollary 6.7. Suppose (A1)-(A3), (A5), and (A9) hold.

(a) Then for each x and each to the P _law of {Wt(n);O <t < to} converges
weakly with respect to the topology of the space D([0,to], R?). The limit probability
gives full measure to C([0,to], R?).

(b) If Z¥ is the canonical process on C(]0,00), R?) and P* is the weak limit of
the Pl _laws of W) | then the process {Z7,P*} has continuous paths and is the
symmetric process corresponding to the Dirichlet form &, considered on L*(RY, D).

Proof. Let Yt(n)’y be the continuous time Markov chains on Z¢ corresponding to &,
considered on L%(Z%, v), and set Zt(n)"/ = er;;)”/n Then, by changing the measure
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uP to v in the proof, we have the results corresponding to Theorem 6.1 for Ztn)’y
and Z7. So it suffices to show that there is a metric for D([0,%], R?) with respect
to which the distance between W and Z(™+¥ goes to 0 in probability, where in
the definition of Z(™"* we use the realization of Y (™" given in terms of the X (™)
by means of independent exponential random variables of parameter 1.

We use the J; topology of Skorokhod; see [Bi]. The paths of Y (") agree with
those of X (™ except that the times of the jumps do not agree. Note that X (™)
jumps at times k/n?, while Y (™% jumps at times T}, /n?. So it suffices to show that
if T} is the sum of i.i.d. exponentials with parameter 1, then for each n > 0 and
each tg

P( sup |Tx — k| >n’p) —0
k<[n2to]
as n — oo. But by Doob’s inequality, the above probability is bounded by
4 Var T[n2t0] 4[n2t0]
= — 0
(n?n)? (n?n)?
as desired. 0

Remark 6.8. We remark that the definition of a™, and hence the statement of (A5),
depends on the definition of P(k) and of the extension operator E,. It would be
nice to have a central limit theorem with a more robust statement.

Remark 6.9. We make a few comments comparing the central limit theorem in
our paper and the convergence theorem in [SZ] in the case of bounded range. The

result in [SZ] requires a smoothness condition on the conductances Cy,, while we

require smoothness instead on the a™. Thus our theorem has weaker hypotheses,
and as Remark 6.6 shows, there are examples where one set of hypotheses holds
and the other set does not. On the other hand, if (A1)-(A3) hold, then the {b"}
will automatically be symmetric, equi-bounded and equi-uniformly elliptic; if in
addition 0™ — a, then a will be bounded and uniformly elliptic and this does not
need to be assumed.
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